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Abstract

An automorphism group of a graph is said to bes-regular if it acts regularly on the set ofs-arcs in the
graph. A graph iss-regular if its full automorphism group iss-regular. For a connected cubic symmetric
graphX of order 2pn for an odd primep; we show that ifp 6= 5;7 then every Sylowp-subgroup of
the full automorphism group Aut.X/ of X is normal, and ifp 6= 3 then everys-regular subgroup of
Aut.X/ having a normal Sylowp-subgroup contains an.s− 1/-regular subgroup for each 1≤ s ≤ 5. As
an application, we show that every connected cubic symmetric graph of order 2pn is a Cayley graph if
p > 5 and we classify thes-regular cubic graphs of order 2p2 for each 1≤ s ≤ 5 and each primep, as a
continuation of the authors’ classification of 1-regular cubic graphs of order 2p2. The same classification
of those of order 2p is also done.

2000Mathematics subject classification: primary 05C25, 20B25.
Keywords and phrases: Symmetric graphs,s-regular graphs,s-arc-transitive graphs.

1. Introduction

Throughout this paper, we consider a finite graph without loops or multiple edges.
Each edge of a graphX gives rise to a pair of opposite arcs and we denote byV.X/,
E.X/ and Aut.X/ the vertex set, the edge set and the full automorphism group ofX,
respectively.

A transitive permutation groupP on a set� is said to beregular if the stabilizerPÞ
of Þ in P is trivial for eachÞ ∈ �. Let G be a finite group andS a subset ofG such
that 1 6∈ SandS = S−1. TheCayley graphX = Cay.G; S/ on G with respect toS is
defined to have vertex setV.X/ = G and edge setE.X/ = {.g; sg/ | g ∈ G; s ∈ S}.
The authors were supported by NNSFC (10571013), KPCME (106029) in China and
Com2MaC-KOSEF (R11-1999-054) in Korea.
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By definition, Cay.G; S/ is connected if and only ifSgeneratesG. The Cayley graph
Cay.G; S/ is vertex-transitive since it admits theright regular representationR.G/ of
G, the acting group ofG by right multiplication, as a subgroup of the automorphism
group Aut.Cay.G; S//. Clearly, R.G/ acts regularly on the vertex set. Furthermore,
the group Aut.G; S/ = {Þ ∈ Aut.G/ | SÞ = S} is also a subgroup of Aut.Cay.G; S//.
Actually, Aut.G; S/ is a subgroup of Aut.Cay.G; S//1, the stabilizer of the vertex 1 in
Aut.Cay.G; S//. A graphX is isomorphic to a Cayley graph on a groupG if and only
if its automorphism group Aut.X/ has a subgroup isomorphic toG, acting regularly
on the vertex set (see [2, Lemma 16.3]).

An s-arc in a graphX is an ordered.s + 1/-tuple.v0; v1; : : : ; vs−1; vs/ of vertices
of X such thatvi −1 is adjacent tovi for 1 ≤ i ≤ s andvi −1 6= vi +1 for 1 ≤ i < s.
A graph X is said to bes-arc-transitiveif Aut .X/ is transitive on the set ofs-arcs in
X. In particular, 0-arc-transitive means vertex-transitive, and 1-arc-transitive means
arc-transitive or symmetric. A graphX is said to bes-regular if for any two s-arcs
in X, there is a unique automorphism ofX mapping one to the other. In other
words, the automorphism group Aut.X/ acts regularly on the set ofs-arcs in X.
From the definition, one may show that ans-regular graph with regular valency must
be connected. Tutte [25, 26] showed that every finite connected cubic symmetric
graph iss-regular for somes, and thiss can be at most five. A subgroup of the full
automorphism group of a graph is said to bes-regular if it acts regularly on the set of
s-arcs in the graph. Clearly, a 0-regular subgroup acts regularly on the vertex set of
the graph.

The study ofs-regular cubic graphs has received considerable attention for more
than 50 years and many families of such graphs have been constructed. The first
1-regular cubic graph was constructed by Frucht [15] and later Miller [19] constructed
an infinite family of 1-regular cubic graphs of order 2p, where p ≥ 13 is a prime
congruent to 1 modulo 3. Three infinite families of 1-regular cubic graphs with
unsolvable automorphism groups were constructed in [7, 10] and infinitely many
1-regular cubic graphs as regular coverings of small graphs were constructed in [9,
12, 11, 8, 13, 14]. Marušič and Xu [23] showed a way to construct a 1-regular cubic
graph from a tetravalent half-transitive graph with girth 3, so that one can construct
infinitely many 1-regular cubic graphs from the half-transitive graphs constructed by
Alspachet al. in [1] and by Marǔsič and Nedela in [21]. Djoković and Miller [6]
constructed an infinite family of 2-regular cubic graphs, and Conder and Praeger [5]
constructed two infinite families ofs-regular cubic graphs fors = 2 or 4. Marǔsič
and Pisanski [22] classified thes-regular cubic Cayley graphs on the dihedral groups
D2n for each 1≤ s ≤ 5. Also, as shown in [21] or [22], one can see the importance
of a study for 1-regular cubic graphs in connection with chiral (that is regular and
irreflexible) maps on a surface by means of tetravalent half-transitive graphs or in
connection with symmetries of hexagonal molecular graphs on the torus.
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Fenget al. [8, 13] classified thes-regular cubic graphs of order 4p, 4p2, 6p, 6p2,
8p, and 8p2 for eachs and each primep. However, the method of those classifications
cannot be applied to classify thes-regular cubic graphs of order 2p or 2p2. By using
Cheng and Oxley’s classification of symmetric graphs of order 2p [3], one can easily
deduce a classification ofs-regular cubic graphs of order 2p for each 1≤ s ≤ 5 and
each primep. In [11], the authors investigated 1-regular cubic graphs of order twice
an odd integer, and classified the 1-regular cubic graphs of order 2p2. The purpose
of this paper is to investigate the automorphism groups ofs-regular cubic graphs of
order 2pn. Let X be a connected cubic symmetric graph of order 2pn for an odd prime
p and a positive integern. It is shown that ifp 6= 5; 7, every Sylowp-subgroup
of the automorphism group Aut.X/ of X is normal, and eachs-regular subgroupG
(1 ≤ s ≤ 5) of Aut.X/ contains an.s − 1/-regular subgroup ifp 6= 3 andG has
a normal Sylowp-subgroup. This implies that ifp > 7; everys-regular subgroup
(1 ≤ s ≤ 5) of Aut.X/ contains an.s − 1/-regular subgroup. However, this is not
true in general as shown in [6]. As an application, we show that everys-regular cubic
graph of order 2pn is a Cayley graph ifp > 5 and we classify thes-regular cubic
graphs of order 2p2 for each 1≤ s ≤ 5 and each primep.

2. Preliminaries and some notation

Let ³ be a nonempty set of primes and let³ ′ denote the set of primes that are not
in ³ . A finite groupG is called a³ -group if every prime factor of|G| is in the set³ .
In this case, we also say that|G| is a³ -number.

Let G be a finite group. A³ -subgroupH of G such that|G : H | is a³ ′-number is
called aHall ³ -subgroupof G. The following proposition is due to Hall.

PROPOSITION2.1 ([20, Theorem 9.1.7]).If G is a finite solvable group, then every
³ -subgroup is contained in a Hall³ -subgroup ofG. Moreover, all Hall³ -subgroups
of G are conjugate.

The following proposition is known as Burnside’sp-q Theorem.

PROPOSITION2.2 ([20, Theorem 8.5.3]).Let p andq be primes and letm andn be
non-negative integers. Then, any group of orderpmqn is solvable.

For a subgroupH of a groupG, denote byCG.H/ the centralizer ofH in G and
by NG.H/ the normalizer ofH in G. ThenCG.H/ is normal inNG.H/.

PROPOSITION2.3 ([24, Chapter I, Theorem 6.11]).The quotient groupNG.H/=
CG.H/ is isomorphic to a subgroup of the automorphism groupAut.H/ of H .
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Let G be a finite group andg ∈ G. The functiong− : G → G defined by
xg− = g−1xg is an automorphism ofG. Set Inn.G/ = {g− | g ∈ G}. We call
Inn.G/ the inner automorphism group ofG. A finite groupG is said to becomplete
if its center is trivial and Inn.G/ = Aut.G/. By [24, Chapter III, Theorem 2.19], the
symmetry groupSn (n ≥ 3) is complete except forn = 6.

For any complete normal subgroupN of G, one may easily get the following
lemma.

LEMMA 2.4. If a finite groupG has a complete normal subgroupN then G =
CG.N/× N, whereCG.N/ is the centralizer ofN in G.

As usual, we denote byZn the cyclic group of ordern: The following proposition
describes the vertex stabilizer in ans-regular automorphism group of a connected
cubic symmetric graph.

PROPOSITION2.5 ([6, Propositions 2–5]).Let X be a connected cubic symmetric
graph and letG be ans-regular subgroup ofAut.X/. Then the stabilizerGv of
v ∈ V.X/ in G is isomorphic toZ3, S3, S3 × Z2, S4, or S4 × Z2 for s = 1; 2; 3; 4 or 5,
respectively.

Let Cay.G; S/ be a Cayley graph on a finite groupG. Recall thatR.G/ is the
right regular representation ofG and Aut.G; S/ = {Þ ∈ Aut.G/ | SÞ = S}. Let
N = NAut.Cay.G;S//.R.G// be the normalizer ofR.G/ in Aut.Cay.G; S//. By God-
sil [16], we have the following.

PROPOSITION2.6. N = R.G/o Aut.G; S/.

By Proposition2.6, Aut.Cay.G; S// = R.G/o Aut.G; S/ if and only if R.G/C
Aut.Cay.G; S//, that is,R.G/ is normal in Aut.Cay.G; S//. In this case, the Cayley
graph Cay.G; S/ is callednormalby Xu [27].

Let n be a positive integer. For the cyclic groupZn of ordern, we denote byZ∗
n the

multiplicative group ofZn consisting of numbers coprime ton. Let p be a prime and
let

D2pn = 〈a; b | a2 = bpn = 1; aba = b−1〉
be the dihedral group of order 2pn. If 3 divides p − 1 thenZ∗

pn
∼= Zpn−pn−1 and

soZ∗
pn has two elements of order 3, say½ and½2. It is easy to show that the map

a → ab, b → b−1−½2
induces an automorphism ofD2pn , which maps{a; ab; ab−½} to

{a; ab; ab−½2}. It follows that Cay.D2pn; {a; ab; ab−½}/ ∼= Cay.D2pn; {a; ab; ab−½2}/.
That is, the Cayley graph Cay.D2pn; {a; ab; ab−½}/ is independent of the choice of
an element½ of order 3 inZ∗

pn. The graph Cay.D2pn; {a; ab; ab−½}/ will be used
frequently throughout this paper.
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PROPOSITION2.7 ([11, Theorem 3.5]).Let p be a prime and letX be a connected cu-
bic symmetric graph of order2p2. ThenX is1-regular if and only ifp−1 is a multiple
of 3 andX is isomorphic toCay.D2p2; {a; ab; ab−½}/. Furthermore, the Cayley graph
Cay.D2p2; {a; ab; ab−½}/ is normal, that is,R.D2p2/CAut.Cay.D2p2; {a; ab; ab−½}//.

Combining Theorem 1 of Marušič and Pisanski in [22] and Table 1 of Cheng and
Oxley in [3], we have the following classification ofs-regular cubic graphs of order 2p.

PROPOSITION2.8. Let p be a prime and letX be a connected cubic symmetric
graph of order2p. ThenX is 1-, 2-, 3- or 4-regular. Furthermore,

(1) X is1-regular if and only ifX is isomorphic to the graphCay.D2p; {a; ab; ab−½}/
for a prime p ≥ 13 such thatp − 1 is a multiple of3. In this case, the Cayley graph
Cay.D2p; {a; ab; ab−½}/ is normal and it is independent of the choice of an element½

of order3 in Z∗
p.

(2) X is 2-regular if and only ifX is isomorphic to the complete graphK4 of order4.
(3) X is 3-regular if and only ifX is isomorphic to the complete bipartite graphK3;3

of order6 or the Petersen graphO3 of order10.
(4) X is 4-regular if and only ifX is isomorphic to the Heawood graph of order14.

Let X be a connected cubic symmetric graph and letG be ans-regular subgroup
of Aut.X/ for somes ≥ 1. Let N be a normal subgroup ofG and letX=N denote the
quotient graph corresponding to the orbits ofN. In view of [18, Theorem 9], we have
the following result.

PROPOSITION2.9. If N has more than two orbits, thenN is semiregular andG=N
is ans-regular subgroup ofAut.X=N/.

3. Main results

Let X be a connected cubic symmetric graph of order 2pn with an odd primep and
a positive integern. First, we show that every Sylowp-subgroup of Aut.X/ is normal
if p 6= 5; 7. To prove this, we need the following lemma.

LEMMA 3.1. Let X be a connected cubic symmetric graph of order2pn with an odd
prime p and a positive integern. If n ≥ 2, then any minimal normal subgroup of an
arc-transitive automorphism subgroup ofAut.X/ is an elementary abelianp-group.

PROOF. Let N be a minimal normal subgroup of an arc-transitive subgroupG of
Aut.X/. The stabilizerGu of u ∈ V.X/ in G is a {2; 3}-group by Proposition2.5.
Moreover,|Gu| = 3 · 2r for some 0≤ r ≤ 4 and|G| = 2pn|Gu|.
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If N is an elementary abelian 2-group, it is semiregular by Proposition2.9, so that
N ∼= Z2. It follows that the quotient graphX=N has an odd number of vertices and
odd valency 3, which is impossible.

Let p = 3. ThenG is a {2; 3}-group, implying thatG is solvable. Thus,N is an
elementary abelian 3-group because it cannot be an elementary abelian 2-group.

Now, let p ≥ 5 be an odd prime. Suppose thatN is a product of a non-abelian
simple groupT , that is N = T1 × T2 × · · · × T`, where` ≥ 1 andTi

∼= T . Since
|G| = 2pn|Gu|, G is a {2; 3; p}-group and henceT is a {2; 3; p}-group. By [17,
pages 12–14],T is one of the following simple groups:A5, A6, L2.7/, L2.8/, L2.17/,
L3.3/, U3.3/, andU4.2/ with p = 5, 7, 13 or 17. Most of the groups in this list
have order divisible by 9, so they cannot be subgroups ofG. Only A5 and L2.7/
are candidates. In this case,` = 1 and N ∼= T is a non-abelian simple group.
Furthermore, sincen ≥ 2 andp2 - |T |, we have|V.X=N/| ≥ p. By Proposition2.9,
N is semiregular. This is impossible because|N| cannot divide|V.X/| = 2pn. So far,
we have proved thatN is elementary abelian, but not an elementary abelian 2-group.
Also, N cannot be an elementary 3-group because otherwiseN ≤ Gu and N is not
semiregular, which contradicts Proposition2.9. Thus, N is an elementary abelian
p-group.

THEOREM 3.2. Let X be a connected cubic symmetric graph of order2pn with an
odd primep and a positive integern. If p 6= 5; 7, then all Sylowp-subgroups of
Aut.X/ are normal.

PROOF. We prove this theorem by induction onn. If n = 1; one can easily
check that all Sylowp-subgroups of Aut.X/ are normal from their classification in
Proposition2.8. Assumen ≥ 2. Let N be a minimal normal subgroup of Aut.X/.
ThenN is an elementary abelianp-group by Lemma3.1. Denote byX=N the quotient
graph ofX corresponding to the orbits ofN. Since|V.X/| = 2pn, N has at least two
orbits. If N has more than two orbits, then Aut.X/=N is a subgroup of Aut.X=N/
by Proposition2.9. By the inductive hypothesis, one can assume that all Sylowp-
subgroups of Aut.X=N/ are normal, so that all Sylowp-subgroups of Aut.X/=N are
normal. SinceN is a p-group, all Sylowp-subgroups of Aut.X/ are normal. Now,
let N have exactly two orbits. Ifp 6= 3, N must be a Sylowp-subgroup of Aut.X/
because| Aut.X/| = 2pn ·3 ·2r for some 0≤ r ≤ 4. However,N is already known to
be normal and we are done. Letp = 3. If Nu 6= 1, then|N| > 3n. Thus,N is a Sylow
3-subgroup of Aut.X/ and it is normal, which is what we need to prove. IfNu = 1, N
acts regularly on each of its orbits. Clearly,X is a bipartite graph with the two orbits of
N as its partite sets. By the regularity ofN on each partite set ofX, one may identify
R.N/ = {R.n/ | n ∈ N} andL.N/ = {L.n/ | n ∈ N} with the two partite vertex sets
of X. The actions ofn ∈ N on R.N/ and onL.N/ are just the right multiplication by
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n, that isR.g/n = R.gn/ andL.g/n = L.gn/ for anyg ∈ N. Let L.n1/, L.n2/, and
L.n3/ be the vertices adjacent toR.1/. Without loss of generality, one may assume
thatn1 = 1. By the connectivity ofX, we haveN = 〈n1; n2; n3〉. Thus,|V.X/| = 18
becausen ≥ 2. In this case,X is isomorphic to the Pappus graph 93 of order 18.
By [12], X is a cyclic covering ofK3;3 and Aut.X/ ∼= Z3 : ..S3 × S3/oZ2/ has normal
Sylow 3-subgroups.

If p = 5 or 7, Theorem3.2 is not true because the automorphism groups of the
Petersen graph and the Heawood graph have non-normal Sylowp-subgroups.

Let X be a connected cubic symmetric graph and letG be ans-regular subgroup
of Aut.X/. Let 0 ≤ t < s. DoesG contain at-regular subgroup? The answer is
negative in general (see [6]), but affirmative ifX has order 2pn for a primep > 3 and
all Sylow p-subgroups of Aut.X/ are normal. All Sylowp-subgroups of Aut.X/ are
normal if p > 7, by Theorem3.2.

THEOREM 3.3. Let X be a connected cubic symmetric graph of order2pn for a
prime p > 3 and let G be ans-regular subgroup ofAut.X/ for some1 ≤ s ≤ 5.
If G has a normal Sylowp-subgroup, thenG contains an.s − 1/-regular subgroup.
Furthermore, ifs = 2, thenG contains a normal0-regular subgroup.

PROOF. Let P be a Sylowp-subgroup ofG and letP C G. By Proposition2.5,
the stabilizerGv of v ∈ V.X/ in G is a{2; 3}-group. Since|G| = 2pn|Gv|, we have
that G=P is a {2; 3}-group. By Burnside’sp-q Theorem, a{2; 3}-group is solvable
and henceG=P is solvable. This implies thatG is solvable and by Proposition2.1,
there exists a Hall{2; 3}-subgroup, sayH , of G such thatGv ≤ H . SinceP C G,
X is bipartite with two orbits ofP as its partite sets. Clearly,G = P H: Since
|G| = 2pn|Gv|, we have|H : Gv| = 2, which forcesGv C H . Also, Gv fixes the
partite sets ofX setwise, butH does not becauseG = P H is transitive onV.X/.
Thus for eachh ∈ H\Gv, h interchanges the two partite sets ofX. This fact will be
used repeatedly in the remainder of the proof.

Without any loss of generality, by Proposition2.5one may assume thatGv = Z3,
S3, S3 × Z2, S4, or S4 × Z2 for s = 1; 2; 3; 4 or 5 respectively. We now consider five
cases fors.

Case I: s = 1. In this caseGv = Z3 and|H | = 6. Letc be an involution inH . Then
c 6∈ Gv and hencec interchanges the two partite sets ofX. SinceP C G, P〈c〉 is a
0-regular subgroup ofG.

Case II: s = 2. In this case,Gv = S3 and |H | = 12. SinceGv C H and S3 is
complete, we haveH = S3 ×Z2 by Lemma2.4. Clearly, the non-trivial element ofZ2

interchanges the two partite sets ofX. LetZ3 be the unique Sylow 3-subgroup ofH .
Then,P.Z3 × Z2/ is 1-regular.
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We now prove thatG contains a normal 0-regular subgroup. Clearly,PZ2 acts
regularly onV.X/, that is,PZ2 is a 0-regular subgroup ofG. We claim thatPZ2CG.
SinceZ2C H andPCG, we have thatPZ2 is normalized by anyh ∈ H . Also, PZ2

is normalized by anyr ∈ P sinceP ≤ PZ2. So,PZ2 is normalized byP H = G.

Case III: s = 3. In this case,Gv = S3 × Z2 and|H | = 24. SinceZ3 is characteristic
in Gv andGv C H , Z3 C H . Let C = CH .Z3/ be the centralizer ofZ3 in H . Then,
CC H . By Proposition2.3, H=C is isomorphic to a subgroup of Aut.Z3/. It follows
that|H | = |C| or |H | = 2|C|. Suppose|H | = |C|. ThenC is a Hall{2; 3}-subgroup
of G. This implies thatC = H andGv ≤ C, which is impossible becauseS3 6≤ C.
Thus,|H | = 2|C|, forcing |C| = 12. SinceGv 6= C, H = CGv. Thus, there exists a
c ∈ C such thatc 6∈ Gv. Recalling thatc interchanges the two partite parts ofX, PC
is vertex-transitive onV.X/. Since|PC| = 12pn, PC is 2-regular.

Case IV: s = 4. In this case,Gv = S4 and|H | = 48. SinceS4 is complete and normal
in H , Lemma2.4 implies thatH = Gv × Z2 = S4 × Z2. Let A4 be the alternating
subgroup ofS4. Then,P.A4 × Z2/ is 3-regular.

Case V: s = 5. In this case,Gv = S4 × Z2 and |H | = 96. One may easily show
that A4 ≤ S4 is characteristic inGv, so it is normal inH . Let Z2 × Z2 be the Sylow
2-subgroup ofA4. Then,Z2 × Z2 is characteristic inA4 and henceZ2 × Z2 C H .
SetC = CH .Z2 × Z2/. By Proposition2.3, H=C is isomorphic to a subgroup of
Aut.Z2 × Z2/, which has order 6. LetP3 be a Sylow 3-subgroup ofA4 and let P2

be a Sylow 2-subgroup ofS4. Clearly, P3 6≤ C and P2 6≤ C. Thus|H=C| = 6 and
|C| = 96=6 = 16. If C ≤ Gv, thenC is a normal Sylow 2-subgroup ofGv because
C C H . It follows that P2 ≤ C, a contradiction. Thus,C 6≤ Gv and H = GvC,
implying that there is ac ∈ C such thatc 6∈ Gv. Noting thatc interchanges the two
partite sets ofX, we have thatPC is vertex-transitive onV.X/. SincePCCP H = G,
PC P3 is a subgroup ofG and since|PC P3| = 48pn, PC P3 is 4-regular.

The following example shows that Theorem3.3 is not true whenp = 3. Consider
the complete bipartite graphK3;3 of order 6. It is 3-regular and Aut.K3;3/ ∼= .S3 ×
S3/ o Z2 is of order 3223, so that Aut.K3;3/ has a normal Sylow 3-subgroup, sayP.
Clearly, there is an elementa of order 4 in Aut.K3;3/ which interchanges the two
partite sets ofK3;3. It follows that Aut.K3;3/ has a 2-regular subgroupP〈a〉 which
contains neither a 1-regular subgroup nor a 0-regular subgroup.

Let X be a connected cubic symmetric graph of order 2pn with a prime p. By
Theorems3.2 and3.3, if p > 7, then eachs-regular (s ≥ 2) subgroup of Aut.X/
contains a 2-regular subgroup which has a normal 0-regular subgroup. However, a
1-regular subgroup of Aut.X/ may not have a normal 0-regular subgroup. In fact,
by a straightforward analysis of Case II in the proof of Theorem3.3, each 2-regular
subgroup of Aut.X/ contains a 1-regular subgroup, which has no normal 0-regular
subgroup. This implies that, in some sense, it is easier to classify thes-regular (s ≥ 2)
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cubic graphs of order 2pn than to classify the 1-regular ones.

COROLLARY 3.4. Let p > 5 be a prime and letn be a positive integer. Then all
connected cubic symmetric graphs of order2pn are Cayley graphs.

PROOF. Let X be a connected symmetric cubic graph of order 2pn. Set A =
Aut.X/. If p ≥ 11, by Theorems3.2, all Sylow p-subgroups ofA are normal and
by Theorems3.3, A has a 0-regular subgroup, that is,X is a Cayley graph. Thus, we
only need to prove the corollary forp = 7. To complete the proof, it suffices to show
that eachs-regular subgroup ofA for 1 ≤ s ≤ 5, contains a 0-regular subgroup. We
show this by induction onn.

If n = 1, thenX is the Heawood graph of order 14 and its automorphism group is
PSL.2; 7/ · 2. Since PSL.2; 7/ is simple, PSL.2; 7/ · 2 has neither a 2- nor 3-regular
subgroup because of the bipartiteness of the Heawood graph. LetB be a 1-regular
subgroup of PSL.2; 7/ · 2. Then |B| = 2 × 7 × 3 and B is solvable. By [11,
Lemma 3.2], a solvable 1-regular automorphism group of a connected cubic graph
contains a regular subgroup, soB contains a 0-regular subgroup. Thus, the claim is
true forn = 1.

Assume thatn ≥ 2. Let G be ans-regular subgroup ofA for some 1≤ s ≤ 5 and
let N be a minimal normal subgroup ofG. By Lemma3.1, N is an elementary abelian
7-group. If N is a Sylow 7-subgroup then, the claim is true by Theorem3.3. If N is
not a Sylow 7-subgroup, by Proposition2.9, N is semiregular andG=N is ans-regular
automorphism group of the quotient graphX=N corresponding to the orbits ofN. By
the inductive hypothesis, one can assume thatG=N contains a 0-regular subgroup,
sayH=N, onV.X=N/. Clearly,H is transitive onV.X/. By the semiregularity ofN
on V.X/ and the 0-regularity ofH=N on V.X=N/, we have that|H | = |V.X/|. It
follows thatH is a 0-regular subgroup ofG on V.X/.

A connected cubic symmetric graph of order 6, 18 or 54 is a Cayley graph (see [8]).
We conjecture that the corollary is true forp = 3, but the proof is still elusive. The
corollary is not true forp = 5 because the Petersen graph is not Cayley. In fact, one
may construct infinitely many non-Cayley graphs of order 2· 5n by considering the
regular coverings of the Petersen graph [2, Chapter 19].

From elementary group theory we know that there are three non-abelian groups of
order 2p2 up to isomorphism:

G1.p/ = 〈a; b | a2 = bp2 = 1; aba = b−1〉;
G2.p/ = 〈a; b; c | ap = bp = c2 = [a; b] = 1; c−1ac = a−1; c−1bc = b−1〉;
G3.p/ = 〈a; b; c | ap = bp = c2 = 1; [a; b] = [a; c] = 1; c−1bc = b−1〉:

Now, we are ready to classify thes-regular cubic graphs of order 2p2 for 1 ≤ s ≤ 5,
wherep is any prime.
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THEOREM 3.5. Let X be a connected cubic symmetric graph of order2p2 with a
prime p. ThenX is 1-, 2- or 3-regular. Furthermore,

(1) X is 1-regular if and only ifX is isomorphic to the graph

Cay.G1.p/; {a; ab; ab−½}/(3.1)

for a primep such thatp−1 is a multiple of3, where½ is an element of order3 in the
multiplicative groupZ∗

p2. Here, the Cayley graph(3.1) is independent of the choice of
½ in Z∗

p2.
(2) X is 2-regular if and only if X is isomorphic to either the three dimensional

hypercubeQ3 of order 8 or one of the Cayley graphsCay.G2.p/; {c; ca; cb}/ for a
prime p 6= 2; 3.
(3) X is 3-regular if and only ifX is isomorphic to the Pappus graph93 of order18.

PROOF. If p = 2, then|V.X/| = 8. There is only one connected cubic symmetric
graph of order 8, and that is the 2-regular three dimensional hypercubeQ3. Thus, we
may assume thatp ≥ 3 from now on.

Clearly, (1) follows from Proposition2.7. Thus, we assume thatX is s-regular for
somes ≥ 2. It is straightforward to show that Aut.G2.p/; {c; ca; cb}/ is 2-transitive
on {c; ca; cb}. Consequently, the Cayley graphs Cay.G2.p/; {c; ca; cb}/, p ≥ 3, are
2-arc-transitive. By Conder and Dobcsányi [4]’s lists of cubic symmetric graphs of
order up to 768, there is only one connected cubic symmetric graph of order 2p2 for
each primep = 3; 5 or 7, that are 2-regular forp = 5 or 7 and 3-regular forp = 3.
It follows that all connected cubic symmetric graphs of order 2p2 with p = 3; 5 or
7 are the 2-regular graphs Cay.G2.p/; {c; ca; cb}/ for p = 5 or 7 and the 3-regular
graph Cay.G2.p/; {c; ca; cb}/ for p = 3, of which the last one is the Pappus graph 93

of order 18. Thus, we assumep ≥ 11. To complete the proof, it suffices to show that
X is isomorphic to Cay.G2.p/; {c; ca; cb}/ and that it is 2-regular.

SinceX is s-regular for somes ≥ 2, by Theorems3.2and3.3, Aut.X/ contains a
2-regular subgroup, which contains a normal 0-regular subgroup. Thus,X is a Cayley
graph on a finite groupG of order 2p2, say X = Cay.G; S/. Moreover, there is a
2-regular subgroupM of Aut.X/ such that the right regular representationR.G/ is
normal in M . By Proposition2.6, M ≤ R.G/ o Aut.G; S/ and the 2-regularity of
M implies that Aut.G; S/ is 2-transitive onS. SinceX has valency 3,S contains at
least one involution and the transitivity of Aut.G; S/ on S implies thatS consists of
three involutions. IfG is abelian, then〈S〉 = G implies that|G| ≤ 8, contrary to the
hypothesisp ≥ 11. Thus,G is non-abelian andG = G1.p/, G2.p/, or G3.p/.

SupposeG = G1.p/. Sincep ≥ 11, by Theorem 1 of Marǔsič and Pisanski in [22],
X is 1-regular, contrary to the hypothesis thats ≥ 2. SinceG3.p/ cannot be generated
by involutions, we haveG = G2.p/. One may check that Aut.G/ is 2-transitive on
the set of involutions ofG. Thus, we assume thatS = {c; ca; cai bj }. Since〈S〉 = G,
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j 6= 0. Then, the mapc → c, a → a, andb → ai bj induces an automorphism of
G2.p/ that maps{c; ca; cb} to S. This implies thatX ∼= Cay.G2.p/; {c; ca; cb}/.

Now we shall prove thatX is 2-regular. SinceX is 2-arc-transitive, it is at least 2-
regular. Then Cay.G2.p/; {c; ca; cb}/ has girth 6 and there are exactly two girth cycles
passing through any given edge. Thus,X is not 3-arc-transitive because otherwise
there is at least four girth cycles passing through any given edge. It follows that
Cay.G2.p/; {c; ca; cb}/ is 2-regular, as required.

COROLLARY 3.6. All connected cubic symmetric graphs of order2p2 are Cayley
graphs.

This corollary is not true for connected cubic symmetric graphs of order 2p because
the Petersen graph of order 10 is not Cayley.
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[6] D. Ž. Djoković and G. L. Miller, ‘Regular groups of automorphisms of cubic graphs’,J. Combin.

Theory Ser. B29 (1980), 195–230.
[7] X. G. Fang, J. Wang and M. Y. Xu, ‘On 1-arc-regular graphs’,European J. Combin.23 (2002),

785–791.
[8] Y.-Q. Feng and J. H. Kwak, ‘Cubic symmetric graphs of order a small number times a prime or a

prime square’, submitted.
[9] , ‘Constructing an infinite family of cubic 1-regular graphs’,European J. Combin.23(2002),

559–565.
[10] , ‘An infinite family of cubic one-regular graphs with unsolvable automorphism groups’,

Discrete Math.269(2003), 281–286.
[11] , ‘One-regular cubic graphs of order a small number times a prime or a prime square’,J.

Aust. Math. Soc.76 (2004), 345–356.
[12] , ‘s-Regular cubic graphs as coverings of the complete bipartite graphK3;3’, J. Graph Theory

45 (2004), 101–112.
[13] Y.-Q. Feng, J. H. Kwak and K. S. Wang, ‘Classifying cubic symmetric graphs of order 8p or 8p2’,

European J. Combin.26 (2005), 1033–1052.
[14] Y.-Q. Feng and K. S. Wang, ‘s-Regular cyclic coverings of the three-dimensional hypercubeQ3’,

European J. Combin.24 (2003), 719–731.
[15] R. Frucht, ‘A one-regular graph of degree three’,Canad. J. Math.4 (1952), 240–247.
[16] C. D. Godsil, ‘On the full automorphism group of a graph’,Combinatorica1 (1981), 243–256.



164 Yan-Quan Feng and Jin Ho Kwak [12]

[17] D. Gorenstein,Finite simple groups(Plenum Press, New York, 1982).
[18] P. Lorimer, ‘Vertex-transitive graphs: symmetric graphs of prime valency’,J. Graph Theory8

(1984), 55–68.
[19] R. C. Miller, ‘The trivalent symmetric graphs of girth at most six’,J. Combin. Theory Ser. B10

(1971), 163–182.
[20] D. J. Robinson,A course in the theory of groups(Springer, New York, 1982).
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