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The Mean Value Theorem is a key result in elementary calculus, taught in every
first-year calculus class. How audacious then to devote a 500-page book to this
single theorem! But Craig Smoryński pulls it off and with his provocative and
idiosyncratic style has produced an illuminating overview of a topic whose history
is usually brushed under the carpet in order to rapidly proceed to its consequences.

Smoryński is a prolific author in Logic, Number Theory and History of Mathe-
matics, but this seems to be his first venture into Analysis. His näıve (or faux
näıve) approach makes his work very approachable by a lay reader. To start with,
let me explain why MVT is regarded as a key result in calculus. Firstly, it has
an intuitive geometrical interpretation: for any secant joining two points A and
B on a smooth curve, there is a point on the curve between A and B at which
the tangent is parallel to the secant. Secondly, in algebraic guise the MVT and
Cauchy’s generalised version have an essential rôle in the proof of Hospital’s rule
for finding limits of indeterminate forms. Thirdly, it is crucial in proofs of Taylor’s
Theorem and consequently in constructing and summing power series. Finally,
MVT is often called on to prove results that seem intuitively obvious but are
devilishly hard to pin down.

Among the novel features in this book, which make it hard to specify the intended
audience, Smoryński presents complete, even verbose, proofs of elementary geomet-
ric and algebraic propositions, details of how to programme hand-held calculators
and analysis of the logical arguments involved, both classical and non-standard.

His approach is basically historical: how did calculus evolve? To begin with, what is
a smooth curve? Smoryński goes back to Euclid’s ‘definition’ that a line is breadth-
less length, which can be interpreted as saying that a curve is a one-dimensional
geometric object. Without seeking to define smooth curve, but instead using its
accepted properties, Archimedes proved a version of MVT for the case of the
parabola. Smoryński uses this as a handle to discuss the various curves that arose
in Greek mathematics, not just the conic sections, but also the ‘mechanical’ curves,
the quadratrix, conchoid and spirals. Other precursors of the MVT occurred in
mediæval Indian mathematics, where the 12th century astronomer Bháskaráchárya
applied it to the sine curve. The Merton scholars, in particular William of Heytes-
bury, studied a kinematic version which states that a body uniformly accelerated
over time attains its mean velocity.

In an interesting excursion Smoryński analyses the difference between Descartes’
and Newton’s conception of a curve, which had not occurred to me before. The
former realises a curve as the kernel of a function from R

2 to R; the latter as the
image of a function from R to R

2.
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The concept of smooth curve is inevitably linked to dimension, connectivity, conti-
nuity, extreme values and differentiability. A revolutionary 19th century discovery
was a space filling continuous curve. By comparing Peano’s and Hilbert’s examples
of space-filling curves Smoryński demonstrates the relative advantages of the alge-
braic and geometric approaches. In an interesting twist, he reproduces a facsimile
of the complete English translation of Peano’s 1890 paper, which only occupied
three pages in Mathematische Annalen.

Returning to the MVT proper, Smoryński discusses
versions in the works of Rolle, Lagrange, Ampère,
Cauchy and Bolzano as well as the definitive approach
of Weierstrass, Bonnet and Serret. A long-lasting
controversy surrounding the MVT was due to the fact
that different authors adopted different hypotheses.
The modern, classroom statement of the theorem
states that if a function f is continuous on [a, b] and
differentiable on (a, b), then there exists c ∈ (a, b)
such that the tangent at (c, f(c)) is parallel to the
line joining (a, f(a)) and (b, f(b)). But the hypotheses
of some early versions required differentiability at the
endpoints, some required the derivative to be contin-
uous or uniformly continuous, some allowed infinite
values of the derivative, or one-sided derivatives and

so on. Further complications arose from the fact that Cauchy’s definition of
continuity was equivalent to the modern definition of uniform continuity; and from
the fact that completeness of the real line and consequently the Intermediate and
Extreme Value Theorems were not fully understood until the work of Dedekind
and Weierstrass. The twisted history is clearly unravelled by Smoryński.

He also describes extensions of the MVT to multivariable and complex analy-
sis and presents many applications to non-mathematical areas. But we are not
finished there! He discusses the theorem as it appears in contemporary American
textbooks, and its rôle in the Great Debate on calculus reform, which pits defenders
of the traditional approach to mathematical pedagogy against those who would
ditch tradition in favour of efficiently turning out competent users of mathematics.
There is no doubt that he favours the former, but nevertheless fairly recounts the
arguments of the latter.

In summary, this book is an interesting read for all mathematicians; it contains
little known nuggets of information which could be useful for teachers to attract
the interest of their students.
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