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A mathematical model for layer formation

James R. Caffrey∗

The formation of layers within nature occurs in numerous areas as diverse as geol-
ogy, chemistry and biology. Understanding how these layers form can often be a
difficult task. This has led to extensive research into the mechanisms that underlie
these processes.

An example of layer formation of interest to developmental biologists occurs within
the cortex of the mammalian brain. Experiments on mice have found a counter-
intuitive layering sequence [1]. These layers are formed in an inside-out arrange-
ment, with the deepest layers formed first and the outermost formed last. It is
believed that the glycoprotein Reelin is important to the mechanisms behind this
layering. It is observed in the Reeler mutant, where this glycoprotein is absent,
that the layer arrangement is reversed. This has led to a number of mechanisms
being proposed for how Reelin may affect the neurons that form the cortical lay-
ers. Recent work suggests that the motility of invading neurons is impacted by
the correct formation of the previous layers. When Reelin is absent, the layers are
malformed. This implies an indirect relationship between the layering sequence
and the presence of this glycoprotein. However, no conclusive model has yet been
determined.

Mathematical modelling provides an elegant method to evaluate the feasibility of
this mechanism for layering. We have subsequently created a number of models to
evaluate similar layer structures via analogous mechanisms [2]. Both population-
based and discrete-based frameworks have been considered. An intriguing feature
of this work is the ability to connect the discrete-based systems to correspond-
ing continuum models. This is accomplished by considering the limiting behaviour
as the individual agents begin to mimic a population. Many of these continuum
counterparts have been proposed, and investigated, in prior work on the population
dynamics. This connection supports the proposal that layering can be approached
as a population or as a group of interacting individuals. We have observed that
both the single agent and population models could replicate layering structures
similar to those found in the cortex.

For instance, one of our proposed models utilises a population-based framework to
represent the different constituents of the layering process. The key feature to this
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model is the inclusion of a condition for conservation of volume. This model com-
prises a system of quasilinear partial differential equations with two distinct popu-
lations: invading/motile and settled/passive. Solutions were determined primarily
by the method of characteristics. These solutions lead to a number of intriguing
shock and fan interactions. A key result of the model is the ability to reproduce
layering that is consistent with both phenotypes observed in the cortex. Here it
was observed that a single dimensionless parameter, representing the motility-to-
settling ratio of the invading population, is crucial to the layering pattern.

The structure of this model is general enough to be extended to encapsulate more
complicated experiments that are currently being conducted on layer formation
[3]. Future work looks to alter this model to address such experimental work.
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