
Ivan Guo*

Welcome to the Australian Mathematical Society Gazette’s Puzzle Corner No. 24.
Each puzzle corner includes a handful of fun, yet intriguing, puzzles for adventur-
ous readers to try. They cover a range of difficulties, come from a variety of topics,
and require a minimum of mathematical prerequisites for their solution. Should
you happen to be ingenious enough to solve one of them, then you should send
your solution to us.

For each puzzle corner, the reader with the best submission will receive a book
voucher to the value of $50, not to mention fame, glory and unlimited bragging
rights! Entries are judged on the following criteria, in decreasing order of impor-
tance: accuracy, elegance, difficulty, and the number of correct solutions submitted.
Please note that the judge’s decision —that is, my decision — is absolutely final.
Please email solutions to ivanguo1986@gmail.com or send paper entries to: Amie
Albrecht, School of Mathematics and Statistics, University of South Australia,
Mawson Lakes, SA 5095.

The deadline for submission of solutions for Puzzle Corner 24 is 1 November 2011.
The solutions to Puzzle Corner 24 will appear in Puzzle Corner 26 in the March
2012 issue of the Gazette.

Age-old question

‘Two days ago, I was 10. But next year I will be 13.’ How is this possible?
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Dice design

Can you design two different dice so that their sum
still behaves like a pair of ordinary dice? That is,
there must be one way to get a sum of 2, two ways
to get a sum of 3, and so on. A die must have six
faces, each labelled with a positive integer.

Triangular trip

Assume the Earth is perfectly spherical and you are standing somewhere on its
surface. You travel exactly 1 kilometre south, then 1 kilometre east, then 1 kilo-
metre north. Surprisingly, you find yourself back at the starting point. If you are
not at the north pole, where can you possibly be?

∗E-mail: ivanguo1986@gmail.com
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Picky toothpicks

Pete and Pat take turns picking up some toothpicks off the floor. Pete goes first,
and is allowed to pick up as many as he wants, but not all of them. In each subse-
quent turn, the person can pick up any number of toothpicks, as long as it doesn’t
exceed the number picked up in the previous turn. Passing is not allowed. The
person who picks up the last toothpick wins. Who wins?
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Invisible soldiers

In the Cartesian plane, the point (x, y) is called a lattice
point if x and y are both integers. Suppose that a general
is standing at the origin, while there is a soldier standing
at every other lattice point. Label a soldier invisible if the
general cannot see him because another soldier is in the
way. Prove that it is possible to find arbitrarily large circles
in the plane containing only invisible soldiers.

Curve and Chord

Let A and B be two points on the plane, one unit apart. There is a continuous
curve joining A and B. We want to find a chord of the curve, parallel to AB, with
length l.

(1) Show that this is always possible if l is the reciprocal of a positive integer.

(2) What if l is not the reciprocal of a positive integer?

Solutions to Puzzle Corner 22

The $50 book voucher for the best submission to Puzzle Corner 22 is awarded to
Gerry Myerson. Congratulations!

Distinctive solid

Does there exist a convex polyhedron such that no two of its faces have the same
number of edges?

Solution by Dave Johnson: Take any convex polyhedron. Let F be the face with
the greatest number of edges, and say it has m edges. Then F has m distinct
neighbouring faces and the polyhedron has at least m + 1 faces. Since each face
has at most m edges, two will have the same number. Therefore no polyhedron
can satisfy the required conditions.
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Triple cheque

Penny cashed a cheque at the bank, but the careless teller transposed the dollar
figure with the cent figure, and gave her the wrong amount of money. For example,
if the cheque was for $12.34, Penny received $34.12 instead. Assume that the teller
has old copper coins available, so that all positive multiples of 1 cent are possible.
After buying a newspaper for 50 cents, Penny discovered the mistake, but still had
three times the amount on the original cheque. What was the value of the cheque?

Solution by John Butcher: If the amount of the original cheque was x dollars and
y cents, then x and y are related by

100y + x = 50 + 3(100x + y).

We find in turn, using the Euclidean algorithm,

97y − 299x = 50,

97(y − 3x) − 8x = 50,

(y − 3x) + 8(12y − 37x) = 50.

Let n = 12y − 37x and we get the linear equations

12y − 37x = n, y − 3x = 50 − 8n,

with solutions
x = 600 − 97n, y = 1850− 299n.

Since 1 ≤ x ≤ 99, it follows that n = 6. Therefore x = 18, y = 56 and the original
cheque was for $18.56.

Last ball remaining

Mr Bored has 2011 blue balls and 2011 red balls in a gigantic bag. There is also an
abundance of red and blue balls on the floor. Mr Bored randomly selects two balls
from the bag and drops them onto the floor. If the two balls have the same colour,
he places a blue ball into the bag, otherwise, he places a red ball into the bag. This
is repeated until only one ball is left in the bag. What is the chance of it being red?

Solution by Sam Krass: After each step, one of the following happens.

• If two red balls are picked out, then the number of red balls is reduced by
two.

• If at least one blue ball is picked out, then the number of red balls is
unchanged.

Initially, an odd number of red balls are in the bag. This number will remain odd
after each step. Therefore the last ball must be red.
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Midpoint madness

ABCDE is a pentagon with side lengths of 2010, 2011, 2012, 2013 and 2014 in
some order. Let P, Q and R be the midpoints of AC, BD and CE respectively.
Then let X and Y be the midpoints of PQ and QR. If line segment XY has integer
length, find this length.
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Solution by Michael Yastreboff: Consider triangle ACE. Since AP = PC and
ER = RC, it follows that PR = AE/2. Similarly, consider triangle PQR. Since
PX = XQ and RY = Y Q, It follows that XY = PR/2 = AE/4.

For XY to be an integer, AE has to be 2012 as it is the only side length being a
multiple of 4. Therefore XY = 2012/4 = 503.

Tangled tangents

Let

X =
2011
∑

n=1

tan−1

(

1

n2 + n + 1

)

.

Find tanX.

Solution by Richard Kenderdine: First note the identity

tan−1 x − tan−1 y = tan−1

(

x − y

1 + xy

)

.

Letting x = n + 1 and y = n,

tan−1(n + 1) − tan−1 n = tan−1

(

n + 1 − n

1 + (n + 1)n

)

= tan−1

(

1

n2 + n + 1

)

.
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Now we can rewrite X as a telescoping sum,

X =

2011
∑

n=1

tan−1

(

1

n2 + n + 1

)

=

2011
∑

n=1

[tan−1(n + 1) − tan−1 n]

= tan−1 2012 − tan−1 1.

Finally,

tanX = tan(tan−1 2012 − tan−1 1) =
2012 − 1

1 + 2012× 1
=

2011

2013
.

Radioactive rods

(1) There are eight rods, identical in appearance, but one of them is radioactive.
It is possible to test for radioactivity by placing some number of rods into a
super high-tech box. After the test, the box will indicate whether there was
any radioactivity in its contents. Since the box is very expensive to operate,
what is the minimum number of tests needed to find the radioactive rod?

(2) Now suppose that two out of the eight rods are radioactive. How many tests
are needed to find them both?

Solution by Gerry Myerson:

(1) As each test gives two possible results, it is clear that at least log2 8 = 3
tests are required.
To show that three tests are sufficient, label the rods with the binary strings
000, 001, . . . , 111. First test the rods with 1 as the first digit, then test the
rods with 1 as the second digit, finally test the rods with 1 as the third digit.
Encode the results as a binary string, using 1 for a positive test and 0 for a
negative test. The resulting string is the label of the radioactive rod.

(2) It can be done with six tests as follows. Label the rods 1, 2, . . . , 8. Test rods
1 and 2, then 3 and 4, then 5 and 6, then 7 and 8. If we have exactly one
positive test, then the radioactive pair is found. If we have two, then without
loss of generality, let them be the first two tests. Now testing rod 1 will give
one radioactive rod out of rods 1 and 2, testing rod 3 will give the other
radioactive rod out of rods 3 and 4.
To show the bound cannot be improved, assume it can be done in five tests.
If the first test is done with only one rod, then a negative result leaves

(

8 − 1

2

)

= 21 > 24

possibilities, which is too many to resolve in four tests. If the first test is
done with three or more rods, then a positive result leaves at least

(

8

2

)

−
(

8 − 3

2

)

= 18 > 24
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possibilities, again too many.
So the first test must use two rods. Now suppose the result is negative. The
problem is reduced to finding two radioactive rods out of six, using only four
tests. Using similar arguments, if the next test uses only one of the remaining
rods, a negative result leaves

(

6 − 1

2

)

= 10 > 23

possibilities, which cannot be resolved in just three more tests. If instead two
or more rods are tested, then a positive result leaves at least

(

6

2

)

−
(

6 − 2

2

)

= 9 > 23

possibilities, again too many. That is a contradiction.

Ivan is a PhD student in the School of Mathematics and

Statistics at The University of Sydney. His current re-
search involves a mixture of multi-person game theory and

option pricing. Ivan spends much of his spare time playing
with puzzles of all flavours, as well as Olympiad Mathe-

matics.




