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Separation of variables for the symplectic

character using Sklyanin’s Q-operator approach

Anita Ponsaing1

The O(n) Loop Model is a two-dimensional lattice model that generalises the well-
known Ising model of magnetism. This model is of interest in statistical mechanics
because, when critical, it exhibits effective long-range interactions, and correlation
functions that decay with distance algebraically, rather than exponentially. At
the special value of n = 1, the critical O(1) model is also closely related to bond
percolation on the square lattice.

For an O(1) model on a lattice of width L, we are interested in examining the
long-range behaviour in the limit as L goes to infinity. The model can be studied
for a variety of boundary conditions, such as periodic in both directions (wrapped
around a torus), or constrained to an infinite strip of finite width. We are inter-
ested in the latter case — in particular, the influence of the boundaries in the large
L limit.

Certain statistical quantities associated with the behaviour of the critical two-
boundary O(1) loop model have been calculated. These are given in terms of a
particular symmetric polynomial in L+2 variables, with L variables corresponding
to the sites along the width of the lattice, and two corresponding to the boundaries.
In the limit we are only interested in the case where the L lattice-site variables
are set to 1, while keeping the two boundary parameters general. This allows us
to measure the effect of the boundaries on the system. Thus, to find the limit of
these quantities we need to calculate the asymptotic limit of this polynomial as L
goes to infinity, with all but two variables set to 1.

The polynomials which appear in this model are well known in representation
theory: they are the characters of the symplectic group. Closely related are the
Schur functions, the characters of the general linear group. They are both known
as Schur polynomials, of type C and A respectively (the type label refers to the
root system of the underlying symmetries: they are both symmetric in their vari-
ables, but type C polynomials are Laurent polynomials and also invariant under
xi → 1/xi). They have both also been used as generating functions for certain
counting problems in enumerative combinatorics, where the asymptotics are again
of interest.
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In [1] we study a method for the separation of variables (SoV) of the symplectic
characters. The aim of the chosen SoV method is the construction of a separat-
ing operator S whose action on a polynomial P (x1, . . . , xL) is proportional to a
product of single-variable polynomials,

SP (x1, . . . , xL) = P (1, . . . , 1)

L
∏

i=1

q(xi). (1)

The problem of the asymptotics of the symplectic character is then reduced to
that of finding the asymptotics for each factorised part. In order for this approach
to be useful the method must also be reversible, which is one of the main technical
hurdles in SoV. The easiest way for this to happen is for S to be invertible.

Kuznetsov and Sklyanin [3] described a ‘Q-operator’ method of SoV for symmetric
functions, based on earlier work with Mangazeev on Jack polynomials of type A in
[2]. The authors gave a number of examples for the application of the Q-operator
method to systems of symmetric polynomials associated to the root system of type
A—in particular, the Schur functions described above. We extend this method to
the symplectic character (the Schur polynomial of type C). We explicitly construct
the separating operator, and prove that for the case of the symplectic character,
as with Schur functions, S is invertible.
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