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Disjoint transversals in latin squares

Judith Egan1

A latin square of order n is an n×n matrix in which n distinct symbols are ar-
ranged so that each symbol occurs once in each row and column. A transversal
in a latin square is a selection of n distinct entries in which each row, column
and symbol occurs exactly once. A pair of latin squares A = [aij] and B = [bij]
of order n are called orthogonal mates if the n2 ordered pairs (aij, bij) are dis-
tinct. This condition occurs if and only if the positions of any fixed symbol in
A correspond to the positions of a transversal in B. Thus, a partition of a latin
square L of order n into n disjoint transversals is equivalent to the existence of an
orthogonal mate of L.

For a given latin square L of order n, let λ denote the maximum cardinality of a
set of disjoint transversals in L. It follows from the condition of maximality that
λ = n−1 is impossible. Information about λ is useful in the study of more general
types of orthogonal partitions of latin squares such as those mentioned in [3] and
its references. We shall outline what is currently known about λ. This will lead
to an interpretation of some newly available experimental results.

For all n /∈ {2, 6}, the existence of a latin square of order n with λ = n follows
from a famous result on the existence of orthogonal mates [1].

For all even n, the Cayley table of the cyclic group Zn has no transversals, so has
λ = 0, due to Euler. We proved that for even orders n and 0 ≤ λ ≤ n, any λ
divisible by 4 is also achievable [3]. Moreover, our next theorem illustrates that
arbitrarily large latin squares may possess transversals under severely restrictive
conditions. The theorem is due to [4].

Theorem 1. For all even n ≥ 10, there exists a latin square of order n that has
transversals, all of which coincide on a single entry.

No latin square of even order less than 10 has λ = 1. We conjecture that for all
even orders n ≥ 10, each λ ∈ {0, 1, . . . , n− 3, n− 2, n} is achievable [4]. Experi-
mental data suggests that a random latin square of large order can be expected
to have λ > 1. In this context, and the extremity of the restriction on transver-
sals, we believe that the latin squares of Theorem 1 are examples of rather exotic
behaviour [4].

For all positive integers n, we define µ(n) to be the minimum value of λ among
the latin squares of order n. Clearly, µ(n) = 0 for all even n, so we are concerned
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with the case when n is odd. A long-standing conjecture by Ryser [8] implies that
µ(n) ≥ 1 for all odd n. The best general upper bound found so far is:

if n is odd and n > 3, then µ(n) ≤ 1
2
(n+ 1). (1)

This bound on µ(n) is first expressed in [4] but it is an immediate result of proofs:
by Mann [6] for n ≡ 1 mod 4, and Evans [5] for n ≡ 3 mod 4. Study of small cases
shows that µ(5) = µ(7) = 1. In [3] we reported on computations which proved
that µ(9) = 3. It appears that there is room to improve the bound given in (1).
A question of particular interest is the following, posed in [4]. Is µ(n) bounded as
n→ ∞?

An extensive computational investigation of transversals in the latin squares of
order n ≤ 9 is reported in [4]. A classification by λ shows that only a small pro-
portion of latin squares of orders 7, 8 and 9 possess orthogonal mates. On the
other hand, most latin squares of these orders are close to having a mate in the
sense that their value of λ is not much below n. It is estimated that around 60%
of latin squares of order 10 possess an orthogonal mate [7]. For higher orders we
suspect that almost all latin squares possess a mate [4]. The data is classified by
two other parameters. We will mention just one of them.

For a given latin square of order n, let τ denote the number of entries through
which no transversal passes. The condition τ > 0 implies that λ < n, but the
converse is not true. Discussion in the preceding paragraph may have alerted the
reader: data in [4] suggests that most large latin squares will have τ = 0. The
next theorem is due to [9].

Theorem 2. For all n /∈ {1, 3}, there exists a latin square of order n with τ > 0.

In [4] we give new constructions with τ > 0. One of these yields an alternative
proof of Theorem 2 via Theorem 1. A surprisingly easy new proof of Theorem 2
is given in [2]. It uses latin squares with some interesting partitions.
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