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Welcome to the Australian Mathematical Society Gazette’s Puzzle Corner No. 19.
Each issue will include a handful of fun, yet intriguing, puzzles for adventurous
readers to try. The puzzles cover a range of difficulties, come from a variety of
topics, and require a minimum of mathematical prerequisites to be solved. And
should you happen to be ingenious enough to solve one of them, then the first
thing you should do is send your solution to us.

In each Puzzle Corner, the reader with the best submission will receive a book
voucher to the value of $50, not to mention fame, glory and unlimited bragging
rights! Entries are judged on the following criteria, in decreasing order of impor-
tance: accuracy, elegance, difficulty, and the number of correct solutions submit-
ted. Please note that the judge’s decision — that is, my decision — is absolutely
final. Please e-mail solutions to ivanguo1986@gmail.com or send paper entries to:
Kevin White, School of Mathematics and Statistics, University of South Australia,
Mawson Lakes SA 5095.

The deadline for submission of solutions for Puzzle Corner 19 is 1 November 2010.
The solutions to Puzzle Corner 19 will appear in Puzzle Corner 21 in the March
2011 issue of the Gazette.

Tennis tournament
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There are 256 players in a knockout tennis
tournament. Assume that the players can be
(strictly) ordered according to how good they
are, and the better player always wins in a
match. In each round, all players still in the
tournament are paired up for matches. Half
the players are losers, and are eliminated; the
other half are winners and proceed to the
next round. Regardless of the pairing of re-

maining competitors in each round, the winner of the tournament will always be
the best player. But the losing finalist is not necessarily the second best player. Af-
ter the tournament, how many more matches are needed to determine the second
best player?

Paper route

Patrick the paper boy delivers papers to 50 houses along a street. One forgetful
morning, he brought only 40 papers with him. Instead of going back to get more,
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the lazy Patrick decided to not deliver to 10 houses. To minimise gossip about his
poor work ethic, out of any block of three consecutive houses, Patrick would miss
at most one. In how many ways can Patrick deliver the papers in this manner?

Guessing game

The master whispers a positive integer to each of his three apprentices, then says
out loud that the sum of the three numbers is 14.

The first apprentice was eager to show his talent. ‘With my years of training in
arithmetics,’ he says, ‘I deduce that the other two have different numbers.’

Not willing to fall behind, the second apprentice interjects, ‘Even before your
remark, I already knew that we all have different numbers!”

With a satisfied grin, the final apprentice declares, ‘That’s nothing. I now know
both of your numbers.’

Assuming they are all speaking the truth, do you know what the numbers are?

Bonus: Assume everything else was kept the same, but the second apprentice had
instead said, ‘From your remark, I’m certain that we all have different numbers.’
Would that make any difference?

Serious summation

Express
9800∑
n=1

1√
n+

√
n2 − 1

in the form of a+ b
√
c where a, b and c are integers.

Reality television

For a particularly bizarre reality television program, the contestants are arbitrarily
divided into 11 teams. Each contestant is also assigned to live inside one of eight
huge bedrooms constructed for the show. Prove that there exist three contestants,
each of whom has more roommates than teammates.

Scissors and shapes

1. Edward has four large congruent right-angled triangles. Each move he chooses
a triangle in front of him, and cuts it into two smaller right-angled triangles
with a single straight cut. Is it possible to get to a stage where no two
triangles in front of Edward are congruent?

2. Each move, Edward is allowed to cut a polygon in front of him into two pieces
by a straight cut. Then he must turn over one piece and join it back to the
other piece, along the edge created by the initial cut. This results in a new
polygon. Starting with a square, can Edward transform it into a triangle
using these moves?
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Solutions to Puzzle Corner 17

The $50 book voucher for the best submission to Puzzle Corner 17 is awarded to
Ross Atkins. Congratulations!

Railway repairs

Solution by: Alan Jones

If the current trip takes 4 units of time, then repairing either section will shorten
the trip by one unit of time. Repairing both sections will therefore halve the trip
time and double the average speed.

Circles and tangents

Solution by: Robert Tang

Rotate the equilateral triangle by 60◦ about its
centre to form a new triangle, which also inscribes
the unit circle. In particular, one side must be
the common tangent of the two circles. Fur-
thermore, six smaller congruent equilateral trian-
gles are formed, with one of them inscribing the
smaller circle. By simply comparing side lengths,
the small triangle is a third of the size of the
original triangle. Hence the smaller circle has ra-
dius 1/3.

Peaceful pairing

Solution by: Joe Kupka

Let |AB| denote the length of line segment AB. Label the red points by R1, R2,
. . . , Rn and the blue points by B1, B2, . . . , Bn.

Out of all possible red-blue pairings, choose the one which minimises

n∑
i=1

|RiBi|.

The minimum exists because the number of possible pairings is finite. Under the
minimal pairing, if two segments, say R1B1 and R2B2, intersect at X, by the
triangle inequality,

|R1B2| + |R2B1| < |R1X| + |B2X| + |R2X| + |B1X| = |R1B1| + |R2B2|.

This contradicts the minimal assumption. So there are no intersections in this
pairing, as required.
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Chessboard parity

Solution by: Pratik Poddar
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Let the number of pieces in columns a, c, e and g be X and the number of pieces
in rows 2, 4, 6 and 8 be Y . Furthermore, let the number of pieces on black squares
be Z and the number of pieces in the 16 indicated white squares be W . Then we
have

X + Y = Z + 2W.

From the question, X and Y are both even since the number of pieces in each
column or row is even. Hence Z, the number of pieces on black squares, is also
even.

Bonus: If each column or row has an odd number instead, X and Y are still both
even as they are sums of four odd numbers. Hence the number of pieces on black
squares is still even.

Tip the balance

Solution by: Ross Atkins

First, we can redefine the question so that all weights are on the right side, but
some weights may be negative. Let there be n students in the class, so there
are 2n different options for the teacher, including choosing the empty set. If the
probability of each option is exactly 1/2n, we can compute the average weight on
the right side of the scales.

Take any weight and say there are k names on it. The probability that it will
remain on the right side, is equal to the probability that the teacher will choose
an even number of these k names. This equals(

k
0

)
2n−k +

(
k
2

)
2n−k + · · · +

(
k
2l

)
2n−k

2n
=

2k−12n−k

2n
=

1
2
,
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where 2l is the largest even number no greater than k. Hence each weight has
equal chance of being on the left or the right side. On average, the scales will
balance.

Since the scales are tipping to the right when the teacher chooses the empty set,
there must exist a set of students that makes the scales tip to the left.

Digital dilemmas

Solution by: Alan Reynolds

1. There are 1010 −1 positive integers with 10 digits or fewer. Meanwhile, there
are 105 − 1 positive integers with five digits or fewer. Count the number of
different ways of selecting two factors with five digits or fewer. If the factors
are the same, there are 105 − 1 ways. If the factors are different there are(

105 − 1
2

)
=

(105 − 1)(105 − 2)
2

ways. This gives a total of

T =
(105 − 1)(105 − 2)

2
+ (105 − 1) =

1010 − 105

2
<

1010 − 1
2

different possible products.
Note that the same products may be counted more than once, for example
24 = 4 × 6 = 2 × 12. But the number of products is strictly less than T ,
which is less than half of the number of positive integers with 10 digits or
less. Therefore set B is larger than set A.

2. To simplify the solution, we allow numbers to start with leading zeroes. So
when we refer to ten-digit numbers, we include 0000000001, 0000000002, etc.
Furthermore, we include zero, that is, 0000000000, since 05 contributes noth-
ing to either x or y. Let Si be the set of i digit numbers (including those
with leading zeroes). Let Ai be the subset with odd-digit sums and Bi be the
subset with even-digit sums. First define f10(a) = a5. We need to determine
whether the difference

D = y − x =
∑

i∈B10

f10(i) −
∑

i∈A10

f10(i)

is positive, negative or zero.

Start by calculating, for each initial sequence of nine digits, the contribution
made to D. For any nine-digit number a, define

f9(a) = f10(10a) − f10(10a+ 1) + f10(10a+ 2) − f10(10a+ 3)

+ f10(10a+ 4) − f10(10a+ 5) + f10(10a+ 6)

− f10(10a+ 7) + f10(10a+ 8) − f10(10a+ 9).
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If a has an even-digit sum, f9(a) contributes positively to D. If a has an
odd-digit sum, f9(a) contributes negatively to D, so

D =
∑
i∈B9

f9(i) −
∑
i∈A9

f9(i).

This may not seem to be a great step forward, since f9 is a more complicated
function than f10. However, note that f10 is a fifth degree polynomial. When
substituted into the definition of f9, the leading term is multiplied by a con-
stant, then added and subtracted the same number of times. This results in
f9 being a fourth degree polynomial.

Now define f8, f7, f6 and f5 recursively in using

fk(a) = fk+1(10a) − fk+1(10a+ 1) + fk+1(10a+ 2) − fk+1(10a+ 3)

+ fk+1(10a+ 4) − fk+1(10a+ 5) + fk+1(10a+ 6)

− fk+1(10a+ 7) + fk+1(10a+ 8) − fk+1(10a+ 9).

Applying the same argument, we have

D =
∑
i∈Bk

fk(i) −
∑
i∈Ak

fk(i), k = 8, 7, 6, 5

and fk is a polynomial of degree k − 5. In particular

D =
∑
i∈B5

f5(i) −
∑
i∈A5

f5(i),

where f5 is a constant. But now we note that the number of five-digit num-
bers with even digit sum is equal to the number of five-digit numbers with
odd digit sum. Therefore D = y − x = 0, that is, y = x.

This is a rather surprising result and it generalises to larger values. For ex-
ample, we could use numbers up to 100 digits and take them to the power
of 99, and the two corresponding sums will still be equal!

Ivan is a PhD student in the School of Mathematics and
Statistics at The University of Sydney. His current re-
search involves a mixture of multi-person game theory and
option pricing. Ivan spends much of his spare time playing
with puzzles of all flavours, as well as Olympiad Mathe-
matics.


