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Abstract

In this paper, we consider a coupled, nonlinear, singular (in the sense that the reaction terms
in the equations are not Lipschitz continuous) reaction-diffusion system, which arises from
a model of fractional order chemical autocatalysis and decay, with positive initial data. In
particular, we consider the cases when the initial data for the the dimensionless concentration
of the autocatalysg, is of (a) O(x~*) or (b) O(e~*) at largex (dimensionless distance),
whereo > 0 andx are constants. While initially the dimensionless concentration of the
reactante, is identically unity, we establish, by developing the snigltimensionless

time) asymptotic structure of the solution, that the supporg©f, t) becomes finite in
infinitesimal time in both cases (a) and (b) above. The asymptotic form for the location of
the edge of the support gfast — 0 is given in both cases.

2000Mathematics subject classificatioprimary 35K57; secondary 41A60.
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1. Introduction

In this paper we consider the following initial-boundary value problem for a coupled,
nonlinear, singular (that is, non-Lipschitz) reaction-diffusion system, namely,

o = oy — ap’, (1.1a)
B = Bux + ap™ — k", X,t >0, (1.1b)
a(X,00 =1, B(x,0) = Bu(x), X >0, (1.1c)
ax(0,1) = By(0,t) =0, t>0, (1.1d)
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a(X, 1) =35 qo(t), t>0 (0<an(t)<1), (1.1e)
B 1) = Bo(®), 20 (0= fu(t) <1, (1.1f)

where 0< n < m < 1,k > 0 andBq(x) is a continuous, analytic, positive and
monotone decreasing function > 0, with Bo(x) — 0 asx — oo. In particular,
we consider the following cases:

(a) Initial data forg, Bo(Xx) that has algebraic decay ratexas> co and where

BooX* +EST(X) as X — oo,

~ ~ 1.2
,lgo-{—zloil,&Xl aSX—>0+, ( )

Bo(x) ~ {

wherex, B+, Bo > 0, B are constants and ESX) denotes exponentially small terms
in X asx — oo.
(b) Initial data for8, Bo(x) that has exponential decay ratexas> co and where

Ba€ ¥+ O[e @] as x — oo,

Bo+ >, BX as x — 0F (1-3)
=1/ >

Bo(X) ~ {

for somef (x) > O(x) asx — 0o, wheref., Bo, o > 0 andp, are constants.

Herex is the dimensionless concentration of the reactant, whigethe dimensionless
concentration of the autocatalyst.

A full description of the chemical model from which.() arises, its analysis and a
comprehensive review of the relevant literature may be found]ibut is omitted here
for brevity. Preliminary results concerning the system of singular reaction-diffusion
equations can be found ig]} [5] and [6].

Our aim in this paper is to use the method of matched asymptotic expansions to
develop the small-time asymptotic structure of the solution to initial-boundary value
problem (.1) with 0 < n < m < 1 when the initial datag,(x), of 8 has algebraic or
exponential decay rates as— oo, given by (1.2) and (L.3) respectively. Throughout
we use the nomenclature of the theory of matched asymptotic expansions, as given i
Van Dyke B] (see also Hinchl]], Lagerstrom B] and Nayfeh ] for an introduction
to the theory of matched asymptotic expansions). We establish that in both cases the
support of the solution fop becomes finite in infinitesimal time. We conclude by
presenting the asymptotic form for the location of the edge of the supp@tot)
ast — 0 in both cases.

2. Asymptotic solution ast — 0

In this section we develop the formal asymptotic structurd i) ( forn < m < 1,
ast — 0. The behaviour of the solution depends critically on the naturg,of) as
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x — oo. We will consider the cases wheig(x) has algebraic or exponential decay
asx — oo (given by (.2) and (L.3) respectively) separately.

2.1. Initial data with algebraic decay asx — oo We first consider regioh where
x = O(1) ast — 0 and expand the solution ta.() as

a(X, 1) = 1+ tay(x) + O(t?),
B(X, 1) = Bo(X) +tB1(X) + O(t?), X,t >0,

ast — 0. On substitution into Equationd..(d and (L.1H and applying initial
conditions (.19 we readily obtain

a(X, 1) = 1—tBI(x) + O(t?), (2.1a)
B(X, 1) = Bo(X) +t (B5(X) + B5'(x) — kBg (X)) + O(t?) (2.1b)
ast — 0. Now, forx > 1, expansiond.1b), with (1.2), takes the form
B, 1) ~ BaoX ™+t (Baoh(h + DX 2 — KB X ™ ) - (2.2)
ast — 0, and we conclude that expansi@l() becomes nonuniform when
X = O (t/*")

(that is, the dominant correction term ig.{b can be seen from2(2) to become
comparable with the leading order term fhib) whenx = O(t~***") ast — 0),
when we observe, vi&(1), that

a=1—0 (tmnb/a-m) (2.3a)
B =0 (t"+™) (2.3b)
ast — 0. In order to continue the asymptotic structure we must therefore introduce
a further region, which we refer to as regitin To examine regiotl , we introduce
the scaled coordinate = xt¥*3-" = O(1) and look, via R.3), for asymptotic
expansions of the form
a(n,t) = 1— t(mfn+l)/(lfn)&(n) +0 (t(mfn+l)/(lfn)) , (2_4a)
B(n.t) =tV B(n) + o (1) (2.4b)

ast — 0, withn = O(1). On substitution of expansion&.4) into Equations 1.1)
(when written in terms ofy andt) we obtain the leading order problems o) and

B(n) as
n@, +A(M—-n+21a =r11-nmp", 0<n < oo, (2.5a)
a@m) ~pIn™ as n—0 (2.5b)
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and

nB, + 2B +Kkr1—n)p"=0, 0<n<oo, (2.63)

B(n) ~ Bxn™ as n—0. (2.6b)

Conditions £.5b) and @.6h) arise from matching with regidnasy — 0. The solution
to (2.69,(2.6D) is readily obtained as

B = [BL Y —kA-m]"" g >0 (2.7)

An examination of 2.7) reveals that a weak singularity developsity) asn — Ne
(asn approachesg, from below), where

ﬂ(lin) 1/x(1—n)
o= [k(l— n)] '

Now, via (2.7), the solution to2.5) is given in terms of8 by
r] ~
a@n) =r(l- n)n_”m_”“)/ SM-MD-18Mg)ds, 0 < n < 7.
0

Further, we note that

a(n) = 21— n)a/n MY 4 O [(ne — )™ A] (2.8a)

k(1 —n)2x

1/(1-n)
Bn) = [ ] (e =M+ 0[(e —m@™+"]  (2.8b)

C
asn — ng, wheres/ = [* sim-ntD-18m(s) ds. Thus the support of(z, t) ends

atn = n. in this region. However, in4.4b) and @.8h) the degree ofn. — n) as

n — n, (which is 1/(1 —n)), is too weak (we require a classical solution), and
consideration of further terms ir2 4b) reveals a weak nonuniformity as — 1.
Therefore a further region is required to complete the asymptotic structure, in which
n = ne + 0(1) ast — 0, and diffusion effects are retained at leading order to enable
the appropriate behaviour to be achieved at the edge of the support. We label this
region as regiomil and introduce the scaled coordingtby

n=nc+t'n,
with y > 0to be determined, arigl= O(1) ast — 0inregionlll . An examination of
(2.4) and @.8) then determines that= 1 — O(t™"Y/@-") andg = O(tr+H/a-m)
in regionlll . Thus we expand as
a(@, t) =1 —tMMV/AWE@G) 4o (tM /A (2.9a)
B, 1) = tor+D/A-m Y (M) +o0 (t(y+l)/(l—n)) (2.9b)
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ast — 0 with 7 = O(1). On substitutingZ.9b) into Equation {.1b (when written
in terms of;; andt), to retain diffusion terms at leading order requires

=1
14 +A(1—n) (>0,
after which the leading-order problem is

Tc n _
Hﬁﬁ_—)\(l—n) H; —kH" =0, — 00 < 1] < 7o, (2.10)
H (7o) = H;(no) =0, (2.11)

k 1— 2)\‘ 1/(1-n)
H@) ~ [ﬁ] (—pYE" as 7 — —oo. (2.12)

Ne

Problem £.10—(2.12) is autonomous and can be studied intHe H;) phase plane. It
can readily be established (after minor modificationStd\ppendix D]) that 2.10—
(2.12 has a unique solution for eagly. Thus €.10—(2.12 does not fix a unique
value ofno. In fact, o will be fixed by matching expansior2 Qb (asin — —o0)
to expansion4.4b) (asn — n_), when expansion2(4b) is taken to next order. We
observe that the solution t@.L0—(2.12) is monotone decreasing oo < 7 < 7)o,
and has

k(1 —n)?

1/(1-n)
—_— o — M as i — iy
2(1+n)] (Mo — 1) n—> g,

Hmn) ~ [
which has the required decay ratg(ifg — 77) as the edge of the support is approached.
Consideration of further terms in this region shows that expansidit)(remains
uniform aspy — 7, .

We now return to the expansion far On substituting Z.9) into Equation .19
(when written in terms off andt) we obtain at leading order the uncoupled boundary
value problem for (77), given by

e

Fan = A(l—n) =0 —oo=i=<co (2132

F() >0, —o0 <17 <o0, (2.13b)

F@) ~ A1 —na/n ™" as 7 — —oo, (2.13c)
F(7) bounded as 7 — oc. (2.13d)

Condition €.139 arises from matching with regiolh asn — —oo. The solution
to (2.13 is readily obtained aB (7)) = A(1 — n)./n *™ "D,

We note that the asymptotic structurexgk, t) ast — 0 does not end in this region.
As i — oo we move out of the localised regidi and re-emerge into regiolh
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(nc+0(1) < n < o) wherea(n, t) = 1— O(t™ /A=) andB(n, t) = 0. We note
immediately, by consideration d? (59, that in this region (wherg;+0(1) < n < o0)

a(n’ t) — 1 _ }\’(1 _ n)%n—k(m—lH—l)t(m—r‘l+l)/(l—r‘|) +0 (t(m—n+1)/(1—n)) ,
B(n. 1) =0.

This completes the main asymptotic structure. In particular, we have that the edge
of the support of(x, t), x = s(t), behaves as

S(t) ~ net A 4 ot AT (2.14)

ast — 0. We observe fromZ;14) that the edge of the support is contracting initially
with speed

§(t) ~ ——1C {11 _ 0 g5t — 0.
AM(1—n)
Finally, we note that expansion&.{) with (1.2) (asx — 0) in regionl| do not, in
general, satisfy the boundary conditiorisl(d) at x = 0 and a further passive region
is required in the neighbourhood wf= 0 ast — 0. The details of this region follow,
after minor modifications, those given for regibyin [6, Section 3].
A schematic representation of the location and thickness of the asymptotic regions
ast — 0is given in Figurel.

2.2. Initial data with exponential decay asx — oo  In this case expansio (Lb
in regionl becomes nonuniform when= c(t) + O(1) where

1

t

ast — 0, witha = 1— O(t™"1/@=m) andg = O(t¥*~") in regionll . To examine
regionll, we introduce the coordinatg = x — c(t) and look for expansions of the
form

a(n,t) =1 —tM AN () 4 o (M MY/ (2.15a)
B, ) =tYEPBm) +o (V) (2.15b)

ast — 0, withn = O(1). On substitution of expansiong.(5 into Equations
(1.19—(1.1b (when written in terms ofy andt) we obtain at leading order

&, +oM-—n+a=o(l-np" (2.16a)
B,+0B+ks(1—n)p" =0, (2.16b)



[7] A note on the solution to a coupled, nonlinear, singular reaction-diffusion system
o (t—l/x(l—n))
B
!
lo | | Il ]

|

|

|

B=0(®1 g =O(tVam) =0
| 1|
K nct—l/k(l—n) X
12 L7 ==
O(t ) // 1) (t”l/”l’")) S
/// B=0 (t(y+1)/(17n)) B=0 N

’
’

e 7 I
=i

0

FIGUREL. Schematic representation of the location and thickness of the asymptotic rediens@is the
case when the initial data has algebraic decay rate-asco. Note thatin this casg = 1+ 2/A(1 —n)
anda = 1 — O(t) in regionl with @ = 1 — O(t™="+1/@=M) in regionsll andlll .

wheren > —oo. Equations2.16) are to be solved subject to matching with region
(asn —» —o0), that is,

a(m) ~ pee™" as n— —oo, (2.17a)
B() ~ B€ " as n— —oo. (2.17b)
The solution t0 2.160), (2.171 is readily obtained as
B = [BE e @™ k@ -m]"", > —c0. (2.18)
An examination of2.18 reveals that a weak singularity developgim) asn — n_,
where
a-n
= 0(11— " [k(ulw— n):| ‘ (2.19)

Now, via (2.19), the solution to2.163, (2.173, is given in terms of8 by

n
a(n) = o(1—n)eomn+in / gMmhsgM(gyds,  —oo < 1 < 7e.

—0o0

Further, we note that
a(n) =o(l—mBe ™M O[(ne — ™A, (2.20a)
B(n) — [ka(l _ n)Z]l/(lfn) (e — 77)1/(1_”) +0 [(nc _ n)(Z—n)/(l—n)] (220b)

587
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asn — ng, where = [™ e M-+hsgm(s) ds. Thus the support o8 (n, t) ends at

n = ncin this region but as in Sectidh1the degree ofn. —n) (in (2.159) asn — n_
istoo weak, and consideration of further termsAri6h reveals a weak nonuniformity
asn — n_ [in particular, whem = n.+ O(t)]. We therefore introduce a final region,
regionlll , to complete the asymptotic structure. The details of this region follow after
minor modifications those given in Secti@ril with nown = n. + it ast — 0 with

7 = O(1). Consideration 0fZ.20t) determines thag = O(t¥*") in region|l|

(we will return to consideration of the expansion later). Thus we expand as

B, t) =t¥VH@) + o (t74) (2.21)
ast — O with7 = O(1). The leading-order problem is then given by
1 -
M S =0 —oo<ii<io (222
H (7o) = H5(70) = 0, (2.23)
H(@) ~ [ko (@ — 2" (Y&, as jj — —oc. (2.24)

It can be readily established (after minor modification$i@\ppendix D]) that .22—
(2.24) has a unique solution for eagh (i, will be fixed by matching expansio.21)

(asn — —oo) to expansionZ.15h (asn — n;), when expansiorn(150 is taken to
next order). The solution t®2(22—(2.24) is monotone decreasing oo < 1 < 7o

and has

21/ A-n)
H®m) ~ [kz((llTr:)] (o — 7" as 71— 1,
which has the required decay ratg(ify — 1) as the edge of the support is approached.
Consideration of further terms in this region shows that expansdil)(remains
uniform asiy — 7,4, and the asymptotic structure is complete.

We now return to the expansion for in region lll . Consideration of 4.2039
indicates that we should look for an expansion of the form

a(ii, 1) = 1— 0(1— n)Be "M Mhng FOHM-ED/A-0 4 o ((M-1tD/A-1) () JB)

ast — 0. On substituting4.25) into Equation {.19 (when written in terms off and
t) we obtain at leading order the uncoupled boundary valu& gy, given by

"—;F-=—7m_n+l —00 <17 <00 (2.26a)
i o(1—n) 7 1-n s
F() > 0, —00 <17 < 00, (2.26b)
F(m) ~o(M-n+Dn, as n— —oo, (2.26¢)

F(7) bounded as 7 — oo. (2.26d)
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Condition @.269 arises from matching with regidh asi — —oo. The solution to
(2.26 is readily obtained ab () = o (m — n+ 1)7.

We note that the asymptotic structurex@k, t) ast — 0 does not end in this region.
As ) — oo we move out of regiotll and re-emerge into regidh (n. +0(1) < n <
00), Wherea(n, t) =1 — O(t<m—”+l>/<1‘”)) andgB(n,t) = 0. We note immediately, by
consideration ofZ.163, that in this region

a(n’ t) — l . 0.(1 . n)ﬁe—a(m—n+1)nt(m—n+l)/(1—n) + 0 (t(m—n+l)/(1—n)) ,
Bn,t) =0,

where (n. + 0(1) < n < oo0). This completes the main asymptotic structure. In
particular, we have that the edge of the suppog ©f, t), x = s(t), behaves as

1
t) ~ ————— Int Ot 2.27
s(t) s Mttt ®) (2.27)
ast — 0 and we observe from2(27) that the edge of the support is contracting
initially with speed

) 1

S(t) ~ —m as t— 0.
Finally, we note that expansion&.{) with (1.2) (asx — 0) in regionl do not, in
general, satisfy the boundary conditiorisld) atx = 0 and a further passive region
is required in the neighbourhood xf= 0 ast — 0. The details of this region follow,
after minor modifications, those given for regibyin [6, Section 3].

A schematic representation of the location and thickness of the asymptotic regions

ast — 0 s given in Figure2.

3. Summary

In this paper we have demonstrated directly, via the method of matched asymptotic
expansions, that the solution to the initial-boundary value problethithn < m <
1 together with initial data fof that has infinite support with algebraic or exponential
decay ax — oo (given by conditions 1.2) and (L.3) respectively) develops finite
supporting in infinitesimal time. In particular, the edge of the supporBpk = s(t),
is given as follows:

() When the initial data of has algebraic decay rate as> oo by
S(t) ~ nct—l/)»(l—n) + ﬁotl+l/k(l—n) 4. ast — 0’

where the constanig andi are as described in Secti@nl
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B o)
lo I ‘ I n
B=0() i g =0 (tVam) =0
i | |
- C(t) /// C(t) + e X
O(tl/z) /// \\
i oM AN

’ \

’ \

// /3 -0 (tZ/(lfn))

o 7 I
S
=i

FIGURE 2. Schematic representation of the location and thickness of the asymptotic regions @sn
the case when the initial data has exponential decay rate-asxo. We note thatr = 1— O(t) in region
| ande = 1 — O(t™M-"H/A=") in regionsll andlll .

(i) When the initial data o8 has exponential decay ratexas> oo by

1
s(t) ~ ——— Int O(t) ast 0
) ~ — gy Nt e+ O — 0,

where nowy, is given in 2.19).

We note that in both cases the edge of the support is initially contracting.
Finally, we note that the asymptotic structure of the solutiorit®)@st — 0 when

m = n (with k > 1) follows, after minor modifications, that given in Sectich&

and 2.2 when the initial data foB has algebraic or exponential dataas—> oo

respectively.
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