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Abstract

Suppose thaf is meromorphic in the plane, and that there is a sequenee oo and a sequence of
positive numbers, — 0, such thak,|z,| f#(z,)/log|z.,| — oo. It is shown that iff is analytic and
non-zerointhe closed disés, = {z: |z—z\| < en|zal}, N = 1,2, 3, ..., then, given any positive integer
K, there are arbitrarily large values mfand there is a poirtin A, such that f (z)| > |z|X. Examples
are given to show that the hypotheses cannot be relaxed.

2000Mathematics subject classificatioprimary 30D20.

1. Introduction

For a meromorphic functiori, discs of the form

Az, €nlza]) ={z2: 12— 7| < &nlZal}s

wherez, — oo ande, — 0, are calledercles de remplissagfef takes every extended
complex value with at most two exceptions infinitely often in any infinite subcollection
of them. Lehto P] pointed out the close connection between the spherical derivative:

'@

# _
@ =1 ter

andcercles de remplissagd, for a sequence, — oo, there exist positive numbers
€, — 0 such that

€nlzal 1%(2,) — oo,

(© 2002 Australian Mathematical Society 1446-8107/2$8@.00+ 0.00

131


http://www.austms.org.au/Publ/JAustMS/V72P1/j48.html

132 P. C. Fenton and John Rossi [2]

then A(z,, 2¢,|z,)) is a sequence otercles de remplissageand conversely, if
A(Z,, €1]24]) is a sequence ofercles de remplissageghen for eachn there is a
pointz, € A(z,, 2¢,|Z,|) such that

enlz| £9(Z) — oc.

This note is concerned with the way in which the growtH af cercles de remplissage
is related to the growth of #. We will prove:

THEOREM 1. Suppose thatf is meromorphic in the plane, and that there is a
sequence, — oo and a sequence of positive numbeys— 0, such that

@ enlzal F%(z0)/ log |z, — oo.
If f is analytic and non-zero in the closed discs
An:{zz|z_zn|56n|2n|}, n=l32737"‘3

then f grows transcendentally there, that is, given any positive intégethere are
arbitrarily large values of and there is a poinzin A, such that

(2 [f2)| > |z|¥.

(Notice that, from Lehto’s theorem, the disgs form a sequence dfercles de
remplissagein factthe radius could be reduced t 2,/ log|z,|.) Theoremnl cannot
be significantly improved. As we will show, there is a functibpand a sequence
Z, — oo, such that

3) 0 < lim |z, f*(z,)/ log|z| < oo,

and suchthaf is non-zeroinA(z,, |z,|/2) and satisfies (z) = O(2) in A(Z,, |z,]/2).
Thus () cannot be relaxed. Also, there is a functién and there are sequences
Z, — oo ande, — 0, such thatX) just holds, whilef (z) = O(2) in A(z,, €,1Z.]).
Every suchz, is a zero off, and thus the hypothesis thatdoes not vanish im\,
cannot be omitted from Theorein

Two remarks are in order. First of all, id]} the authors use the fact that all tran-
scendental entire functions satisty {o prove the existence gercles de remplissage
in which (2) holds. One need not assume that the function is non-zero inteedes
Theoreml together with the second example mentioned above show that the situation
is quite different for meromorphic functions.

Secondly, Theoreri is connected with the existence of Hayman directions. A
directiond € [0, 2] is said to be ddayman directiorfor a meromorphic function
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f if, given e > 0, either f takes all complex values infinitely often in the region

D ={z:|argz— 0| < €} or else all its derivatives take all complex values, except
possibly zero, infinitely oftenthere. The authors have shdwmiieorem 2] that every
transcendental entire function has a Hayman direction. The proof depends on the fac
that every transcendental entire function has a sequenmrdes de remplissage

which it grows transcendentallyt, Theorem 1], and it is easily seen that, in view of
Theoreml of the present paper, the same argument can be used to prove the following
theorem:

THEOREM 2. Every meromorphic function satisfyiiigj) has a Hayman direction.

This complements a result of Yang L§j [who showed that a meromorphic function
f has a Hayman direction if

(4) limsupT(r, f)/(ogr)® = co.

r—-oo

The two statements appear to be independent.

2. Proof of Theorem1

If Theoreml is false then there is a meromorphic functibranalytic and non-zero
in the union of the disca,, and a positive numbe«, such that

®) If@| <12, zeA,,

for all largen. Forz € A, write f (z) = e™®, wherep, is analytic inA,,, so that

n(2)
# _ /
(6) @ = 1Pl g

whereu, = Rep,. Since 0<t/(1+t%) < 1/2ift > 0, f¥(2) < (1/2)|p,(2)|, and
therefore

(7) |p,(Z)| > 2M, log|z,| /|,
where

My = [z,| 7(z,)/ log |z,].

Writing pn,(2) = Zj’ioaj(n)(z — z,)) and definingA,(t) = max, ,— Un(2), we
have, from §), A,(t) < Klog|z,|, for0 <t < ¢,|z,|. Further }, page 86],

la; ()|t} < 4maxA,(t), 0} — 2u,(z,),
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forall j. With j = 1 andt = ¢,|z,|, we obtain

(8) [Pn(Z)| < (Amax A, (enlzal), OF — 2u4(Z,))/(€nlZal)
< (4K log |z,| — 2un(Zy))/(€nlZnl),

and therefore, in view of7),
enMyl0g|z,| < 2K l0g|z,| — Un(2)).

Sincee,M,, — o0, from (1), we deduce thai,(z,) < —(1+ o(1))e, M, log|z,|, and
further, from @),

[Ph(Z0)] < (2+ 0(1))|Un(Z0)]/ (€nlZa])-
Returning to 6), we obtain, withz = z,,
enlzal F¥(z0) < 2+ 0(D)|Un(Z0)| €"* — 0.

But ¢,|z,| f#(z,) = .M, log|z,| — oo, a contradiction, which proves the theorem.
O

3. Two examples

The first example is

[ee}

Wal
(9) f(z):ﬂitzﬁ.

n=1

Rossi B] has shown that (z) = O(2) in any small sector about the imaginary axis,
and f is evidently non-zero there. We will show that

(10) tIiT tf*(+it)/logt = /2.
Differentiating logf we have, withz = +it,

f'(2) < 2e"
11 — = ==
(11) f(2) 21: t2 4 e2vn

Fix N such thae"™ <t < eVN*1. SinceX/(T? + X?) increases for 6 X < T and
decreases after that,

N-1  ou& N-1 oA N oV
e e e
/ z—dxfzz—S/ ey er %
o t24exk — 24+ e T J) 24 erX
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and

[ee}

00 avx evn 00 eﬁ
/ 2 dXSZ 2 = 2 dx.
Nsg 124 €% ot + e2/n N1 T2 4 82X

Using simple estimates on terms of the faerY /(t? + ™), it follows that
0 WGl 0 WX
e e
—_— = ———dx+ O@™.
21: t2 +exh /0 t2 + exVx ©

After a change of variable the integral on the right hand side is

2/°° logu + logt
tJiye 1+U0?

9

and since

“ lo © 1 1
/ gu du=0 and / du= =m,
o 14u? o 14u? 2

we obtain, from (1),

f'(2) logt

—_— = 1H)—.

2 (r +0o(1)) n

And (10) follows from this since, foe = +it, | f(2)| = 1.
The second example is

o0 1_
(12) @ =[]

n=1

wherea, = €¥/¥», b, = 3a,, and, is a positive increasing sequence that tends
slowly to infinity, and is such that, for all larg¥é,

(13) 3y <3V/¢y), n<N.

Lete, = 1/4/¥,. Using the fact thaa, < /a, if n < N anda, > /a, if n > N, it
follows from (13) that, for|z — ay| < enan,

(1—2z/a,)/(1 —z/by) = (L + O(e*"/#"))b, /a,,
forn < N, and

(1—2z/a))/(1 —z/by) = 1+ O(e /%),
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forn > N. Thus, if|z— ay| < eyay,
(14) f(@ = Q4013 (1~ z/ay)/(1—z/by) = (1 +0(1)3" (1 - z/ay).
Writing F(z2) = f(2)/(1 — z/ay), we obtainf’(ay) = —F (ay)/an, and so, by 14),
f'(an) = —(1+ 0(1)3"/ay.
We conclude that
enay T¥(ay)/10gan = (14 0o(1)3'e,/logay = V¥,
so that () holds withz, = a,. Moreover, from (4), if |z— ay| < eyan, then
f@] = @ +o)ey = (L+0(1)3"/v/¥n < (14 0(1)y/ Yy logay.

Thus, withy,, = n say, which satisfiesl@) for all N > 3, f does not grow transcen-
dentally in the disca\ (a,, €nan).
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