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Abstract

The inequality of strong summability for the Marcinkiewicz means of multiply Fourier series is proved.
The inequalities of strong summability with gaps for the different classes of integrable functions are
established. The Bernstein inequality for the fractional derivative of analytic polynomials is proved.
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1. Marcinkiewicz means inL(Q%)

Let f (x) be a periodic function af variables defined on the unit cu¥ = [, 7]°.
Every functionf e L*(QY) can be expanded in the Fourier series

f> fe®»
k

wherek = (kg, ..., Kky) is a multi-index, andx = (x,...,Xq) iS a vector. Let

Si(fix= > fioe

[Klloo<m

denote the cubic partial sums.

For every f € L>(QY) the following inequality of strong summability for the
Marcinkiewicz means is well known [12]: (the classical one-dimensional result can
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be found, for example, in [17, Chapter 13]):

l N
5 2S£ < Cll f 1.
m=0

In this paper we consider strong summability for the Marcinkiewicz means in the
integral metric. The first one-dimensional result was proved by Smith [15F] far
H(Q). Its generalization forff € HP(Q), 0 < p < 1, for the Riesz means of
‘critical’ order together with an estimate of the approximation rate, were given in [7].
A new proof was proposed in [4] where the exact order of approximation was found.
The two-dimensional result for the rectangular partial sums with bounded ratio of
sides was obtained in [16], but it is still unclear how to generalize this result to the
multidimensional case. We use here the idea of ‘harmonic’ proof of [4] to obtain the
multidimensional result for the cubic partial sums.

We need some additional notation.df= (a4, ..., ag) is a vector then we write
m, (U) = sign(u, «), and denote by, the operator of the Hilbert transform

Ho t £00 = Y m, (k) f ke,
k

Let {e;}¢ be the basis vectors. We introduce two operators

Hj = [ [(He +a + He o) H, = He H;.
i#]

THEOREM 1.1. There exists an absolute const&ht- 0 such that

1 &1 d ,
g N m;allsn(f;X)lll SC;(||HJ-1‘||1+||HJ f1l,).

PrOOF. It is based on the Hardy inequality (see for example [17])

N T
Z |Crn SC/
m+1 _

s

N

Z Cmeimt

m=0

dt.

Before applying the Hardy inequality to the suEr'::l ﬁ|$n(f;x)| we will trans-
form it slightly. The de La Vallee-Poussin meavig(f;x) = f(x) x Vr(X) are the
convolution of f (x) with the kerneNg(x) = ]_[‘jl':l Vr(Xj) where

oo

V(X)) = Y _v(k/R) cosk;,

k=0
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andv(t) is any infinitely differentiable even function such that
1, if Jtj<1
v(t) = .
o, if |t|>2
Becausen < N we can replac&,(f;x) by S,(Vn(f);x). Then

N N

1 1
mzzﬂsn(f,xn =;E|sm<vN<f,x))|
< Z_|Sn(VN(f X))| <c/ Ze"“‘sn(VN(f x))| dt.
—7 |m=0
Integrating both sides with respecttave obtain
N
1
Y =lISa(fixl
m=1 m
2N d k
<C/ dx/ Ze‘m‘ Z l_[ ( )f(k) g
¢ —0 1 JKllao=s j=1
d kJ R ‘
(k,X) imt
-[af,nx H”(N) froag e
s=1 [Klo=S |
- . 2N d k. R )
S/ Ze'mt dt/ Z Z v(—J> f (k)e®| dx
-7 |m=1 4 's=1 Klo=s j=1 N
T dt 2N d k: N ) )
+/ T 2. I (J) fk)d 0@ — 1| dx.
—x |e't — ll Q% |'s=1 |lkflo=s j=1 N

The first integral can be easily estimated®gog N ||V (T;X)|1). The well known
result for the de La Vallee-Poussin means (see for example [17])

IVh(F5300l = Cll I

completes the estimate of the first integral.
For the second integral, we transform the interior sum to the form

1< , ,
EZ(HJ + H)V(F;x +tey) + (H) — H)Va(f;x — tey) — 2H V(5 %),
j=1
if d is even, and to the form

18 , ,
EZ(HJ + HOVA(fix 4 tey) + (H) — H)Va(f;x —tey) — 2H; V().
=1
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if d is odd. Therefore the second integral is estimated by
d T dt
Z/ IV (Hy £+ tey) — Viy(H; X — tey)lli—
j=1J0
d T ) ) ) dt
+Z/ IVACH] X - tey) — 2V (H ) + Vi (H £ x — tep)
j=170

in the case of an even dimension, and by the symmetrical expression in the case of an
odd dimension.
By the Bernstein inequality in the spaté,

[Vn(Hj f;x +te) — V(H; f;x —tey)|ls < min(Nt, 2)[[(H; f;x)]l.
Hence
T dt
/ IVn(H; ;x4 tey) — V(H; ;X _tej)”lT < Clog N|[[Vn(H; f;%)]s.
0

The regularity of the de La Vallee-Poussin means completes the proof. O

2. Strong summability with gaps

In this section we consider several examples of strong summability of the lacunary
sequence of partial sums using the same idea of harmonic proof and the Paley inequality
or its variations.

Let f € H(Q), and{n,} be a lacunary sequence(,/n, > g > 1). Then the
classical Paley inequality (see for example [17]) is

o L) V2
{Z | } < Cllf e

k=1

It forms the basis for our next result.

THEOREM 2.1. There exists an absolute const&ht- 0 such that

N 1/2
/<Z|Szk(f;x)|2> dx < CNJ f I
Q \k=1

ProOFE The proof of the result follows in exactly the same way as the proof of
Theorem 1.1, and we omit it. O
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REMARK 2.2. This inequality is exact in order. Indeed, leaving only the last item
in the left-hand part we obtain the Lebesgue inequality:

/ [Sn(f;x)] dx < CNJ|f .
Q

REMARK 2.3. For the continuous functions € C(Q) the analogous result was
obtained in [1] ( See also [3], where the general problem was considered).

COROLLARY 2.4. There exists an absolute const&ht- 0 such that

N 1/2
{leszk(f;X)Ili} < CNJ fln:.
k=1

PROOF.
N 172 N
/<Z|Szk(f;x)|2> dx:/ sup ZlkaZk(f;X)|dX
Q \ k=1 Q lbll2<1 =7
1/2
= sup Z|bk|||szk<f )|l = {Z”Szk(f x>||1} :
Ibll2=<1 =7
Theorem 2.1 completes the proof. O

REMARK 2.5. Letd(N) be the cardinality of the s¢k : 1 <k < N, [|Sx(f;x)|1
> CK|| f||x2}. Then

d(N) < ClogN.

Indeed, Corollary 2.4 shows that each intervdl RPN] can contain only a finite
number (independent &) of partial sums with the prescribed property. This implies
the estimate of cardinality.

This situation is completely different from the spac® where according to [6]
there exists a bounded functidnsuch that, for everl, | S«(f; X)|l« > C logk.

THEOREM2.6. LetO < p < 1. Then there exists a consta@y > 0which depends
only onp such that

- 1/p
(Z ||szk<f;x>||gzk<pl>> < Cpll fllur.
k=1
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ProOF The proof of this result follows by the same method but it is based on the
following inequality [8]

>

k=1

o 1/p
fA<2k>} zk“’”) < C| fllus. O

For 0< p < 1 let HP*> denote the class of functiorfse H "2 such that

| 1l poo = SUPAM{X : [ f(X)| > A}P < o0
A>0
(see for example [1]).

THEOREM 2.7. There exists an absolute const&ht- 0 such that

N 1/2
(Z ||Szk(f;x)||i> < CN[| f|ps-.
k=1

We need the following lemmas.

LEMMA 2.8. Let P,(€%) = Y _, € * be an analytic polynomial. Then for=
1-1/n

IPa€™)llx < ClIPa(re™)]l;.

This lemma is an easy corollary of the Bernstein inequality (see for example [17]).

LEMMA 2.9 ([1]). Let f € HX>, 0 <r < 1. Then
. 2
/ | f(re”™)|dx < C| f ||y~ log ——.
Q 1-—r

PROOF OFTHEOREM2.7. Applying Lemma 2.8 to each item of the sum

N 1/2
(Z ||szk<f;x>||i> :
k=1

using Corollary 2.4, and Lemma 2.9 with= 1 — 1/2V, we obtain the result. [

The well-known Zygmund inequality (see for example [17])

12
00 R 2 n
{Z f(nk)‘ } SC”f”LLogUZL %>q>l

k=1 k

formally resembles the Paley inequality but it brings nothing new, and the best result
can be obtained by the direct estimates of the partial sums. It shows that the Paley and
Zygmund inequalities are of different natures. We formulate the corresponding result
in general form.
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PrOPOSITION2.10. For everya, 0 < o < 1, there exists an absolute constant
C > Osuch that

N 1/2
{Z”Szk(f;x)”i} < CNE)| | age .
k=1

PrOOF Because the partial sum operatob@inded froml Log L to L! (see [17])
we have

ISCF53 M1 = 1S (Vak(F; X111 < IVa(F5X) I LogL
Using the different metric inequality
[ Vaill L Log. < C10G"* K[| Vak [l Loge L

[10], and the boundedness of the de La Vallee-Poussin operator in the space
L Log” L, we obtain the estimate

Clog" ™ K| Va(f; X)L Logr L < Clog™ ™ K]l I Loge L.-
It remains to apply it to each term of the left-hand side. O

REMARK 2.11. The exactness of the inequality can be checked on the de La Vallee-
Poussin kerneVx (x) of order 21 if we take into account thatVy (X) ||| Loge 1 =
log® N.

3. The Bernstein inequality

Let us consider a trigonometric polynomigkd) = >_,__. c€*’ and its fractional
derivative

T 0) = Z(ik)ackeike 0 < a < o0)

k=—n

in the Weyl sense (see for example [17]). The classical Bernstein inequality
1T Ne < Cla)n (| TollLe

is well known for 1< p < oo. The detailed history can be found in [14]. Some
anomalies were discovered for the mettie when 0< p < 1 [5]. We prove here
that in classical Hardy spacék® (0 < p < 1) the Bernstein inequality looks regular.
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THEOREM3.1l. Letaw > 0, and0 < p < 1. Then, for every polynomidl, () =
Yok e,
ITa” @) llne < (e, PIN“(ITa(O) I e-

PrROOF The polynomialT,® (9) can be represented by convolutidn®) = K,(0)
with the kernel

Kn(©) = da(k)E,
kez

where theg, (t) is any infinitely differentiable function satisfying

0 k<0
gn(k)= k* 0<k§n
0 2n<k

The functiong,(t) is the multiplier fromHP(R) to HP(R), with norm less than or
equal toc(a, p)n® by the following result.

THEOREM 3.2 ([11, Section I11.7, Theorem 7.30]).ets be a positive integer. Sup-
posem is a function onR¢ satisfying

1 1/2
(—d/ |D"’m(x)|2 dx) < AR
R R<|x|<2R

for every multi-index3 such that0 < |8| < sand everyR > 0, with A independent
of Randg. Then, for evenp such that(s/d + 1/2)~! < p < 1, mis a multiplier on
HP(RY), and there is a constai@ independent ofn and f such that

|mH] = CAl e
HP(RY)

Moving to the estimation of the multiplier norld?(Q) — HP(Q) we follow [13,
p. 159]. To prove thag, (k) is the multiplierHP(Q) — HP(Q) itis sufficient to show
this for everyp-atoma on the unit circle. (Consult [11] for characterizationldf
spaces in terms of atoms.) Now using the Poisson summation formula, we can write

arlax K@ < 3 /

lez

).

If we extenda by 0 to the complement of{x, 7] we obtain ap-atom for the real line
and the last expression is nothing hatx g, || fp(R). Thisis bounded bg(p, a)n*||a|| e
by the quoted theorem. O

P
dt

/ﬂ a(wg,(t —u+ 2x7l)du

P
dt.

/ﬂ a(wd,(t —uwdu

s
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ReEMARK 3.3. The question about the exact constant in the Bernstein inequality for
the fractional derivative is much more difficult. For integethe equalityc(a, p) = 1
was proved in the nice work by Arestov [2].

REMARK 3.4. The analogous Bernstein inequality holds also in the spE&®)
for entire functions of exponential type.

Fix any testing functiom (t) such that/, ¢ (t)dt = 1. The functionf is said to
be a tempered distribution of the clasd P(R) if

ut =sup|g x f| € LP
t>0

(see [9]). This definition is independent@fand is equivalent to several others (see
[9]). Leta > O be a real number. We define the derivatif#®’ of ordera as a
convolution f * §,, where

g ={t* O<t<n

In the spaced P(R) we consider entire functions of exponential type less than or equal
to n, that is their spectrum is contained in the intervalip

THEOREM3.5. Let0 < p < 1. Then, for every entire functiof of exponential
type less than or equal to,

I f(a)”Hp([R) < cla)n“|| o).

The proof is analogous. O
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