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Abstract

Consider a (real) projective plane which is topologically locally flatly embedd&.iit is known that it

always admits a 2-disk bundle neighborhood, whose boundary is homeomorphic to the quaternion space
Q, the total space of the nonoriental8&bundle overR P? with Euler number:2, with fundamental

group isomorphic to the quaternion group of order eight. Converself teQ — S* be an arbitrary

locally flat topological embedding. Then we show that the closure of each connected component of
S* — f(Q) is always homeomorphic to the exterior of a topologically locally flatly embedded projective
plane inS*. We also show that, for a large class of embedded projective plarg@sapair of exteriors

of such embedded projective planes is always realized as the closures of the connected components of
S* — f(Q) for some locally flat topological embeddirfy: Q — S

1991 Mathematics subject classificatigdmer. Math. Sog: primary 57N35; secondary 57N13, 57N50,
57Q45.

1. Introduction

Consider a connected 1-dimensional polyhedron embedd8l ifin this paragraph,
we work in the piecewise linear category.) Then the boundary of its regular neigh-
borhood inS® is a closed connected orientable surf&Geand thus one obtains an
embedding ofF into S*. Conversely, letf : F — S® be an arbitrary embedding. It
follows from the Alexander duality the§® — f (F) consists of two connected com-
ponents. Then Fox [4] has shown that the closureaxth onnected component is
homeomorphic to the closure of the complement of a regular neighborhood of some
connected 1-dimensional polyhedron embeddesfin

In this paper, we consider a 4-dimensional analogue of the above result of Fox in
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the topological category as follows. LEtbe a topologically locally flatly embedded
(real) projective plane irs*. Then by [6, Section 9.3]P has always a 2-disk bundle
neighborhoodN (P), which is unique up to ambient isotopy. It is known that the
boundary ofN(P) is always homeomorphic to thuaternion spac®, which is the
total space of the nonorientat&-bundle ovelRP2 with Euler numbetr:2 ([14, 15]).
Thus we obtain a locally flat topological embedding@finto S*. Recall thatQ is
homeomorphic t&*/ Dg, whereS? is the unit sphere in the quaternionic fi¢ddand
Ds is the quaternion group of order eight. In the terminology of [17, Section §2],
is the Seifert fibered space with Seifert invariaftd; (o1, 0); (2, 1), (2,1), (2, 1)}.

Conversely, letf : Q — S* be an arbitrary locally flat topological embedding.
It follows from the Alexander duality tha8* — f(Q) consists of two connected
components. The main result of this paper is the following.

THEOREM1.1.Let f : Q — S* be a locally flat topological embedding of the
guaternion spac&). Then the closure of each connected componest ef f(Q)
is homeomorphic to the closure 8f — N(P) for some topologically locally flatly
embedded projective plariin S*, whereN (P) denotes &-disk bundle neighborhood
of Pin S

The above theorem gives a positive answer to Yamada'’s problem [23, Section 1] in
the topological category. Note that a similar result$rx S? instead ofQ has been
obtained in [13, 20].

In the second part of the paper, we give an existence theorem of embeddings
of Q into S* as follows. LetE; (i = 1,2) be the closure ofs* — N(P,), where
P are topologically locally flatly embedded projective planesSin We consider
the following problem: does there exist a locally flat topological embeddihg
Q — S*such that the closures of the two connected componerg$-eff (Q) are
homeomorphic tde, and E,? The second result of this paper is an affirmative answer
to this question for a large class of embedded projective planes (see Corollary 3.3);
for example, if eitherP; or P, is the connected sum of the standardly embedded
projective plane inS* (see [12,19]) with a locally flat 2-knot (see [7-9]), then the
answer is affirmative.

The paper is organized as follows. In Section 2, we prove Theorem 1.1. The
idea of the proof is to find an appropriate self-homeomorphissh Q such that the
closed 4-manifold obtained by gluing the closure of a componest of f (Q) and
the 2-disk bundle oveRP? by usingh is homeomorphic t&*. This will be done by
using the topological characterization of the 4-sphere, which is due to Freedman [5].
In Section 3, we prove the existence result Corollary 3.3. In Section 4, we discuss
related problems in dimension four which are natural generalizations of Fox’s problem
in dimension three.
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Throughout the paper, we work in the topological category unless otherwise in-
dicated. The symbol~” denotes a homeomorphism between topological spaces
and the symbol=” denotes an appropriate isomorphism between algebraic objects.
Homology and cohomology groups are always with integral coefficients.

The authors would like to express their sincere gratitude to Yuichi Yamada and
Masakazu Teragaito for stimulating discussions and invaluable advice. They also
would like to thank Takao Matumoto for his constant encouragement.

2. Proof of Theorem 1.1

Let Q be the quaternion space, which is the total space oftm®rientableS'-
bundle overRP? with Euler number:2. Leta be an element ofr,;(Q) which
corresponds to a fiber atdan element which corresponds to a section over the center
circle of a Mobius band embedded iRP2. Then it is known thatr;(Q) has the
presentatioda, b | a? = b? = (ab)?) (see [18]).

Recall that the outerautomorphism grouptQ) consists of six elements corre-
sponding to the following automorphisms:

Yo. ara, breb,
yi. ar—a, b ab,
y,. arah b a,
y3. arb, b a,
va: arab, b b,
5. arb, b ab

Let.# (Q) denote the mapping class group®@f more precisely,# (Q) is the group
of isotopy classes of orientation preserving self-homeomorphisris dfhen Price
[18] has shown the following theorem.

THEOREM 2.1. The mapping class group? (Q) is isomorphic to the outerauto-
morphism group ofr; (Q), where the isomorphism is induced by the correspondence
which associates the induced automorphism to each self-homeomorphism.

Let us begin the proof of Theorem 1.1. L\t (i = 1, 2) denote the closures of
the connected components$ff— f (Q). In the following, we identifyo W,, 9W, and
dN(RP?) with Q, whereN(RP?) is the nonorientable 2-disk bundle ovRP? with
Euler numbet:2. We will show that there exists a homeomorphism d N(RP?) ~
Q — Q~ dW (i =1, 2) such that the closed 4-manifolt U, N(RP?) obtained
by gluingW, andN(RP?) by usingh; is homeomorphic t&".
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For the moment, leb; : Q — Q be an arbitrary homeomorphism and 3gt=
W Uy, N(RP?). Since the Euler characteristic ¥f is equal to 2,X; is a homotopy
4-sphere if and only if it is simply connected. Thus, by virtue of Freedman’s solution
of the 4-dimensional Poincaconjecture in the topological category [5], we have only
to show thatX; is simply connected for sontg.

We need the following lemma.

LEMMA 2.2. H{(W) = Z,fori =1, 2.
ProOOF By Alexander duality and Poincaduality, we have
(1) Hi(Wp) & Hi(Wp) = Hi(S'— f(Q) = H*(Q) = Hi(Q) =Z, 8 Z,.

By a similar argument, we havd,(W,;) = 0 = H,(W,). Suppose thait;(W,) = 0.
Then by Alexander duality and the universal coefficient theorem, we have

Hi(Wy) = H2(W) = Hom(Hy(Ws), Z) & Tor(Hy(Ws), Z) =0,

which contradicts (1). By a similar argument, we also see th@W,) is not zero.
Hence, by (1), we havel,(W;) = H;(W,) = Z,. This completes the proof.

ConsiderX;. (The argument foiX, is exactly the same.) By the definition of
W, andW,, there exists a homeomorphigg: Q ~ dW, — aW, ~ Q such that
W, Ug W, ~ S*. Note thatH,; (W) = Z, by the above lemma and tha(N (RP?)) =
H.(N(RP?)) = Z,.

Consider Figure 1, where ,idd; and id are the identity mapsy, i,, j, wo, wi,

w,, Wy, w1 andw, are the inclusion maps, adkd= B o « is the composite of the
Hurewicz mapx : 7 (W,) — Hi(W,) and an isomorphismg : Hi(W,) = Z, —
Z, = 1 (N(RP?)).

Setgo = wo, o ((hl*)il 00, = w0 i1, ohy 0 ((hl*)il 00, = Wy 0 J* o id; o
((hy)t0g,), P = w0 id, andg, = w,, ok. Ifthe commutativitypy = ¢, 0i1,. 00, =
¢, o, o id; holds, then there exists a unigue homomorphisnr, (S — m1(Xy)
such thatp, = 1 o w;, (i = 0, 1, 2) by van Kampen'’s theorem (for example, see [3,
Chapter V, Section 3]). Note that thenis surjective, since so are id akd Since
1 (SY) is trivial, it will follow that 7, (X,) is also trivial. So we have only to show that
there exists a self-homeomorphismof Q for which the above commutativity holds.

Since¢y = ¢, oy, o g, is clear, we have only to consider the commutativity
¢o = ¢y 0i, o id;. Recall thaipy = w-, o j, o id, o ((hy,) 1o g,) andg, = w,, o k.

If the commutativityk o i,, o id; = j. o id, o ((hy,)~1 0 g,) holds, then the required
commutativity follows. Thus we have only to show the existence of ahomeomorphism
h,: Q — Qsuchthakoi,, = j, o ((hy) tog,).
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7T1(S4) m1(Xy)
W1y Woy |d 71)1 71)2*
1 (Wh) w1 (Wa) w1 (W) 11 (N(RP?))
il*‘ Wox ‘|2* x |l*‘ ki 71)0* J J*
m1(Q) m1(Q) m1(Q) m1(Q)
e RO A
~1
7(Q) () oo, 7(Q)
FIGURE 1

Recall that, by Theorem 2.1, every automorphismzefQ) is realized by an
orientation preserving self-homeomorphism. If there exists an automorphism
m1(Q) — m(Q) such thatj, o ¥ = ko i,,, then we can find a self-homeomorphism
h, such thah,, = g, o ¥t and then the required commutativity holds for sucthan
It suffices to verify the existence of an automorphigm 7,(Q) — 7.(Q) such that
j« o = ko, (see Figure 2).

Recall thatr,(Q) has the presentation of the fori@, b | a> = b? = (ab)?). Then
by identifying Q with dN(RP?) in a natural manner, we see thaptb) generates
7 (N(RP?) = Z, and j,(a) is the identity element. Let € H,(W,) = Z, denote
the generator. Thus we want to find an automorphigmvhich makes Figure 3
commutative, wherg,(x) denotes the cyclic group of order two generatecby

Let us consider Figure 4, whetg is the Hurewicz homomorphism. Note that
this is a commutative figure. Consider the homology exact sequence of the pair
(W2, 0W,) = (Ws, Q):

Hi(Q) =2 Hi(Wo) —> Hy(W, Q).

By excision, we haved; (W,, Q) = Hy(S*, W;) = 0. Thusiy, : H1(Q) — Hi(W)
is surjective. Therefore, in Figure 4,0 i,, is also surjective. Thus we have the
following three possibilities fow o i, : 71(Q) — Hy(Wh):

(1) ar—c¢, b1,
2 ar—1 b+—c,
3) ar—=c¢, br—c,
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o H; (W)
// ﬂ
72(Wa) k 7. (N(RP?))
ih h
72(Q) v 7(Q)
g* hl*
m(Q) — m(Q)
FIGURE 2
71 (W) = Hy(Wo) = Z, (C)
~ T g1
i, 1 (N(RP?) = Z, (j.(b))
1.
72(Q) L 7(Q) = (a.b| a2 = b = (ab))
FIGURE3
71 (W) ¢ Hy (W)
124 12+
m(Q) o Hi(Q)

FIGURE4

(6]
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where 1le H;(W,) = Z,(c) denotes the identity element. Put

¥z (Or y3) (case (1))
V¥ = { vo(0ry) (case (2))
va (OF vs5) (case (3))

wherey; are the automorphisms af(Q) as defined at the beginning of this section.
Then it is easy to check that the automorphigmrmakes the required figure (Figure 3)
commutative. This completes the proof of Theorem 1.1.

REMARK 2.3. Theorem 1.1 gives an affirmative answer in the topological category
to a question posed by Yamada [23, Section 1].

REMARK 2.4. We can also obtain a similar result in the smooth category, provided
that we replac&* by homotopy 4-spheres.

3. Embeddings with prescribed complements

Let P be a topologically locally flatly embedded projective plan&inWe denote
by E(P) the closure ofs* — N(P), whereN(P) is a 2-disk bundle neighborhood of
P in S* (see [6, Section 9.3]). We cali(P) the exteriorof the projective pland.
In this section, we show that, for a large class of embedded projective plags in
a pair of exteriors of such projective planes is always realized as the closures of the
connected components 8f — f (Q) for some embedding : Q — S

ProposITION3.1. Let P, (j = 1, 2) be topologically locally flatly embedded pro-
jective planesirs*. Suppose that the kernel of the homomorphjsmz, (0E(P))) —
m1(E(P)) is of order four either forj = 1 or for j = 2, wherei; : 90E(P)) — E(P)
is the inclusion magj = 1, 2). Then there exists a homeomorphismoE(P,) —

9 E(Py) such that the closed-manifold E(P,) Uy, E(P,) obtained by gluinge(Py)
and E(P,) by usingh along their boundaries is homeomorphic$t

REMARK 3.2. Itis easy to show that the order of kgiis always equal to one, two or
four. When it is equal to one, the order of the elenment ; (E(P;)) corresponding
to the meridian ofP, is equal to four. Otherwise, the ordermfis equal to two [19,
Section VI].

PROOF OFPROPOSITION3.1. SetE; = E(P)) (j = 1,2). Since the Euler char-
acteristic of the closed 4-manifoltfl, = E; Uy E, is equal to 2 for any home-
omorphismh, we have only to show thatl, is simply connected for somle by
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virtue of Freedman'’s result [5]. We assume that the kernel of the homomorphism
i1 . T (OE(P)) — m(E(Py)) is of order four.

In the following, we identifyd E; = 9N (P)) with Q so that theS*-bundle structure
of Q coincides with that od N(P,) induced from theD?-bundle structure oN(P,).
Recall thatr,(Q) has the presentatida, b | a? = b? = (ab)?), wherea corresponds
to a fiber. SinceS* is simply connected, it is easy to see thatE;) is normally
generated by;,(a).

It is an easy exercise to list all the subgroupsso&= 7, (Q) of order four, which
are as follows:

G, = {1, a a%a%, G, = {1,b,b% b%, Gy, = {1, ab, (ab)?, (ab)®},
where 1€ G denotes the identity element. By our assumptionj kenust coincide
with one of the above subgroups. Note thatikedoes not contaira, since the

homology class irH;(E;) = Z, corresponding td;.(a) € m;,(E;) does not vanish.
Thus kel 1, must coincide withGy, or G,

(B Uy Ep)

m(Ey) m1(Ez)
I14 12+
m1(Q) m1(Q)
m1(Q)
FIGURES

Suppose that ker, = G,. We denote by, : Q - Q (i =0,1,...,5) a self-
homeomorphism of) which corresponds to the automorphign{see Theorem 2.1).
Then seh = gs. Let us consider Figure 5, which is commutative, wheg = 1, 2)
are the inclusion maps. By van Kampen's theorem(M;) = m.(E; Uy Ey) is
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generated bj_/j*(nl(Ej)) (j =1, 2) and has relations
i_l*Oil*Oh*(a) =i_2*0i2*(a) and i_]_*Oil*Oh*(b) =|—2*O|2*(b)

By the construction oh together with our assumption on Ker, these two relations
are equivalent to

i_2* oig(@ =1 and i_l* oin(@ = i_z* oz (b).

Sincei,.(a) normally generates;(E,), we see that,, (7, (E,)) is the trivial group
in 7:(Mp). Thus, by the second relation, we have thab i.(a) = 1 in 7 (Mp).
Sincei.(a) normally generates, (E,), we see thait,, (7, (E,)) is also trivial. Hence
m1(My) is the trivial group.

In the other case where kigr = G,,, we can use a similar argument to show the
required result. This completes the proof.

As a direct consequence of the above proposition, we have the following corollary.

CoRroLLARY 3.3. LetP, (j = 1, 2) be topologically locally flatly embedded projec-
tive planes inS*. Suppose that the kernel of the homomorphismz,(dE(P,)) —
m1(E(P)) is of order four either forj = 1 or for j = 2, wherei; : 90E(P)) — E(P))
is the inclusion mapj = 1, 2). Then there exists a locally flat topological embedding
f : Q — S*such that the closures of the two connected componer8s-eff (Q)
are homeomorphic t& (P;) and E(P,).

ReEMARK 3.4. We do not know if, in Proposition 3.1 and Corollary 3.3, the condition
on the order of keir,, or keri,, is necessary or not.

In the following, P, will denote a standardly embedded projective plang‘i(see,
for example, [11,12, 15,19, 21]). In fact, by [12], it is characterized by the property
that 7,(S* — Py) = Z,. In the following, a topologically locally flatly embedded
2-sphere ins* will be called a 2knotin S*. For a 2-knotK , we denote byPyK the
connected sum d?® andK in S*. In other wordsP,fK is the embedding constructed
from K by replacing a small 2-disk with a standaraMLls band (see [7-9]).

COROLLARY 3.5. Let P and P’ be topologically locally flatly embedded projective
planes inS* such thatP = PytK for a 2-knotK in S*. Then there exists a locally
flat topological embedding : Q — S* such that the closures of the two connected
components o8* — f (Q) are homeomorphic t&(P) and E(P’).

The above corollary follows from the fact, which is easy to prove, th& i§ of
the formP = Pyt K for a 2-knotK, then kefi, : 71(0E) — m1(E)) is of order four,
whereE = E(P) andi : 9E — E is the inclusion map.
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REMARK 3.6. In the differentiable category, if each Bfand P’ is the connected
sum of P, and a smooth 2-knot, then a result corresponding to Corollary 3.5 has
already been obtained in [23, 24].

REMARK 3.7. As far as the authors know, all the known examples of projective
planes embedded i&* are the connected sum of a standard projective pRyneith
a 2-knot. In fact, there is a conjecture that every projective plane embed®dsin
of this form, which is called th&inoshita Conjecturgfor example, see [7-9] and
[19, Section V]). Although this conjecture has not appeared in the literature, it has
been known to knot theorists in Japan for many years (for example, see [25]). We
have a weaker conjecture that for an embedded projective plam&*, the kernel of
the homomorphism, : 7,(dE) — m,(E) is always of order four, whergE = E(P)
andi : 9dE — E is the inclusion map. We also do not knowHRf is topologically
equivalent to the connected sumRfand a 2-knot when key is of order four.

REMARK 3.8. We can obtain results similar to the above also in the smooth category.
However, as in Remark 2.4, we should repl&evith homotopy 4-spheres.

REMARK 3.9. In Proposition 3.1, if°, = P,, then we obtain a twisted double
decomposition ofs*. Compare this observation with the results in [21, 22].

4. Related problems

In this section, we first work in the piecewise linear category. Letnd A be
compact connected polyhedrons. We suppose that there exist “standard” embeddings
o : T — S*andy, : A — S*such thaipy(I') N Yp(A) = ¥, Nr UN, = S*and
Nr NN, = N = dN,, whereNr and N, are regular neighborhoods ¢f(I")
andy(A) in S respectively. SeM = 9N = dN,, which is a closed connected
orientable 3-manifold.

Note that many examples of such decomposition§’cdis above are known. We
will give explicit examples later in this section.

PrROBLEM4.1. Let f : M — S* be an arbitrary piecewise linear (locally flat)
embedding andd and B the closures of the connected component§of- f (M).
Then, do there exist embeddings I' — S*andy : A — S*such thatA and B
(or B and A) are homeomorphic to the closuresSif— N(¢(I')) andS* — N(y(A))
respectively, wherd (¢(I")) andN(y(A)) are regular neighborhoods @fI") and
¥ (A) in S respectively?

The above problem can be regarded as a generalization to 4-dimensions of the
problem considered by Fox [4].
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EXAMPLE 4.2. LetI" and A be distinct two points ir8*. ThenS* decomposes as
S* = N U N,, whereN andN, are homeomorphic to the 4-dimensional di3k
ThusM = S® and the above problem is nothing but the Schoenflies conjecture for
dimension four, which has not been solved until now. Note that it has been solved in
the topological category by Brown [1, 2].

EXAMPLE 4.3. Letl" be a circle and\ a 2-sphere. Lef, : A — S*be the standard
embedding angy : I' — S* — 4(A) an embedding such thag(I") andy,(A) have
linking number+1 in S*. Then S* decomposes aS* = N U N, where Ny is
homeomorphic tds! x D* and N, is homeomorphic t&* x D2 In this case, we
haveM = S! x S2. Then Problem 4.1 has been solved for this case in the topological
category in [13, 20]. In fact, every locally flat topological embeddinGbk S?into
S*boundsD? x S* embedded irg".

EXAMPLE 4.4. Letl’ = A = RP? andg, : RP? — S* a standard embedding
(see, for example, [11,12, 15, 19, 21]). In other wokgdgRP?) is constructed from
the standard embedding & by replacing a small 2-disk with a standarcbMiis
band. Then it is well-known that the closure 8f — N(¢y(RP?)) is also a regular
neighborhood of a standardly embed#eF in S*, by which we definay, : A — S
ThusS* decomposes &' = N U N, and in this cas# is the quaternion spac@.
Then our Theorem 1.1 gives an affirmative answer to Problem 4.1 for this case in the
topological category.

ExamPLE 4.5. For an integem > 2, let X,, be the polyhedron consisting of a circle
Sttogether with a 2-diskb? attached t&! by ann-fold covering ma@ D? — S'. Note
that X, is homeomorphic tRP?. Setl’ = A = X,,. Then Yamada[21] has shown that
there exists a “standard” embeddipg: ' — S* such that the closure of the comple-
ment of its regular neighborhood is again a regular neighborhood of a “standard” em-
bedding ofX, into S*, by which we defina/, : A — S* Inthis caseM is the Seifert
fibered 3-manifold with Seifert invarian{s-1; (o,, 0); (n, 1), (n, 1), (n,n—21)}. The
authors do not know an answer to Problem 4.1 for this case.

EXAMPLE 4.6. LetI" be the 2-dimensional torus arg : I' — S* the standard
embedding, that is, it bounds an embedddx D? in S*. The closure of the
complement of a regular neighborhoodggfI") in S*is known as Montesinogivin
[16], which is denoted byf w. Infact, Tw is a regular neighborhood of a polyhedron
A embedded ir8* which consists of two unknotted 2-spheres intersedtiach other
transversely at two points with distinct signs. We defige A — S* by the inclusion
map. Then for the decompositi®t = N U N, with Nr = T2 x D2andN, = Tw,
the 3-manifoldM is the 3-dimensional toruB®. The authors do not know an answer
to Problem 4.1 for embeddings ©f into S*.
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One can construct a lot of examples of embeddingBfito S* as follows. (The
authors are indebted to Masakazu Teragaito for the idea of the construction.) Let
D, be the upper hemisphere & (and D_ the lower hemisphere 08, which
is homeomorphic tdD*. Let D be the union of two 2-disks which is properly
embedded i, suchthatD,, Dr) is homeomorphic teD?, {2 pointg) x D?. Take
an embedded circlg, in 9 D, which does not interse@ such that the 3-component
link aDr U C, in 9D, is the Borromean ring (see, for example, [10, the rightmost
figure of Figure 5.2, p.14]). Then |&, be a 2-disk properly embeddedh. such
that (D_, D,) is homeomorphic t¢D?, {a poinf) x D2. Let H. andH, be small
regular neighborhoods @ in D, andD, in D_ respectively. Then it is not difficult
to show thatS*, Nr, N,) is homeomorphic t¢D, U D_, N/, N}), whereN;. is the
closure of(D, — Hr) U H, andN}, is the closure of D_ — H,) U Hr. Infact, Tw
has a handlebody structure consisting of a 0-handle, a 1-handle and two 2-handles,
and the union of the 0-handle and the 1-handle corresponds to the clogure-afi,
and the two 2-handles correspondHp (see [16, Section 3]). Furthermorg? x D2
has a handlebody structure consisting of a 0-handle, two 1-handles and a 2-handle,
and the union of the 0-handle and the two 1-handles corresponds to the closure of
D, — Hr and the 2-handle correspondsHq (see, for example, [10, Example 5.3,

p. 14 and pp. 41-42]). Then the standard embeddin§®ahto S* is nothing but

dN[ = 9dN,. Therefore, replacindpr ¢ D, andD, C D_ with arbitrary linked

two 2-disksDy- and an arbitrary knotted 2-didR, respectively, one obtains a more
complicated embedding oF3. For example, if bothD and D, are “sufficiently
nontrivial”, then the closures of the connected components of the complement are not
homeomorphic td? x D2 nor Tw. Note that for embeddings @ thus constructed,

the answer to Problem 4.1 is affirmative.
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