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Abstract

We study singularities of solutions of the heat equation, that are not necessarily isolated but occur
only in a single characteristic hyperplane. We prove a decomposition theorem for certain solutions on
D, = DN(R"x]0, oo]), for a suitable open s, with singularities at a compact subsebf R" x {0},

in terms of Gauss-Weierstrass integrals. We use this to prove a representation theorem for certain solutions
on D, with singularities aK, as the sums of potentials and Dirichlet solutions. We also give conditions
under whichK is removable for solutions ob\K.

1991 Mathematics subject classificatigdmer. Math. Sog. primary 35K05, 35B30, 35B60, 35C05,
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1. Introduction

Let D be an open subset &"™ = {(x,t) : x e R",t e R}, letD(0) = {x e R" :

(x,0) € D} # ¢, letD, = DN (R"x ]0, oc[) and letH*(D) be the family of all
temperatures o that can be written as a difference of nonnegative temperatures.
The central result of this paper, Theorem 2, gives conditions under which an element
u of HA(D,) can be written in the form = Wy + Wy + w, whereu is a signed
measure supported in a compact sulésef D (0), v is a locally integrable function

on D(0) such thatW|y| < oo on D, andw is a temperature o, that can be
extended by zero to a temperature@nHere

Wpu(x,t) = W(x -y, tydu(y)
suppi
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[2] Time-isolated singularities of temperatures 417

and

Wy (x,t) = W —y, )y (y)dy,
suppyr
with W(x, t) = (4mt)~"2 exp(—||x||?/4t) for all (x,1) € RTl. Becausev tends to
zero atD (0) x {0}, this decomposition enables us to use theorems on Gauss-Weierstrass
integrals to prove results about temperatures intdyD., ).

In Section 3, we use the decomposition theorem to prove a representation theorem,
which extends one established by Aronson [2] for solutions of a wide class of parabolic
partial differential equations 0B(0, p) x ]0, T[ with singularities a{0, 0). Working
only with temperatures, we are able to considerably weaken the constraints on the
solutions, replace the circular cylinder by an arbitr@ry, and replace the point of
singularity by an arbitrary compact subsetof D(0) x {0}. A representation of the
formu = Gpu + his obtained, wher&p i is the potential oD of a signed measure
supported irk, andh is a Dirichlet solution orD,..

In Section 4, we consider temperatuuesn D\ (C x {0}) for an arbitrary compact
subsetC of D(0), and give a mild constraint which ensures that they can be written
as the sum of a temperature Bnand the potential of a signed measure supported in
C x {0}. The idea here is that, because the restrictiamtof D\ D, has a continuous
extension tou* (say) onD\D,, we can takey = u*(-,0) in the decomposition
theorem, so thatVy + w can be extended to a temperaturel®nGiven this result,
known conditions which imply that is null can be converted into conditions for
C x {0} to be removable.

Many other papers have been written about removable singularities, including
[1,5-7]. Isolated singularities of nonnegative temperatures have been characterized
by Widder [16, p. 119], and those of arbitrary temperatures by Chung and Kim [3].

2. The decomposition theorem

If w andyr are, respectively, a measure and a function defined on a subiR&t of
they are assumed to be extended by zero to the whole space. Their restrictions to a set
A are denoted by, and 4.

A temperatures on D, is calledinitially zeroif u(x,t) — 0 as(x,t) — (y, 0+)
forall y € D(0).

A family .Z of closed balls is called aabundant Vitali coveringf R" if, given
x € R"ande > 0,.Z contains uncountably many balls with centrand radius less
thane. See [13] for a discussion.

The proof of the decomposition theorem requires a preliminary theorem.

THEOREM 1. Suppose thatt = Wu + v on D,, wherev is an initially zero
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temperature, ang. is a signed measure concentrated 00) such thatW|u| < oo
on D,. Let.Z be an abundant Vitali covering &". If there is a signed measure
concentrated oD (0) such that

t—0+

() lim / ux,tHydx =v(ANV)
ANV
wheneveA,V ¢ #,V C D(0), andANV # ¢, thenu = v.
ProOOF By [13, Theorem 7.3(i)], there is an abundant Vitali coverifig C .#
such thatu|(dA) = 0 for all A € %#,. GivenV ¢ %, such thatv € D(0), put

Wy = WH,\/ ande\V = WMD(O)\V- Thenw\/ =U—v—wpyOoNn D+.
If Ae ZoandANV # ¢, thenANV is a compact subset & (0), so that

2) Iim/ v(X,t)dx = 0.
ANV

t—0+

Furthermore, because theundaries oA NV and A\V are bothu-null, it follows
from [13, Theorem 7.2(i)] that

3) Iim/ wpv (X, )dx =0 = Iim/ wy (X, H)dx.
ANV =0+ Jav

t—0+

Combining (1), (2) and (3), we obtain

lim /w\,(x,t)dx= Iim/ wy (X, t) = vy (A).
t—=>0+ J o t—=>0+ Janv

On the other hand, iA € %, andA NV = ¢, then it follows from [13, Theorem
7.2(i)] that

lim /w\,(x,t)dx= 0= (A).
t—=>0+ J o

Thereforeuy, = vy, by [13, Theorem 7.3(ii)].
Given any open subset of D(0), choose a sequence of sgig} in #, with union
U, and putX; = Vi, X; =V;\ Ul_T Vi forall j > 2. Then, by the above,

pU) =D u(X) =Dy (Xp) = vy (X)) = (V).
j=1 j=1 j=1

The result now follows from the regularity of Radon measures. O
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NOTE. If, in Theorem 1u(x, 0+) is finite whenevek € D(0) and the limit exists,
then the same is true &/ (x, 0+), and the two are equal. Therefal@(x) =
u(x, 0+)dx, by [12, Theorem 1], so that(-, 0+) is locally integrable, and

lim /u(x,t)dx:/u(x,0+)dx
t—>0+ /g B

for eachbounded Borel subsd& of D(0) such thaim,(dB) = 0, by [13, Theorem
7.2].

THEOREM 2. Suppose that € H2(D,), thatC is a compact subset @ (0), that
Z is an abundant Vitali covering & ", and thaty is a locallym,-integrable function
on D(0) such thatW|ys| < co on D,.. If

Iim/ u(x,t)dx:/ Y (x)dx
=0+ Janv ANV

wheneveA, V € #,V C D(0)\C, andANYV = @, then there exist a unique signed
measureu, supported irC and with finite total variation, and a unique initially zero
temperaturew on D_, such thau = Wu + Wy + w on D,..

PrOOF By [15, Theorem 1], there is a unique signed measusa D (0) with the
following property. Given any bounded open &such thatE € D andE(0) # 4,
there is a unique initially zero temperaturen E.. such thau = Wvg + v on E,.

ChooseE such thatC € E(0). Applying Theorem 1 orE\(C x {0}), we obtain
dvec(y) = Yec(y)dy. SinceC is compacty|(C) < oo, so thatW|vg| < W|vc| +
W|y| < coonD,. Itfollows thatW|v| < oo on D, so that there is a unique initially
zero temperature on D such thati = Wv+w on D_, by [15, Theorem 1]. Putting

du(y) = dvc(y) — yc(y)dy, we obtain
U=Wv+w=Wyc+Wipc+w=Wp+Wy+w

onD,, as asserted. O

REMARK. The measure, associated witlu € H*(D..) by [15, Theorem 1] and
described in the first paragraph of the above proof, is calledhttial measureof u.

If the initial measure ofu is absolutely continuous with respectng, then the
following corollary may be easier to use than the theorem. Note that, fouany
H2(D,), the limitu(x, 0+) exists and is finite fom,-almost everx € D(0), by [15,
Theorem 2].
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COROLLARY. Suppose that € H4(D,), thatC is a compact subset @ (0), that
u(x, 0+) is finite whenevex € D(0)\C and the limit exists, and thaV/|u(-, 0+)| <
oo on D,. Then there exist a unique sighed measuresupported inC and with
finite total variation, and a unique initially zero temperature on D, such that
u=Wgu+Wu(,0+) +wonD,.

PrOOF Letv be the initial measure af, and letZ be an abundant Vitali covering of
R". GivenA,V ¢ % suchthav € D(0)\C andANV = @, choose a bounded open
setE suchthatE € DandANV C E(0). If F = E\(C x {0}), thenu = Wyvg + v
on F, for some initially zero temperatutg andu(-, 0+) is finite whenevek € F(0)
and the limit exists. Therefore, by the note following Theorem 1,

Iim/ u(x,t)dx:/ u(x, 0+)dx.
=0+ J anv AV

SinceW|u(-, 0+)| < oo onD,, u(-, 0+) is locally integrable orD (0), and the result
follows from Theorem 2. O

k
REMARK. If C = | J{X«} in Theorem 2, then
j=1

k
U, 1) =Y WX = Xj, 1) + Wi (X, 1) + w(X, 1),
j=1

wherea; = p({x;}) for all j. We can show that

t—0+

aj = lim / (u(x,t) — ¥ (x))dx
B(xj,r)

for anyr such thatE(xj, ry C D(0O) andE(xj, ryNcC = {x;}. Given such am, we
have|u|(dB(x;,r)) = 0, so that [13, Theorem 7.2(i)] implies that

lim / u(x,t)dx = lim / Wu(x,t) + Wyr(x, 1)dx
B(xj,r) t B(xj,r)

t—0+ -0+

=M(B(Xj,f))+/ ¥ (x)dx

B(xj,r)

= q; +/ v (x)dx,
B(xj,r)

as asserted. Compare [2, Theorem 3].
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3. The representation theorem

In this section, we prove an extension of Aronson’s representation theorem [2, The-
orem 3]. This requires a hypothesis of Dirichlet regularity, which is to be understood
in the sense of [10], as that allows us a much wider class of open sets than does the
usual potential-theoretic sense in [4]. We therefore recall the necessaijiaesin

Let (y,s) € aD. We call(y, s) anabnormal boundary pointand write(y, s) €

ab(d D), ifthereis an open baB centred aty, s) suchthaBN(R"x ]—oo, s[) € D.
If B can be found suchth& N (R"x ] —oo,s[) = BN D, then(y, s) is of the
first kind and so belongs tab, (9 D); otherwise, it is of thesecond kindand belongs
to ab,(dD). The essential boundargsgd D) consists of all boundary points that
are not inab,(aD). If (y,s) € esxdD), we putD(y,s) = DN (R"x s, oo[ ) if
(y,s) € ab,(aD), andD(y, s) = D otherwise.

If D is bounded, then every continuous functibn essdD) — R is resolutive.
A point (y, s) € esqad D) is calledregular if

lim  SP(x,t) = f(y,s)

X,t)—=(y.s)
(x,)eD(y.s)

for every continuoud : ess9D) — R, whereSP denotes the generalized solution to
the Dirichletproblem forf onD. The seD is calledregularifevery(y, s) € esdD)
is regular.

We now give conditions which ensure that a temperatui@n D, belongs to
H2(D,). These will be used in the representation theorem. We vDite for
{x:(x,t)e D}

THEOREM 3. Suppose thab, is bounded and Dirichlet regular, that is a tem-
perature onD_, and that there is a continuous functigh: esgdD,) — R such
that
(4) lim — ux,t) = y(y,s)

X,t)—>(y.s)
(x,)eD.(y,s)

whenevery, s) € esgdD,)\D. Thenu can be extended t+ =D, Uab(@D,)
by putting

= i D),
) ucy, s) o Lrpy,%)U(x )
and if
(6) liminf ut(x, t)dx < oo,

t—0+ B, )
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thenu € H2(D,) and the function

t > ut(x, t)dx
B.

is bounded.

PrROOF Leta = sugt : D, (1) # @}. Whenever O< ¢ < a, u is bounded on the
setE, = D, N (R"x ]c,a[). For suppose thdk;} is a sequence iD(c) such that
(Xj,€) = (Yo,C) € dD,. Then(y, ¢) € esgdD,), so thatu(x;, c) — ¥ (Yo, C) by
(4). Thereforau(-, c) is bounded, so thatis bounded orc., by (4) and the maximum
principle [10, Theorem 2]. For anyy, s) € ab(dD,), the boundedness afon E;
implies that the limit in (5) exists and is finite [4, p. 274].

By [10, Theorem 32]y is resolutive forD,. Leth = S,?*, and letg = u — h.
Then (4) and the regularity d_. imply that

(7) lim gx,t)=0
*D=>(¥,9)
(X,DED4(Y,5)

whenever(y, s) € esgdD,)\D. Sincehis bogndedg is bounded orE. whenever
0 < ¢ < a, and thereforg can be extended tb, asu was. SinceD, is bounded, it
now follows from (6) that

liminf gt (x, t)dx < oo.
t—0+ E~)+(t)

Putw = g* on 5+, andw = 0 elsewhere oR Tl. Thenw is continuous on
Ri“\a D,, and also om(dD,) because of (7). Furthermore,is upper semicon-
tinuous onaby,(d D), and also orab,(d D) in view of (7). OnRTl\ab(a D,), w
satisfies locally the mean value inequality characteristic of subtemperatures. An appli-
cation of Fatou’s lemma shows thatalso satisfies locally the mean value inequality
at points ofab(d D..). Hencew is a subtemperature, by [8, Theorem 15].

Sinceg is bounded oreachE;, and D, is bounded, givert € ]0, a[ there is
k. < oo such that

/ g™ (x, Hdx < k¢
NG
whenever < t < a. Therefore,ifO< c <t < d < b, then

/ W(x,b—tw(x,t)dx < (4n (b — d))—éan'
Rn
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Thus the function — [, W(x, b—t)w(x, t)dx is locally bounded on ][, for any
b > 0. Furthermore,

liminf / W(X, b — t)w(x, t)dx < (2rb)~2" liminf gt (x,t)dx < oo.
t—0+ R" t—0+ E~)+(t)
Hence, in the notation of [9, Theorem 19}, € ®, whenever O< b < oo, so that

there is a temperatukewhich majorizesv onR}™. Nowu —h < g* <vonD,, so
that

u—h=v—(—-u+h)eH*D,).

Sinceh is the generalized Dirichlet solution far, we haveh € H2(D,), so that
u e HA(D,) as asserted.

For the last part, choosesuch thatD . (t) € B(0,r) forallt € ]0, a[, and choose
b € ]a, oo[. Then, wheneverx t < a,

/ u*(x,t)dxs/ (gt (x,t) + h*(x, t))dx
B.) B.)

< / g (x, t)dx + sup|hjv.r",

Bit)
wherew,, is the volume of the unit ball iR ". Furthermore,

r2
4(b—a)

/~ g*(x,t)dx5(4nb)%"exp< )/ W(x, b —tw(x, t)dx,
Dy (1) R"

and the integral on the right is bounded as a consequence of [9, Theorem 1]l

We can now prove our extension of Aronson’s result. Hegedenotes the Green
function for D in the sense of [10], and

Gou(x,1) =/GD(X,t;y, s)du(y, s)
D

for a signed measurg of finite total variation. IfG is Gp with D = R"™, and
v = A x 8y with 8, the unit mass at 0, then

Gv(x,t) = / W(x —y, t)ydv(y, 0) = WA(X, t)
R"x{0}

whenevet > 0.
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THEOREM4. Suppose thaD, is bounded and Dirichlet regular, th& is a compact
subset 0D (0), that.Z is an abundant Vitali covering ® ", and thaty is a continuous
real-valued function oesgdD,). If uis a temperature o, such that
(8) lim ux,t) = ¥(y,s)

X,t)—>(y.s)
(x,)eD.(y,s)

for every(y, s) € ess(dD,)\D,

liminf ut(x, t)dx < oo,
t—0+ 5+(t)

and

lim / u(x,t)dx = / ¥ (X, 0)dx
=0+ J anv ANV
wheneveA,V € #,V C D(0)\C, andANV # @, then
u=Gov+S,"

on D, for some signed measuveof finite total variation supported i€ x {0}.

Proor By Theorem 3u € H2(D,). Therefore, by Theorem 2, there exist a
signed measure, supported irC and with finite total variation, and an initially zero
temperaturev on D, such thati = Wy + Wy (-,0) + won D,. Letv = u x &,
so thatGv = Wy on Ri“ andGv = 0 elsewhere. By the Riesz decomposition
theorem,Gvt = Gpvt + h; andGv~ = Gpv~ + h, on D, whereh; andh, are
the greatest thermic minorants Gfivt and Gv~ on D, so that eaclh; is initially
zeroonD,. Thus, ifh = w + h; — h, thenu — Gpv = Wy (-,0) + hon D,. It
follows from (8) and [11, Theorem 2] that (8) holds withreplaced byu — Gpv.
Furthermore, ifv = Wy (-,0) + h thenv(x,t) — ¥(y,0) as(x,t) — (y,0+)
whenever(y,0) € esgdD,) N D. The result now follows from [10, Theorem
31]. O

4. Removable singularities

We now consider the situation wharés a temperature oB\ K, for some compact
setK = C x {0} with C € D(0). In Theorem 5, under a mild constraint anwe
show thatu is the sum of a temperatuteon D and the potentiaGv of a signed
measure supported K. Thus, ifv = A x §g thenu = WA +v on D, and conditions
which ensure thatVa = 0 become conditions for the removability Kf. The proofs
of Theorems 6, 7 and 8 all use this idea.

A temperature inH*(D,) is calledinitially nonnegativeif its initial measure is
nonnegative. Conditions that imply initial nonnegativity can be found in [15].
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THEOREMS. Let C be a compact subset 8f(0), let K = C x {0}, and letu be a
temperature orD\ K such that

9 liminf [ u™(x,t)dx < oo

t—0+ u
for some open supersdtof C in R". Thenu can be written uniquely as the sum of a
temperature orD and the potentiaGv of a signed measure supportedkn

PrOOF Let {V,} be an exhaustion df N D(0) by bounded open subsets Rf'
which are Dirichlet regular for Laplace’s equationhd®sej such thalC < V;, and
putV =V;. ThenV is a compact subset & (0), so that we can find > 0 such that
the setE = V x ] — a, @[ has its closure irD. Note thatE, is Dirichlet regular for
the heat equation.

The essential boundary & x ] — a, O[ is a compact subset @\K, so thatu is
bounded there and hence also\br | —a, O[. Therefore we can define a continuous,
real-valued functiony on esgd E, ) by putting

v(y,0) = ( lim  u(x,t)

X,t)—>(y,0-)

forally e V, and

V(y,s) =u(y,s)

for all (y,s) € 3V x [0, a]. Note thatyy = u on(V\C) x {0}, and thatu(x,t) —
¥(y,s) as(x,t) — (y,s) with (x,t) € E,, whenever(y,s) € esSdE,)\E. It
follows from (9) and Theorem 3 that € H2(E,). Therefore, by the Corollary
to Theorem 2, there exist a unique signed meagursupported inC and with
finite total variation, and a unique initially zero temperatureon E_, such that
u=Wu+Wy(,0+wonE,. If

Wy (-,00+w on E,,
V=
u onE\E,,

thenw is continuous orE and a temperature da\(V x {0}), so that is a temperature
onE, by [10, Theorem 5]. 1P = u x 8y, thenu = Gv +v onE. Puttingv = u— Gv
on D\ E, we extend to a temperature oB®, and complete the proof. O

THEOREM 6. Let C be a compact subset &f(0) such thatm,(C) = 0, and letu
be a temperature oD\ (C x {0}) such that

liminf [ u™(x,t)dx < oo
t—0+ u
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for some open supersdtof C in R". If there is an initially nonnegative € H*(D,)
such that
ux,t)

(10) tLr(T)]+ hx,t)

for all x € C at which the limit exists, thetncan be extended to a temperature Bn

PrROOE Sincem,(C) = 0, there exists a positive temperatdfren R Tl such that
f(x,0+) = oo forall x € C, by [11, Theorem 11]. The addition dfto h does not
affect our hypotheses, and so we can assumehifxa+) = oo for all x € C.

By Theorem 5, there exist a signed measumipported irC x {0}, and a temper-
aturev on D, such thatt = Gu + v. Letu = A x &, and letv be the initial measure
of h. By [14, Theorem 2],

WA(X, t)

(1) im
-0+ W (X, t)

exists and is finite for-almost allx € R". For eachx € C at which this limit exists,
the limit in (10) exists and the two are equal, because 0+) = oo for all x € C.
Therefore the limit in (11) is zero far-almost allx € C, and

nf ——— <
t-0+ Wy (x,t)

for all x € C. It now follows from [14, Theorem 6] (witlkZ = C andY = @) thatic
is null. Hencew is null, andu = v. O

For the final two theorems, we denoterny theg-dimensional Hausdorff measure
onR", where 0< g < n. We are only concerned that a given set is null, finite, or
o-finite with respect tan,, so there is no need to distinguish the cgse n from
Lebesgue measure.

THEOREM 7. Let C be a compact subset & (0), and letu be a temperature on
D\(C x {0}) such that

liminf ut(x,t)dx < oo
t—0+ u

for some open supersetof C in R". If either
(i) qe[0,n],my(C) =0, and
(12) limsup t2™?u(x,t)] < oo forall x e C,
t—0+

or
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(i) g € [0, n[, C is o-finite with respect tan,, and

(13) lim t2™9yu(x,t) =0 forall x € C,

t—0+
thenu can be extended to a temperature Dn
PrOOF By Theorem 5u can be written as the sum of a temperatui@n D, and

the potentialGu of a signed measure supported@nx {0}. If © = A x &, then
u=Wxi+vonD,. Foranyx € C,

. 1in—
limsup tz2"Pu(x, t)]
t—0+

is zero ifg < n, and is finite ifg = n. Therefore conditions (12) and (13) imply
similar ones onWx. We can now apply [14, Theorem 6] (with=Y = C, so that
the auxiliary function is superfluous) and conclude thais null. Henceu is null,
andu = v. O

In our final result we show that, € has a certain structure, then for sets with finite
my-measure we can weaken (13) without affecting the conclusion.

THEOREMS8. Letq € [0, n[, letC be a compact subset 8f(0) such thaim,(C) <
oo and

(14) lim i(r)1f r - my(B(x,r)nC) >0
for all x € C, and letu be a temperature o@D\ (C x {0}) such that

liminf ut(x,t)dx < oo
t—0+ u

for some open supersetof C inR". If

(15)
Iitm (i)nf t20-Dy(x,t) <0 < limsup t2™Pu(x,t) for my-almost all x € C,
-0+ t—0+
and
(16) lim inf t20-D|u(x, t)] < co forall x e C,
—0+

thenu can be extended to a temperature Bn
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PrOOFE By Theorem 5u = v+ G(\ x &) for some temperatureon E and signed
measure. supported irC. Sinceq < n, we havetz™®y(x, t) — 0 ast — O+ for
all x € C, so that (15) and (16) imply similar conditions B..

Suppose thatj > 0. Thenmy(C) < oo, (14) holds,Wi(x, 0+) = O for all
x € R"™\C andm,-a.e. orR", and (15), (16) hold wittWx in place ofu, so that [12,
Theorem 10] shows thawW/A = 0. Henceu = v.

Now suppose thati = 0, so thatC is finite. (In this case, (14) and (16) are
superfluous.) Giver, € C suchthat({x}) > O, putv = Ay, andw = A —v. Then
[14, Lemma 1] shows thaWw (Xg, t) = o(Wv (X, t)) ast — 0+, so that

WA (X0, ) ~ W (X0, ) = (4mt)™ 2"A({X0}).
Since (15) holds witlu replaced byV4, it follows that
A({xo}) = lim (47t) :"WA (%, 1) = 0,
a contradiction. Thereforg({x}) = 0 for allx € C, so that again = v. O

REMARK. The conclusions of Theorems 7 (ii) and 8 both failgif= n. For
example,len =1,D =[-1,2]>,C =[0,1], v(x,t) = &' —(e—1x —1onD,
andu = v — Wu(-,0)c onD,,u = v onD\(D, U(C x {0})). Thenu is a bounded
temperature, and because, 0) is continuous orC with v(0,0) = v(1,0) = 0,
we haveu(x,0+) = 0 for all x € C. Sinceu(x,0-) = v(x,0) < 0 whenever
0 < X < 1,u cannot be extended to a temperaturelon
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