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Abstract

We study singularities of solutions of the heat equation, that are not necessarily isolated but occur
only in a single characteristic hyperplane. We prove a decomposition theorem for certain solutions on
DC D D\ .R nð]0;1[/, for a suitable open setD, with singularities at a compact subsetK of R nðf0g,
in terms of Gauss-Weierstrass integrals. We use this to prove a representation theorem for certain solutions
on DC, with singularities atK , as the sums of potentials and Dirichlet solutions. We also give conditions
under whichK is removable for solutions onDnK .
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Keywords and phrases: Temperature, singularity, Gauss-Weierstrass integral, potential, Dirichlet solution.

1. Introduction

Let D be an open subset ofR nC1 D f.x; t/ : x 2 R n; t 2 Rg, let D.0/ D fx 2 R n :
.x;0/ 2 Dg 6D ;, let DC D D \ .R nð ]0;1[/ and letH1.D/ be the family of all
temperatures onD that can be written as a difference of nonnegative temperatures.
The central result of this paper, Theorem 2, gives conditions under which an element
u of H1.DC/ can be written in the formu D W¼CW C w, where¼ is a signed
measure supported in a compact subsetC of D.0/,  is a locally integrable function
on D.0/ such thatWj j < 1 on DC, andw is a temperature onDC that can be
extended by zero to a temperature onD. Here

W¼.x; t/ D
Z

supp¼

W.x � y; t/d¼.y/

c
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and

W .x; t/ D
Z

supp 

W.x � y; t/ .y/dy;

with W.x; t/ D .4³ t/�n=2 exp.�kxk2=4t/ for all .x; t/ 2 R nC1
C . Becausew tends to

zero atD.0/ðf0g, this decomposition enables us to use theorems on Gauss-Weierstrass
integrals to prove results about temperatures in anyH1.DC/.

In Section 3, we use the decomposition theorem to prove a representation theorem,
which extends one established by Aronson [2] for solutions of a wide class of parabolic
partial differential equations onB.0; ²/ð ]0;T[ with singularities at.0;0/. Working
only with temperatures, we are able to considerably weaken the constraints on the
solutions, replace the circular cylinder by an arbitraryDC, and replace the point of
singularity by an arbitrary compact subsetK of D.0/ ð f0g. A representation of the
form u D GD¼Ch is obtained, whereGD¼ is the potential onD of a signed measure
supported inK , andh is a Dirichlet solution onDC.

In Section 4, we consider temperaturesu on Dn.C ð f0g/ for an arbitrary compact
subsetC of D.0/, and give a mild constraint which ensures that they can be written
as the sum of a temperature onD and the potential of a signed measure supported in
C ð f0g. The idea here is that, because the restriction ofu to DnDC has a continuous
extension touŁ (say) on DnDC, we can take D uŁ.Ð;0/ in the decomposition
theorem, so thatW Cw can be extended to a temperature onD. Given this result,
known conditions which imply that¼ is null can be converted into conditions for
C ð f0g to be removable.

Many other papers have been written about removable singularities, including
[1, 5–7]. Isolated singularities of nonnegative temperatures have been characterized
by Widder [16, p. 119], and those of arbitrary temperatures by Chung and Kim [3].

2. The decomposition theorem

If ¼ and are, respectively, a measure and a function defined on a subset ofRN ,
they are assumed to be extended by zero to the whole space. Their restrictions to a set
A are denoted by¼A and A.

A temperatureu on DC is calledinitially zero if u.x; t/ ! 0 as.x; t/! .y;0C/
for all y 2 D.0/.

A family F of closed balls is called anabundant Vitali coveringof R n if, given
x 2 R n andž > 0,F contains uncountably many balls with centrex and radius less
thanž. See [13] for a discussion.

The proof of the decomposition theorem requires a preliminary theorem.

THEOREM 1. Suppose thatu D W¼ C v on DC, wherev is an initially zero



418 Neil A. Watson [3]

temperature, and¼ is a signed measure concentrated onD.0/ such thatWj¼j < 1
on DC. LetF be an abundant Vitali covering ofR n. If there is a signed measure¹
concentrated onD.0/ such that

lim
t!0C

Z
A\V

u.x; t/dx D ¹.A\ V/(1)

wheneverA;V 2 F , V � D.0/, and A\ V 6D ;, then¼ D ¹.

PROOF. By [13, Theorem 7.3(i)], there is an abundant Vitali coveringF0 � F
such thatj¼j.@A/ D 0 for all A 2 F0. Given V 2 F0 such thatV � D.0/, put
wV D W¼V andwDnV D W¼D.0/nV. ThenwV D u� v �wDnV on DC.

If A 2 F0 andA\ V 6D ;, thenA\ V is a compact subset ofD.0/, so that

lim
t!0C

Z
A\V

v.x; t/dx D 0:(2)

Furthermore, because theboundaries ofA \ V and AnV are both¼-null, it follows
from [13, Theorem 7.2(i)] that

lim
t!0C

Z
A\V

wDnV.x; t/dx D 0 D lim
t!0C

Z
AnV

wV.x; t/dx:(3)

Combining (1), (2) and (3), we obtain

lim
t!0C

Z
A

wV .x; t/dx D lim
t!0C

Z
A\V

wV.x; t/ D ¹V.A/:

On the other hand, ifA 2 F0 andA \ V D ;, then it follows from [13, Theorem
7.2(i)] that

lim
t!0C

Z
A

wV .x; t/dx D 0D ¹V.A/:

Therefore¼V D ¹V , by [13, Theorem 7.3(ii)].
Given any open subsetU of D.0/, choose a sequence of setsfVkg inF0 with union

U , and putX1 D V1; X j D Vjn [ j�1
kD1 Vk for all j ½ 2. Then, by the above,

¼.U / D
1X
jD1

¼.Xj / D
1X
jD1

¼Vj
.Xj / D

1X
jD1

¹Vj
.Xj / D ¹.U /:

The result now follows from the regularity of Radon measures.
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NOTE. If, in Theorem 1,u.x;0C/ is finite wheneverx 2 D.0/ and the limit exists,
then the same is true ofW¼.x;0C/, and the two are equal. Therefored¼.x/ D
u.x;0C/dx, by [12, Theorem 1], so thatu.Ð;0C/ is locally integrable, and

lim
t!0C

Z
B

u.x; t/dx D
Z

B

u.x;0C/dx

for eachbounded Borel subsetB of D.0/ such thatmn.@B/ D 0, by [13, Theorem
7.2].

THEOREM 2. Suppose thatu 2 H1.DC/, thatC is a compact subset ofD.0/, that
F is an abundant Vitali covering ofR n, and that is a locallymn-integrable function
on D.0/ such thatWj j <1 on DC. If

lim
t!0C

Z
A\V

u.x; t/dx D
Z

A\V

 .x/dx

wheneverA;V 2 F , V � D.0/nC, andA\ V 6D ;, then there exist a unique signed
measure¼, supported inC and with finite total variation, and a unique initially zero
temperaturew on DC, such thatu D W¼CW Cw on DC.

PROOF. By [15, Theorem 1], there is a unique signed measure¹ on D.0/ with the
following property. Given any bounded open setE such thatE � D andE.0/ 6D ;,
there is a unique initially zero temperaturev on EC such thatu D W¹E C v on EC.

ChooseE such thatC � E.0/. Applying Theorem 1 onEn.C ð f0g/, we obtain
d¹EnC.y/ D  EnC.y/dy. SinceC is compactj¹j.C/ <1, so thatWj¹Ej � Wj¹Cj C
Wj j <1 on DC. It follows thatWj¹j <1 on DC, so that there is a unique initially
zero temperaturew on DC such thatu D W¹Cw on DC, by [15, Theorem 1]. Putting
d¼.y/ D d¹C.y/ �  C.y/dy, we obtain

u D W¹ Cw D W¹C CW DnC Cw D W¼CW Cw

on DC, as asserted.

REMARK. The measure¹, associated withu 2 H1.DC/ by [15, Theorem 1] and
described in the first paragraph of the above proof, is called theinitial measureof u.

If the initial measure ofu is absolutely continuous with respect tomn, then the
following corollary may be easier to use than the theorem. Note that, for anyu 2
H1.DC/, the limit u.x;0C/ exists and is finite formn-almost everyx 2 D.0/, by [15,
Theorem 2].
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COROLLARY. Suppose thatu 2 H1.DC/, thatC is a compact subset ofD.0/, that
u.x;0C/ is finite wheneverx 2 D.0/nC and the limit exists, and thatWju.Ð;0C/j <
1 on DC. Then there exist a unique signed measure¼, supported inC and with
finite total variation, and a unique initially zero temperaturew on DC, such that
u D W¼CW u.Ð;0C/ Cw on DC.

PROOF. Let¹ be the initial measure ofu, and letF be an abundant Vitali covering of
R n. GivenA;V 2 F such thatV � D.0/nC andA\V 6D ;, choose a bounded open
setE such thatE � D andA\ V � E.0/. If F D En.C ð f0g/, thenu D W¹F C v
on FC for some initially zero temperaturev, andu.Ð;0C/ is finite wheneverx 2 F.0/
and the limit exists. Therefore, by the note following Theorem 1,

lim
t!0C

Z
A\V

u.x; t/dx D
Z

A\V

u.x;0C/dx:

SinceWju.Ð;0C/j <1 on DC; u.Ð;0C/ is locally integrable onD.0/, and the result
follows from Theorem 2.

REMARK. If C D
kS

jD1
fxkg in Theorem 2, then

u.x; t/ D
kX

jD1

Þ j W.x � xj ; t/CW .x; t/Cw.x; t/;

whereÞ j D ¼.fxj g/ for all j . We can show that

Þ j D lim
t!0C

Z
B.xj ;r /

.u.x; t/ �  .x//dx

for any r such thatB.xj ; r / � D.0/ and B.xj ; r / \ C D fxj g. Given such anr , we
havej¼j.@B.xj ; r // D 0, so that [13, Theorem 7.2(i)] implies that

lim
t!0C

Z
B.xj ;r /

u.x; t/dx D lim
t!0C

Z
B.xj ;r /

.W¼.x; t/CW .x; t//dx

D ¼.B.xj ; r //C
Z

B.xj ;r /

 .x/dx

D Þ j C
Z

B.xj ;r /

 .x/dx;

as asserted. Compare [2, Theorem 3].
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3. The representation theorem

In this section, we prove an extension of Aronson’s representation theorem [2, The-
orem 3]. This requires a hypothesis of Dirichlet regularity, which is to be understood
in the sense of [10], as that allows us a much wider class of open sets than does the
usual potential-theoretic sense in [4]. We therefore recall the necessary definitions.

Let .y; s/ 2 @D. We call.y; s/ anabnormal boundary point, and write.y; s/ 2
ab.@D/, if there is an open ballB centredat.y; s/ such thatB\.R nð ]�1; s[ / � D.
If B can be found such thatB \ .R nð ] �1; s[ / D B \ D, then.y; s/ is of the
first kind, and so belongs toab1.@D/; otherwise, it is of thesecond kind, and belongs
to ab2.@D/. The essential boundaryess.@D/ consists of all boundary points that
are not inab1.@D/. If .y; s/ 2 ess.@D/, we put D.y; s/ D D \ .Rnð ]s;1[ / if
.y; s/ 2 ab2.@D/, andD.y; s/ D D otherwise.

If D is bounded, then every continuous functionf : ess.@D/ ! R is resolutive.
A point .y; s/ 2 ess.@D/ is calledregular if

lim
.x;t/!.y;s/
.x;t/2D.y;s/

SD
f .x; t/ D f .y; s/

for every continuousf : ess.@D/! R, whereSD
f denotes the generalized solution to

the Dirichlet problem forf onD. The setD is calledregularif every.y; s/ 2 ess.@D/
is regular.

We now give conditions which ensure that a temperatureu on DC belongs to
H1.DC/. These will be used in the representation theorem. We writeD.t/ for
fx : .x; t/ 2 Dg.

THEOREM 3. Suppose thatDC is bounded and Dirichlet regular, thatu is a tem-
perature onDC, and that there is a continuous function : ess.@DC/ ! R such
that

lim
.x;t/!.y;s/
.x;t/2DC.y;s/

u.x; t/ D  .y; s/(4)

whenever.y; s/ 2 ess.@DC/nD. Thenu can be extended toeDC D DC [ ab.@DC/
by putting

u.y; s/ D lim
.x;t/!.y;s�/

u.x; t/;(5)

and if

lim inf
t!0C

Z
eDC.t/ uC.x; t/dx <1;(6)
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thenu 2 H1.DC/ and the function

t 7!
Z
eDC.t/ uC.x; t/dx

is bounded.

PROOF. Let a D supft : DC.t/ 6D ;g. Whenever 0< c < a, u is bounded on the
set Ec D DC \ .R nð ]c;a[/. For suppose thatfxj g is a sequence inD.c/ such that
.xj ; c/! .y0; c/ 2 @DC. Then.y0; c/ 2 ess.@DC/, so thatu.xj ; c/!  .y0; c/ by
(4). Thereforeu.Ð; c/ is bounded, so thatu is bounded onEc, by (4) and the maximum
principle [10, Theorem 2]. For any.y; s/ 2 ab.@DC/, the boundedness ofu on E 1

2 s

implies that the limit in (5) exists and is finite [4, p. 274].
By [10, Theorem 32], is resolutive forDC. Let h D SDC

 , and letg D u � h.
Then (4) and the regularity ofDC imply that

lim
.x;t/!.y;s/
.x;t/2DC.y;s/

g.x; t/ D 0(7)

whenever.y; s/ 2 ess.@DC/nD. Sinceh is bounded,g is bounded onEc whenever
0 < c< a, and thereforeg can be extended toeDC asu was. SinceDC is bounded, it
now follows from (6) that

lim inf
t!0C

Z
eDC.t/ gC.x; t/dx <1:

Putw D gC on eDC, andw D 0 elsewhere onR nC1
C . Thenw is continuous on

R nC1
C n@DC, and also onn.@DC/ because of (7). Furthermore,w is upper semicon-

tinuous onab1.@DC/, and also onab2.@DC/ in view of (7). OnR nC1
C nab.@DC/, w

satisfies locally the mean value inequality characteristic of subtemperatures. An appli-
cation of Fatou’s lemma shows thatw also satisfies locally the mean value inequality
at points ofab.@DC/. Hencew is a subtemperature, by [8, Theorem 15].

Since g is bounded oneachEc, and DC is bounded, givenc 2 ]0;a[ there is
�c <1 such that Z

eDC.t/ gC.x; t/dx � �c

wheneverc< t < a. Therefore, if 0< c< t < d < b, thenZ
R n

W.x;b� t/w.x; t/dx � .4³.b� d//�
1
2 n�c:
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Thus the functiont 7! R
R n W.x;b� t/w.x; t/dx is locally bounded on ]0;b[, for any

b > 0. Furthermore,

lim inf
t!0C

Z
R n

W.x;b� t/w.x; t/dx � .2³b/�
1
2 n lim inf

t!0C

Z
eDC.t/ gC.x; t/dx <1:

Hence, in the notation of [9, Theorem 19],w 2 8b whenever 0< b < 1, so that
there is a temperaturev which majorizesw onRnC1

C . Now u� h � gC � v on DC, so
that

u� h D v � .v � uC h/ 2 H1.DC/:

Sinceh is the generalized Dirichlet solution for , we haveh 2 H1.DC/, so that
u 2 H1.DC/ as asserted.

For the last part, chooser such thatDC.t/ � B.0; r / for all t 2 ]0;a[, and choose
b 2 ]a;1[. Then, whenever 0< t < a,Z

eDC.t/ uC.x; t/dx �
Z
eDC.t/.g

C.x; t/C hC.x; t//dx

�
Z
eDC.t/ gC.x; t/dxC supjhjvnr n;

wherevn is the volume of the unit ball inR n. Furthermore,Z
eDC.t/ gC.x; t/dx � .4³b/

1
2 n exp

�
r 2

4.b� a/

�Z
R n

W.x;b� t/w.x; t/dx;

and the integral on the right is bounded as a consequence of [9, Theorem 16].

We can now prove our extension of Aronson’s result. HereGD denotes the Green
function for D in the sense of [10], and

GD¼.x; t/ D
Z

D

GD.x; t ; y; s/d¼.y; s/

for a signed measure¼ of finite total variation. IfG is GD with D D R nC1, and
¹ D ½ð Ž0 with Ž0 the unit mass at 0, then

G¹.x; t/ D
Z

R nðf0g
W.x � y; t/d¹.y;0/ D W½.x; t/

whenevert > 0.
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THEOREM 4. Suppose thatDC is bounded and Dirichlet regular, thatC is a compact
subset ofD.0/, thatF is an abundant Vitali coveringofR n, and that is a continuous
real-valued function oness.@DC/. If u is a temperature onDC such that

lim
.x;t/!.y;s/
.x;t/2DC.y;s/

u.x; t/ D  .y; s/(8)

for every.y; s/ 2 ess.@DC/nD,

lim inf
t!0C

Z
eDC.t/ uC.x; t/dx <1;

and

lim
t!0C

Z
A\V

u.x; t/dx D
Z

A\V

 .x;0/dx

wheneverA;V 2 F , V � D.0/nC, and A\ V 6D ;, then

u D GD¹ C SDC
 

on DC for some signed measure¹ of finite total variation supported inC ð f0g.
PROOF. By Theorem 3,u 2 H1.DC/. Therefore, by Theorem 2, there exist a

signed measure¼, supported inC and with finite total variation, and an initially zero
temperaturew on DC, such thatu D W¼CW .Ð;0/ C w on DC. Let ¹ D ¼ ð Ž0,
so thatG¹ D W¼ on R nC1

C and G¹ D 0 elsewhere. By the Riesz decomposition
theorem,G¹C D GD¹

C C h1 and G¹� D GD¹
� C h2 on D, whereh1 andh2 are

the greatest thermic minorants ofG¹C and G¹� on D, so that eachhi is initially
zero onDC. Thus, if h D w C h1 � h2 thenu � GD¹ D W .Ð;0/ C h on DC. It
follows from (8) and [11, Theorem 2] that (8) holds withu replaced byu � GD¹.
Furthermore, ifv D W .Ð;0/ C h then v.x; t/ !  .y;0/ as .x; t/ ! .y;0C/
whenever.y;0/ 2 ess.@DC/ \ D. The result now follows from [10, Theorem
31].

4. Removable singularities

We now consider the situation whereu is a temperature onDnK , for some compact
set K D C ð f0g with C � D.0/. In Theorem 5, under a mild constraint onu, we
show thatu is the sum of a temperaturev on D and the potentialG¹ of a signed
measure supported inK . Thus, if¹ D ½ðŽ0 thenu D W½Cv on DC, and conditions
which ensure thatW½ D 0 become conditions for the removability ofK . The proofs
of Theorems 6, 7 and 8 all use this idea.

A temperature inH1.DC/ is calledinitially nonnegativeif its initial measure is
nonnegative. Conditions that imply initial nonnegativity can be found in [15].
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THEOREM 5. Let C be a compact subset ofD.0/, let K D C ð f0g, and letu be a
temperature onDnK such that

lim inf
t!0C

Z
U

uC.x; t/dx <1(9)

for some open supersetU of C in R n. Thenu can be written uniquely as the sum of a
temperature onD and the potentialG¹ of a signed measure supported inK .

PROOF. Let fVkg be an exhaustion ofU \ D.0/ by bounded open subsets ofR n

which are Dirichlet regular for Laplace’s equation. Choosej such thatC � Vj , and
put V D Vj . ThenV is a compact subset ofD.0/, so that we can finda > 0 such that
the setE D Vð ] � a;a[ has its closure inD. Note thatEC is Dirichlet regular for
the heat equation.

The essential boundary ofVð ] � a;0[ is a compact subset ofDnK , so thatu is
bounded there and hence also onVð ]�a;0[. Therefore we can define a continuous,
real-valued function on ess.@EC/ by putting

 .y;0/ D lim
.x;t/!.y;0�/

u.x; t/

for all y 2 V , and

 .y; s/ D u.y; s/

for all .y; s/ 2 @V ð [0;a]. Note that D u on .VnC/ ð f0g, and thatu.x; t/ !
 .y; s/ as .x; t/ ! .y; s/ with .x; t/ 2 EC, whenever.y; s/ 2 ess.@EC/nE. It
follows from (9) and Theorem 3 thatu 2 H1.EC/. Therefore, by the Corollary
to Theorem 2, there exist a unique signed measure¼, supported inC and with
finite total variation, and a unique initially zero temperaturew on EC, such that
u D W¼CW .Ð;0/Cw on EC. If

v D
(

W .Ð;0/Cw on EC;

u on EnEC;
thenv is continuous onE and a temperature onEn.Vðf0g/, so thatv is a temperature
on E, by [10, Theorem 5]. If¹ D ¼ðŽ0, thenu D G¹Cv on E. Puttingv D u�G¹
on DnE, we extendv to a temperature onD, and complete the proof.

THEOREM 6. Let C be a compact subset ofD.0/ such thatmn.C/ D 0, and letu
be a temperature onDn.C ð f0g/ such that

lim inf
t!0C

Z
U

uC.x; t/dx <1
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for some open supersetU of C in R n. If there is an initially nonnegativeh 2 H1.DC/
such that

lim
t!0C

u.x; t/

h.x; t/
D 0(10)

for all x 2 C at which the limit exists, thenu can be extended to a temperature onD.

PROOF. Sincemn.C/ D 0, there exists a positive temperaturef onR nC1
C such that

f .x;0C/ D 1 for all x 2 C, by [11, Theorem 11]. The addition off to h does not
affect our hypotheses, and so we can assume thath.x;0C/ D 1 for all x 2 C.

By Theorem 5, there exist a signed measure¼ supported inCðf0g, and a temper-
aturev on D, such thatu D G¼C v. Let¼ D ½ð Ž0, and let¹ be the initial measure
of h. By [14, Theorem 2],

lim
t!0C

W½.x; t/

W¹.x; t/
(11)

exists and is finite for¹-almost allx 2 R n. For eachx 2 C at which this limit exists,
the limit in (10) exists and the two are equal, becauseh.x;0C/ D 1 for all x 2 C.
Therefore the limit in (11) is zero for¹-almost allx 2 C, and

lim inf
t!0C

jW½.x; t/j
W¹.x; t/

<1

for all x 2 C. It now follows from [14, Theorem 6] (withZ D C andY D ;/ that½C

is null. Hence¼ is null, andu D v.

For the final two theorems, we denote bymq theq-dimensional Hausdorff measure
on R n, where 0� q � n. We are only concerned that a given set is null, finite, or
¦ -finite with respect tomq, so there is no need to distinguish the caseq D n from
Lebesgue measure.

THEOREM 7. Let C be a compact subset ofD.0/, and letu be a temperature on
Dn.C ð f0g/ such that

lim inf
t!0C

Z
U

uC.x; t/dx <1

for some open supersetU of C in R n. If either

.i/ q 2 [0;n], mq.C/ D 0, and

lim sup
t!0C

t
1
2 .n�q/ju.x; t/j <1 for all x 2 C;(12)

or
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.ii/ q 2 [0;n[, C is ¦ -finite with respect tomq, and

lim
t!0C

t
1
2 .n�q/u.x; t/ D 0 for all x 2 C;(13)

thenu can be extended to a temperature onD.

PROOF. By Theorem 5,u can be written as the sum of a temperaturev on D, and
the potentialG¼ of a signed measure supported inC ð f0g. If ¼ D ½ ð Ž0, then
u D W½C v on DC. For anyx 2 C,

lim sup
t!0C

t
1
2 .n�q/jv.x; t/j

is zero if q < n, and is finite ifq D n. Therefore conditions (12) and (13) imply
similar ones onW½. We can now apply [14, Theorem 6] (withZ D Y D C, so that
the auxiliary function is superfluous) and conclude that½C is null. Hence¼ is null,
andu D v.

In our final result we show that, ifC has a certain structure, then for sets with finite
mq-measure we can weaken (13) without affecting the conclusion.

THEOREM 8. Letq 2 [0;n[, let C be a compact subset ofD.0/ such thatmq.C/ <
1 and

lim inf
r!0

r �qmq.B.x; r / \C/ > 0(14)

for all x 2 C, and letu be a temperature onDn.C ð f0g/ such that

lim inf
t!0C

Z
U

uC.x; t/dx <1

for some open supersetU of C in R n. If

lim inf
t!0C

t
1
2 .n�q/u.x; t/ � 0� lim sup

t!0C
t

1
2 .n�q/u.x; t/ for mq-almost all x 2 C;

(15)

and

lim inf
t!0C

t
1
2 .n�q/ju.x; t/j <1 for all x 2 C;(16)

thenu can be extended to a temperature onD.
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PROOF. By Theorem 5,u D vCG.½ðŽ0/ for some temperaturev on E and signed
measure½ supported inC. Sinceq < n, we havet

1
2 .n�q/v.x; t/! 0 ast ! 0C for

all x 2 C, so that (15) and (16) imply similar conditions onW½.
Suppose thatq > 0. Thenmq.C/ < 1, (14) holds,W½.x;0C/ D 0 for all

x 2 R nnC andmn-a.e. onR n, and (15), (16) hold withW½ in place ofu, so that [12,
Theorem 10] shows thatW½ D 0. Henceu D v.

Now suppose thatq D 0, so thatC is finite. (In this case, (14) and (16) are
superfluous.) Givenx0 2 C such that½.fx0g/ > 0, put¹ D ½fx0g and! D ½� ¹. Then
[14, Lemma 1] shows thatW!.x0; t/ D o.W¹.x0; t// ast ! 0C, so that

W½.x0; t/ ¾ W¹.x0; t/ D .4³ t/�
1
2 n½.fx0g/:

Since (15) holds withu replaced byW½, it follows that

½.fx0g/ D lim
t!0C

.4³ t/
1
2 nW½.x0; t/ D 0;

a contradiction. Therefore½.fxg/ D 0 for all x 2 C, so that againu D v.

REMARK. The conclusions of Theorems 7 (ii) and 8 both fail ifq D n. For
example, letn D 1, D D [�1;2]2, C D [0;1], v.x; t/ D exCt � .e� 1/x � 1 on D,
andu D v �Wv.Ð;0/C on DC, u D v on Dn.DC [ .C ð f0g//. Thenu is a bounded
temperature, and becausev.Ð;0/ is continuous onC with v.0;0/ D v.1;0/ D 0,
we haveu.x;0C/ D 0 for all x 2 C. Sinceu.x;0�/ D v.x;0/ < 0 whenever
0< x < 1, u cannot be extended to a temperature onD.
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