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Abstract

For a two parameter family ofC3 diffeomorphisms having a homoclinic orbit of tangency derived from
a horseshoe, the relationship between the measure of the parameter values at which the diffeomorphism
(restricted to a certain compact invariant set containing the horseshoe) is not expansive and the Hausdorff
dimension of the horseshoe associated to the homoclinic orbit of tangency is investigated. This is a simple
application of the Newhouse-Palis-Takens-Yoccoz theory.

1991Mathematics subject classification(Amer. Math. Soc.): primary 54H20, 58F14, 58F15; secondary
11K55, 58F10.
Keywords and phrases: expansive, H́enon map, horseshoe, Hausdorff dimension, measure, thickness,
homoclinic orbit of tangency.

0. Introduction

We say that a homeomorphismf of a compact metric space.X;d/ is expansive
if there is a constante > 0 such that for everyx; y 2 X;d. f n.x/; f n.y// � e
.8n 2 Z/ implies x D y. This notion is the most fundamental property in the
stability theory of dynamical systems and the property has been investigated by several
researchers. In light of the bifurcation theory, the non-expansivity of the H´enon family
Ha;b.x; y/ D .y; y2 � bx� a/, .x; y/ 2 R2 was investigated by Milnor [1] and it is
proved that for every determinantb of Ha;b, there exists a countable set6b ² R such
that Ha;b can be expansive (on a certain bounded invariant set containing the non-
wandering set) only ifh.Ha;b/ 2 6b. Hereh.Ha;b/ denotes the topological entropy of
Ha;b.

In this paper, we construct aC3 two parameter familyf fs;t g.s;t/2.��;�/2 exhibiting
a homoclinic orbit of tangency derived from a Smale’s horseshoe on a sphereS2 in
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Section 1 (see also [4, pp. 93–99]), and investigate the non-expansivity of the family
restricted to a certain compact invariant subset containing the horseshoe. We call the
above family thetwo parameter horseshoe familyfor convenience. The two parameter
horseshoe family which is well known as a prototype of the theory developed in [2–5]
satisfies the following properties ([4, Chapter 5]):

ž for everys 2 .��; �/, there is a (t-independent) hyperbolic basic set (horse-
shoe)3.s/ whose Hausdorff dimensionH D.3.s// varies depending only on param-
eters;
ž for everys 2 .��; �/, there is a single orbitO.s/ of homoclinic tangency

(associated with3.s/) alongt D 0, and this tangency has a quadratic order of contact
and unfolds generically fort > 0 into two transversal intersections;
ž for every.s; t/ 2 .��; �/2, there is anfs;t -invariant compact subsetXs;t of the

non-wandering set offs;t such that for everys 2 .��; �/, Xs;0 D 3.s/ [ O.s/ and
Xs;t D 3.s/ if t 2 .��;0/.
Thus for everys 2 .��; �/, fs;t : Xs;t ! Xs;t is expansive whent 2 .��;0].
Notice that by choosing suitable expanding and contracting rates of a horseshoe, for
any " 2 .0;2/, we can construct a two parameter horseshoe familyf fs;t g.s;t/2.��;�/2
satisfyingH D.3.0// D ".

Our aim is to study the relationship between the measure of the parameter values
t 2 .0; �/ such thatfs;t : Xs;t ! Xs;t is not expansive and the Hausdorff dimension
of 3.s/. At first, by using Newhouse’s results stated in [2] and [6] we show that
fs;t : Xs;t ! Xs;t is not expansive for lots oft > 0.

THEOREM A. For any two parameter horseshoe familyf fs;t g.s;t/2.��;�/2 and for any
s 2 .��; �/, there is a sequence of intervalsfIng1nD0 ² .0; �/ in t-parameter space
such thatIn! 0 asn!1 and fs;t : Xs;t ! Xs;t is not expansive fort 2 In.

For any familyf fs;tg.s;t/2.��;�/2 and for anys 2 .��; �/, denote byN E.s/ the set
of all parameter valuest > 0 such thatfs;t : Xs;t ! Xs;t is not expansive. Then,
by applying the results proved by Palis and Takens [3] and Palis and Yoccoz [5] the
following is obtained.

THEOREM B. For any two parameter horseshoe familyf fs;t g.s;t/2.��;�/2,
(1) if H D.3.0// < 1, then there exists a constant�0 > 0 such that for all

s 2 .��0; �0/,

lim
t!0

m.N E.s/ \ [0; t ]/

t
D 0;

(2) if H D.3.0// > 1, then there are constants�0 > 0 andc > 0 such that for
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almost alls 2 .��0; �0/,

lim sup
t!0

m.N E.s/ \ [0; t ]/

t
> c:

Herem is the Lebesgue measure.

Theorem A is also true for the case whenf fs;t g.s;t/2.��;�/2 is C2. To see this, we need
to repeat the argument given in [6, Sections 7 and 8] for theC2 family nearO.s/. In
this paper, to avoid such a technical routine, we shall assume aC3 differentiability.
On the other hand, for a proof of Theorem B we do not need aC3 differentiability.
The conclusions are proved in Section 3 under theC2 assumption.

1. Two parameter family derived from a horseshoe

In this section, we construct a two parameter horseshoe family onS2 stated in
the introduction by following [8, Section II]. Take a smallÞ0 > 0 and put I D
[0;1C Þ0] ² R. Fix 0 < ¹ < ½�1 < .2jI j/�1. For þ0 sufficiently small so that
0< 2þ0− 1� 2½�1, let

H0 D I ð [0; ½�1C þ0]; H1 D I ð [1� ½�1� þ0;1]

be two horizontal strips inR2 and y0 D 1 C þ0½=2. Put a horizontal stripH2 D
[0;1] ð [y0 � 
0; y0 C 
0] and x0 D 1 C Þ0=2, where 0< 2
0 − minfþ0½; Þ0g.
Then [x0 � 
0; x0 C 
0] ð [0;1] ² .I ð [0;1]/ n [0;1]2. Finally, set a vertical line
` D fx0g ð [0;1] and denote.x0;0/ by x0.

Fix 0< 1� 2½�1 < c0 < 1. SinceS2 ³ R2 [ f1g, for a sufficiently small� > 0,
we can construct a two parameter family ofC3 diffeomorphisms fs;t : S2 ! S2

..s; t/ 2 .��; �/2/ (that is, F.x; s; t/ : S2 ð .��; �/2 ! S2 is a C3 map such that
F.Ð; s; t/ D fs;t.Ð/ is a diffeomorphism) satisfying the following five assertions (for
example [4, pp. 93–99]).

ž fs;t .x; y/ D
8<:
.¹esx; ½y/ if .x; y/ 2 H0;

.1� ¹esx; ½.1� y// if .x; y/ 2 H1;

.x0 � y0 C y; t � c0x � .y� y0/
2=2/ if .x; y/ 2 H2:

ž There are a sinkp1 D fs;t .p1/ and a sourcep2 D fs;t .p2/ D f1g for all
.s; t/ 2 .��; �/2.
ž The non-wandering set�. fs;t / D 3.s/ [ fp1;p2g of fs;t is hyperbolic for all

t 2 .��;0/ ands 2 .��; �/, where3.s/ ² H0 [ H1 is a horseshoe offs;t . Note that
3.s/ is independent of the parametert .
ž �. fs;0/ D 3.s/ [ fp1;p2g [ O.s/ for all s 2 .��; �/, whereO.s/ DS1

nD�1 f n
s;0.x0/.
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ž 3.0/ [ O.0/ is the maximalf0;0-invariant set in some neighborhood of it.

The horseshoe3.s/ of fs;t is a direct product of a horizontal Cantor set31.s/ ²
[0;1]ð f0g and a vertical Cantor set32 ² f0g ð [0;1] that is,3.s/ D 31.s/ ð32.
Denote by−.C/ a thickness of a Cantor setC ² R introduced in [2], and byH D.C/
the Hausdorff dimension ofC. Then, these quantities are also independent oft .
Actually,

−.31.s// D ¹es

1� 2¹es
; − .32/ D 1

½� 2

and

H D.31.s// D � log 2

sC log¹
; H D.32/ D log 2

log½

(see [2, pp. 106–107]). Recall thatH D.3.s// D H D.31.s//C H D.32/. Let

01.s/ D f.x; y0/ : .x;0/ 2 31.s/g ² [0;1]ð fy0g .s 2 .��; �//
and

02 D f.x0; y/ : .0; y/ 2 32g ² `:
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Then, these Cantor sets satisfy−.01.s// D −.31.s// and−.02/ D −.32/. Further-
more, sincefs;t is an affine map on [0;1]ðfy0g, we see that−. fs;t .01.s/// D −.01.s//
for all .s; t/ 2 .��; �/2.

Let d be a usual metric onS2, and denote the stable manifold and the unstable
manifold ofx 2 3.s/ by

Ws.x; s; t/ D fy 2 S2 : d. f n
s;t .x/; f n

s;t .y//! 0 as n!1g;
Wu.x; s; t/ D fy 2 S2 : d. f �n

s;t .x/; f �n
s;t .y//! 0 as n!1g

for .s; t/ 2 .��; �/2. ThenWs.O; s; t/ andWu.O; s; t/ have a quadratic homoclinic
tangency atx0 2 ` alongt D 0 for all s 2 .��; �/. HereO D .0;0/.

For our family, sinceS2 is compact, there are compact sets (a filtration); 6D M1 ²
M2 ² S2 for f0;0 (see [3, p. 365]) such that

(1) p1 2 M1;3.0/ [ O.0/ ² M2 n intM1;p2 2 S2 n intM2;

(2) f0;0.Mi / ² intMi for i D 1;2,
(3) \1nD�1 f n

0;0.M2 n intM1/ D 3.0/ [ O.0/.
Since � is small, we may assume thatfs;t.M1/ ² intM1, f �1

s;t ..intM2/
c/ ² Mc

2,
�. fs;t / \ M1 D fp1g and�. fs;t / \ Mc

2 D fp2g for all .s; t/ 2 .��; �/2. Finally, for
all .s; t/ 2 .��; �/2, let Xs;t be the set of all non-wandering points offs;t contained
in M2 n intM1.

2. Non-expansive sequence and proof of Theorem A

Let f be a homeomorphism of a compact metric space.X;d/. We say that a
sequence of pointsf.xi ; yi /g1iD0 ² X ð X n 1 is anon-expansive sequence off if for
everye> 0 there existsi D i .e/ > 0 such thatd. f n.xi /; f n.yi // < e for all n 2 Z.
Here1 is the diagonal set inX ð X. Theorem A follows from the next proposition.

PROPOSITION. For any two parameter horseshoe familyf fs;tg.s;t/2.��;�/2 and for any
s 2 .��; �/, there is a sequence of intervalsfIng1nD0 ² .0; �/ in t-parameter space
.In ! 0 as n ! 1/ such that for everyt 2 In, there is a non-expansive sequence
f.xi ; yi /g1iD0 ² Xs;t ð Xs;t of fs;t .

Let f fs;t g.s;t/2.��;�/2 be a two parameter horseshoe family. To prove the proposition,
it is enough to analyse the diffeomorphismsfs;t : R2 ! R2 ..s; t/ 2 .��; �/2/. For
simplicity, we give a proof for the case whensD 0 (the other case follows in a similar
way). Denotef0;t by ft , 31.0/ by 31, Ws.x; 0; t/ by Ws.x; t/ and so on. To prove
the proposition, we show that there is a sequence of intervalsfIng1nD0 in t-parameter
space.In ! 0 asn ! 1/ with the property that for everyt 2 In, there are two
curves
 s D 
 s.t/, 
 u D 
 u.t/ in the stable manifoldWs.3; t/ and unstable manifold
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Wu.3; t/ of 3 D 31 ð 32 having a quadratic tangency at a pointz 2 
 u \ 
 s and
there is a sequence of curves
 u

i D 
 u
i .t/ such that

.a/ 
 u
i is in an unstable manifoldWu.3; t/, and
 u

i converges to
 u asi !1,
.b/ 
 u

i meets
 s transversely, and
 u
i \ 
 s contains two distinct pointsxi ; yi which

approachz asi !1:
Then, from (b) we can see thatf.xi ; yi /g1iD0 is a non-expansive sequence offt . To do
this, we prove a lemma which is a slight modification of [2, Lemma 4]. For basic
definitions on a Cantor set and its thickness see [2, pp. 106–108] or [4, pp. 61–64].

Let C;C0 ² R be Cantor sets and letfU j g1jD�2, fU 0j g1jD�2 be the gaps ofC;C0.
If −.C/−.C0/ > 1, then there are defining sequencesfCi g1iD0, fC0i g1iD0 of C, C0 such
that−.fCi g1iD0/−.fC0i g1iD0/ > 1. We say thatx 2 C is a right-limit-point (respectively
left-limit-point) of C if there is a sequencefxng ² C such thatxn > x (respectively
xn < x) andxn ! x asn!1: Clearly, everyx 2 C is either a right-limit-point or
a left-limit-point of C.

LEMMA 2.1 (see [2, Lemma 4]).Let C and C0 be Cantor sets inR with C in no
C0-gap closure andC0 in noC-gap closure, and let−.C/−.C0/ > 1. Then there exists
x 2 C \C0 which is either a right-limit-point of bothC andC0 or a left-limit-point of
bothC andC0.

PROOF. Let fU j g1jD�2; fU 0j g1jD�2 be the gaps ofC;C0, and letfCi g1iD0, fC0i g1iD0 be
defining sequences ofC;C0 such that−.fCi g1iD0/−.fC0i g1iD0/ > 1. Putc0 D C0. Then,
by [2, Gap Lemma] there is a componentc1 of c0 \ C1 such thatc1 is not contained
in U

0
j for all j ½ �2. Thusc1 \ C01 6D ;. By induction, for everyi > 0 we can

find a componentci ² ci�1 \ Ci such thatci is not contained inU
0
j for all j ½ �2

and ci \ C0i 6D ;. Thus there isx 2 T1iD0.ci \ C0i / ²
T1

jD0.Ci \ C0i / D C \ C0

sinceC00 ¦ C01 ¦ C02 ¦ Ð Ð Ð . Suppose thatx is a right-limit-point ofC but not a
left-limit-point of C. Then there is a gapUj0 such thatU j0 D [y; x] for somey. If x is
not a right-limit-point ofC0, then there is a gapU 0j1 such thatU

0
j1
D [x; z] for somez.

Since diam.ci /! 0 asi !1, U j0 \ ci D ; if i > 0 is large enough. Thus, we can
find i > 0 such thatci ² U

0
j1 sincex 2 T1iD0 ci . This is a contradiction. Thereforex

is also a right-limit-point ofC0. The other case follows in a similar way.

LEMMA 2.2. If −.31/−.32/ > 1, then there is a non-expansive sequencef.xi ;

yi /g1iD0 ² Xt ð Xt of ft for all t 2 .0; �/.

PROOF. Suppose−.31/−.32/ > 1. Let01 ² [0;1]ð fy0g and02 ² ` be Cantor
sets as stated in Section 1. Then, for allt 2 .0; �/, there existszt 2 ft.01/\02 6D ; by
Lemma 2.1 since−.` \ ft.01//−.` \ 02/ > 1. Fix t > 0 and takez1 D .z1;0/ 2 31,
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z2 D .0; z2/ 2 32 such that

zt 2 ft.fz1g ð [0;1C þ0½]/ \ .I ð fz2g/:
Note thatft.fz1gð[0;1Cþ0½]/ is a curve (say
 u) in an unstable manifold ofWu.3; t/
and I ð fz2g is a curve (say
 s) in a stable manifold ofWs.3; t/. Then, by Lemma
2.1, we may assume thatz1 (respectivelyz2) is a limit point of .[0; z1] ð f0g/ \ 31

(respectively.f0g ð [z2;1]/ \32) (the other case follows in a similar way). Thus, for
everyi > 0, there arezi

1 D .zi
1;0/ 2 31 nearz1 and non-wandering (distinct) points

fxi ; yi g 2 ft.fzi
1gð[0;1Cþ0½]/\.I ðfz2g/ nearzt such thatj f n

t .xi /� f n
t .yi /jR2 � 1= i

for all n 2 Z since

j f n
t .x/ � f n

t .y/jR2 � ¹njx� yjR2 if x; y 2 I ð fz2g;
j f �n

t .x/ � f �n
t .y/jR2 � ½�njx� yjR2 if x; y 2 fzi

1g ð [0;1C þ0½]

for all n > 0. Herej Ð jR2 is a usual metric onR2. Note that ft.fzi
1g ð [0;1C þ0½]/ is

a curve (say
 u
i ) in an unstable manifold ofWu.3; t/. The proof is completed.

PROOF OFPROPOSITION. Let ft : Xt ! Xt .t 2 .��; �// be as before. By the
proof of [6, Section 8, Proposition 8.1] (see also [6, Theorem D]), for everyn > 0,
there exist 0< tn < 1=n and a hyperbolic basic set3ŁŁtn

² Xtn
of ftn

such that

ž 3 ² 3ŁŁtn
,

ž − s.3ŁŁtn
/−u.3ŁŁtn

/ > 1,
ž 3ŁŁtn

has a persistent quadratic tangency ofWs.3ŁŁtn
; tn/ and Wu.3ŁŁtn

; tn/ at
qn .=2 3ŁŁtn

/; that is,3ŁŁtn
is a wild hyperbolic set (see [6, p. 438] for the definition).

Here

− s.3ŁŁtn
/ D lim sup

"!0
f−.
" \Ws.3ŁŁtn

; tn//g

is the stable thickness of3ŁŁtn
, 
 is anyC1 arc transverse toWs.3ŁŁtn

; tn/ at q and
"
is the arc of length" in 
 centered atq. The unstable thickness,− u.3ŁŁtn

/, is defined
in a similar manner (for example [2, 4 and 6]). Newhouse [2] shows that− s.3ŁŁtn

/

and − u.3ŁŁtn
/ are independent ofq and 
 . We can find aC1 curve `n aroundqn

such thatWs.3ŁŁtn
; tn/ andWu.3ŁŁtn

; tn/ have a quadratic tangencies along`n (see [6,
p. 457]). Then for a small enough curve`n" aroundqn, −.`n" \Ws.3ŁŁtn

; tn//−.`n" \
Wu.3ŁŁtn

; tn// > 1. Note that two Cantor sets̀n" \Ws.3ŁŁtn
; tn/ and`n" \Wu.3ŁŁtn

; tn/

overlap aroundqn (see [6, p. 456, (8.2b)]). Since3ŁŁtn
is a wild hyperbolic set, these

properties are persistent with respect toC2 topology. Hence, by the same technique
used in the proof of Lemma 2.2 we can find an intervalIn ² .0; �/ containingtn

such that the situations (a) and (b) hold forft and3ŁŁt for all t 2 In Here3ŁŁt is the
continuation of3ŁŁtn

. Thus for everyt 2 In, there is a non-expansive sequence offt in
Xt . If necessary, by arranging an indexn we may suppose thatfIng1nD0 is a sequence
of intervals decreasing towards 0 asn!1.
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3. Proof of Theorem B

As stated above we prove the conclusions under theC2 assumption. LetM be
a closed surface and Diff2.M/ be the set of allC2 diffeomorphisms ofM endowed
with a C2 topology. We say thatf 2 Diff 2.M/ is persistently hyperbolicif there is a
neighborhoodU . f / ² Diff 2.M/ such that for everyg 2 U . f /, the non-wandering
set ofg is hyperbolic.

PROOF OF(1). Let fs;t be a two parameterhorseshoe family and3.s/ D 31.s/ð32

be as before. Notice thatfs;t is linear nearO. Clearly, fs;t satisfies [3, Conditions
(i), (ii) and (iii), pp. 339–340] fors 2 .��; �/. For all s 2 .��; �/, we denote by
B.s/ the set of all parameter valuest > 0 such thatfs;t is not persistently hyperbolic.
SinceH D.31.0// C H D.32/ < 1 andH D.31.s// depends continuously ons, by
[3, Theorem, p. 340] there exists�0 > 0 such that for alls 2 .��0; �0/,

lim
t!0

m.B.s/ \ [0; t ]/

t
D 0:

Herem denotes the Lebesgue measure. Fixs 2 .��0; �0/. Then, for every 0< t < �0

andt 0 2 B.s/c \ [0; t ], fs;t 0 is persistently hyperbolic and thusfs;t 0 : Xs;t 0 ! Xs;t 0 is
expansive. HenceN E.s/ ² B.s/ and assertion.1/ is proved.

To prove.2/, we need to introduce some notation. Let� > 0 and fs;t : R2 ! R2

..s; t/ 2 .��; �/2/ be as before. For everyz1 D .z1;0/ 2 31.0/, there is aC2 function
z1.s/ : .��; �/! R such thatz1 D z1.0/ and.z1.s/;0/ 2 31.s/ for s 2 .��; �/. We
denote.z1.s/;0/ by z1.s/. Forz2 D .0; z2/ 2 32, letz2.s/ � .0; z2/ .s 2 .��; �// for
convenience. LetU1 (respectivelyU2) be a neighborhood ofO 2 31.0/ (respectively
32). Pick a sufficiently small" > 0 and put

G1.z1/.x; s; t/ D .x C x0; t � c0z1.s/ � x2/ .x 2 [�"; "]/

and

G2.z2/.x; s; t/ D .x C x0; z2/ .x 2 [�"; "]/
for zi 2 Ui .i D 1;2/ and .s; t/ 2 .��; �/2. Then Gi : Ui ! C2.[�"; "] ð
.��; �/; [�"; "]/ is a continuous map fori D 1;2 and

G1.z1/.[�"; "]; s; t/ ² Wu.z1.s/; s; t/ and G2.z2/.[�"; "]; s; t/ ² Ws.z2; s; t/:

Set T.z1; z2/.s/ D c0z1.s/ C z2 for .z1; z2/ 2 U1 ð U2 and s 2 .��; �/. Then
T : U1 ðU2! C2..��; �/; .��; �// is a continuous map such that
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ž if t < T.z1; z2/.s/, then the functionx 7! G1.z1/.x; s; t/�G2.z2/.x; s; t/ is
strictly positive in [�"; "],
ž if t D T.z1; z2/.s/, then the same function is positive with a single zero in

[�"; "].
HenceWu. fs;t .z1.s//; s; t/ andWs.z2; s; t/ have a quadratic tangency ift D T.z1;

z2/.s/ for s 2 .��; �/. For the results for the Lebesgue measure of the set of all these
parameter valuest , see [7] and its references.

For a sufficiently smallr > 0 and s 2 .��; �/, define Bi
s.r / D fzi 2 Ui :

jzi .s/j � r g for i D 1;2. Herez1 D .z1;0/, z2 D .0; z2/. Then 0� T.z1; z2/.s/ D
c0z1.s/C z2 � .c0C 1/r for .z1; z2/ 2 B1

s .r /ð B2
s .r / ands 2 .��; �/.

PROOF OF(2). From H D.31.0// C H D.32/ > 1, we prove that there are three
constants�0 > 0, c0 > 0 andr1 > 0 satisfying the following two properties (i) and
(ii) for almost alls 2 .��0; �0/;

.i/ for every 0< r < r1, there is a subsetT 0s.r / ² [0; .c0 C 1/r ] in t-parameter
space such that

lim sup
r!0

m.T 0s .r //

r
> c0;

.ii/ for everyt 2 T 0s.r /, there is a non-expansive sequencef.xi ; yi /g1iD0 of fs;t in
Xs;t ð Xs;t .

Herem is the Lebesgue measure of the set. If the above properties are established, then
by settingt D .c0C1/r , assertion.2/ is easily checked because supT 0s.r / � .c0C1/r
andT 0s.r / ² N E.s/.

Let us prove (i) and (ii). For everyr > 0, �� < s0 < � and a subsetLr
s0

of
B1

s0
.r /ð B2

s0
.r /, put

Ts.r / D
[

.z1;z2/2Lr
s0

T.z1; z2/.s/ .s 2 .��; �//:

Since H D.31.0// C H D.32/ > 1 and our family possesses three transversality
conditions required in [5, pp. 93–95], by following the proof of the theorem stated in
[5, Section 2], we have three constants�0 > 0; r1 > 0 andc > 0 with the property
that for any 0< r < r1 ands0 2 .��0; �0/, there exist subsetsLr

s0
² B1

s0
.r / ð B2

s0
.r /

andAr
s0
² fs 2 .��0; �0/ : js� s0j < j log r j�1g satisfying

m.Ar
s0
/f inf

s2Ar
s0

m.Ts.r //g > cr j logr j�1

(see [5, p. 95, Theorem]). The above assertion is established for a two parameter
family of C1 diffeomorphisms possessing the three transversality conditions. In our
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case, however, we can see that the assertion holds forfs;t because it is linear nearO.
Recall thatWu.O; 0; t/ \31.0/ andWs.O; 0; t/ \32 are countable sets independent
of t . Let L 0rs0

= Lr
s0
n fWu.O; 0;0/ \31.0/g ð fWs.O; 0;0/ \ 32g and put

T 0s.r / D
[

.z01;z
0
2/2L0 rs0

T.z01; z
0
2/.s/ ² Ts.r /:

Then m.T 0s .r // D m.Ts.r // for s 2 .��0; �0/ since Ts.r / n T 0s.r / is a countable
set. Thus we havem.Ar

s0
/finf s2Ar

s0
m.T 0s.r //g > cr j logr j�1. Therefore, by the same

method stated in [5, pp. 95–96], there is a constantc0 > 0 such that

lim sup
r!0

m.T 0s .r //

r
> c0(Ł)

for almost alls 2 .��0; �0/ and so (i) is proved.
To prove (ii), fix s 2 .��0; �0/ such that.Ł/ is satisfied. We show that for every

t 2 T 0s.r /, there is a non-expansive sequencef.xi ; yi /g1iD0 of fs;t in Xs;t ð Xs;t . Let
01.s/ and02 .² `/ be the Cantor sets defined in Section 1. Pickt 2 T 0s.r /. Then
there is

zt 2 fs;t.01.s// \ 02 n .Ws.O; s; t/ \Wu.O; s; t//:

Takez1 D .z1;0/ 2 31.s/ andz2 D .0; z2/ 2 32 such thatzt 2 fs;t.fz1g ð [0;1C
þ0½]/\ .I ðfz2g/. Clearly,z1 =2 Wu.O; s; t/ or z2 =2 Ws.O; s; t/. It is easy to see that
z1 is a limit point of.[0; z1]ðf0g/ \31.s/ for the case whenz1 =2 Wu.O; s; t/. Thus,
for everyi > 0, there arezi

1 D .zi
1;0/ 2 31.s/ nearz1 and distinct pointsfxi ; yi g 2

fs;t.fzi
1g ð [0;1C þ0½]/ \ .I ð fz2g/ nearzt such thatj f n

s;t.xi /� f n
s;t.yi /jR2 � 1= i for

all n 2 Z. For the case whenz2 =2 Ws.O; s; t/, we can see thatz2 is a limit point
of .f0g ð [0; z2]/ \ 32, and so there is a non-expansive sequence. The proof of the
theorem is completed.
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