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Abstract

For a two parameter family a&® diffeomorphisms having a homoclinic orbit of tangency derived from

a horseshoe, the relationship between the measure of the parameter values at which the diffeomorphism
(restricted to a certain compact invariant set containing the horseshoe) is not expansive and the Hausdorff
dimension of the horseshoe associated to the homoclinic orbit of tangency is investigated. This is a simple
application of the Newhouse-Palis-Takens-Yoccoz theory.
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0. Introduction

We say that a homeomorphisiin of a compact metric spaceX, d) is expansive
if there is a constané > 0 such that for everx,y € X,d(f"(x), f"(y)) < e
(Vn € Z) impliesx = y. This notion is the most fundamental property in the
stability theory of dynamical systems and the property has beeninvestigated by several
researchers. In light of the bifurcation theory, the non-expansivity of #reH family
Hap(X, Y) = (Y, y? — bx — a), (X, y) € R?> was investigated by Milnor [1] and it is
proved that for every determinalnbf H, 1, there exists a countable S8f C R such
that H,, can be expansive (on a certain bounded invariant set containing the non-
wandering set) only ih(H, ) € %,. Hereh(H,,) denotes the topological entropy of
Ha,b.

In this paper, we construct@?® two parameter family fs}st)c,.nz €xhibiting
a homoclinic orbit of tangency derived from a Smale’s horseshoe on a sphare
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Section 1 (see also [4, pp. 93-99]), and investigate the non-expansivity of the family
restricted to a certain compact invariant subset containing the horseshoe. We call the
above family thewo parameter horseshoe famityr convenience. The two parameter
horseshoe family which is well known as a prototype of the theory developed in [2-5]
satisfies the following properties ([4, Chapter 5]):

e for everys € (—n, n), there is at-independent) hyperbolic basic set (horse-
shoe)A (s) whose Hausdorff dimensiod D (A (s)) varies depending only on param-
eters;

e for everys e (—n, n), there is a single orbi’(s) of homoclinic tangency
(associated witla (s)) alongt = 0, and this tangency has a quadratic order of contact
and unfolds generically fdr > 0 into two transversal intersections;

o forevery(s,t) € (—n, n)?, there is anfs-invariant compact subse&t, of the
non-wandering set ofs; such that for everg € (—n, n), Xs0 = A(S) U #(s) and
Xst = A(s) if t € (—n, 0).

Thus for everys € (—n,n), fsi : Xst = Xgt IS expansive whet € (—n, 0].
Notice that by choosing suitable expanding and contracting rates of a horseshoe, for
anye € (0,2), we can construct a two parameter horseshoe faffily} s c(—y.n2
satisfyingH D(A(0)) = «.

Our aim is to study the relationship between the measure of the parameter values
t € (0, n) such thatfs, : Xs; — Xs, is not expansive and the Hausdorff dimension
of A(s). At first, by using Newhouse'’s results stated in [2] and [6] we show that
fst @ Xst = Xsy iS not expansive for lots df > 0.

THEOREMA. For any two parameter horseshoe famiilig }s)c(—,.,> and for any
s € (—n, n), there is a sequence of intervelk, }>2, C (0, n) in t-parameter space
such thatl, — 0asn — oo and fs; : Xs; — X IS not expansive far € |,,.

For any family{ fs} e,z @and for anys € (—n, n), denote byN E(s) the set
of all parameter values > 0 such thatfs; : Xs; — Xs; iS not expansive. Then,
by applying the results proved by Palis and Takens [3] and Palis and Yoccoz [5] the
following is obtained.

THEOREMB. For any two parameter horseshoe famili }(s e .2,

(1) if HD(A(0)) < 1, then there exists a constant > 0 such that for all
Se (_7’0’ 770),

im m(N E(s) N[0, t]) _

t—0

0’

(2) if HD(A(0)) > 1, then there are constanipg > 0 andc > 0 such that for
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almost alls € (=g, 1),

NE(s) N
lim supm( (SE 0.t > C
t—0

Herem is the Lebesgue measure.

Theorem A is also true for the case WHef, } s1)c(_.2 iS C?. To see this, we need
to repeat the argument given in [6, Sections 7 and 8] foGhéamily neard'(s). In
this paper, to avoid such a technical routine, we shall assu@edifferentiability.
On the other hand, for a proof of Theorem B we do not ne&@? differentiability.
The conclusions are proved in Section 3 under@h@ssumption.

1. Two parameter family derived from a horseshoe

In this section, we construct a two parameter horseshoe familg’mstated in
the introduction by following [8, Section Il]. Take a smal) > 0 and putl =
[0,14+ o) CR. Fix0 < v < At < (2]l])". For B, sufficiently small so that
0<2B<k1—2071 let

Ho=1 x[0,A + 8], Hi=1 x[1—1"1= B 1]

be two horizontal strips ilR? andy, = 1 + ByA/2. Put a horizontal stripH, =
[0,1] x [Vo — %0, Yo + Yol @and Xo = 1+ ap/2, where 0< 2y, < min{Bok, ag}.
Then Ko — ¥0, Xo + v0] x [0,1] € (I x [0, 1]) \ [0, 1]°. Finally, set a vertical line
£ = {X} x [0, 1] and denotéXx,, 0) by X,.

Fix0<1-211 < ¢y < 1. SinceS? ~ R? U {oo}, for a sufficiently small > 0,
we can construct a two parameter family @t diffeomorphismsfs; : & — &
((s,t) € (—n,n)? (thatis,F(x,s,t) : & x (—n,n)? — S?is aC® map such that
F(,st) = fs(-) is a diffeomorphism) satisfying the following five assertions (for
example [4, pp. 93-99]).

(VE’X, 1Y) if (X,y) € Ho,
o fo(X,y)=1 1—vex,A(1-Y)) if (X,y) € Hy,
(Xo— Yo+ Y, t—CoX— (Y —Y0)?/2) if (X,y) € Ha.
e There are a sinlp; = fs;(p;) and a sourcg, = fs(p2) = {oo} for all
(s.t) € (=n. )
e The non-wandering s&(fs;) = A(S) U {p1, p2} of fs, is hyperbolic for all
t € (—n, 0) ands € (—n, n), whereA(s) C HyU H; is a horseshoe of;;. Note that
A(s) is independent of the parameter
o Q(fs0) = A(S) U {p1,po} U O(s) for all s € (—n,n), whered(s) =

U;“;—oc fSr.,]O(XO) :
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e A(0) U (0) is the maximalfy o-invariant set in some neighborhood of it.

The horseshod (s) of fs, is a direct product of a horizontal Cantor set(s) C
[0, 1] x {0} and a vertical Cantor set, C {0} x [0, 1] thatis,A(S) = A1(S) x A..
Denote byr (C) a thickness of a Cantor s€tC R introduced in [2], and byH D(C)
the Hausdorff dimension of. Then, these quantities are also independertt of
Actually,

1
= — A)) = ——
T(A1(9)) T ove’ T(A2) -
and
log 2 log 2
= — HD(A,) = —
HD(A1(s)) st logy’ (A2) log

(see[2, pp. 106-107]). drall thatH D(A(s)) = HD(A.(s)) + HD(A,). Let
I'1(s) = {(X, Yo) : (X,0) € A1(S)} C [0,1] x {Yo} (S€(=7n,n)
and

[ ={(X,Y) 1 (0,y) € Ay} C L.
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Then, these Cantor sets satisfiI"1(s)) = t(A.(s)) andz(I';) = t(A,). Further-
more, sincefs; is an affine map on [AL] x {yo}, we see that (s, (['1(S))) = 7(T'1(S))
for all (s,t) € (—n, n)>.

Let d be a usual metric 01%?, and denote the stable manifold and the unstable
manifold ofx € A(s) by

We(x;s,t) = {y € & 1 d(fJ, (%), fl(y)) - 0 asn — oo},
WU(x;s,t) = {y € S d(f"(x), f"(y)) — 0 asn — oo}

for (s,t) € (—n, n)%. ThenWs(O;s, t) andW'(O;s, t) have a quadratic homoclinic
tangency ak, € £ alongt = 0 for all s € (—», n). HereO = (0, 0).

For our family, sinceS? is compact, there are compact sets (a filtratiésd M, C
M, c S for o, (see [3, p. 365]) such that

(1) pr€ M1, A(O)U @(0) C My \ intMy, p, € S\ intM,

(2) foo(My) CintM; fori =1, 2,

() nNX_ (M \ intM;) = A(0) U €(0).
Sincen is small, we may assume thdt;(M;) C intMy, f'((intMy)°) C M3,
Q(fsy) N My = {p1} andQ(fsy) N MS = {p,} for all (s,t) € (—n, n)? Finally, for
all (s,t) € (—n, n)?, let X, be the set of all non-wandering points &f; contained
in M \ intM;.

2. Non-expansive sequence and proof of Theorem A

Let f be a homeomorphism of a compact metric speXed). We say that a
sequence of pointgXx;, yi)}2, C X x X\ A is anon-expansive sequencefoff for
everye > 0 there exists = i(e) > 0 such thad(f"(x;), f"(y;)) < eforalln e Z.
HereA is the diagonal setiiX x X. Theorem A follows from the next proposition.

PrROPOSITION For any two parameter horseshoe famiitfg  } (s ey, and for any
s € (—n, n), there is a sequence of intervelk, }>2, C (0, n) in t-parameter space
(I, > 0asn — oo) such that for every < |,, there is a non-expansive sequence
{5 Y }2o C Xsyp x Xy Of fs.

Let{fsi}sten.n2 D€ @two parameter horseshoe family. To prove the proposition,
it is enough to analyse the diffeomorphisrfig : R? — R? ((s,t) € (—n, n)?). For
simplicity, we give a proof for the case whenr= 0 (the other case follows in a similar
way). Denotefq, by fi, A1(0) by Aj, W3(x; 0,1) by W3(x;t) and so on. To prove
the proposition, we show that there is a sequence of intefgl¥ , in t-parameter
space(l, — 0 asn — oo) with the property that for every € 1, there are two
curvesys = y5(t), v = y"(t) in the stable manifolélVs(A; t) and unstable manifold
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WUY(A;t) of A = A; x A, having a quadratic tangency at a pam& vy N ys and
there is a sequence of curvg$= y."(t) such that

(@ y“isinan unstable manifoldV“(A;t), andy" converges tg/" asi — oo,

(b) y" meetsy® transversely, ang" N y* contains two distinct points;, y; which
approactz asi — oc.

Then, from (b) we can see thgk;, yi)}2, is a non-expansive sequencefof To do

this, we prove a lemma which is a slight modification of [2, Lemma 4]. For basic
definitions on a Cantor set and its thickness see [2, pp. 106—108] or [4, pp. 61-64].

Let C,C’ C R be Cantor sets and 1¢U;}52 ,, {U[}2_, be the gaps o€, C'.

If 7(C)z(C') > 1, then there are defining sequen¢@s>,, {C/}>, of C, C’ such
thatz ({C )t ({C/}2,) > 1. We say thak e C is aright-limit-point (respectively
left-limit-point) of C if there is a sequenck,} C C such thatx, > x (respectively

X, < X) andx, — x asn — oo. Clearly, everyx € C is either a right-limit-point or

a left-limit-point of C.

LEMMA 2.1 (see [2, Lemma 4])Let C and C’ be Cantor sets iR with C in no
C’-gap closure andC’ in noC-gap closure, and let(C)z(C’) > 1. Then there exists
x € C N C’'which is either a right-limit-point of botlC andC’ or a left-limit-point of
bothC andC'.

PrROOF Let {U;}52 ,, {U[}52_, be the gaps o€, C’, and let{C;}2,, {C/}}2, be
defining sequences &, C’ such thatr ({Ci}72,)t({C/}72,) > 1. Putcg = Co. Then,
by [2 Gap Lemma] there is a componentof ¢, N C, such that, is not contained
in U forall j > —2. Thusc, N C] # #. By induction, for everyi > 0 we can

find a component; C ¢_; N C; such thatg; is not contained |rUJ forall j > -2
andc NC/ # @. Thus there isx € (¢ NC) C NG NC) =CnC
sinceCy; D C; D C, D ---. Suppose thax is a right-limit-point of C but not a
left-limit-point of C. Then there is a gag;, such thatl;, = [y, x] for somey. If x is
not a right-limit-point ofC’, then there is a galg; such thaU/j1 =[x, Z] for somez.
Since dianic;) — 0 asi — oo, Uj; Nci = @if i > 0 is large enough. Thus, we can
findi > O such that, C U/jl sincex € ﬂf’io ¢. This is a contradiction. Therefoxe
is also a right-limit-point ofC’. The other case follows in a similar way. O

LEMMA 2.2. If T(A)T(Ay) > 1, then there is a non-expansive sequefEe,
Yi)It, C X¢ x X of fiforall t e (0, ).

PROOFE Suppose (A1)T(Ay) > 1. Letl'; C [0, 1] x {yo} andI', C ¢ be Cantor
sets as stated in Section 1. Then, fotadl (0, n), there existg, € f,(I'y) NI, # @ by
Lemma 2.1 since(¢ N f(I'))t(£ NT,) > 1. Fixt > 0 and takez; = (z;, 0) € Ay,
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Z, = (0, ) € A, such that
z, € fi({zs} x [0, 14 BoA]) N (I x {z}).

Note thatf,({z,} x [0, 1+ BoA]) is acurve (say") in an unstable manifold &V (A, t)
and| x {z} is a curve (say®) in a stable manifold of¥S(A, t). Then, by Lemma
2.1, we may assume that (respectivelyz,) is a limit point of ([0, z;] x {0}) N A,
(respectively({0} x [z, 1]) N A,) (the other case follows in a similar way). Thus, for
everyi > 0, there are, = (z,0) € A; nearz; and non-wandering (distinct) points
{xi,yi} € fi({z} x[0, 1+ BoA]) N (I x{2}) nearz; suchthat f"(x) — ' (yi)|re < 1/i
foralln € Z since

00 — f ' WIre =V X —Ylre i X,y €l x{z},
700 — £ "Wlre <A IX—Ylre  if X,y € {z} x [0, 1+ BoA]

foralln > 0. Here| - |r: is a usual metric oR2. Note thatf,({z,} x [0, 1+ BoA]) is
a curve (say;") in an unstable manifold iV (A, t). The proof is completed. O

PROOF OFPROPOSITION Let f; : X; — X, (t € (—n,n)) be as before. By the
proof of [6, Section 8, Proposition 8.1] (see also [6, Theorem D)), for emesy0,
there exist O< t, < 1/n and a hyperbolic basic st C X, of f, such that

o ACAY,

o TH(AMTUAY) > 1,

e A{* has a persistent quadratic tangencyVef(A;*;t,) and W(A{*;t,) at
an (¢ AYY); thatis, A7* is a wild hyperbolic set (see [6, p. 438] for the definition).
Here

T°(A) = limsup{z (y: VWAL 1))
e—0

is the stable thickness df;*, y is anyC" arc transverse tW°(A;*;t,) atq andy,
is the arc of lengtlz in y centered ay. The unstable thickness;(A;), is defined
in a similar manner (for example [2, 4 and 6]). Newhouse [2] showsthat;*)
and t(A;¥) are independent of andy. We can find aC* curve ¢, aroundq
such thatWs(A;*;t,) andW"(A;*;t,) have a quadratic tangencies alohg(see [6,
p. 457]). Then for a small enough curgg aroundd,, T(£,, N W(AF* 1)) T (€n, N
WH(AF 1)) > 1. Note that two Cantor sets, N WS(A{*; t,) and,, N WY(A{*; t,)
overlap around, (see [6, p. 456, (8.2b)]). Sinck;* is a wild hyperbolic set, these
properties are persistent with respecttbtopology. Hence, by the same technique
used in the proof of Lemma 2.2 we can find an interialkc (0, n) containingt,
such that the situations (a) and (b) hold fierand A;* for all t € 1, Here A;* is the
continuation ofA;*. Thus for everyt € I, there is a non-expansive sequencéd;ah
X:. If necessary, by arranging an indexve may suppose that,}>, is a sequence
of intervals decreasing towards Oras> oc. O
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3. Proof of Theorem B

As stated above we prove the conclusions undeiGhassumption. LeM be
a closed surface and DiffM) be the set of alC? diffeomorphisms ofM endowed
with aC? topology. We say thaf < Diff?2(M) is persistently hyperboli there is a
neighborhood (f) c Diff2(M) such that for everg € %/ (f), the non-wandering
set ofg is hyperbolic.

PrROOF OF(1). Let fs, be atwo parameter horseshoe family and) = A;(S) x A,
be as before. Notice thdt, is linear nearO. Clearly, fs; satisfies [3, Conditions
®, (ii) and (iii), pp. 339-340] fors € (—n, n). For alls € (—n, n), we denote by
B(s) the set of all parameter values- 0 such thatfs, is not persistently hyperbolic.
SinceHD(A1(0)) + HD(A,) < 1 andH D(A(s)) depends continuously o) by
[3, Theorem, p. 340] there existg > 0 such that for alk € (—nq, no),

t—0 t

0.

Herem denotes the Lebesgue measure.d=x(—1q, n¢). Then, foreveryO< t < ng
andt’ € B(s)°* N [0,t], fsy is persistently hyperbolic and thugy @ Xsv — Xy iS
expansive. HencB E(s) C B(s) and assertionl) is proved. O

To prove(2), we need to introduce some notation. ket 0 andfs, : R? - R?
((s,t) € (—n, n)?) be as before. For every = (z, 0) € A,(0), there is &C? function
z(S) : (—n, n) — Rsuch thatz; = z(0) and(z(s), 0) € A.(s) fors € (—n,n). We
denote(z.(s), 0) by z,(s). Forz, = (0, z,) € Ay, letz,(s) = (0, z) (s € (—n, n)) for
convenience. Ldi, (respectivelyJ,) be a neighborhood dd € A,(0) (respectively
A,). Pick a sufficiently smalt > 0 and put

Gu(z)(X, 8, 1) = (X + Xo. t — Coza(8) — X)) (X € [—¢,€])
and
GZ(ZZ)(Xvs’t) = (X+XO’ 22) (X € [_878])
forzz € Uy (i = 1,2) and(s,t) € (—n,n)? ThenG; : Uj — C2?([—¢,¢€] x
(—=n, n), [—e, €]) is a continuous map far= 1, 2 and
Gi(z)([—¢, €], s, 1) C WH(zi(s);8, 1) and G,(z)([—¢, €], 1) C W3(z; 8, 1).

SetT(z1, 2,)(S) = ¢zi(S) + 2 for (z1,2,) € Uy x U, ands € (—n,n). Then
T :U; x U, — C?((—n, n), (—n, n)) is a continuous map such that



[9] Non-expansive derived horseshoes 413

o if t < T(z4,2,)(s), thenthe functiox — G;1(z1)(X, s, t) — Gu(2,)(X, S, t) is
strictly positive in [-¢, €],

o if t =T(zy,2)(s), then the same function is positive with a single zero in
[—e, €]
HenceW"(fs.(z1(S)); s, t) andWs(z,; s, t) have a quadratic tangencytif= T (z,,
Z,)(s) for s € (—n, n). For the results for the Lebesgue measure of the set of all these
parameter values see [7] and its references.

For a sufficiently smalk > 0 ands € (—n,n), defineBi(r) = {z € U, :

|z(s)] <r}fori =1,2. Herez, = (z,0), z, = (0,2). Then 0< T(z, 2,)(s) =
Cozi(S) + 2 < (Co+ Dr for (z1, 2,) € BL(r) x BZ(r) ands € (—n, n).

PrROOF OF(2). FromHD(A;(0)) + HD(A,) > 1, we prove that there are three
constants), > 0, ¢ > 0 andr; > 0 satisfying the following two properties (i) and
(ii) for almost alls € (—ng, 1n9);

(i) foreveryO<r < ry, thereis asubsaf/(r) C [0, (¢ + Dr]in t-parameter
space such that

limsup————= > ¢/,
r—0

m(Tg )
. >

(it) for everyt e T/(r), there is a non-expansive sequetice, y;)}2, of fs; in
Kot X Xgt-
Heremis the Lebesgue measure of the set. If the above properties are established, then
by settingt = (co+ 1)r, assertior(2) is easily checked because Sr) < (co+ Dr
andT/(r) C NE(s).

Let us prove (i) and (ii). For every > 0, —n < $ < n and a subsekL of
Bl (r) x BZ(r), put

TN = |J T@.2) (se=nn).

(z1,22)€L,

Since HD(A1(0)) + HD(A,) > 1 and our family possesses three transversality
conditions required in [5, pp. 93-95], by following the proof of the theorem stated in
[5, Section 2], we have three constants> 0,r; > 0 andc > 0 with the property
that for any O< r < r; andsy € (—1, 10), there exist subsets, c B (r) x BZ(r)
andA] C {s € (—no. no) : Is— Sl < |logr|~*} satisfying

m(AL){inf m(T(r)) > erflogr |

(see [5, p. 95, Theorem]). The above assertion is established for a two parameter
family of C* diffeomorphisms possessing the three transversality conditions. In our
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case, however, we can see that the assertion holdk fdrecause it is linear ne&.
Recall thatw"(0O; 0, t) N A,(0) andWs(0O; 0, t) N A, are countable sets independent
oft. Let L/;O =Ly \ {WH(0;0,0) N A1(0)} x {W5(O;0,0) N A} and put

T = |J T@ )6 cTr).

@.Z)el’,

Thenm(T,(r)) = m(Ts(r)) for s € (—no, no) sinceTg(r) \ T/(r) is a countable
set. Thus we hawarl(A;O){infseA;0 m(T/(r))} > cr|logr|~*. Therefore, by the same
method stated in [5, pp. 95-96], there is a constast 0 such that

(%) lim sup—m(Ts ©) > c
r—0 r
for almost alls € (—nqg, no) and so (i) is proved.
To prove (i), fixs € (—no, ng) such that(x) is satisfied. We show that for every
t € T(r), there is a non-expansive sequefiEce, i)}, of fsiin Xg; x Xg;. Let
I'1(s) andT’, (C ¢) be the Cantor sets defined in Section 1. Rick T/(r). Then
thereis

z € f5(T'1(s) NI, \ (WE(O;s, 1) NWY(O; s, 1)).

Takez; = (z,0) € Ay(S) andz, = (0,2%) € A, such thatz, € fo ({z} x [0,1+

Bor) N (I x {z}). Clearly,z, ¢ WY(0O;s,t) orz, ¢ W5(O;s, t). Itis easy to see that

Z; is a limit point of ([0, z;] x {0}) N A,(s) for the case whem, ¢ W'(O;s, t). Thus,

for everyi > 0, there are, = (z,,0) € A(s) nearz; and distinct pointgx;, y;} €
fse({Z} x [0, 1+ Bor]) N (I x {z}) nearz such that 2, (x) — I (yi)|re < 1/i for

all n € Z. For the case when, ¢ W5(0O;s,t), we can see tha, is a limit point

of ({0} x [0, z]) N A,, and so there is a non-expansive sequence. The proof of the
theorem is completed. O
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