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Abstract

The Plancherel formula for various semisimple homogeneous spaces with non-reductive stability group is
derived within the framework of the Bonnet Plancherel formula for the direct integral decomposition of a
quasi-regular representation. These formulas represent a continuation of the author’s program to establish
a new paradigm for concrete Plancherel analysis on homogeneous spaces wherein the distinction between
finite and infinite multiplicity is de-emphasized. One interesting feature of the paper is the computation of
the Bonnet nuclear operators corresponding to ceebgionentiatepresentations (roughly those induced

from infinite-dimensional representations of a subgroup). Another feature is a natural realization of the
direct integral decomposition over a canonical set of concrete irreducible representations, rather than over
the unitary dual.

1991 Mathematics subject classificatiAmer. Math. Sog: primary 22E46; secondary 22E45.

1. Introduction

This paper is a direct sequel to [11]. Itis also heavily dependent on the ideas and
results in [9,10,12] and [13]. In this paper, as in those, the prime objective is to
construct the Plancherel theory of the quasi-regular representation of a homogeneous
space. More precisely, given a Lie groGpand a closed subgroug, let us assume

that the quasi-regular representation= ¢, = IndS 1 is type I. Then there is a
unique direct integral decomposition

G(H)

52}
(1.2) T = / n,m du(m).
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HereG(H) denotes the irreducible unitary representation classéstbét are weakly
contained int, a closed subset of the unitary d@al The Plancherel theory that is
derived in the previously cited papers includes a specific analytic formula that provides
detailed information not only on the structure®fH), the multiplicity functionn,

and the Plancherel measuyxe but also on an intertwining operator that effects the
direct integral decomposition. This is done in [9] and [10] in various cases that
manifest finite multiplicity (that isn, < oo, u-a.e.); it is done in [12] and [13] for
certain infinite multiplicity situations. The fundamental philosophy of [12] is that
these two cases—usually thought of as very different—can be treated in a uniform
manner. Moreover, the Penney-Fujiwara Plancherel formula (PFPF) anatie8
Plancherel formula (BPF), the analytic formulas that express the Plancherel theory
in the two cases, are really the same gadget if interpreted properly (see [12, Remark
2.3)).

Our goal is to demonstrate very concretely the last assertion. We do that by
considering a category of homogeneous space in which the multiplicity is either
uniformly finite or uniformly infinite, depending on some geometric or measure-
theoretic invariant. Then we show how to derive explicitly the Plancherel theory for
both cases by parallel techniques. This program has been carried @unftpotent
in Fujiwara’s two papers [4, 5]; for Strichartz spaces with trivial diaér in [12];
and for general Strichartz spaces in [13]. In [13, item (1.3)], | proposed pursuing this
program for these categories of homogeneous spaces:

(1.2i) general Strichartz homogeneous spaces;

(1.2ii)) semisimple homogeneous spaces with non-reductivéistajsoup;

(2.2iiiy nilpotent homogeneous apes—a reformulation and simplification of the
work of Fujiwara—and then exponential solvable homogeneous spaces;

(1.2iv) semidirect product homogeneous spadess, whereG is the semidirect
product of a subgroupl of the symplectic group with a normal Heisenberg group;
(1.2v) reductive homogeneous spaces.

We realized the goal for (1.2i) in [13]. In this paper we will realize it for (1.2ii).

The spectrum of the quasi-regular representations we consider will always con-
sist of induced representations. Sometimes the inducing representations will be
finite-dimensional, sometimes infinite-dimensional. The resulting representations
will therefore be polynomial sometimes ([10]), at other times exponential ([13]). We
will present our Plancherel formulae in the exact same fashion regardless—namely,
as a so-called Bonnet Plancherel formula. This is usually done only in the case of
infinite multiplicity; but as we explained in [12], the Penney-Fujiwara format (in the
finite multiplicity case) is really no different—if it is interpreted properly.

There is one more important point to be made before we proceed to the details.
For many homogeneous spaces that we encounter—in particular, for those in this
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paper—the Plancherel formula is derived in a form different from formula (1.1).
More seriously, it occurs in a different form from formula (2.2) in Theorem 2.1.
Namely, the parameterization occurs in @G)( a concrete set of irreducible unitary
representations @b, rather than in the duas:

52}

(1.3) T = / 7 dv ().
Irr (G)

To convert (1.3) into the form (1.1), one must factor by unitary equivalence. The
Plancherel measugewill then be a pseudo-image of That is not so troublesome as
the factthat the nuclear operators that appear in the BPF (see Theorem 2.2) can become
considerably more complicated in the factored form. Because of [12, remark 2.3.7],
this means that the intertwining operator that effects the direct integral decomposition
of t also becomes more complicated in the factored form. See Section 3.1 for an
instance of these troubles. We mention here only that the experience leaves one with
the surprising conclusion that it is sometimes better to express a Plancherel formulain
terms of a decomposition ovér(G), where the multiplicity is not explicitly stated,
than in terms of a decomposition ov@r

2. Nuclear operators and the Plancherel formula

In this section we recall from [12] the basic results on canonical nuclear operators
associated to induced representations. We also reestablish the fundamental facts found
in the BPF and the PFPF. The context is alwaysthatzs y is a type | representation,
resulting in a well-determined Plancherel decomposition (1.1). Finally, we always
assume thab is unimodular.

We begin by fixing a choice of right Haar measuilgs dhon G andH respectively.

We write Ay, for the modular function ol (thatis, the derivative of right Haar measure
with respect to left). By assumptiomyg = 1. We choose once and for all a smooth
functionq = gy ¢ satisfyingq(e) = 1, qthg) = A4 (h)q(g), Yh € H, g € G.

Now supposer is a unitary representation @& acting on a Hilbert space? .

We write 27> to denote the Fchet space o€> vectors and’, > for its anti-

dual space of distributions (that is, conjugate linear functionals). As usual we set
(,a) = a(v), v e €, a € 2>, a sesquilinear formz (G) acts on bothsz>
ands#Z >, and it is a well-known fact that (Z(G)).2Z > C 2>, if Z(G) is the

test space of compactly supported, infinitely differentiable functions oGiven the
direct integral decomposition (1.1), it is known from [6] and [14] that

® ®
%”“:/ N, > du (), T =/ N, 2> du(r).

T
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1/2

We refine the latter of these as follows. et )" 9" = {« € 7> : w(h)a =
q~Y2(h)a, Yh € H}. Itis established in [9] that the distributien : f — f(e) liesin
(%”*O")H’qi/ , and its matrix coefficientr (w)a., o), @ € Z(G), is calculated there

T

as follows:

T(w)a:(9) = wn(9),

where
2.1) on(Q) = gV2(g) / (@ thHg Y2(hy dh, w € Z(G);
H

and by a routine change of variable (see [9, Proposition 2.2])
(@ 0} =on® = [ o a Zmdn= [ wng 2 dn
H H

THEOREM 2.1 (BPF). [2, TlekoEeme 4.1]For u-a.a. &, there exist positive nuclear
operatorsU, : s> — 2> such that

(2.2) wy(e) = /A Tr[z(w)U, ] du(r), w € Z(G).
G(H)

Furthermore, the paifu, {U,},.¢) iS unique up to positive scalacgx); that is, any
other pair (i, {U.}, ¢) satisfying formula(2.2) must be related to the original by
du/du’ = c(r), U, = U /c(x), for some positive Borel functiar().

We make use of the structure established in [12, Section 2]. In particular, we have
(2.3) (MU, =q ?(U,, U,r(h) =g"*(h)U,, he H.

The first of these is proven in [13, Section 2]. The second is not established there, but
the method of proof is exactly the same as the first (using the left trans|atstead

of the right translate" of a test functiono € 2(G)). Now in the case that almost all

of the operatort),, have finite rank, Theorem 2.1 specializes to

THEOREM 2.2 (PFPF). [4, TRoEme 1] [14, Theorem II.6puppose that
n, = rankU, < oo, u-a.e.

Then the multiplicity in(1.1) is finite u-a.e., and fou-a.a. r, there exisn, linearly
independent distributiong?, . .., ™ € rangdU,) C (2#->)"-9** such that

24  (t@o.a) = / > (w(@)Bl B) duir). @ € Z(G).
G

(H) j=1
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To see how to construct the, out of U, consult [12, Remark 2.3.6]. Now,
as the phrase was coined in [12], bg@ncretePlancherel formula for a category of
homogeneous spackls, G, we mean explicit expressions fqr; the nuclear operators
U,—or the distributiong!, and the summable operatar&»)U, —or smooth vectors
m(w)Bl. These lead to a totally explicit intertwining operator in either case (see
[9,10, 12)).

Next, since we are concentrating on the situation wherein the spectruooobists
of induced representations, we focus on a single representation from the spectrum.
Suppose that is an induced representatian = IndS 0. We shall say thatr is
exponentialith respecttd if o is infinite-dimensional and the following conditions
are satisfied.

(2.5a) There exists a positive nuclear operaipr: > — 2~ that is left and
right invariant undeH N B.

(2.5b) BHis closed inG.

(2.5€) Onng.H QHne,s = 1ONH N B.

(2.5d) Foranyw € C*(B, H N B), the operator

/ w(byo (b)~*U, db
HNB\B

is trace class.

See [13, Section 2] for a thorough discussion of the meaning and appropriateness of
each of these coiitibns.

We take the usual realization and action for the induced representaticeamely
its spaces7, is the Hilbert space completion of

CI(G,B,o)={f:G— 4, fisC™ f(bg =0c(b)f(g),be B,ge G,
|| |l is compactly supported masal}
andG acts by the formula
(2.6) () f () = f(x0)[0e.c(X9)/ds.c(¥)]2.

The norm is relative to the unique quasi-invariant measur®@o@ determined by
gs.c- (For areview ofj functions, see [7].)

Suppose that we are given a positive nuclear opetfar 2>~ — 7~ that is
left and rightH N B-invariant. Given that, we now define the positive nuclear operator

U, (o) : 7 — A

by the formula

(fl, Un(U) fz) = / / (fl(hl)’ U, fz(h2)>
HNB\H JHNB\H
(2.7) X Oy 5 ()07 & () Anhs 4 (WDAE & (M) a5 & () ARk 4 (hy) dhy dh,.
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Then we have

THEOREM2.3. [13, Theorem 2.3]

(i) U, (o) is well-defined.
(i) U, (o)isrelatively invariantunder the action &f with modulug; 2 = q;,'4,
that is

(2.8) U, (0) (7%) C (),

(i) For o € 2(G), the operator-valued function (w)U, (o) is given by the
formula

7(@)Uy (0) (g) = / / wn (bg)s (b)1U, f (h)
HNB\H JHNB\B
(2.9) X Ug.o (b 5 (BYALEs s (DU 6 (N AL S (AR s 1 (h) db dh

wherewy, is defined in(2.1).
(iv) Forw e 2*(G), the character[7 (w)U,(0)] is

Tr[m(w)U, (0)] =/ Tr/ wy (bh)o (b)~U,
HNB\H HNB\B
(2.10) x g, ()0 6 (Wb At g 5(0) Gt 4 () db dh.

The trace is a non-negative number, possibly equatto, providedw = w; x »},
w1 € @(G)

In the next section we pass to the case of non-reductive semisimple homogeneous
spaces. That is, we assur@eis a semisimple Lie group and is a non-reductive
subgroup. Actually, we are more demandingtbf—we assume it is a canonical
subgroup of a parabolic containing the nilradical. In that case, the representations
that appear in the spectrum of the quasi-regular representation are always induced
representations—in fact, induced from the parabolic itself. Speaking roughly, we
are looking at semisimple homogeneous spaces whose spectrum avoids any discrete
series. Said another way, we are concentrating on quasi-regular representations whose
spectrum consists of representations whose associated Duflo-Kirillov functionals have
non-totally complex polarizations.

3. Canonical non-reductive semisimple homogeneous spaces

Now let G be a semisimple Lie group. L& beanyparabolic subgroup. Denote
its Langlands decomposition By = M AN. If we fix Haar measuredm, da, dn
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on the unimodular groups!, A, N, thendmdadnis left Haar measure oR, and
[y f(mdn = ¥ [ f(@na™)dn, wherep is one-half the sum of the positive
roots (on the Lie algebra with respect tan). In particular,e?°9®dmdadnis right
Haar measure oR andAp(man = €199 js the modular function.

Now we consider a subgrould of G satisfyingN ¢ H c P. Moreover we
assume thaH is ‘canonical’, that isH is one of the groups associated naturally to
the Langlands decomposition. In short, we will consider the four examples:

() H=MN;
() H = MAN, thatis,H = P;
(1) H = AN;
(IV) H =N.

In each case it is known, in principle, how to derive the soft Plancherel formula,
that is the abstract direct integral decomposition of the corresponding quasi-regular
representation into irreducible unitary representations. It is our goal in this paper to
give, in each case, using the theory described in the last section, the more explicit
BPF. The soft decomposition will reveal the Plancherel measure. We have to compute
the Bonnet nuclear operators in each case.

To give the soft Plancherel formulae, we only need to apply induction in stages,
inducing through the parabolic to decompose the quasi-regular representation. We
give the full computation for the first and fourth examples, and essentially the full
computation for the second and third. Before doing so, we establish some notation for
the principal series representations®that are obtained by inducing frof. For
any charactex € A, and any irreducible unitary representatior M, we write

(3.1) Moo =INdS_jan 0 X A x L.

It is well known that these induced representations are generically irreducible. More
precisely, if we restrict. to the generic open seX of regular characters (those
not preserved by any non-trivial element of the finite Weyl grablp= Wy =
Normg(A)/Cent; (A)), thenw, , is irreducible. It is also known that there is some
duplication, namelyr; , = ;. if and only if there is an element of the Weyl group
that conjugates$i, o) into (A, o).

Now for the decompositions. Case (l) decomposes:

TG,MN = |ndeN 1
G P
= Ind7 Indy,, 1

®
=Indg/A 1xxx1dxr

A

@
=/:m$1xxx1m
A
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@
(32) =/VA 1 dx
A
@ ~
(3.3) - /A HOW)r, 1 di,
A/w

whered2 is the image of Lebesgue measdreunder the canonical projectioh —
A/W. The representations, i, A € a cross-section i\ for /f\//W, are irreducible
and inequivalent. So we have a decomposition with uniform multiplicii/# Next
we examine case (I11):

TG,AN = |ndiN 1
_ G P
= Indg Ind, 1

®
= |nd§/A (dimo)o x 1 x 1duy (o)
v

®
:/A (dimo) IndS o x 1 x 1duy (o)

M

D
(3.4) _ / (dime) 71, diaw (@)
M

@
35) = [ oW, @iman) 7, Ao
M/W

whereW, is the stability group iW of o € M, uy is the Plancherel measure of the
reductive groupgM, andjiy (o) is the image of Plancherel measurg(o) under the
canonical projectioM — M /W.

In general, we can be certain tha{,, o € M, is irreducible only when\,
is trivial. Otherwise, although it is often irreducible, the representatipn may
decompose into a finite direct sum of inequivalent irreducible representations. (See
[11, Section 3a] for a very simple example.) If the parabolic in question is not
minimal, the numbers dim will be uniformly infinite. If the parabolic is minimal,
the multiplicity will be finite, but it may be bounded or unbounded.

Next we pass to case (). PP is minimal, then the induced representatigrp is
irreducible (see [8, Section 11]). K is not minimal, then the decomposition &f
is an interesting problem that has been determined in many, but not all, situations. We
shall have more to say on this later.

Finally, we come to case (IV). Itis very easy to essentially mimic the computation
for case (I) above to see:

TGN = |ndﬁ 1

52}
(3.6) = [ @mo)m., duunco. )
MA
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52}
@.7) = [ swdima ., (o 0
(MxA)/W

where uya = um x di is the Plancherel measure of the reductive groig,
andiya(o, A) is its image under the canonical projectiM/ﬁ — (m)/w. The
representations; ,, (A,0) € M x A, are irreducible. IfP is not minimal, the
multiplicity is uniformly infinite. Otherwise, it will be finite; but may be either
bounded or unbounded.

3.l. Generalized horocycle spaces Now we deal with the concrete Plancherel for-
mula forgeneralized horocycle spagdbat is the homogeneous spaggM N. We

allow P = M AN to be any parabolic subgroup of the semisimple gr@pThe

soft Plancherel formula is prescribed in the decompositions (3.2), (3.3). In particular,
we see that the multiplicity is finite and uniform. Thus one only needs the PFPF to
describe the concrete Plancherel formula in this case. This is already done in [11].
Here we shall give a BPF (as if the multiplicity were infinite) and relate the description
to the one in [11]. Naturally, we utilize the machinery in Section 2.

First, we specify the functions. In this case we havé = M N, a unimodular
group. Hence, we choosg ¢ = gun.c = 1 on all of G. Here, as in all the cases, the
polarizing groud, from which the representations are induced® isself. Therefore,
the intersection of the polarizing group and the stability gréuvill always be H
(sincein all casebl ¢ P). Therefore we must hawg;ng 1w = gu.yw = 1 onH. Next,
Oune.e = Qun.van = 1 on MN. We extend it toP by settingqun man(man =
Ayhy(man = e 20092 Finally, we havegg g(man) = gp.c(man = Ap(man) =
€093 on P. We extend it toG as follows. LetK be a maximal compact subgroup
of G. ThenG = PK = MANK. The overlap isM N K. So we can choose
unambiguouslygg c(Mank = gp g(Mank = e* 09,

The representations in the spectrum ate= x, ;. These representations are
induced from the charactexs So, since the inducing representations are not infinite-
dimensional, the representations are not, strictly speaking, exponential. But the four
conditions in (2.5) are satisfied. This is obvious for (b) and (c). As for (a) and (d), we
make the only conceivable choice for the nuclear opetatpnamely the identity on
the one-dimensional spaceaf We then invoke formula (2.7) and Theorem 2.3. The
operatolU,, is defined on the space gf;,, by

(3.8) (f1, Uy, f2) = fi(e) fa(e).

We see immediately from part (iv), formula (2.10), of Theorem 2.3, that

T (U] = [ oun@i@e” ™ dads,

A
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which is exactly the formula at the end of the computation of [11, page 48]. Concluding
as in that case, we replicate the Plancherel formula in [11, Theorem 2.2], namely

THEOREM 3.1. For tyn, we have the concrete Plancherel formula
(3.9) wyn(8) = /ATr[n(a))Um] dr, we 2(G).
A

Formulas (3.8) and (3.9) represent the BPF corresponding to the soft Plancherel
formula (3.2)—as well as corresponding to fAEPF in [11, TheorerR.5]. We leave
it to the reader to check that the Bonnet nuclear operdiprsaand the Penney dis-
tributions B, (see [11, pp. 48-49]) are related as they should be (see [12, Remark
2.3]). Instead, we observe that one may reasonably ask what is the BPF that cor-
responds to the formula (3.3). This question highlights the following general issue.
Often one is able to derive a Plancherel formula (in either soft or hard fashion) in
which the parameter space for the decomposition,X6ayaps naturally t&. That
is, corresponding to each € X, we have an irreducible representatign and the
association of the unitary clags,} of 7, to x is the asserted map. Of course the map
X — {my}, X — G will rarely be surjective. The problem is that it also may not be
injective. Thus a Plancherel formula, say in the BPF format, may be derived in the
form

(3.10) wy (e) = / Trlzg (@)U, ] du(x), w € 2(G).
X

Strictly speaking, ifx — {m,} is not injective, formula (3.10) is not in accordance
with the format of Theorem 2.1. To bring it into the proper format, we must pick a
smooth cross-section, s&§; for the equivalence relation~ x’ < 7, = 7, pick an
appropriate pseudo-imageof 1 on X = X/ ~, and, most difficult of all, recompute
the nuclear operatots, , x € X, as nuclear operatotd;, , x € X, so that

(3.11) wy(e) = / Tr[7y (w)U,, ] dji(X), @ € Z(G).

X

The interesting point to note is that the new nuclear operatgmaay be considerably
more complicated than the origindl, . In fact, one of the key points of this paper
is that the realization of the Plancherel formula in the ‘appropriate’ form (3.11) may
be much less natural than in the ‘inappropriate’ form (3.10). This will be nicely
illustrated by the current example. Let us now compute the BPF for the generalized
horocycle spaces when we factor out unitary equivalence.

We select the usual cross-sectihin Afor A'/W. Namely, sincéA s identified to
the real vector space of all real linear functionalsiona A (exp(Y)) = €*™, Y € q,
we can choosé&* to be the characters whose corresponding functional takes positive
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values on the positive Weyl chamber @indetermined byr). Now lets, =€, s,, ...
denote a (finite) set of representativesin Ng(w) for the elements of the Weyl group
W5. ltis classical to specify the intertwining operator corresponding to the equivalent
representations, andr, s by

T: f— f (ngsg) dng,
No\Ns
where Ny = sNs!, Ny = NN N, anddng is the invariant measure on the
quotient space. The integral plainly converges on the dense space of functions
f e C¥(G,P,1xxx1) C s, and extends uniquely to a unitary intertwining
operator ofr, with =, s. Then a relatively simple computation gives us

wun(8) = /ATr[ﬂA(CU)Um] da
A

= Z / Tr[7,.s(w)U,, ] dA
A+

seW

= /A Tr[7; (w)U,, ] da,

A

where

Up, = T, Ts A€ A%,

seW

It is a simple exercise to expand and obtain the formula for the nuclear operators
(3.12) (1.0, f2) =) / / fi(sn) fo(sr) dndr’.

seW ¢ 57INsOIN)\N J(s7INsNN)\N
Combined with Theorem 3.1, this yields

THEOREM 3.2. We have the second concrete Plancherel formula
(3.13) wun () = /A Tt (w)U,, ] dA, o € Z(G).
A+

The reader may be the judge. Personally, | prefer the Plancherel formula of Theorem
3.1 (with formula (3.8)) to that of Theorem 3.2 (and formula (3.12)). The parameter
space is very natural, even if not a subspacé péind the formulation of the nuclear
operators is much clearer. This preference is even stronger when the multiplicity is
infinite—as in two of the remaining three examples in the paper. Incidentally, this
theme repeatsitself in many other places inliieeature. The BPF of Fujiwara [5] can
be simplified substantially if one does notinsist on a parameter sp&cimilpotent
homogeneous spaces. (The author plans to take that up in a future publication.) A
similar theme is apparentin [1].
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3.1l. Generalized flag manifolds Once again we have finite multiplicity and so the
results here are based upon [11, Section 2b] exactly as the results of the last subsection
were related to those of [11, Section 2a]. lRebe a minimal parabolic subgroup

of G. Then [8] the quasi-regular representatigrp is known to be irreducible. Let

us be more general for a moment. Suppose we have a quasi-regular representation
T = 16 4 that is irreducible. Moreover, supposgeis an irreducible representation of

G whose unitary equivalence class is the same as that dthen by Theorem 2.1,

there must exist a unique positive nuclear operagiH) : 5> — 22> such that

wy(e) = Trr(w)U, (H)], oe 2(0G).

In some sens¥,, (H) measures the interaction between the two realizations of the
point in G determined by andx. Indeed, it yields the intertwining operator between
them (as in [11, Section 2b]).

Now return to the case; p with P minimal. LetP, be any other minimal parabolic
subgroup ofG. Then it is well known (from Harish-Chandra’s character formulas)
that zg p andt, = 7 p, are equivalent as well as irreducible. We can read off the
Bonnet nuclear operatdy.,(P) from [11, formula (2.9)] and [12, Remark 2.3.3],
namely it is

(f,U,(P)fy) = /

N

fi(n) dn / fo(n") dr,
o\N No\N

whereN is the nilradical ofP and N is the intersection oN with the nilradical of

P,. The actual intertwining operator may be found in [11, Theorem 2.6 i not
minimal, thenzg p may be irreducible, or it may decompose into a multipliditye
direct sum of irreducible representations. If it is irreducible, the same analysis as
above holds. If on the other hand

®
Te.p = E T
=1

is a finite direct sum, the ingredients in the BPF may be difficult to describe. As
we know from [12, Remark 2.3.3], there are distinct elementsify =)™, from
which we can construct the Bonnet operatbks. Finding these distributions is

a difficult chore. Incidentally, it is clear from [14], that this chore is the same as
determining either the intertwining spacewbr equivalently the projections onto the
irreducible subspaces.

3.1ll. Rossi-Vergne spaces In this subsection, we come to a situation in which
multiplicities are (usually) infinite, and so much more germane to the fundamental
premise of the paper. We considgray for an arbitrary paraboli® = M AN. Unless
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the parabolic is minimal, the numbers dimn the soft Plancherel formulae (3.4),
(3.5) will be uniformly infinite. We shall make the tacit assumption tRais not
minimal, although of course the BPF we shall derive is applicable even in those cases
(for which the multiplicity is finite).

We start as in Section 3.1 by specifying tlgefunctions. In this case we have
H = AN, a non-unimodular group. In fact we hatigc = gan.c = Aan ON AN,
so we extend it naturally t& by settinggy ¢(g) = €#1°9® if g = mank Of course
we still haveB = P, soQunsh = Gu.w = 1 on H. Next,Qunss = Janman =
Aan/Aman = 1 on AN, We extend it toP by setting it equal to 1 everywhere.
Finally, we havegs c(man = gpc(man = Ap(man = e*°9  We extend it to
G by gg.c(mank = gp c(mank = e¥ (9%,

The representations in the spectrum afe= n;,. These representations are
induced from the representatiomsx 1 x 1 on M AN. We are tacitly assuming the
inducing representatiomsare infinite-dimensional, although what follows holds even
if they are not. The four conditions in (2.5) are satisfied for the following reasons. It
is obvious for (b). Condition (c) holdsslcause of the prior choices @functions. To
take care of (a) and (d), we again make the only conceivable choice for the nuclear
operatolJ,,, namely the identity operator. Condition (a) is clear, and (d) follows from
the basic result of Harish-Chandra that irreducible unitary representations of reductive
groups are traceable. It says that for a reductive Lie gidufin the Harish-Chandra
class), the operators

/w(m)o(m)dm, we P(M),
M

are trace class. We next invoke formula (2.7) and Theorem 2.3. The opErats
defined on the space of,. by

(3.14) (f1, Use f2) = (f1(e), fa(e)).

We apply part (iv), formula (2.10), of Theorem 2.3, as well asghenction choices
above to conclude that

Tr[7% (w)Uy-] = Tr/ wan(M)o (m)~tdm.
M

But then an application of the Plancherel formulaMryields immediately

THEOREM 3.3. For tay, We have the concrete Plancherel formula

(3.15) wan(€) = /ATr[n”(a))Uﬂa] dum(), we 2(G).
Y
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Formulas (3.14) and (3.15) represent the BPF corresponding to the soft Plancherel
formula (3.4). As in Section 3.1, we can derive the BPF corresponding to the alternate
Plancherel formula (3.5) in which the parameter space is rendered free of Weyl
group duplication, but at the cost of making the description of the nuclear operators
considerably more complicated. In fact the intertwining operators are exactly the
same as in Section 3.1, and we leave the virtually identical details to the reader. We
also reiterate that some of the representaticheiay decompose finitely.

3.IV. Whittaker spaces The results here are very similar to those in the previous
subsection. We omit some details. We considgy for an arbitrary parabolic

P = MAN. As in Section 3.1, unless the parabolic is minimal, the numbersodim

in the soft Plancherel formulae (3.6), (3.7) will be uniformly infinite. The BPF we
derive works in either instance, although we presume we are in the infinite multiplicity
case.

We specify theq functions. In this cased = N, is unimodular, so we set
Oue = Ove = 1 onG. As alwaysQureh = Qu.n = 1 onH. Next,Qunss =
Ouman = Ayan On N, We extend it toP by settinggung g(man = e (093,
Finally, we have as befolg c(mank = gp c(mank = e(°9a,

The representationsin the spectrumsgre as defined in (3.1). The four conditions
in (2.5) are satisfied for the following reasons. It is obvious for (b). Condition (c)
holds because of the prior choicesgpfunctions. (a) holds once we make the usual
choice for the nuclear operatdk, ,, namely the identity operator. Finally, condition
(d) follows from Harish-Chandra’s result, this time applied to the reductive group
MA. We next invoke formula (2.7) and Theorem 2.3. The operdior is defined
on the space of7,, by

(3.16) (f, Uy, ) = (fi(e), fo(e)).

We apply part (iv), formula (2.10), of Theorem 2.3, as well asghenction choices
above to conclude that

Tr[7, o (@)U, ] =Tr / wn(Mma)o (M) 1i(a)e 9% dmda
MA

But then an application of the Plancherel formulaMm yields immediately

THEOREM 3.4. For 7y, we have the concrete Plancherel formula

MA

@17) o= [ Tr.@U. du@dh o< 2©)

Formulas (3.16) and (3.17) represent the BPF corresponding to the soft Plancherel
formula (3.6). As usual, we omit the details for the concrete Plancherel formula
corresponding to (3.7).
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4. Remarks

We make several remarks to conclude the paper.

4.1. Of course the usual Plancherel formula for a locally compact unimodular
type | group is included in the statement of the BPF (Theorem 2.1). However in that
case the Bonnet nuclear operators are just the identity, and so bounded. It would be
interesting to characterize when (almost) all the operdiprthat appear in a BPF are
bounded. Here is a sufficient condition for that to happen.

PrOPOSITION4.1. Let G be unimodular and typk and letK c G be a compact
subgroup. Let = 15« be typel. Then the spectrum afis preciselyG(K) = {r €
G :n, =dim % > 0}, whereZ* = (¢ € 7, : m(k)E = &, Vk € K). LetU, be
the projection of’#, onto.>#¥. Then we have the Plancherel formula

D
(€)= / Tir@VU,]du(r), e 2(G),

G(K)

wherep is the Plancherel measure 6f restricted fromG to the open subsé& (K ).

PrOOF This is certainly not a new result, although an exact reference to the lit-
erature is difficult to locate. Thab(K) is open inG follows from the observation
that the set1} is open (and closed) in Relg) and the restriction ma@ — Rep (K)
is continuous. The derivation of the BPF in this context follows from the Plancherel
formula of G. It goes as follows. The Plancherel formula®@fgives

w(e) = /ATrn(a)) du(m), e Z2(G).
G
Apply the formula to the test functiam right translated by an elemekte K to get
w(K) =/ATr[7T(a))n(k)] du(m).
G
Then integrate oveK to obtain
a)K(e)=/ /ATr[n(a))n(k)] du(m)dk
K JG
=/A/Tr[7r(w)n(k)] du(m)dk
G JK
=/ATr[7T(a))U7,]d,u,(n).
G

This completes the proof. O
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Note of course that the case = {e} is included; as is the case of a semisimple
Lie groupG with a maximal compact subgrouf. These two cases seem to rule out
any connection between the boundedness of the nuclear operators and the multiplicity
function in the direct integral decomposition. The c&eompactis also included, so
any connection with all representations being ‘intrinsically’ induced representations
is also excluded. It may be that the condition of Proposition 4.1 is actuadigssary.
In fact, | do not know what the proper characterization might be—but | think it is an
interesting question.

4.2. Inallthe cases consideredin Section 3, we observe the following structure. We
have a unimodular grou@ and two subgroupsl c B c G, where for almost every
irreducible unitary representatienthat appears in the direct integral decomposition
of 75 4, the induced representatian = Ind$ o is irreducible. In such a situation we
have the following soft representation-theoretic decomposition: suppQgsés type

I, and that

®
TB.H =/A N, o du(o);

B(H)

then

&
TG.H =/ N, 7, dM(O')

B(H)

Since all the irreducibles that appearin the decomposition are induced representations,
it might be that we could use Theorem 2.3 to derive the BPF in this very general
category, and so avoid the separate computations of Section 3. There is, as we shall
soon see, a serious problem. But letus apply Theorem 2.3 and see where we get stuck.
We reason heuristically by ignoring all modular functions andydilinctions. The
spaces of the representationsare described by (2.6) and the corresponding nuclear
operators by (2.7). Sincd N B = H, we see the latter devolve to

(4.1) (f1, U, f) = (fi(e), U, f,(e)).

That is what happened in Section 3, although thekewas the identity. Applying
Theorem 2.3, part (iv), and using the fact thitis H-invariant, we compute

[ T 1 duto)

B(H)

=/ Tr/ wn (D)o (b) 71U, dbdu(o)
B(H) H\B

=/ Tr/ /w(blhl)dha(b)lu(,dbd,u,(a)
B(H) H\B JH
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=/A Tr/a)(b)a(b)U(,dbd,u,(a)
B(H) B

= / Trlo(w)U,] du(o).
B(H)

Now, presuming the operatots, arose in the BPF fotg,, we simply apply that
result to conclude that the last expression is precisgl§e). That would establish the
BPF forzg y with the nuclear operatots, arising from theJ, by means of formula
(4.1). But there is a problem, namely the grddipay not be unimodular. It certainly

is not in any of the examples in Section 3. Therefore the application of Theorem 2.1
is inappropriate, and we must treat each individual situation separately.

4.3. Can we develop a form of Theorem 2.1 for non-unimodular groups? That is,
is there a Bonnet-type Plancherel Theorem for homogeneous sBatedn which

no unimodularity assumption is placed @? It is known that, with appropriate mod-
ifications, the classical Segal-Mautner-Godement Plancherel formula for unimodular
groups was extended to non-unimodular groups [3,7]. | hope to take up a parallel
extension for homogeneous spaces in a future paper.
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