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Abstract

We consider the spade!(v, X) of all real functions that are integrable with respect to a measwuri¢h
values in a real Fchet spac&. We study L-weak compactness in this space. We consider the problem
of the relationship between the existence of copie&ofn the space of all linear continuous operators
from a complete DF-spacé to a FEchet latticeE with the Lebesgue property and the coincidence of
this space with some ideal of compact operators. We give sufficient conditions on the measdithe
spaceX that imply thatL*(v, X) has the Dunford-Pettis property. Applications of these resultsioret
AL-spaces and Kthe sequence spaces are also given.
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1. Introduction

In this paper we study operators with values in, or defined on, spaces of scalar-valued
integrable functions with respect to a vector measure with values in a rechétr”
space.

This kind of integration was introduced by Lewis in [19] and developed essentially
by Kluvanek and Knowles in [18] for locally convex spaces. Let us recall briefly the
basic definitions (see [19] and [18]).

Throughout the papex will be a real FEchet space. Denote B (X) the system
of all 0-neighborhoods iX. GivenU e %4(X) we denote byp, the associated
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[2] Operators and integrable functions 177

Minkowski functional, that is,
pu(X) =sug[{x, x)|, X’ e U°}, xeX,

whereU° denotes the polar set &f. Consider a countably additive measure

¥ — X defined on ar-algebraz of subsets of a non-empty s@t For every 0-
neighborhood) in X theU-semivariation ob is the set functiofjv|y : £ — [0, 0c0)

defined by

vllu(A) = sugX'v|(A), X' € U%},

where |X'v]| is the variation measure of the signed measttgA) = (X, v(A)),
A€ X, x € X. ObservethatforalA e ¥

1.1 suppy(v(B)), B € Xa} < [Ivllu(A) = 2sudpy(v(B)), B € Za},

whereX, = {B € £, B C A}; see[18, Lemmall.2].

Let L1(v, X) be the space of (classesishlmost everywhere equal) scalar-valued
integrable functions with respect ta. A real-valued,~-measurable functiorf
on Q is calledv-integrable (see [18,19]) iff € L*(|x'v|), for all X' € X, and
if for each A € X there is a vector/, fdv € X (necessarily unique) satisfying
(x, [, fdv) = [, fd(x'v) forall x' € X'. We identify two functionsf andg if they
are equab-almost everywhere, that is, if

Ivilu({ew € @ f(w) # g@)}) =0,

forallU e %4(X). The spacé&!(v, X) is a FEchet lattice with the Lebesgue property
when it is equipped with the topology of convergence in mean and the érdeg

if and only if f(w) < g(w), v-almost everywhere; see [19, Theorem 2.2] or [18,
Corollary 11.4.2]. Recall that a locally solid Riesz spade 7) is said to have the
Lebesgue property (or thatis a Lebesgue topology) if, | 0 in L impliesu, — 0.
The characteristic functiogg, is a weak order unit of the Echet latticeL (v, X),
since inf f, xo} = 0 implies f = 0. Moreover, a system of lattice seminorms for this
topology is given by

fllu = sup{/ [ fld|x'v|, X' e UO}, felLl(v, X), UeZ(X).
Q

The associated integration mapgiven byl,(f) := [, f dvis linear and continuous
from L(v, X) into X.

In Section 2 we characterize the L-weakly compact sets ‘gb, X) via equi-
integrability (Theorem 2.2). L-weak compactness of the range of a positive vector
measure with values in aéchet lattice is also proved (Theorem 2.4).
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In Section 3 we consider the problem of relating the existence of copié¥ of
in the Fechet spacé. (Y, E), consisting of all linear continuous operators from a
complete DF-spac¥ to a FiEchet latticeE (with the Lebesgue property) and having
the topology of uniform convergence on the bounded se¥ @fith the coincidence
of Ly(Y, E) to a certain ideal of compact operators. Our results (Theorems 3.2 and
3.3) extend to the locally convex setting those of Curbera in [9]. Similar problems
have been consideredin [4,5] and [6].

In Section 4 we study sufficient conditions on the measuend the spaceX
in order that the spack!(v, X) has the Dunford-Pettis property (Theorem 4.1 and
Corollary 4.2). Some applications to generalizeddfgt AL-spaces (Corollary 4.3)
and Kothe spaces are also given; see Section 4 for theitiefimf these concepts.

Our notation and terminology is standard. For details concerning the lattice prop-
erties we referthe readerto [20, 21] and [23] and for the topological concepts in Riesz
spaces to [1] and [2]. Aspects related to locally convex spaces can be seen in [15].
For the general theory of vector measures and integration we refer to the monographs
[11] and [18].

2. L-weakly compact sets inL*(v, X)

In this section we obtain a characterization of L-weakly compact sets in the space
LY(v, X), whereX is a FEchet space and: ¥ — X is a countably additive measure
defined on ar-algebraXx of subsets of a non-empty set Recall (see [21, Defition
3.6.1)) that a (non-empty) subsét of a Fréchet latticeE is said to be L-weakly
compact ifx, — 0 in the topology ofE for every disjoint sequencg,), contained
in the solid hullS(A) of A, whereS(A) := {v € E, |v| < |u| for someu € A}.

By using the disjoint sequence theorem of Aliprantis and Burkinshaw [1, Theorem
21.7] we can prove the following result; see also [21, Proposition 3.6.2].

THEOREM2.1. Let E be a Frechet lattice andK be a bounded subset &. Then
the following assertions are equivalent.
(1) K is L-weakly compact.
(2) x,(x) — 0 uniformly onK for every(positive disjoint equi-continuous se-
quencex)), in E'.
Moreover, ifE has the Lebesgue property, then the above conditions are equivalent
to

(3) K is almost order bounded, that is, for every solid et %, (E) there exists
x € E* such thatk ¢ [—x, x] + U.
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ReMARK 2.1. In the course of this paper we will need the relationship between the
concept of an L-weakly compact set and other notions of compactness. The position
of the class of solid, bounded, L-weakly compact sets inecet lattice with the
Lebesgue property, among other classes of compact sets, is given in the following
items.

(1) L-weakly compact sets are relatively weakly compact, [1, Theorem 21.8]. The
converse holds for generalized AL-spaéesindeed,E is |o|(E, E')-complete, [14,
Theorem 1]and s& = (E’)7"; see [1, Theorem 22.2]. Sinég is Dedekind complete
[1, Theorem 5.7], it follows from Corollary 20.12 of [1], appliedlto= E’, that if a
subsetA of E is relatively weakly compact, then its convex solid hull is also relatively
weakly compact. So, ifx,), € S(A) is pairwise disjoint, then als@x,|), € S(A) is
pairwise disjoint. By [1, Theorem 21.2] we see thiat|, |x,|) — 0 for eachx’ € E’,
that is, x, — 0 with respect to the absolute weak topoldgy(E, E’) and hence,

X, — 0in E by [14, Theorem 1]. Hencd is L-weakly compact.

(2) Solid, relatively compact sets are L-weakly compact, [1, Theorem 21.15]. The

converse is true for discretedatiet lattices; see Theorems 21.12 and 21.15 of [1].

SupposeX is a FEchet space and let: ¥ — X be a vector measure. A positive
measure. : ¥ — [0, co) is said to be a control measure foif A(A) - 0, Ae X
if and only if |[v]jy(A) — O, for everyU € %4(X). Let us observe that a control
measure for a Echet valued measure always exists; see [18, 1l.1. Corollary 2 of
Theorem 1].

THEOREM2.2. Let X be a Fiechet spacey : ¥ — X be a countably additive
measure anK be a bounded subset bt (v, X). Then the following assertions are
equivalent.

(1) K is L-weakly compactiht(v, X).

(2 limp[sup(|l f xa,llu, T € K}] =0, for everyU e %4,(X), and every sequence
(An 4 Din X.

(3) lim;a_o[sup(l| f xallu, f € K} =10], for everyU € %,(X), and every control
measures of v.

@) lim,,a—olsuplll f xallu, f € K}] =0, foreveryU e %,(X).

PrOOF (1)= (2) TakeU e %4,(X) ande > 0. Consider the solid neighborhood
of 0in L(v, X) given by

&
vg={f eLl(v,X):||f||U§§}.

SinceK is L-weakly compact andl!(v, X) has the Lebesgue property, there exists
g. > 0inLY(v, X) suchthaK c [—g., g.] + V.; see Theorem 2.1. Hence, for every
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f € K we can writef = u + v, for somev € V, andu with |u] < g.. Now, if
(ADn J @inX andf € K, then

(2.1) Ifxallu = lluxa, + vxallu < lUlxallu + 2& < IG.xa llu + 2e.
2 2

But,g. xa, — 0inL(v, X), sinceg. xa, | 0 pointwise and_.*(v, X) has the Lebesgue
property, and so for somi, we have that|g. xa, llu < &/2 foralln > N,. Itis then
clear from (2.1) that (2) follows.

(2) = (3) For everyf e L(v, X) denote byv; : ¥ — X the measuréd —
[, fdv. TakeU e %4(X), and consider the following family of countably additive
sighed measures” = {X'vi : f € K, X’ € U°}. This family is uniformly
bounded with respect to the total variation norm, sikcis bounded irL*(v, X). By
hypothesis, it is uniformly countably additive. Observe also that every membgf of
is A-continuous. By [11, Corollary 1.2.5]# is uniformly A-continuous, that is,

A

(Iégrlosumx vi(B)|, X' eU°, f e K} =0.
Hence

Mlg;rlosuﬂpu(‘)f(B))’ feK}=0
and it follows that

A(I,Lgrlosup{llvfIlu(A), X eU®, feK}=0,

becausdv¢ |y (A) < 2sudpy (vi(B)), B € Z4}. The conclusion then follows from
the fact that

Ivellu(A) = 11 f xallu,

forall Ae T andallf € K [19, Theorem 2.2].

(3)= (4) If x»is any control measure for, then limy,, a0 A(A) = 0, for every
U € 2(X) and so (4) follows from (3).

(4) = (2) This is immediate sinceA,), | @ in X implies that||v|y (A, — O,
forallU € %24(X); see [18, 1.1. Lemma 3].

(3)= (1) Let(f,), be adisjoint sequence in the solid hull ¥t By definition
of S(K) there existg, € K such thaf f,| < |g,|, foralln =1, 2,.... Consider the
disjoint measurable sefs, .= {w € Q : |f(w)] > 0}, n = 1,2, ..., and observe
that| folxa, < |Onlxa, foralln =1,2,.... LetU € %,(X) ande > 0. By the

hypothesis (3) there exists> 0 such that

supllgxallu, g € K} <e,
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forall A € X with A(A) < . To finish the proof observe that

Ifallu = I falxallu < IGnlxAlu < sUplligxa,llu, 9 € K} <e,

for n large enough, because ljim(A,) = 0. O

For X a Banach space the following result can be found in [10, Claim 1, p. 3803].

COROLLARY 2.3. Let X be a Fiechet space with the Schur property and let
vy : ¥ — X be a countably additive measure. ThenLif(v, X) relatively weakly
compact sets coincide with L-weakly compact sets.

PrROOFE As we have already pointed out, every L-weakly compact set is relatively
weakly compact. Suppose that there exists aksan L*(v, X) which is relatively
weakly compact but is not L-weakly compact. By the condition (2) of Theorem 2.2,
there exist) € %4 (X), a sequencéA,), | @ in &, and a sequenad,), C K such
that

(2.2) I faxanllu =6,

for somes > O and alln = 1,2,.... SinceK is relatively weakly compact, by
[15, Corollary 9.8.3] there exists a subsequence, that we still denaté&, y which
converges weakly iLt(v, X). Since| fxally < || fllu, for all U e %24(X) and

A € 3, the linear mapb, : f — fxa is continuous fronL*(v, X) into L(v, X)

for eachA € . Hence, the composition mdpo ®, : f fA fdv is continuous
from L%(v, X) into X. In particular|,o ®, is also continuous for the weak topologies
on L'(v, X) and X. Accordingly, the sequence of integral§, f,dv), converges
weakly in X for every A € ¥. Since X is a Schur space, the convergence also
holds in the topology oiX. Letv, be the vector measur& — [, f,dv, A € X.
These measurag are countably additive and absolutely continuous with respect to
any control measurg of v. Since(v,(A)), converges inX for everyA € %, the
Vitali-Hahn-Saks theorem implies that

lim suppy (va(A) =0,
MA—0 p
for everyV € 724 (X). Then, we have
Jm ,SUPl faxa,llv =0,

for everyV € 74(X). But this is a contradiction of (2.2). O
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We finish this section with an application of Theorem 2.2 to the properties displayed
by the range of a vector-valued measure.

It is a classical result of Bartle, Dunford and Schwartz [3, Theorem 2.9] that the
range of a vector measure with values in a Banach space is relatively weakly compact.
This result was extended (in particular foreERet-valued measures) by Tweddle in
[22] (see also [17, Theorem 2], [18, Theorem IV.6.1]). When the vector measure takes
its values in a FeChet lattice more can be said.

THEOREM2.4. Let E be a Frechet lattice and lev : ¥ — E be a positive
countably additive measure. Then the solid hull of the rangei®f -weakly compact.

ProOOF By using the condition (2) of Theorem 2.1 it is enough to show that
X/ (x) — 0 uniformly with respect tx € S(v(X)), for every positive, disjoint and
equi-continuous sequenc¢e), in E’. Now, foralln =1, 2, ... we have that

supl|x, ()], X € S(E)} < SuX(A), A€ B} < xw(Q) = X1, (xa).

Indeed, the second inequality follows from the positivityxpf(given) andl, (easily
verified). To verify the first inequality, note thatif € S(v(X)), then|x| < |y| for
somey € v(X). Sincev is a positive measurg = v(A) for someA € ¥ and so

ly| =y, that is,|x| < v(A) for someA € X. Sincex’ > 0 we havex/(|x]) <
x,(v(A)). But, |x | = x| and so, by [1, p. 21] we have/ (x)| < x/(]x]). Hence

X' (x)| < x'(v(A)) for someA € ¥ wheneverx € S(v(X)), which establishes the
first inequality. Since the order intervatfq, xq] is L-weakly compactirL(v, E),

we conclude the proof by showing that the equi-continuous sequence of positive
functionals(x/1,), is disjoint. If f > 0in L*(v, E), thenu := 1,(f) > 0in E.
Therefore,

inf{x1,, x 1,}(f) =inf{x1,(9) +x,1,(f —g), 0<g < f}
< inf{x,(X) + x,(u—x), x € E, 0 <x < u}
= inf{x’, x’ }(u) = 0.

n> 'm

O

REMARK 2.2. Itis a well known fact that the unit ball éf is the range of a vector
measure [18, VII.4. Examples 1 and 2]. By considering the basis ve@grsit is
clear that the unit ball of? is a solid set which is not L-weakly compact. This tells
us that the statement of Theorem 2.4 is not true in general. Nevertheless, it still holds
under a weaker hypothesis on the measure. A vector measube — E is said to
be dominated by a positive measure: — E, if [u(A)| < v(A),forall Ae Z. In
this case, the solid hull of the range @fis obviously contained in the solid hull of
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the range ob. Thus, the solid hull of the range pf is L-weakly compact, since any
subset of a L-weakly compact set is also L-weakly compact. Observe that any vector
measure: with a Jordan decompositiop (= 11, — u», with 1, andu, positive vector
measures) or any measweavith a so called Hahn decomposition (that is, there exists

A e X suchthaw(B) > 0if BC Aandu(B) <0if B C @\ A) isdominated by a
positive measure.

3. Operators with values inL*(v, X)

Let Y be a complete DF-space (see [15, Section 12.4] for the definition) and let
X be a Fechet space. Recall that,(Y, X) denotes the Echet space (see [15,
12.4 Theorem 2]) of all linear continuous operators frérto X, equipped with the
topology of uniform convergence on the bounded seté.of his topology is defined
by the seminorms

Pu.H(T) :=sulpu(Ty).y € H}, T e Lo(Y, X),

whereU is any 0-neighborhood iiXX andH is any bounded set i¥. In this section
we extend to the locally convex case the results obtained by Curbera [9, Theorems 9
and 10] in the Banach case, about the existence of copié® af L,(Y, E) and its
relationship to the coincidence of this space with some ideal of compact operators.
Similar results have been proved in [5], [4] and [6] for pdiYs X), whereX andY
are either Fechet or complete DF-spaces. To do this, we associate to each continuous
linear operatoil : Y — L(v, X) a vector measure taking values in the space of all
linear continuous operators frodto X, and we characterize those operators whose
associated measure is countably additive in the topology of uniform convergence on
bounded sets of.

Consider the operator-valued set function: ¥ — L(Y, X), associated to the
continuous linear operatdr : Y — L(v, X) and the given vector measure ¥ —
X, which is defined by

UT(A)IyH/TydI)EX (yey),
A

thatis,vr (A) = 1,0 ®P,0 T foreachA € X. Itis then clear thaby is L(Y, X)-valued

and finitely additive. Moreover, using (1.1) it can be shown that for every bounded
setH of Y and each 0-neighborhodd of X, we have the following estimates for the

| - llu.n-Semivariation ofir;

(3.1) %SUHHTV' Xallus Y € H} < flvrlluw(A) <2sud|Ty: xallu, y € H},
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forall A € . Moreover, it is easy to show that is countably additive in_s(Y, X),
the spacd.(Y, X) equipped with the topology of pointwise convergence. In general,
vr is not countably additive i, (Y, X); see [9, Example p. 322].
The following result can be found in [9, Theorem 4] for the case when Kadind
Y are Banach spaces.

THEOREM3.1. LetY be a complet®F-space X be a Féchet space; : ¥ — X
be a countably additive measure aiid: Y — L*(v, X) be a continuous linear
operator. The following conditions are equivalent.

(1) The operatorT is L-weakly compact, that iS] maps bounded sets ¥finto
L-weakly compact sets of thedghet latticel (v, X).

(2) The measurey is strongly additive irL, (Y, X), thatis,vr (A,) — 0in Ly (Y, X)
whenevelA,), is a disjoint sequence k.

(3) The measurey is countably additive i, (Y, X).

ProOOF (1) = (2) Suppose that; is not strongly additive. By the Echet space
version of [11, Corollary 1.1.18] there exist a boundedidein Y, a 0-neighborhood
U in X, a pairwise disjoint sequence of measurable $83, and ans > 0 such
that |lvr|lun(Ay) = ¢ > 0, foralln = 1,2,.... By using the bounds given for
the semivariations of the measure in (3.1) we can choose @, € H such that
1T Vn-xallu = €/2,foreacn = 1, 2, .... But this contradicts (1), Sinadd V¥, - xa,)n
is then a disjoint sequence in the solid hullfofH ) that does not converge to 0.

(2)= (1) Suppose that is not L-weakly compact. Then there exists a bounded
setH in Y such thafT (H) c L(v, X) is not L-weakly compact. Then we can take
a positive and disjoint sequencé,), in L*(v, X) such thatf, < |Ty,| for certain
Vo€ H(n=1,2,...)but(f,), does notconverge to 0. By passing to a subsequence,
there existdJ € %(X) such that|| f,|ly = 1, foralln = 1,2,.... Consider the
disjoint sequencéA,), of measurable set8,, ;= {w € Q : f,(w) > 0}. Then (3.1)
implies that

L<fallu < T ¥l xadlu = HT Y0 xalllu = 1T Yn - xallu
< supliTyxa,llu, ¥ € H} < 2|lvrllun(An),

foralln=1,2,.... Once again, by [11, Corollary 1.1.18}; is not strongly additive.
(2) = (3) Since the measurg; : ¥ — Ly(Y, X) is countably additive in a
weaker Hausdorff topology (that is, Iny(Y, X)) it is routine to check that the strong
additivity of v in Ly (Y, X) implies its countable additivity.
(3)= (2) This is obvious. O

For the case whelY is a Banach space arid is a Banach lattice with order
continuous norm and a weak order unit, the following result can be found in [9,
Theorem 9].
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THEOREM 3.2. Let E be a Fréchet lattice with the Lebesgue property and with a
weak order unit and leY be a completdF-space. IfL,(Y, E) does not contain
an isomorphic copy of*, then every continuous linear operatdrfromY to E is
L-weakly compact.

PROOE By the representation theorem [12, Proposition 2.4 (vi)] there exists a
measurable spad€, X) and a countably additive vector measureX — E such
that E is lattice isomorphic td_1(v, E). Thus, we can consider the operafoas
mappingY into L(v, E). Then the associated measuraakes its values i (Y, E)
and has bounded rangelin(Y, E). By a theorem of Diestel and Faires [8, Corollary
4.1.44 and Theorem 4.7.16] the measuyds strongly additive. Accordingly, the
operatofT is L-weakly compact by Theorem 3.1. O

Recall that a Fechet lattice is said to be discrete if there exists a complete disjoint
system of atoms. (See [1, p. 17 and Example 9, p. 31].) In this setting, we know
that L-weakly compact sets are relatively compact; see Remark 2.1. The theorem to
follow is an extension of part of [9, Theorem 10] (a similar result to [16, Theorem 6],
without restrictions in the first space). For its proof we will need the following lemma
which, in the Banach space case, is contained in the proof of [9, Theorem 10]. We
include it for the sake of completeness.

LEMMA 3.1. Let E be a Fréchet lattice with the Lebesgue property. LA&GE)
be a maximal disjoint system of positive atomsEn For everyx € E the set
A(X) :={z € A(E), inf{z, |x|} # 0} is countable.

PrROOF SinceE has the Lebesgue property it is Dedekind complete, [1, Theorem
10.3]. Hence the order projectid?, associated with the elemente E exists, [1,
Theorem 2.11], and satisfies

3.2 P,(v) = suginf{v,n|z|} : n € N}, veET;

see[1, p. 13]. Fix any € E. For everys > 0 and every continuous lattice seminorm
g, the set{z € A(E), q(P,(|x|)) > ¢} is finite. If this is not the case, we can find
an infinite sequence of atomg,), from A(E) such thatq(P, (|x])) > e, for all

n =12, .... Consider the increasing sequenge= P, ., (|x]),k=1,2,....
This sequence is order bounded|ky. SinceE has the Lebesgue propery ), must
be convergent. But, it follows from (3.2) that

qlug — U 1) = q(P, (Ix]))) = ¢ forallk=23,...

which is a contradiction.
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Now, consider an increasing sequerigg), of lattice seminorms generating the
topology ofE. Then it can be shown that

oo

1
A = {ze A(E), tn(P(IX])) = E}

n,m=1

and this set is countable. O

THEOREM 3.3. Let E be a discrete Fechet lattice with the Lebesgue property and
Y be a complet®F-space. IfL,(Y, E) does not contain an isomorphic copy#f,
then every continuous linear operator frofmo E is compact.

PrROOF If Y is a DF-space and a Fréchet space, then the compact operators from
Y to X coincide with Montel operators frordf to X. (See the remark (1) after [5,
Corollary 19].) Recall that a continuous linear map frgrno X is called Montel if it
transforms bounded sets into relatively compact sets.

If E has a weak order unit, bearing in mind (by Remark 2.1 (2)) that L-weakly
compact sets are relatively compact, it follows that every operator ¥aim E is
Montel, by the previous paragraph and Theorem 3.2. Now consider the general case
(that is, no weak order unit) and suppose that there exists a continuous linear operator
T : Y — E which is not Montel. Then there exist a bounded sequérgg in Y,
andU e %4(E) such that

(3.3) Pu(TX — TXy) > 1, foralln £ m.

By Lemma 3.1, the seH = |J,., A(TX,) is countable. The ban& generated

by H coincides with the subspace generatedHbysince all of the elements df

are atoms. If we consider of its relative topology, it is a discrete €chet lattice

with the Lebesgue property. Moreover it has a weak order unit, since it is separable
[1, Example 7 p. 123]. On the other harnlx, € F, foralln = 1,2,... since
inf{|Tx,,z} =0, forallz¢ A(Tx,),n=12,.... Denote byP- : E — F the

order projection band ont. ThenP:T € L(Y, F) and is not compact by (3.3) as
Pu(PeTX, — PeTXn) = pu(TX, — TXn). MoreoverLy(Y, F) does not contain an
isomorphic copy of* as it is a closed subspacelof(Y, E). But, the previous case
shows thatP: T is Montel and so we have a contradiction. O

ReEMARK 3.1. The converse of the above theorem is not true in general. (See the
remark after the corollary below.) Nevertheless, it is true if the discreteHat
lattice E is non-Montel, in addition to having the Lebesgue property. Suppose that
Ly(Y, E) = My(Y, E) has a copy oft>. According to [5, Corollary 19 (a)]Y
contains a complemented copy @for E contains a copy of*. The latter case is



[12] Operators and integrable functions 187

impossible, becausE has the Lebesgue property [1, Theorem 10.7]. If we take a
bounded sequencs,), in E without convergent subsequences (which is possible as
E is non-Montel), then the operatdi(@) = Y, anX,, for a € ¢*, defines a non-
Montel operator front! to E. It is then possible to construct a non-Montel operator
fromY to E and a contradiction follows.

Since no infinite dimensional Banach space is Montel, we point out that Remark
3.1 and Theorem 3.3 together are an extension of (all of) [9, Theorem 10].

We complete this section with an application totké spaces. Compare our result
with [6, Theorem 3] and [5, Propositions 29 and 30]. Consider an indek, s&it
assumed to be countable. Recall that an increasing seqéeacéa,), of positive
familiesa, = (ay)ic, is called a Kothe matrix if for each e | there exists & > 1
such thaty; > 0. For 1< p < oo we define

1p
Ap(l, A) == {x = (X)ie : IIXIP = <Z|xi|”aki> <oo,k=1,2,... }

iel
equipped with the topology generated by the seminofmg, k = 1,2,.... Then
Ap(l, A), called a Kothe space, is a discretedehiet lattice with the Lebesgue property
which has a weak order unit if and only if the index $é$ countable. To check that
Ap(l, A) has the Lebesgue property use fhadditivity property of each seminorm
[-1If,k=1,2,... asin[1, Theorem 10.10].

COROLLARY 3.4. Let A,(1, A) be a Kothe space andf be a complet®F-space.
If Lp(Y, A,(1, A)) does not contain an isomorphic copy/sf, then every continuous
linear operator fromY to A ,(l, A) is compacior Monte).

REMARK 3.2. Equivalent conditions under whidh,(Y, 1,(I, A)) has a copy of
£, for a Féchet or a complete DF-spa¥eand 2< p < oo have been studied in [4,
Corollary 21].

4. Operators defined onL(v, X)

Let X be a FEchetspace and: ¥ — X be avector measure of bounded variation.
That s, for every 0-neighborhoddl on X, we have

vlu(Q) = sup)_ pu(v(A)) < oo,
T Aem
where the supremum is taken over all partitiansf 2. For technical reasons we will
require that

4.1 D, :={x' € X' :vis|X'v|-continuou$ # T,
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where to say that is A-continuous with respect to a positive measu@ ¥ means
that every.-null setis av-null set. Measures of the form’v| with X’ € D, (whenthey
exist) are called Rybakov control measuresafo€onditions on the spacéfor which
(4.1) holds have been studied in [13], where it is shown thXtafdmits a continuous
norm, then everyX-valued vector measure has a Rybakov control measure. In this
section we study sufficient conditions erand X in order that the spade'(v, X) has
the Dunford-Pettis property. €Rall that a Fechet space is said to have the Dunford-
Pettis property if every weakly compact operator defined on it maps relatively weakly
compact sets into relatively compact sets. We also apply these results to the class of
Fréchet AL-spaces with a continuous norm.

We first establish some preparatory results concerning the representation of oper-
ators fromL(v, X) to Y. The next lemma is the vector version of [13, Lemma 3.1

(B)].

LEMMA 4.1. Let X andY be Fréchet spaces, : ¥ — X be a countably additive
vector measure and : L(v, X) — Y be a continuous linear map. Then the
maput : X — Y, given byut(A) := T(xa), defines a countably additiwector
measurehenceforth called the representing measurelfprthe inclusionL(v, X) C
L(ur, Y) holds in the sense of vector spaces, and

(4.2) T(f)=/ fdur (f € LY(v, X)).
Q

ProOFE The formulaw(A) = T(xa) defines a finitely additive measure: :
> — Y. Actually, this measure is countably additive by the dominated convergence
theorem for vector measures[18, Theorem l1.4.2] and the continuity @b prove the
inclusionLt(v, X) c L(ur,Y) it suffices to show that every non-negative function
f e L1(v, X) belongs taL(ur, Y). To see this, choose a sequenc&eieasurable
simple functions 0< ¢; < ¢, < --- < f which increases pointwise tb on Q. By
the dominated convergence theorem for vector measures wexhave— xaf in
LY(v, X), foreachA e . The continuity ofT implies thatT (xagn) — T(xaf)inY
asn — oo. Thatis, the sequend®(xagn) = [, ¢ndur,n =1,2,... is convergent
in Y for eachA € . Now, sincev-null sets areur-null sets, it follows from [19,
Lemma 2.3] thatf € L(ur,Y). By the dominated convergence theorem/igrit
is also follows (now knowing thaf € L*(ur,Y) ) that [, ¢ndur — [, fdur, and
this establishes tha, fdur = T(f). O

For the notions of strongly-measurable and-integrable functiond : @ — X
(with X a Fchet space) with respect to a finite positive measuve refer to [7], for
example. The functior is calledi-Pettis integrable ifx’, f) € L1(A), forallx’ € X/,
and foreactA € T thereisavectof, fdx € Xsuchthatx’, [, fdr) = [,(x, f)da
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forall X’ € X'. For X andY Banach spaces the following result can be found [10, p.
3804]; see the proof of Claim 2 given there.

LEMMA 4.2. LetX andY be Fréchetspaces, let: ¥ — X be a countably additive
vector measure of bounded variation, andTet L(v, X) — Y be a weakly compact
operator. Then, for every control measure ¥ — [0, +o00) of v, the representing
measureur has a Radon-Nikagdn derivative with respect tp, that is, there exists a
stronglyA-measurable functiog : 2 — Y which isi-integrable such that

ut(A) =/gdk, forall Ae X.
A

Moreover, for every functiorf € L(v, X), the functionfg is stronglyr-measurable
and-Pettis integrable and its Pettis integrd, fgdx satisfies

4.3) T(f)=/ fgda.
Q

PrOOF By using the continuity off and the fact that has bounded variation we
can see that the measyig has bounded variation. Moreover; is A-continuous
and has locally relatively weakly compact (hence, s-dentable by [7, Theorem 1.1])
average range, meaning that for evérg X+ there exist8 € X1, B C A, such that

ur(C)
A(C)

Re(ut) = { ,Cext andC c B}

is relatively weakly compact, whe®™ = {A € £, A(A) > 0}. To see this, observe
that u1(C)/A(C) = T(xc/A(C)) for all C € X7, so thatZz(ur) = T(Xe()),
for all B € =*, whereyn : © — L(v, X) is the countably additive.-continuous
vector measure of bounded variation given/byp) := y.. With this observation,
and recalling thafl is weakly compact, it is enough to show thathas locally
bounded average range lirt(v, X). But, this follows from [7, Lemma 3.1]. Now,
by [7, Theorem 2.1] there exists a stronglymeasurable an#-integrable function
g: Q — Y (called Bochner integrable in the Banach space case) such that

ut(A) =/gdk, AeX.
A

Moreover,

(4.4) (Y, ur(A) =/(y/, g)da, Acx, yeY.
A
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Now, from Lemma 4.1 and (4.4), we can prove thgt fg) € L)) forall f e
L(v, X) and ally’ € Y. Moreover,

<yx/ fdm>=/ fd(y/MT)=/ f<yxg>dx=/<yz fg)da.
A A A A

Hencefg: Q — Yisi-Pettisintegrable and its Pettis integrafjsfgdx = [, fdur,
for all A € . This together with (4.2) gives (4.3).

Finally, to see thatfg is stronglyA-measurable note that takes its values in a
separable subspace ¥fand hence, so doefg. Clearly(y’, fg) is ©-measurable
for eachy’ € Y and sofg : @ — Y is scalarly measurable. Then the Pettis
measurability theorem (which is also valid in€leHet spaces) implies thdfg is
stronglyA-measurable. O

For Banach spaces the following result occurs in [10, Claim 2, p. 3804].

THEOREM4.1. Let X and Y be Fréchet spaces and let: ¥ — X be a vector
measure of bounded variation for whid, # @. If T : L1(v, X) — Y is a weakly
compact operator, thef maps L-weakly compact sets into relatively compact sets.

PrOOF Let A be a Rybakov control measure for By Lemma 4.2, there is a
stronglyA-measurable antkintegrable functiorg : @ — Y, such that

T(f)=/ fgdr, felLl(v, X).
Q

Let K be an L-weakly compact (solid) set in*(v, X). To see thafl (K) is a
relatively compact subset of it is enough to show (see [2, Theorem 9.1] and [15,
Theorem 3.5.1]) that for evely € %4 (Y) there exists arelatively compact gt C Y
such thaff (K) c Ky + V. So, fix a 0-neighborhood in Y.

First of all, observe that/, | f[dA, f € K} is a bounded set, sinceis a Rybakov
control measure for andK is an L-weakly compact set (hence bounded by Remark
2.1(1))inL*(v, X). Then we can pyp := sup/, | f|dx, f € K}.

From the continuity ol there exists a 0-neighborhobldin X such thafpy, (T f) <
I flly, forall f e L1(v, X).

By Theorem 2.2, we have that lj,_.o sug|| f xallu. f € K} = 0 and so there
existss > 0 such that sul f xally, f € K} < 1, forall Ae X with A(A) < 4.

Since the functiory is stronglyi-measurable, by Egoroff's theorem there exist a
>-simple functiony : Q@ — Y and a seB € T with A(B) < § such that

1
(4.5) pv(9(w) — p(w)) < 2’ weQ\B.
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For f in K we have

UU=waﬁ/

Q\B

f od +/ f(g— @)di.
Q\B

Then

mﬁm—/fwosmmuw+m01HWWM)
Q\B Q\B

stm+/|mmem
Q\B

S
=275, T

HenceT (K) C {fQ\B fodr, f € K} + V. Finally, the set

KV:={/ foda, feK}
Q\B

is relatively compact iry because is aX-simple function anK is bounded. O

For the case wheK is a Banach space the following result occursin [10, Theorem
4].

COROLLARY 4.2. Let X be a Fiechet space with the Schur property and et
> — X be a vector measure of bounded variation for whith# @. Then the space
LY(v, X) has the Dunford-Pettis property.

ProOF The result follows from Corollary 2.3 and Theorem 4.1. O

We conclude this section by showing that an important class etHeat lattices,
the so called generalized AL-spaces, have the DunfottisReoperty. Such sres
have been studied intensively in [14, Section 2]. Adhét latticeE is a generalized
AL-space if its topology can be defined by a family of lattice seminomitbat are
additive on the positive cone, that is, wilix + y) = p(X) + p(y), forx,y € E*.

We recall at this point (see Section 3) that atKe space. (I, A) is a generalized
AL-space with a weak order unit if and only if the index $é$ countable. Moreover
it has a continuous norm if one of the steps, aay= (ay)i«, is strictly positive.

COROLLARY 4.3. Let E be a generalizedL -Fréchet space with a weak order unit
and a continuous norm. Theh has the Dunford-Pettis property.
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PROOF Since every AL-space has the Lebesgue property (see Section 3), according
to the representation theorem [12, Proposition 2.4 (\B)Jis lattice isomorphic to
L(v, E), for a certain countably additive measure: ¥ — E. Hence, every
operator defined of can be considered as being defined.dfv, E). Moreover, an
examination of the proof of [12, Proposition 2.4 (vi)] (see also p. 364 there) shows
thatv(X) C E*. So, if py is a lattice seminorm foE which is additive orE™, then
it is routine to verify that) ©,_ pu(v(A)) = py(v(2)) for every partitionr of .
Accordingly, [v|y(R2) < pu(v(2)) < oo which shows that has bounded variation.
SinceE has a continuous norm), # @, thatis, the measunehas a Rybakov control
measure [13, Theorem 2.2]. Note that the relatively weakly compact sets coincide
with L-weakly compact sets ih(v, E), provided that_(v, E) is an AL-space; see
Remark 2.1(1). The proof then follows by applying Theorem 4.1. So, it remains
to establish that'(v, E) is a generalized AL-space wheneVgris a generalized
AL-Frechet space and: ¥ — E is a positive measure (necessarily having bounded
variation). The following lemma establishes this fact. O

LEMMA 4.3. Let E be a generalized\L-Fréchet space and : ¥ — E be a
positive measure. Thent(v, E) is a generalized\L -space.

PrOOFE Denote byZ,(E) the system of all solid 0-neighborhoodskn SinceE is
a generalized AL-Fachet space its topologyis | (E, E'); see [14, Theorem 1]. Now,
by applying [2, Theorem 11.11(1)] we have that for evlerye %4(E) there exists
X, > 0in E" such thatU° C [—x{;, Xx(,], that is,|x'| < x{;, for all X" € U°. Observe
that

(4.6) IXV[(A) < X, v(A), X eU°, Aex

Consider the following system of lattice seminormg§ is a positive measure) on
Li(v, E):

[fly = / [ fld(xv), f e LY(v, E),
Q

whereU € 74(E). Now, it is clear from (4.6) that this system of seminorms define
the topology ofL(v, E). Moreover, f +g|y = | f|u +19|u, for all positive functions
f,g e LYX(v, E) and everyU € %4(E). This shows that.1(v, E) is a generalized
AL-space. O

The authors thank the referee for a number of suggestions and comments which
improve the content and presentation of the paper.
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