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Abstract

We consider the spaceL1.¹; X/ of all real functions that are integrable with respect to a measure¹ with
values in a real Fŕechet spaceX. We study L-weak compactness in this space. We consider the problem
of the relationship between the existence of copies of`1 in the space of all linear continuous operators
from a complete DF-spaceY to a Fŕechet latticeE with the Lebesgue property and the coincidence of
this space with some ideal of compact operators. We give sufficient conditions on the measure¹ and the
spaceX that imply thatL1.¹; X/ has the Dunford-Pettis property. Applications of these results to Fréchet
AL-spaces and K̈othe sequence spaces are also given.
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1. Introduction

In this paper we study operators with values in, or defined on, spaces of scalar-valued
integrable functions with respect to a vector measure with values in a real Fr´echet
space.

This kind of integration was introduced by Lewis in [19] and developed essentially
by Kluvánek and Knowles in [18] for locally convex spaces. Let us recall briefly the
basic definitions (see [19] and [18]).

Throughout the paperX will be a real Fréchet space. Denote byU0.X/ the system
of all 0-neighborhoods inX. Given U 2 U0.X/ we denote bypU the associated
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Minkowski functional, that is,

pU .x/ D supfjhx0; xij; x 0 2 U Žg; x 2 X;

whereU Ž denotes the polar set ofU . Consider a countably additive measure¹ :
6 ! X defined on a¦ -algebra6 of subsets of a non-empty set�. For every 0-
neighborhoodU in X theU -semivariation of¹ is the set functionk¹kU : 6! [0;1/
defined by

k¹kU.A/ :D supfjx0¹j.A/; x0 2 U Žg;

where jx0¹j is the variation measure of the signed measurex0¹.A/ D hx0; ¹.A/i,
A 2 6, x0 2 X0. Observe that for allA 2 6

supfpU .¹.B//; B 2 6Ag � k¹kU .A/ � 2 supfpU .¹.B//; B 2 6Ag;(1.1)

where6A :D fB 2 6; B � Ag; see [18, Lemma II.2].
Let L1.¹; X/ be the space of (classes of¹-almost everywhere equal) scalar-valued

integrable functions with respect to¹. A real-valued,6-measurable functionf
on � is called¹-integrable (see [18, 19]) if f 2 L1.jx0¹j/, for all x0 2 X0, and
if for each A 2 6 there is a vector

R
A f d¹ 2 X (necessarily unique) satisfying

hx0; RA f d¹i D RA f d.x0¹/ for all x0 2 X0. We identify two functionsf andg if they
are equal¹-almost everywhere, that is, if

k¹kU.f! 2 � : f .!/ 6D g.!/g/ D 0;

for all U 2 U0.X/. The spaceL1.¹; X/ is a Fréchet lattice with the Lebesgue property
when it is equipped with the topology of convergence in mean and the orderf � g
if and only if f .!/ � g.!/, ¹-almost everywhere; see [19, Theorem 2.2] or [18,
Corollary II.4.2]. Recall that a locally solid Riesz space.L ; − / is said to have the
Lebesgue property (or that− is a Lebesgue topology) ifuÞ # 0 in L impliesuÞ

−! 0.
The characteristic function�� is a weak order unit of the Fr´echet latticeL1.¹; X/,
since inff f; ��g D 0 implies f D 0. Moreover, a system of lattice seminorms for this
topology is given by

k f kU :D sup

²Z
�

j f j djx0¹j; x 0 2 U Ž
¦
; f 2 L1.¹; X/; U 2 U0.X/:

The associated integration mapI¹ given byI¹. f / :D R
�

f d¹ is linear and continuous
from L1.¹; X/ into X.

In Section 2 we characterize the L-weakly compact sets ofL1.¹; X/ via equi-
integrability (Theorem 2.2). L-weak compactness of the range of a positive vector
measure with values in a Fr´echet lattice is also proved (Theorem 2.4).
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In Section 3 we consider the problem of relating the existence of copies of`1

in the Fréchet spaceLb.Y; E/, consisting of all linear continuous operators from a
complete DF-spaceY to a Fréchet latticeE (with the Lebesgue property) and having
the topology of uniform convergence on the bounded sets ofY, with the coincidence
of Lb.Y; E/ to a certain ideal of compact operators. Our results (Theorems 3.2 and
3.3) extend to the locally convex setting those of Curbera in [9]. Similar problems
have been considered in [4, 5] and [6].

In Section 4 we study sufficient conditions on the measure¹ and the spaceX
in order that the spaceL1.¹; X/ has the Dunford-Pettis property (Theorem 4.1 and
Corollary 4.2). Some applications to generalized Fr´echet AL-spaces (Corollary 4.3)
and Köthe spaces are also given; see Section 4 for the definition of these concepts.

Our notation and terminology is standard. For details concerning the lattice prop-
erties we refer the reader to [20, 21] and [23] and for the topological concepts in Riesz
spaces to [1] and [2]. Aspects related to locally convex spaces can be seen in [15].
For the general theory of vector measures and integration we refer to the monographs
[11] and [18].

2. L-weakly compact sets inL1.¹; X/

In this section we obtain a characterization of L-weakly compact sets in the space
L1.¹; X/, whereX is a Fréchet space and¹ : 6! X is a countably additive measure
defined on a¦ -algebra6 of subsets of a non-empty set�. Recall (see [21, Definition
3.6.1]) that a (non-empty) subsetA of a Fréchet latticeE is said to be L-weakly
compact ifxn ! 0 in the topology ofE for every disjoint sequence.xn/n contained
in the solid hullS.A/ of A, whereS.A/ :D fv 2 E; jvj � juj for someu 2 Ag.

By using the disjoint sequence theorem of Aliprantis and Burkinshaw [1, Theorem
21.7] we can prove the following result; see also [21, Proposition 3.6.2].

THEOREM 2.1. Let E be a Fŕechet lattice andK be a bounded subset ofE. Then
the following assertions are equivalent.

.1/ K is L-weakly compact.

.2/ x0n.x/ ! 0 uniformly on K for every.positive/ disjoint equi-continuous se-
quence.x0n/n in E0.

Moreover, ifE has the Lebesgue property, then the above conditions are equivalent
to

(3) K is almost order bounded, that is, for every solid setU 2 U0.E/ there exists
x 2 EC such thatK ² [�x; x] CU.
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REMARK 2.1. In the course of this paper we will need the relationship between the
concept of an L-weakly compact set and other notions of compactness. The position
of the class of solid, bounded, L-weakly compact sets in a Fr´echet lattice with the
Lebesgue property, among other classes of compact sets, is given in the following
items.

.1/ L-weakly compact sets are relatively weakly compact, [1, Theorem 21.8]. The
converse holds for generalized AL-spacesE. Indeed,E is j¦ j.E; E0/-complete, [14,
Theorem 1] and soE D .E0/sn ; see [1, Theorem 22.2]. SinceE0 is Dedekind complete
[1, Theorem 5.7], it follows from Corollary 20.12 of [1], applied toL D E0, that if a
subsetA of E is relatively weakly compact, then its convex solid hull is also relatively
weakly compact. So, if.xn/n � S.A/ is pairwise disjoint, then also.jxnj/n � S.A/ is
pairwise disjoint. By [1, Theorem 21.2] we see thathjx0j; jxnji ! 0 for eachx0 2 E0,
that is, xn ! 0 with respect to the absolute weak topologyj¦ j.E; E0/ and hence,
xn ! 0 in E by [14, Theorem 1]. Hence,A is L-weakly compact.
.2/ Solid, relatively compact sets are L-weakly compact, [1, Theorem 21.15]. The
converse is true for discrete Fr´echet lattices; see Theorems 21.12 and 21.15 of [1].

SupposeX is a Fréchet space and let¹ : 6 ! X be a vector measure. A positive
measure½ : 6 ! [0;1/ is said to be a control measure for¹ if ½.A/ ! 0; A 2 6
if and only if k¹kU.A/ ! 0, for everyU 2 U0.X/. Let us observe that a control
measure for a Fr´echet valued measure always exists; see [18, II.1. Corollary 2 of
Theorem 1].

THEOREM 2.2. Let X be a Fŕechet space,¹ : 6 ! X be a countably additive
measure andK be a bounded subset ofL1.¹; X/. Then the following assertions are
equivalent.

.1/ K is L-weakly compact inL1.¹; X/.

.2/ limn[supfk f �An
kU; f 2 K g] D 0, for everyU 2 U0.X/, and every sequence

.An/n # ? in 6.
.3/ lim½.A/!0[supfk f �AkU ; f 2 K g D 0], for everyU 2 U0.X/, and every control
measure½ of ¹.
.4/ limk¹kU .A/!0[supfk f �AkU ; f 2 K g] D 0, for everyU 2 U0.X/.

PROOF. (1)) (2) TakeU 2 U0.X/ and" > 0. Consider the solid neighborhood
of 0 in L1.¹; X/ given by

V" D
n

f 2 L1.¹; X/ : k f kU � "2
o
:

SinceK is L-weakly compact andL1.¹; X/ has the Lebesgue property, there exists
g" > 0 in L1.¹; X/ such thatK ² [�g"; g"] C V"; see Theorem 2.1. Hence, for every
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f 2 K we can write f D u C v, for somev 2 V" andu with juj � g". Now, if
.An/n # ? in 6 and f 2 K , then

k f �An
kU D ku�An

C v�An
kU � kjuj�An

kU C 1
2
" � kg"�An

kU C 1
2
":(2.1)

But, g"�An
! 0 in L1.¹; X/, sinceg"�An

# 0 pointwise andL1.¹; X/ has the Lebesgue
property, and so for someN" we have thatkg"�An

kU � "=2 for all n ½ N". It is then
clear from (2.1) that (2) follows.

(2)) (3) For every f 2 L1.¹; X/ denote by¹ f : 6 ! X the measureA 7!R
A f d¹. TakeU 2 U0.X/, and consider the following family of countably additive

signed measuresM :D fx0¹ f : f 2 K ; x 0 2 U Žg. This family is uniformly
bounded with respect to the total variation norm, sinceK is bounded inL1.¹; X/. By
hypothesis, it is uniformly countably additive. Observe also that every member ofM

is ½-continuous. By [11, Corollary I.2.5],M is uniformly½-continuous, that is,

lim
½.B/!0

supfjx0¹ f .B/j; x0 2 U Ž; f 2 K g D 0:

Hence

lim
½.B/!0

supfpU .¹ f .B//; f 2 K g D 0

and it follows that

lim
½.A/!0

supfk¹ f kU .A/; x0 2 U Ž; f 2 K g D 0;

becausek¹ f kU .A/ � 2 supfpU .¹ f .B//; B 2 6Ag. The conclusion then follows from
the fact that

k¹ f kU .A/ D k f �AkU ;

for all A 2 6 and all f 2 K [19, Theorem 2.2].
(3)) (4) If ½ is any control measure for¹, then limk¹kU .A/!0 ½.A/ D 0, for every

U 2 U0.X/ and so (4) follows from (3).
(4)) (2) This is immediate since.An/n # ? in 6 implies thatk¹kU.An/! 0,

for all U 2 U0.X/; see [18, II.1. Lemma 3].
(3)) (1) Let . fn/n be a disjoint sequence in the solid hull ofK . By definition

of S.K / there existgn 2 K such thatj fnj � jgnj, for all n D 1;2; : : : . Consider the
disjoint measurable setsAn :D f! 2 � : j fn.!/j > 0g, n D 1;2; : : : , and observe
that j fnj�An

� jgnj�An
, for all n D 1;2; : : : . Let U 2 U0.X/ and" > 0. By the

hypothesis (3) there existsŽ > 0 such that

supfkg�AkU ; g 2 K g � ";
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for all A 2 6 with ½.A/ < Ž. To finish the proof observe that

k fnkU D kj fnj�An
kU � kjgnj�An

kU � supfkg�An
kU; g 2 K g � ";

for n large enough, because limn ½.An/ D 0.

For X a Banach space the following result can be found in [10, Claim 1, p. 3803].

COROLLARY 2.3. Let X be a Fŕechet space with the Schur property and let
¹ : 6 ! X be a countably additive measure. Then inL1.¹; X/ relatively weakly
compact sets coincide with L-weakly compact sets.

PROOF. As we have already pointed out, every L-weakly compact set is relatively
weakly compact. Suppose that there exists a setK in L1.¹; X/ which is relatively
weakly compact but is not L-weakly compact. By the condition (2) of Theorem 2.2,
there existU 2 U0.X/, a sequence.An/n # ? in 6, and a sequence. fn/n ² K such
that

k fn�An
kU ½ Ž;(2.2)

for someŽ > 0 and alln D 1;2; : : : . SinceK is relatively weakly compact, by
[15, Corollary 9.8.3] there exists a subsequence, that we still denote by. fn/n, which
converges weakly inL1.¹; X/. Sincek f �AkU � k f kU , for all U 2 U0.X/ and
A 2 6, the linear map8A : f 7! f �A is continuous fromL1.¹; X/ into L1.¹; X/
for eachA 2 6. Hence, the composition mapI¹Ž 8A : f 7! R

A f d¹ is continuous
from L1.¹; X/ into X. In particular,I¹Ž8A is also continuous for the weak topologies
on L1.¹; X/ and X. Accordingly, the sequence of integrals.

R
A fnd¹/n converges

weakly in X for every A 2 6. Since X is a Schur space, the convergence also
holds in the topology ofX. Let ¹n be the vector measureA 7! R

A fnd¹; A 2 6.
These measures¹n are countably additive and absolutely continuous with respect to
any control measure½ of ¹. Since.¹n.A//n converges inX for every A 2 6, the
Vitali-Hahn-Saks theorem implies that

lim
½.A/!0

sup
n

pV.¹n.A// D 0;

for everyV 2 U0.X/. Then, we have

lim
½.A/!0

sup
n
k fn�An

kV D 0;

for everyV 2 U0.X/. But this is a contradiction of (2.2).
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We finish this section with an application of Theorem2.2 to the properties displayed
by the range of a vector-valued measure.

It is a classical result of Bartle, Dunford and Schwartz [3, Theorem 2.9] that the
range of a vector measure with values in a Banach space is relatively weakly compact.
This result was extended (in particular for Fr´echet-valued measures) by Tweddle in
[22] (see also [17, Theorem 2], [18, Theorem IV.6.1]). When the vector measure takes
its values in a Fr´echet lattice more can be said.

THEOREM 2.4. Let E be a Fŕechet lattice and let¹ : 6 ! E be a positive
countably additive measure. Then the solid hull of the range of¹ is L-weakly compact.

PROOF. By using the condition (2) of Theorem 2.1 it is enough to show that
x0n.x/ ! 0 uniformly with respect tox 2 S.¹.6//, for every positive, disjoint and
equi-continuous sequence.x0n/n in E0. Now, for alln D 1;2; : : : we have that

supfjx0n.x/j; x 2 S.¹.6//g � supfx0n¹.A/; A 2 6g � x0n¹.�/ D x0n I¹ .��/:

Indeed, the second inequality follows from the positivity ofx0n (given) andI¹ (easily
verified). To verify the first inequality, note that ifx 2 S.¹.6//, thenjxj � jyj for
somey 2 ¹.6/. Since¹ is a positive measurey D ¹.A/ for someA 2 6 and so
jyj D y, that is, jxj � ¹.A/ for some A 2 6: Sincex0n > 0 we havex0n.jxj/ �
x0n.¹.A//. But, jx0nj D x0n and so, by [1, p. 21] we havejx0n.x/j � x0n.jxj/. Hence
jx0n.x/j � x0n.¹.A// for someA 2 6 wheneverx 2 S.¹.6//, which establishes the
first inequality. Since the order interval [���; ��] is L-weakly compact inL1.¹; E/,
we conclude the proof by showing that the equi-continuous sequence of positive
functionals.x0n I¹/n is disjoint. If f > 0 in L1.¹; E/, thenu :D I¹. f / ½ 0 in E.
Therefore,

inffx0n I¹; x0mI¹g. f / D inffx0n I¹.g/ C x0mI¹. f � g/; 0� g � f g
� inffx0n.x/C x0m.u � x/; x 2 E; 0 � x � ug
D inffx0n; x0mg.u/ D 0:

REMARK 2.2. It is a well known fact that the unit ball of`2 is the range of a vector
measure [18, VII.4. Examples 1 and 2]. By considering the basis vectors.en/n it is
clear that the unit ball of̀2 is a solid set which is not L-weakly compact. This tells
us that the statement of Theorem 2.4 is not true in general. Nevertheless, it still holds
under a weaker hypothesis on the measure. A vector measure¼ : 6 ! E is said to
be dominated by a positive measure¹ : 6! E, if j¼.A/j � ¹.A/, for all A 2 6. In
this case, the solid hull of the range of¼ is obviously contained in the solid hull of
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the range of¹. Thus, the solid hull of the range of¼ is L-weakly compact, since any
subset of a L-weakly compact set is also L-weakly compact. Observe that any vector
measure¼with a Jordan decomposition (¼ D ¼1�¼2, with¼1 and¼2 positive vector
measures) or any measure¼ with a so called Hahn decomposition (that is, there exists
A 2 6 such that¼.B/ ½ 0 if B � A and¼.B/ � 0 if B � � n A) is dominated by a
positive measure.

3. Operators with values inL1.¹; X/

Let Y be a complete DF-space (see [15, Section 12.4] for the definition) and let
X be a Fréchet space. Recall thatLb.Y; X/ denotes the Fr´echet space (see [15,
12.4 Theorem 2]) of all linear continuous operators fromY to X, equipped with the
topology of uniform convergence on the bounded sets ofY. This topology is defined
by the seminorms

pU;H.T/ :D supfpU .T y/; y 2 H g; T 2 Lb.Y; X/;

whereU is any 0-neighborhood inX andH is any bounded set inY. In this section
we extend to the locally convex case the results obtained by Curbera [9, Theorems 9
and 10] in the Banach case, about the existence of copies of`1 in Lb.Y; E/ and its
relationship to the coincidence of this space with some ideal of compact operators.
Similar results have been proved in [5], [4] and [6] for pairs.Y; X/, whereX andY
are either Fr´echet or complete DF-spaces. To do this, we associate to each continuous
linear operatorT : Y ! L1.¹; X/ a vector measure taking values in the space of all
linear continuous operators fromY to X, and we characterize those operators whose
associated measure is countably additive in the topology of uniform convergence on
bounded sets ofY.

Consider the operator-valued set function¹T : 6 ! L.Y; X/, associated to the
continuous linear operatorT : Y! L1.¹; X/ and the given vector measure¹ : 6!
X, which is defined by

¹T .A/ : y 7!
Z

A

T y d¹ 2 X .y 2 Y/;

that is,¹T .A/ D I¹ Ž8A ŽT for eachA 2 6: It is then clear that¹T is L.Y; X/-valued
and finitely additive. Moreover, using (1.1) it can be shown that for every bounded
setH of Y and each 0-neighborhoodU of X, we have the following estimates for the
k Ð kU;H -semivariation of¹T ;

1
2

supfkT y Ð �AkU ; y 2 H g � k¹TkU;H.A/ � 2 supfkT y Ð �AkU ; y 2 H g;(3.1)
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for all A 2 6. Moreover, it is easy to show that¹T is countably additive inLs.Y; X/,
the spaceL.Y; X/ equipped with the topology of pointwise convergence. In general,
¹T is not countably additive inLb.Y; X/; see [9, Example p. 322].

The following result can be found in [9, Theorem 4] for the case when bothX and
Y are Banach spaces.

THEOREM 3.1. Let Y be a completeDF-space,X be a Fŕechet space,¹ : 6 ! X
be a countably additive measure andT : Y ! L1.¹; X/ be a continuous linear
operator. The following conditions are equivalent.

.1/ The operatorT is L-weakly compact, that is,T maps bounded sets ofY into
L-weakly compact sets of the Fréchet latticeL1.¹; X/.
.2/ The measure¹T is strongly additive inLb.Y; X/, that is,¹T.An/! 0 in Lb.Y; X/
whenever.An/n is a disjoint sequence in6.
.3/ The measure¹T is countably additive inLb.Y; X/.

PROOF. (1)) (2) Suppose that¹T is not strongly additive. By the Fr´echet space
version of [11, Corollary I.1.18] there exist a bounded setH in Y, a 0-neighborhood
U in X, a pairwise disjoint sequence of measurable sets.An/n and an" > 0 such
that k¹TkU;H.An/ ½ " > 0, for all n D 1;2; : : : . By using the bounds given for
the semivariations of the measure¹T in (3.1) we can choose ayn 2 H such that
kT yn Ð�An

kU ½ "=2, for eachn D 1;2; : : : . But this contradicts (1), since.T yn Ð�An
/n

is then a disjoint sequence in the solid hull ofT.H / that does not converge to 0.
(2)) (1) Suppose thatT is not L-weakly compact. Then there exists a bounded

setH in Y such thatT.H / ² L1.¹; X/ is not L-weakly compact. Then we can take
a positive and disjoint sequence. fn/n in L1.¹; X/ such that fn � jT ynj for certain
yn 2 H (n D 1;2; : : : ) but. fn/n does not converge to 0. By passing to a subsequence,
there existsU 2 U0.X/ such thatk fnkU ½ 1, for all n D 1;2; : : : . Consider the
disjoint sequence.An/n of measurable setsAn :D f! 2 � : fn.!/ > 0g. Then (3.1)
implies that

1� k fnkU � kjT ynj Ð �An
kU D kjT yn Ð �An

jkU D kT yn Ð �An
kU

� supfkT y�An
kU ; y 2 H g � 2k¹TkU;H.An/;

for all n D 1;2; : : : . Once again, by [11, Corollary I.1.18],¹T is not strongly additive.
(2) ) (3) Since the measure¹T : 6 ! Lb.Y; X/ is countably additive in a

weaker Hausdorff topology (that is, inLs.Y; X/) it is routine to check that the strong
additivity of ¹T in Lb.Y; X/ implies its countable additivity.

(3)) (2) This is obvious.

For the case whenY is a Banach space andE is a Banach lattice with order
continuous norm and a weak order unit, the following result can be found in [9,
Theorem 9].
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THEOREM 3.2. Let E be a Fŕechet lattice with the Lebesgue property and with a
weak order unit and letY be a completeDF-space. IfLb.Y; E/ does not contain
an isomorphic copy of̀1, then every continuous linear operatorT from Y to E is
L-weakly compact.

PROOF. By the representation theorem [12, Proposition 2.4 (vi)] there exists a
measurable space.�;6/ and a countably additive vector measure¹ : 6 ! E such
that E is lattice isomorphic toL1.¹; E/. Thus, we can consider the operatorT as
mappingY into L1.¹; E/. Then the associated measure¹T takes its values inL.Y; E/
and has bounded range inLb.Y; E/. By a theorem of Diestel and Faires [8, Corollary
4.1.44 and Theorem 4.7.16] the measure¹T is strongly additive. Accordingly, the
operatorT is L-weakly compact by Theorem 3.1.

Recall that a Fr´echet lattice is said to be discrete if there exists a complete disjoint
system of atoms. (See [1, p. 17 and Example 9, p. 31].) In this setting, we know
that L-weakly compact sets are relatively compact; see Remark 2.1. The theorem to
follow is an extension of part of [9, Theorem 10] (a similar result to [16, Theorem 6],
without restrictions in the first space). For its proof we will need the following lemma
which, in the Banach space case, is contained in the proof of [9, Theorem 10]. We
include it for the sake of completeness.

LEMMA 3.1. Let E be a Fŕechet lattice with the Lebesgue property. LetA.E/
be a maximal disjoint system of positive atoms inE. For everyx 2 E the set
A.x/ :D fz 2 A.E/; inffz; jxjg 6D 0g is countable.

PROOF. SinceE has the Lebesgue property it is Dedekind complete, [1, Theorem
10.3]. Hence the order projectionPz associated with the elementz 2 E exists, [1,
Theorem 2.11], and satisfies

Pz.v/ D supfinf fv;njzjg : n 2 Ng; v 2 EC;(3.2)

see [1, p. 13]. Fix anyx 2 E. For every" > 0 and every continuous lattice seminorm
q, the setfz 2 A.E/; q.Pz.jxj// ½ "g is finite. If this is not the case, we can find
an infinite sequence of atoms.zn/n from A.E/ such thatq.Pzn

.jxj// ½ ", for all
n D 1;2; : : : . Consider the increasing sequenceuk :D Pz1CÐÐÐCzk

.jxj/; k D 1;2; : : : .
This sequence is order bounded byjxj. SinceE has the Lebesgue property,.uk/k must
be convergent. But, it follows from (3.2) that

q.uk � uk�1/ D q.Pzk
.jxj/// ½ " for all k D 2;3; : : :

which is a contradiction.
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Now, consider an increasing sequence.qn/n of lattice seminorms generating the
topology ofE. Then it can be shown that

A.x/ D
1[

n;mD1

²
z 2 A.E/;qn.Pz.jxj// ½ 1

m

¦
and this set is countable.

THEOREM 3.3. Let E be a discrete Fŕechet lattice with the Lebesgue property and
Y be a completeDF-space. IfLb.Y; E/ does not contain an isomorphic copy of`1,
then every continuous linear operator fromY to E is compact.

PROOF. If Y is a DF-space andX a Fréchet space, then the compact operators from
Y to X coincide with Montel operators fromY to X. (See the remark (1) after [5,
Corollary 19].) Recall that a continuous linear map fromY to X is called Montel if it
transforms bounded sets into relatively compact sets.

If E has a weak order unit, bearing in mind (by Remark 2.1 (2)) that L-weakly
compact sets are relatively compact, it follows that every operator fromY to E is
Montel, by the previous paragraph and Theorem 3.2. Now consider the general case
(that is, no weak order unit) and suppose that there exists a continuous linear operator
T : Y ! E which is not Montel. Then there exist a bounded sequence.xn/n in Y,
andU 2 U0.E/ such that

pU .T xn � T xm/ ½ 1; for all n 6D m:(3.3)

By Lemma 3.1, the setH :D S
n½1 A.T xn/ is countable. The bandF generated

by H coincides with the subspace generated byH , since all of the elements ofH
are atoms. If we consider onF its relative topology, it is a discrete Fr´echet lattice
with the Lebesgue property. Moreover it has a weak order unit, since it is separable
[1, Example 7 p. 123]. On the other hand,T xn 2 F , for all n D 1;2; : : : since
inffjT xnj; zg D 0, for all z =2 A.T xn/;n D 1;2; : : : . Denote byPF : E ! F the
order projection band ontoF . ThenPF T 2 L.Y; F/ and is not compact by (3.3) as
pU .PF T xn � PF T xm/ D pU .T xn � T xm/. MoreoverLb.Y; F/ does not contain an
isomorphic copy of̀ 1 as it is a closed subspace ofLb.Y; E/. But, the previous case
shows thatPF T is Montel and so we have a contradiction.

REMARK 3.1. The converse of the above theorem is not true in general. (See the
remark after the corollary below.) Nevertheless, it is true if the discrete Fr´echet
lattice E is non-Montel, in addition to having the Lebesgue property. Suppose that
Lb.Y; E/ D Mb.Y; E/ has a copy of̀ 1. According to [5, Corollary 19 (a)],Y
contains a complemented copy of`1 or E contains a copy of̀1. The latter case is
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impossible, becauseE has the Lebesgue property [1, Theorem 10.7]. If we take a
bounded sequence.xn/n in E without convergent subsequences (which is possible as
E is non-Montel), then the operatorT.Þ/ :D P

n Þnxn, for Þ 2 `1, defines a non-
Montel operator from̀ 1 to E. It is then possible to construct a non-Montel operator
from Y to E and a contradiction follows.

Since no infinite dimensional Banach space is Montel, we point out that Remark
3.1 and Theorem 3.3 together are an extension of (all of) [9, Theorem 10].

We complete this section with an application to K¨othe spaces. Compare our result
with [6, Theorem 3] and [5, Propositions 29 and 30]. Consider an index setI , not
assumed to be countable. Recall that an increasing sequenceA D .ak/k of positive
familiesak D .aki /i2 I is called a Köthe matrix if for eachi 2 I there exists ak ½ 1
such thataki > 0. For 1� p <1 we define

½p.I ; A/ :D
²

x D .xi /i2 I : kxkp
k :D

�X
i2 I

jxi jpaki

�1=p

<1; k D 1;2; : : :

¦
equipped with the topology generated by the seminormsk Ð kp

k ; k D 1;2; : : : . Then
½p.I ; A/, called a Köthe space, is a discrete Fr´echet lattice with the Lebesgue property
which has a weak order unit if and only if the index setI is countable. To check that
½p.I ; A/ has the Lebesgue property use thep-additivity property of each seminorm
k Ð kp

k ; k D 1;2; : : : as in [1, Theorem 10.10].

COROLLARY 3.4. Let ½p.I ; A/ be a K̈othe space andY be a completeDF-space.
If Lb.Y; ½p.I ; A// does not contain an isomorphic copy of`1, then every continuous
linear operator fromY to ½p.I ; A/ is compact.or Montel/.

REMARK 3.2. Equivalent conditions under whichLb.Y; ½p.I ; A// has a copy of
`1, for a Fréchet or a complete DF-spaceY and 2� p <1 have been studied in [4,
Corollary 21].

4. Operators defined onL1.¹; X/

Let X be a Fréchet space and¹ : 6! X be a vector measure of bounded variation.
That is, for every 0-neighborhoodU on X, we have

j¹jU.�/ :D sup
³

X
A2³

pU .¹.A// <1;

where the supremum is taken over all partitions³ of �. For technical reasons we will
require that

D¹ :D fx0 2 X0 : ¹ is jx0¹j-continuousg 6D ?;(4.1)
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where to say that¹ is ½-continuous with respect to a positive measure½ on6 means
that every½-null set is a¹-null set. Measuresof the formjx0¹jwith x0 2 D¹ (when they
exist) are called Rybakov control measures for¹. Conditions on the spaceX for which
(4.1) holds have been studied in [13], where it is shown that ifX admits a continuous
norm, then everyX-valued vector measure has a Rybakov control measure. In this
section we study sufficient conditions on¹ andX in order that the spaceL1.¹; X/ has
the Dunford-Pettis property. Recall that a Fr´echet space is said to have the Dunford-
Pettis property if every weakly compact operator defined on it maps relatively weakly
compact sets into relatively compact sets. We also apply these results to the class of
Fréchet AL-spaces with a continuous norm.

We first establish some preparatory results concerning the representation of oper-
ators fromL1.¹; X/ to Y. The next lemma is the vector version of [13, Lemma 3.1
(B)].

LEMMA 4.1. Let X andY be Fréchet spaces,¹ : 6 ! X be a countably additive
vector measure andT : L1.¹; X/ ! Y be a continuous linear map. Then the
map¼T : 6 ! Y, given by¼T .A/ :D T.�A/, defines a countably additivevector
measure.henceforth called the representing measure forT/, the inclusionL1.¹; X/ ²
L1.¼T ;Y/ holds in the sense of vector spaces, and

T. f / D
Z
�

f d¼T . f 2 L1.¹; X//:(4.2)

PROOF. The formula¼T.A/ :D T.�A/ defines a finitely additive measure¼T :
6 ! Y. Actually, this measure is countably additive by the dominated convergence
theorem for vector measures [18, TheoremII.4.2] and the continuity ofT . To prove the
inclusionL1.¹; X/ ² L1.¼T ;Y/ it suffices to show that every non-negative function
f 2 L1.¹; X/ belongs toL1.¼T ;Y/. To see this, choose a sequence of6-measurable
simple functions 0� '1 � '2 � Ð Ð Ð � f which increases pointwise tof on�. By
the dominated convergence theorem for vector measures we have�A'n ! �A f in
L1.¹; X/, for eachA 2 6. The continuity ofT implies thatT.�A'n/! T.�A f / in Y
asn!1. That is, the sequenceT.�A'n/ D

R
A 'nd¼T ;n D 1;2; : : : is convergent

in Y for eachA 2 6. Now, since¹-null sets are¼T-null sets, it follows from [19,
Lemma 2.3] thatf 2 L1.¼T ;Y/. By the dominated convergence theorem for¼T it
is also follows (now knowing thatf 2 L1.¼T ;Y/ ) that

R
�
'nd¼T !

R
�

f d¼T , and
this establishes that

R
�

f d¼T D T. f /.

For the notions of strongly½-measurable and½-integrable functionsf : � ! X
(with X a Fréchet space) with respect to a finite positive measure½we refer to [7], for
example. The functionf is called½-Pettis integrable ifhx0; f i 2 L1.½/, for all x0 2 X0,
and for eachA 2 6 there is a vector

R
A f d½ 2 X such thathx0; RA f d½i D RAhx0; f id½
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for all x0 2 X0. For X andY Banach spaces the following result can be found [10, p.
3804]; see the proof of Claim 2 given there.

LEMMA 4.2. Let X andY be Fréchet spaces, let¹ : 6! X be a countably additive
vector measure of bounded variation, and letT : L1.¹; X/! Y be a weakly compact
operator. Then, for every control measure½ : 6 ! [0;C1/ of ¹, the representing
measure¼T has a Radon-Nikod́ym derivative with respect to½, that is, there exists a
strongly½-measurable functiong : �! Y which is½-integrable such that

¼T .A/ D
Z

A

gd½; for all A 2 6:

Moreover, for every functionf 2 L1.¹; X/, the functionf g is strongly½-measurable
and½-Pettis integrable and its Pettis integral

R
�

f gd½ satisfies

T. f / D
Z
�

f gd½:(4.3)

PROOF. By using the continuity ofT and the fact that¹ has bounded variation we
can see that the measure¼T has bounded variation. Moreover,¼T is ½-continuous
and has locally relatively weakly compact (hence, s-dentable by [7, Theorem 1.1])
average range, meaning that for everyA 2 6C there existsB 2 6C; B � A, such that

RB.¼T / :D
²
¼T .C/

½.C/
; C 2 6C; andC � B

¦
is relatively weakly compact, where6C D fA 2 6; ½.A/ > 0g. To see this, observe
that ¼T.C/=½.C/ D T.�C=½.C// for all C 2 6C, so thatRB.¼T / D T.RB.¼//,
for all B 2 6C, where¼ : 6 ! L1.¹; X/ is the countably additive½-continuous
vector measure of bounded variation given by¼.A/ :D �A. With this observation,
and recalling thatT is weakly compact, it is enough to show that¼ has locally
bounded average range inL1.¹; X/. But, this follows from [7, Lemma 3.1]. Now,
by [7, Theorem 2.1] there exists a strongly½-measurable and½-integrable function
g : �! Y (called Bochner integrable in the Banach space case) such that

¼T .A/ D
Z

A

gd½; A 2 6:

Moreover,

hy0; ¼T.A/i D
Z

A

hy0; gid½; A 2 6; y0 2 Y0:(4.4)
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Now, from Lemma 4.1 and (4.4), we can prove thathy0; f gi 2 L1.½/ for all f 2
L1.¹; X/ and ally0 2 Y. Moreover,−

y0;
Z

A

f d¼T

×
D
Z

A

f d.y0¼T/ D
Z

A

f hy0; gid½ D
Z

A

hy0; f gid½:

Hencef g : �! Y is½-Pettis integrable and its Pettis integral is
R

A f gd½ D RA f d¼T ,
for all A 2 6. This together with (4.2) gives (4.3).

Finally, to see thatf g is strongly½-measurable note thatg takes its values in a
separable subspace ofY and hence, so doesf g. Clearly hy0; f gi is 6-measurable
for eachy0 2 Y0 and so f g : � ! Y is scalarly measurable. Then the Pettis
measurability theorem (which is also valid in Fr´echet spaces) implies thatf g is
strongly½-measurable.

For Banach spaces the following result occurs in [10, Claim 2, p. 3804].

THEOREM 4.1. Let X and Y be Fréchet spaces and let¹ : 6 ! X be a vector
measure of bounded variation for whichD¹ 6D ?. If T : L1.¹; X/ ! Y is a weakly
compact operator, thenT maps L-weakly compact sets into relatively compact sets.

PROOF. Let ½ be a Rybakov control measure for¹. By Lemma 4.2, there is a
strongly½-measurable and½-integrable functiong : �! Y, such that

T. f / D
Z
�

f gd½; f 2 L1.¹; X/:

Let K be an L-weakly compact (solid) set inL1.¹; X/. To see thatT.K / is a
relatively compact subset ofY it is enough to show (see [2, Theorem 9.1] and [15,
Theorem 3.5.1]) that for everyV 2 U0.Y/ there exists a relatively compact setKV ² Y
such thatT.K / ² KV C V . So, fix a 0-neighborhoodV in Y.

First of all, observe thatfR
�
j f jd½; f 2 K g is a bounded set, since½ is a Rybakov

control measure for¹ andK is an L-weakly compact set (hence bounded by Remark
2.1(1)) inL1.¹; X/. Then we can put² :D supfR

�
j f jd½; f 2 K g.

From the continuity ofT there exists a 0-neighborhoodU in X such thatpV .T f / �
k f kU , for all f 2 L1.¹; X/.

By Theorem 2.2, we have that lim½.A/!0 supfk f �AkU ; f 2 K g D 0 and so there
existsŽ > 0 such that supfk f �AkU ; f 2 K g < 1

2
, for all A 2 6 with ½.A/ < Ž.

Since the functiong is strongly½-measurable, by Egoroff’s theorem there exist a
6-simple function' : �! Y and a setB 2 6 with ½.B/ < Ž such that

pV .g.!/� '.!// � 1

2²
; ! 2 � n B:(4.5)
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For f in K we have

T. f / D T. f �B/ C
Z
�nB

f 'd½C
Z
�nB

f .g� '/d½:

Then

pV

�
T. f / �

Z
�nB

f 'd½

�
� pV.T. f �B// C pV

�Z
�nB

f .g� '/d½
�

� k f �BkU C
Z
�nB
j f jpV.g� '/d½

� 1

2
C ² 1

2²
D 1:

HenceT.K / ² fR
�nB f 'd½; f 2 K g C V. Finally, the set

KV :D
²Z

�nB
f 'd½; f 2 K

¦
is relatively compact inY because' is a6-simple function andK is bounded.

For the case whenX is a Banach space the following result occurs in [10, Theorem
4].

COROLLARY 4.2. Let X be a Fŕechet space with the Schur property and let¹ :
6! X be a vector measure of bounded variation for whichD¹ 6D ?. Then the space
L1.¹; X/ has the Dunford-Pettis property.

PROOF. The result follows from Corollary 2.3 and Theorem 4.1.

We conclude this section by showing that an important class of Fr´echet lattices,
the so called generalized AL-spaces, have the Dunford-Pettis property. Such spaces
have been studied intensively in [14, Section 2]. A Fr´echet latticeE is a generalized
AL-space if its topology can be defined by a family of lattice seminormsp that are
additive on the positive cone, that is, withp.x C y/ D p.x/ C p.y/, for x; y 2 EC.

We recall at this point (see Section 3) that a K¨othe space½1.I ; A/ is a generalized
AL-space with a weak order unit if and only if the index setI is countable. Moreover
it has a continuous norm if one of the steps, sayak D .aki /i2 I , is strictly positive.

COROLLARY 4.3. Let E be a generalizedAL -Fréchet space with a weak order unit
and a continuous norm. ThenE has the Dunford-Pettis property.
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PROOF. Since every AL-space has the Lebesgue property (see Section 3), according
to the representation theorem [12, Proposition 2.4 (vi)],E is lattice isomorphic to
L1.¹; E/, for a certain countably additive measure¹ : 6 ! E. Hence, every
operator defined onE can be considered as being defined onL1.¹; E/. Moreover, an
examination of the proof of [12, Proposition 2.4 (vi)] (see also p. 364 there) shows
that¹.6/ � EC. So, if pU is a lattice seminorm forE which is additive onEC, then
it is routine to verify that

P
A2³ pU .¹.A// D pU .¹.�// for every partition³ of �.

Accordingly,j¹jU.�/ � pU .¹.�// < 1 which shows that¹ has bounded variation.
SinceE has a continuous norm,D¹ 6D ?, that is, the measure¹ has a Rybakov control
measure [13, Theorem 2.2]. Note that the relatively weakly compact sets coincide
with L-weakly compact sets inL1.¹; E/, provided thatL1.¹; E/ is an AL-space; see
Remark 2.1(1). The proof then follows by applying Theorem 4.1. So, it remains
to establish thatL1.¹; E/ is a generalized AL-space wheneverE is a generalized
AL-Fréchet space and¹ : 6! E is a positive measure (necessarily having bounded
variation). The following lemma establishes this fact.

LEMMA 4.3. Let E be a generalizedAL -Fréchet space and¹ : 6 ! E be a
positive measure. ThenL1.¹; E/ is a generalizedAL -space.

PROOF. Denote byU0.E/ the system of all solid 0-neighborhoods inE. SinceE is
a generalized AL-Fr´echet space its topology isj¦ j.E; E0/; see [14, Theorem 1]. Now,
by applying [2, Theorem 11.11(1)] we have that for everyU 2 U0.E/ there exists
x0U > 0 in E0 such thatU Ž � [�x0U ; x0U ], that is,jx0j � x0U , for all x0 2 U Ž. Observe
that

jx0¹j.A/ � x0U¹.A/; x0 2 U Ž; A 2 6(4.6)

Consider the following system of lattice seminorms (x0U¹ is a positive measure) on
L1.¹; E/:

j f jU :D
Z
�

j f jd.x0U¹/; f 2 L1.¹; E/;

whereU 2 U0.E/. Now, it is clear from (4.6) that this system of seminorms define
the topology ofL1.¹; E/:Moreover,j f CgjU D j f jUCjgjU , for all positive functions
f; g 2 L1.¹; E/ and everyU 2 U0.E/. This shows thatL1.¹; E/ is a generalized
AL-space.

The authors thank the referee for a number of suggestions and comments which
improve the content and presentation of the paper.
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