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Abstract

The algebra consisting of those linear transformations of a complex inner product space that have a formal
adjoint is shown to possess a special involution. Two earlier results concerning special involutions are
then generalized.

1991Mathematics subject classification(Amer. Math. Soc.): 16S50, 16W10.

For a given complex inner product spaceV , the set of all linear transformations ofV
that have a formal adjoint constitutes a complex algebra and is shown to possess an
involution that is special in the sense of Easdown and Munn (Theorem 1). It follows
that the standard involution on aCŁ-algebra is special (Corollary 1) – a result first noted
by Hofmann – and that hermitian conjugation is a special involution on the algebra
of all I ð I row-finite and column-finite complex matrices, whereI is an arbitrary
nonempty set (Corollary 2). By combining Corollary 1 with a result of Barnes, it is
proved that the natural involution on thel 1-algebra of an inverse semigroup is special
(Theorem 2).

Let Ł be an involution on a semigroupS (that is, a permutation ofS such that, for
all a;b in S, .ab/Ł D bŁaŁ andaŁŁ D a). We say thatŁ is specialif and only if, for
each nonempty finite subsetT of S,

.9t 2 T/.8u; v 2 T/ tŁt D uŁv ) u D v:

This definition is clearly equivalent to the one given originally in [2]. An involution
[a special involution] on a complex algebraR is a mappingŁ : R ! R that is an
automorphism of.R;C/ and an involution [a special involution] on.R; Ð/, with the
further property that, for alla 2 R and all½ 2 C (the complex field),.½a/Ł D N½aŁ,
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whereN½ denotes the complex conjugate of½. Examples of special involutions include
hermitian conjugation on the algebra of allnðn complex matrices [2] and the natural
involution on the complex semigroup algebra of an inverse semigroup [3]. Both of
these are generalized here. By astar subalgebraof a complex algebraR with an
involution Ł we mean a subalgebraSof R such thataŁ 2 Sfor all a 2 S. Observe that
if Ł is special andS is a star subalgebra ofR thenŁ induces a special involution onS.

In the theorem below we examine a certain subalgebra of the algebra of all linear
transformations of a complex inner product space, namely the subalgebra consisting
of all elements that possess a ‘formal adjoint’.

THEOREM 1. Let V be a complex vector space that admits an inner producth j i,
let L.V / denote the algebra of all linear transformations ofV and let

A.V/ :D fa 2 L.V/ : .9b 2 L.V//.8x; y 2 V/ haxjyi D hxjbyig:

Then

.i/ A.V / is a subalgebra ofL.V/,
.ii/ to eacha 2 A.V/ there corresponds a uniqueaŁ 2 A.V/ such that, for all

x; y 2 V, haxjyi D hxjaŁyi,
.iii / the mappingŁ : A.V /! A.V/, a 7! aŁ is a special involution.

PROOF. (i) This is routine.
(ii) Let a 2 A.V/. Suppose thatb; c 2 L.V/ are such that, for allx; y 2 V ,

haxjyi D hxjbyi D hxjcyi. Then, for ally 2 V , h.b � c/yj.b� c/yi D 0 and so
.b� c/y D 0. Thusb D c. This establishes the existence of a uniqueaŁ 2 L.V / such
that, for allx; y 2 V , haxjyi D hxjaŁyi. Then, for allx; y 2 V ,

haŁxjyi D hyjaŁxi D hayjxi D hxjayi

and soaŁ 2 A.V/. (This argument shows also thataŁŁ D a.)
(iii) It is easily checked thatŁ is an involution onA.V /: we must prove that it is

special.
Let T be a nonempty finite subset ofA.V/. Write

U :D fa � b : a;b 2 Tg:

We show first that there exists a linear functional� on A.V/ such that

.1/ .8a 2 A.V // �.aŁa/ is real and nonnegative,

.2/ .8u 2 U / �.uŁu/ D 0 impliesu D 0.

If U D f0g we take� to be the zero mapping. Suppose, therefore, thatU 6D f0g.
Let u1;u2; : : : ;un be the nonzero elements ofU . For eachr 2 f1;2; : : : ;ng, choose
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xr 2 V such thatur xr 6D 0. We define� : A.V /! C by

.8a 2 A.V // �.a/ :D
nX

iD1

haxi jxi i:

It is clear that� is linear. To establish (1), we simply note that, for anya 2 A.V/,

�.aŁa/ D
nX

iD1

haŁaxi jxi i D
nX

iD1

haxi jaxi i;

further, (2) holds, since, forr 2 f1;2; : : : ;ng,

�.uŁr ur / D
nX

iD1

hur xi jur xi i ½ hur xr jur xr i > 0:

Chooset 2 T such that�.tŁt/ D maxf�.aŁa/ : a 2 Tg. Suppose thattŁt D aŁb,
wherea;b 2 T . We complete the proof by showing thata D b. Sincet Łt D .aŁb/Ł D
bŁa, we have that.a� b/Ł.a� b/ D aŁaC bŁb� 2tŁt . Hence, by (1) and the choice
of t ,

0� �..a � b/Ł.a� b// D �.aŁa/C �.bŁb/ � 2�.tŁt/ � 0

and so�..a � b/Ł.a� b// D 0. Buta� b 2 U . Hence, by (2),a D b.

COROLLARY 1 (Hofmann).The standard involution on aCŁ-algebra is special.

PROOF. It is sufficient to consider the case of theCŁ-algebraB.V/ of all bounded
linear operators on a complex Hilbert spaceV . Clearly B.V/ is a star subalgebra of
A.V / and the standard involution onB.V/ is the restriction of the involutionŁ on
A.V /. SinceŁ is special, the result follows.

Let I be a nonempty set. AnI ð I complex matrix [Þi j ] is said to berow-finite if
and only if, for alli 2 I , the setf j 2 I : Þi j 6D 0g is finite (possibly empty). Similarly,
[Þi j ] is column-finiteif and only if, for all j 2 I , fi 2 I : Þi j 6D 0g is finite. The setCI

of all I ð I complex matrices that are both row-finite and column-finite is a complex
algebra under the usual matrix operations and is closed under hermitian conjugation.

COROLLARY 2. Let I be a nonempty set. Then hermitian conjugation is a special
involution onCI .

PROOF. Let V denote the complex vector space consisting of allI ð f1g ‘column’
vectors with at most finitely many nonzero entries. Then the mapping� : CI ! L.V/
defined by�.a/x D ax .x 2 V/, whereax is the usual matrix product, is an injective
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homomorphism. Moreover,V admits an inner producth j i defined byhxjyi D 6i ¾i N�i ,
where¾i and�i denote thei th components ofx and y respectively; and it is easily
seen that, for alla 2 CI and allx; y 2 V , haxjyi D hxja†yi, wherea† denotes the
hermitian conjugate ofa. Thus, for alla 2 CI , �.a/ 2 A.V/ and.�.a//Ł D �.a†/.
But, by the theorem,Ł is special. Hence, since im� is a star subalgebra ofA.V/ and
� is injective, it follows that hermitian conjugation is a special involution onCI .

Observe that ifI is infinite then im� above contains unbounded linear operators
on V .

Each of these corollaries generalizes the result, due to Lavers [2, Example 4], that,
for any positive integern, hermitian conjugation is a special involution on the algebra
of all nð n complex matrices.

A further application of Theorem 1 arises in the context of certain Banach algebras.
Let S be a semigroup. We denote byl 1.S/ the Banach algebra consisting of all func-
tionsa : S! C of countable support such that6x2Sja.x/j <1, where addition and
scalar multiplication are the usual pointwise operations, multiplication is convolution,
and the normk k is defined by

.8a 2 l 1.S// kak :D
X
x2S

ja.x/j:

Now suppose thatS is an inverse semigroup; thus, to eachx 2 S there corresponds a
unique elementx�1 2 S(the ‘inverse’ ofx) such thatxx�1x D x andx�1xx�1 D x�1.
It is well known that inversion (x 7! x�1) is an involution onS. As is readily checked,
inversion onS induces an involution† on l 1.S/ by the rule that

.8x 2 S/ a†.x/ :D a.x�1/:

We now combine Corollary 1 with a result of Barnes [1] to show that† is special.

THEOREM 2 (Crabb).Let S be an inverse semigroup. Then the involution onl 1.S/
induced by inversion onSis special.

PROOF. As above, let† denote the involution onl 1.S/ induced by inversion on
S. By [1, Theorem 2.3], there exists a Hilbert spaceV and a (continuous) injective
homomorphism� : l 1.S/! B.V/, the algebra of all bounded linear operators onV ,
such that, for alla 2 l 1.S/, .�.a//Ł D �.a†/, whereŁ denotes the standard involution
on B.V/. But, by Corollary 1,Ł is special. Hence, since im� is a star subalgebra of
B.V/ and� is injective, it follows that† is special.

This extends [3, Theorem 5.1].
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