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Abstract

The aim of this paper is to continue our investigation of the Lebesgue function of weighted Lagrange
interpolation by considering Eéd weights orR and weights on{1, 1]. The main results give lower
bounds for the Lebesgue function on large subsets of the relevant domains.

1991Mathematics subject classificatigAmer. Math. Sog: 41A05, 41A10.

1. Introduction, notations and preliminary results

1.1. In[15]it was proved that the weighted Lebesgue function is ‘big’ on a ‘large’
subset of f-a,, a,] for arbitrary fixed interpolatory matrix considering a class of
Freud-type weights oR. The aim of the present work is to extend this result for
Erdds weights orR and for weights defined on1, 1].

1A. Erd6s weights onR

1.2. DEerINITION. We say thatv € &(R) (w is an Eras weight orR) if and only
if w(x) =e % whereQ: R — R is even and is differentiable dR, Q' > 0 and
Q” > 0in (0, co) and the function

o Q'(x)
(1.1) TX): =14+x o)’
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X € (0, 00),
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is increasing in0, co), with

(1.2) lim T(X) = oo; TO+H): = lim T(x) > 1.
X— 00 Xx—0+

Moreover we assume that for soig, C,, C; > 0

(1.3) C, < T(x)% <G if X >C,
(see[5, p. 201)).

The prototype ofw € &(Z) is the case whe®Q(x) = Qc,(X) = exp.(]X|*),
k> 1,0 > 1whereexp: = expexy(...)) denotes th&th iterated exponential. The
correspondingy will be denoted byw . One can see that in that case

k—1
T(X) = ax* {Hexpj (x”)} (1+ o(1)), X — 00
j=1

(see[9, (1.8)]).

ReEMARK. We use the differentiability of) on thewhole (open) line when we
apply a result of Lubinsky [7, Lemma and Theorem 1] (see the ‘Proof of Lemma 3.2’
and ‘Statement 3.5’ of the present paper). Otherwise, evenness and conditions on the
interval (0, co) would be enough.

1.3. If X C Ris an interpolatory matrix, that is
(1.4) —00 < Xpp < Xn_1n < **+ < Xon < Xqp < 00, neN,

for f € C(w, R) wherew € & (%) and
Cw,R): = { f . f is continuous orR and \x,m f(Xwx) = O} ,
one can investigate theeighted Lagrange interpolatiogefined by
(1.5) La(f, w, X, X) = Xn: f Xen) w X)) tin (w0, X, X)), ne N,
k=1
where

(1.6) 800 = o, X0 = 221 X%, 1<k=n,
0 ()

kn



[3] Lebesgue function of weighted Lagrange interpolation 147

wn(X, X)

(1.7) k() = lin(X, X) = X X (X — %) 1<k=n,
and
(1.8) wn(X) = wn(X, X) = G, l_[(x — Xun), neN.

k=1

The polynomiald, of degree exactly — 1 (that isl, € £2,_,\ £,_,) are the
fundamental functions of the (usual) Lagrange interpolation while functicare the
fundamental functions of the weighted Lagrange interpolation.

The classical Lebesgue estimation now has the form

(19) “—n(f’ w, X’ X) - f(X)w(X)| S {}"n(wv Xv X) + l}En—l( f’ 'LU)

where the (weighted) Lebesgue function is

(1.10) An(w, X, X): = Z [ten(w, X, X)], xeR, neN
k=1
and
(1.11) E._(f,w): = iQJ I(f — pwl, neN.
pe n-1

Here|-| isthe sup normoR. If w € &(R) thenitis well-knownthak,_,(f, w) — 0
if n—> ocoandf € C(w, R).
Relation (1.9) and its immediate consequence

(1.12) ILa(f, w, X) = fw] < {An(w, X) + BE_1(f, w),
where
(1.13) An(w, X)1 = [Aq(w, X, X)|

show that the investigation af,(w, X, x) andA,(w, X) (weighted Lebesgue constant)
are fundamental. (For further motivations, see [§1§,)

1.4. To get estimations foA,(w, X), at least for certairX, we consider the
different roots

(1.14) -0 < ynn(wz) < ynfl,n(wz) << y2n(w2) < yln(wz) < o0

of thenth orthonormal polynomiap, (w?, X) € 2, \ Z,_, with respecttav? € £(R)
(that is | pn(w?) Pm(w?)w? = §,m). One can prove that foY (w?) = {yn(w?)} (see

R
[1, (1.18)])
(1.15) An(w, Y (w?)) ~ (nT,)Y®, w e &(R),
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whereT, — oo asn — oo. (Here, and laterd, ~ B, meansthatG< c; < A,/B, <
¢, wherec, andc, do not depend on, but may depend on other, previously fixed
parameters.)

To be more precise abolif, we introduce the corresponding Mhaskar-Rahmanov—
Saff (MRS) numbeag, (w), the positive root of the equation

1
2 [at Qat)
1.16 =— | ——"dt, 0
( ) u - J T u>

(see [5, (1.13)]).
As an important application we mention the relations

Iraw] = max |r,(x)w(x)]
(1.17) X|<an(w)
Iraw] > [r(X)w )] for |x| > & (w)

valid forr,, € 22, andw € &(R).
If w = wy, then

l k+1 1o
(1.18) a, = {Iogkl (Iogn —3 Z log;, n + O(l)) }
j=2

where log;, = log(log(. . .)), is the j th iterated logarithm.
Usinga,, T, can be written as

(1.19) T, = T(ay(w)).
Later on we use thak, = o(n?) (see [9, p. 209, (VIII)]).
k
Again, if w = wy,, thenT, ~ ] log;, n (see[9, (1.13)—(1.16)]).
j=1

1.5. But we can do better as far as the ordengfis concerned. Leyy = yp, > 0
denote a point such that

(1.20) | Pn(w?, Yo)w(Yo)| = I pa(w?)w].
Then if
V(wz) = {{ykn(wz), l1<k<nju {Yon, —Yon}, N € N}

one can prove the following.
Letw € &£(R). Then

(1.21) An(w, V(w?) ~ logn
(see [1, (1.22)]; concerning the additional poifitsyy,}, see [12]).
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1B. Exponential weights on[—1, 1]

1.6. Instead ofR, we can define our weight functian on the interval(—1, 1).
There is a substantial resemblance concerning formulas, definitions and theorems. So
sometimes, especially in proofs, we only refer to the corresponding relations defined
on R. Following the exhaustive memoir of Levin and Lubinsky [4], we define the
class of functiondV as follows.

DEFINITION. Let w(x) = e °® whereQ: (-1,1) — R, is even and is twice
continuously differentiable if—1, 1). Assume moreover, tha@) > 0, Q” > 0 in
(0,1) and Ii[nO Q(x) = oco. The function

X—1—

(1.22) TX): =1+ x%, x €[0,1)

is increasing in [01), moreover

(i T@O+) >1,
(1.23) (i) TX ~QXx)/Q(x), xcloseenoughto,l
(i) T(x)/A—-x?>A>2, xcloseenoughto.l

Then we writew € W (see [4, p. 5 and (1.34)]).

REMARKS. (1) Let wp,(X) = exp(—(1 — x)™), « > 0 and wy,(X) =
exp(—exp (1l — x»™), « > 0, k > 1. These strongly vanishing weights af
are fromW ([4, §1]).

(2) Consider the ultraspherical Jacobi weight' (x) = (1 — x?*, « > —1. Here
Q(x) = —alog(l — x?), thatisw® ¢ W if —1 < a < 0 (the conditions foiQ(x)
are not satisfied). & > 0 thenw® satisfies all the conditions required féf but
(1.23) (ii), (iii) (by routine calculationT (x) = 2(1 — x?)~! while Q' (X)/Q(x) =
—2x{(1 — x¥»log(1 — x?}7%, x € (—=1,1)). That meansw® ¢ W even for non-
negative values af. However, they are very similar (at least from our point of view)
to weights inW, so we can deal with them (see subsections 1.9 — 1.10).

1.7.  Now the interpolatory matriXxXX = {x}, 1 < k < n, n € N, is in the
open (1) intervall = (-1, 1); the meaning oC(w, |), L,(f, w, X, X), An(w, X, X),
An(w, X), E,_1(f, w), pa(w? x) and {yin(w?)} C (=1,1) are clear (see (1.4)—
(1.14)). For example ifv € W, then

Cw,): = {f . T is continuous onl and ‘ Iliml f(Xwx) = O} .
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Again, if w € W, E,_.(f, w) — 0 wheneverf € C(w, |), that is the Lebesgue

estimation (1.12) holds true (nojv || = rlnaxll -]). As one can prove
—l<x<
(1.24) An(w, Y(w?) ~ (nT)YC, we W

(see [2]) whereT,, = T(a,) anda, = a,(w), w € W, is defined by (1.16). By [4,
(1.16), (1.17)], - an(wee) ~ N~V 2 and 1— a,(wy,) ~ (log, N)~Y* whence, by
(1.23) (iii), T, — oo. On the other hand, by (1.23) (i) and [4, (3.8)]<1T, = o(n?).

1.8. As in subsection 1.5, using some additional points ‘closed,fav), for the
corresponding matri¥ (w?) we get (see [2])

(1.25) An(w, V(w?) ~ logn, we W.

1.9. Insubsections 1.9-1.10 we deal with Jacobi weights and their generalizations.
First we give the rather general definition (see [10]; the present paper uses only a
special case of [10; Definition 1.1]).

In what follows, L P[a, b] denotes the set of functiorts such that

b 1/p
"F”Lp[a,b]: = {le(t)lpdt} if 0< P <o,
a

IFllee: = €SS supF(t)| if p=o

a<t<b

is finite. If p > 1itis a norm; for 0< p < 1 its pth power defines a metric in
LP[a, b].

By a modulus of continuitywe mean a nondecreasing, continuous semiadditive
functionw(8) on [0, co) with w(0) = 0. If, in addition,

w@) +wn) <2w(§/24+1n/2) foranyé, n > 0,

thenw(8) is aconcavemodulus of continuity, in which casgw (8) is nondecreasing
for § > 0. We definew(f, ), = sup| f(xr +-) — f(-)],, themodulus of continuity

|| <6
of fin LP (whereLP stands folL P[0, 2r]).
For a fixedm > 0O let

—l=Up1<Up<---<U<U=1

andwithl, e N(r=0,1,...,m+1)

Ir
w(8): =] [{ers (&)},
s=1
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wherew,s(8) are concave moduli of continuity with(r,s) > 0 (s =1,2,...,1;
r=01....,m+1).

Further letH (x) be apositive continuousunctionon -1, 1] suchthatfoh(#): =
H (cos)

o, 88 e L0,1] or w(h,s),=0K3), §— 0.

DEFINITION. The function
(1.26) w() = HOuwo(vVI—0wna(vVI+0 [ [w(x—uD, -1<x<1,
r=1

is a generalized Jacobi weight € G J), with singularitiesu, (0 <r <m+ 1).

REMARK. Sincew,s(t) < wys(8) (0 <1 <),

8

(1.27) /wr (D)t < 8w, (6);

0

in [10, Definition 1.10] where (r, s) might be negative, this important inequality had
to be assumed (see [10, (1.12)]). Actually by (1.27) and [10, (1.24)] we get

§
(1.28) /wr(t)dr ~ Sy (), r=01,...,m+1
0
1.10. If S(w) =S:={u, :r =1,2,..., m} denotes the set containing thmer
singularities ofw € G J, a natural condition for an interpolatoy C (1, 1) is that

XNS=40.
As above, one can define matricésw?) C (—1,1) \ S, w € GJ, with

(1.29) An(w, V(w?) ~ logn

(see [8], [11], [16]).

2. New results

2.1. Itis natural to seek to prove that the order of the estimations, V (w?)) ~
logn (see (1.21), (1.25) and (1.29)) is the best amongst the interpolatory matrices. We
can get much more.
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THEOREM2.1.Letw € &(R) and0 < ¢ < 1 be fixed. Then for any fixed
interpolatory matrixX C R there exist set$l, = H,(w, &, X) with |H,| < ea,(w)
such that

= glogn if xe[—ay(w),a,(w)]\ Hy,

. n 7X7
(2.1) An(w X)>3840

wheneven > n;.
REMARK. Here (and later, depends om andw but not onX.

2.2.  Similarly on(—1,1) (see (1.25) and (1.29)), we state (with= @ when
w € W) the following theorem.

THEOREM2.2. Letw € WU GJ and0 < ¢ < 1 be fixed. Then for anX c
(=1, 1) \ Sthere exist setsl, = H,(w, &, X) with |H,| < ¢ such that

(2.2) An(w, X, X) > n(g,w)logn ifxe (=1,1)\ H,

wheneven > n;. Especiallyy (e, w) = £/3840if w € Worw = (1 — x?*, a > 0.
3. Proofs

3.1. PRroOF OFTHEOREMZ2.1 (subsections 3.1-3.10). First we state some properties
of p, = pn(w?) andpyw, w € &(Z).

Let 0 < ¢ < 1 be fixed and consider the intervgl = 1,(¢) = [—b,, b] =
[—a,(1—¢/5), a,(1 — ¢/5)]. By definition |[—a,, a,] \ || = 2¢a,/5. First we deal
with the intervall,,.

By (1.14), pa(X) = pa(w?, X) = ya(w?) [](X — Ykn(w?)). Using the notation
k=1

Yin = Yin(w?), We have

STATEMENT 3.1. Letw € &(R). Then uniformly ink andn € N

(3.1) 61% = Ykn = Ykt1n < Cl%, Yins Yirin € Ins
(32) PR Oha) ~ =7 Y € o
Moreover, uniformly ink, x andn € N

(33) POOWOOL < X = Yol i X, Yoo €
Finally,

(3.4) [P (X)w(X)| < cg,Y2(nT,)"e, xeR, neN.
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See [5, (1.24) and the remark after the formula] for (3.1); [5, last formula on
p. 285] for (3.2); [5, (10.28)] for (3.3), and [5, (1.26)] for (3.4). We used that
Yn(X) ~ @n(X) ~ 1 whenevek € |,. (¥,(X) andg,(x) are defined by [5; (1.19) and
(10.11), (10.12)], respectively.)

Now lety; = Yjn = Yjm.x.n be defined by

(3.5) X = Yjnl = Min [X = Yil.
LEMMA 3.2. We have, uniformly ix € |,,
n
(3.6) [Pn )W) | ~ [ PL(Yin)w(Yjn) | X = Yjnl ~ ?IX = Yinl-

REMARKS. (1) The constants in formula (3.1)—(3.3) and (3.6) do depensl on
(2) By definition, (3.5) and (3.6) mean thit;, (Y (w?), x)| ~ 1 whenevek € I,.

PrOOF OFLEMMA 3.2. Using [1, (2.16)],
(3.7) ltn(Y@?) <c,  1<k<n, neN.

Consider the polynomiat,(X) = L (Y (w?), X)w™(y) € £, 1. By definition,
tin(X) = w(y)w(yk) = 1; further, using (3.7) we gt (X)w(x)| < c for anyk, n
andx € R. Then, applying a Markov—Bernstein inequality in [6, (1.26)],

()] = X)W X)| = [w(YdwY) + (wE)wE)) (X — Yol
(3.8) >|l—cpna;t-a,n "t >1/2 if |x—yl <na,/n

(& betweerx andyy, X, Yk € I,), whenever we choose> 0, fixed, properly small.

Notice thaty > 0 does not depend dnandn.

Now, relations (3.7) and (3.8) give (3.6) at leastfa@atisfying relationgx — y;| <
nay/n, X € l,.

We can finish the proof of the lemma as follows. For a fixedlenote byz
the unique maximum point iqy;, yi_1) of | p.(X)w(X)|, 2 < | < n (for uniqueness
consult Lubinsky [7, Lemma]). Using (3.3) ¥ € (i, yi_1) C |, andk =1, gives
that|p,(2w(z)| < ca,n~*na;¥? ~ a;¥/2. On the other hand it; = vy, + na,/n,
2, = Yi_1 — nay/n, we getrelation$p, (z)w(z)| ~ a,n~*na;¥2 = a; /2 (see (3.6)),
whencey,_;—z ~ z—Y;, ~ a,/nisobvious. Then, we canchoage- 0sothatz—z ~
Z —zZ~ a,/n. Now, if X € (z, z,), by the monotonicity ofp,w (see [7, Lemmal)),
a2 ~ Ip@w @] = |pOwX)| > min(|p(zZ)w(z)|, |P(Z)w())) ~ a;*?
which, using that nowx — y;| ~ a,/n, gives relation (3.6).
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3.2. Next, we prove Theorem 2.1 fare |, = I,(¢). FixnandletK, = {k : X, €

I,}. First suppose thgK,|: = N = N, > 0 and denote the corresponding nodes
{Xkn} C 1y bY Zin, Zon, . . ., Zyn. We order them as
(3.9) Zniin: = by S Zun < Zyiin < - < Zony < 2y < Zyy = by,

We introduce some other notations and definitions. Let

Jk = Jkn(z): = [Zk+l,m an]’ (‘Jk): = (Jkn(z)) - (Zk+l,m an)9
(3.10) K@) = Jn(@(In)) 1 = [Zer + Gl Il 2 — Ol K],
J_k = Jk(qk): = Jk \ Jk(qk) with 0 < O < % and OS k < N.

The intervally is calledshortif and only if | J,| < a,8,, wheres, = n~V/®, say; the
others are callebbng. (Actually, arbitrarys, = n=*, 0 < o < 1, works.)

3.3. Forthelongintervals we prove (see [15, Lemma 3.3] and the referencesthere).

LEMMA 3.3. Letw € &(R), J C Iy, @8y < |kl Co/(Ny) < o < 7 and define
o=o0k,n: =[(/2|kl(n/cia,)]. Then for a propeh,, C Jx we have

Fekm

(311) )"n(wv Xv X) > Ozn7/6Tnl/68n

if X € Jin \ hkn~

Here |he,| < 4l ], 0 < k < N, n > ng; the constants), and ¢, are properly
chosen.

PROOF Let us consider those rooys, of p,(x) which are inJ(qy). By (3.1), their
number is not less than

n
1-2 | — 1-—2 Sn.
|:( Q) | klclani| > ¢( g)n

Let us define the sdt, = hy, by
he = % (G0 U { U A (qk>} :
Ai C Xk (@)

whereA; = A (Y) = [y, Vi1 and(A)), A (g, A; are defined according to (3.10).
(We use the sama = q(Jy) for everyA;.) By construction,

[hi| < 4ai| Jdl.
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To prove (3.11), ley € J \ hy = J(qo) \ hx and consider the interval
[y % o 30k
M(y) = [y = Z13d y+ 13| € Jk< . ) ,
containing at least

(3.12) [%|Jk|L} =o0>Chéy>1

roots of p,(X) if ¢ > 0 is properly chosen.
Consider the polynomial(x) = [, .u,(X — ;). Since

P =yr) [T w—w.
Y eM(y)
we have

_ w)pa(®) Y=Y
wOOr () = 2w (y)ml;[(y) Ty

Here, ifx ¢ (J), by construction

Y—¥

1
X =Y 3

lw(X)pa ()] < ¢ g, 2(nT)"®
(see (3.4)). Finally ify; = y;(y) is the nearest root gf, to y, by construction,

3/2

[lw(y)Pa(Y)| = cl Py w(y)(y — Y| ~ na; qk— o, ?

(see (3.6)). So, amq, * < né,, we get
~1/2( T, ) /6
wOOr (] < clw)r ()] I g0
Okan /

8,(NT,)Y6
(3.13) < clw(y)r (y)| %, X & (J).

On the other hand, singe> 1,r (x) € #,_; whence, using Lagrange interpolation,
(3.14) w(y)r (y) = Zw(x.)r(x. ))I (y) =Y w)r GOt (y).

i=1
Usingx ¢ (J), (3.13) and (3.14) yield

7/6T1/6

lwYr (Y] = clw(y)r(y)l 3—2n)”"(w’ y),

whence asv(y)r (y) # 0, we get (3.11) with a constant > 0, actually for every
0 < 4§, <1/2 (say).
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3.4. Letus apply Lemma 3.3 for every long intervdl with g, = 1/logn, say.
By (3.12), we get the relation(k, n) > né,/log?n > n%3 whence by (3.11) and
1< T,=o0(n?

(3.15) An(w, X) > N, X € D \ Hun,

whereDy, = [ J{J : Jkis longl andHy, = [ J{hy : J is long}. By construction
k k

4
(3.16) [Hin| < Z [h| < 42 Okl Il < man,

where the summations are over. J, C D, C |,. Thatis (2.1) holds for the long
intervals inl,, apart from a set of measure 4a,/logn. If |[K,|] = 0, the same
argument works for the whole interval, = I,.

3.5. Next, we consider the short intervals (subsections 3.5-3.9)L@¢note the
number of short intervalg,,, 1 < k < N — 1. If ¢, < n”, then their total measure
< n’a,8, = o(a,), whenever O< y < 1/6, which we suppose from now on. So
adding them to the exceptional ddt, we get, using (3.16) and (3.11),

[Hn| < [Hin| 4+ 0(an) + 2808, + 2(a, — by) < €@,

that is we would get the theorem (the third terna,&, estimates the measure of
the (possibly) short interval(sjy, and (or) Jo,; the fourth one measures the set

[—an, a] \ Iy).

3.6. So from now on we can supposgg > n’. First we introduce some further
notations. With2,(X) = w,(X)w(X), letu, = u,(gy) be defined by

1QnU)l: = min [Q2n(X)], 1<k=<N-1,
xe J(ok)

(192n(u)| > 0, asge > 0). Further let
[, Kkl :=max(|z41 — &l |z —z]), 1<i,k<N-1
o(J, J) :==min(|Z41— zl, |Z41— 2], 1=<i,k<N-L1

We prove (see [15, Lemma 3.4 and its references]) the following lemma.

LEMMA 3.4. Letl <k,r < N — 1. Thenifw € &£(R),

11Qau)l 3

3.17 [OO[ + [t 1) > = —— , nN=>2,

(3.17) “ o 412001 13, X

wheneverx € J(q), o(J, ) > a8, and |J| < a,8,. Heret, andt,,, are the
fundamental functions correspondingzoandz ;, respectively.
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ProOE The proof of this lemma is similar to the one in [15]. We include it for sake
of completeness. First we verify relation

Q Q o
Its(x)|=‘ 209 ‘:' LIS =2 g ()
Q(Z)X—2Z)| [QU)]|X—Z
(3.18) > %Its(ur)l if s=k, k+1andx € J(q).

Indeed,

|ur B Zsl - {lur B Zsl +an8n} - anfsn >1 anfsn 1

Xx—z = (U —zl+ad,  2a8, 2

which gives (3.18). So we can writerif< k, say,

1
[t OO + [t s (X) | = E{Itk(ur)l + [t (U [}

1) Z — Uy uk—zk+1}
= — t.(u t u)|————
AGIS {lk( k)|ur_zk+|k+l( k)|ur_ »
112U ok
(3.19) > 5 B l‘jk §k|{|tk<uk>| F sl X € (@)

To obtain (3.17), we use [7, Theorem 1] which is stated as follows.

STATEMENT 3.5. Let(a, b) € Randw = e ?: (a, b) — (0, 00). Assume that)
exists and is non-decreasing(® b). Thenforl<k<n-1

(3.20) ten(w, X, X)| + [tan(w, X, X)) > 1 if X € [Xran, Xun]
for arbitrary interpolatoryX C (a, b).

Applying (3.20) we obtain (3.17), considering thag | = |Ji|.

REMARKS. (1) Actually, if X € [X¢ 1, X], thents(X) > 0 (s=k, k + 1).
(2) Relation (3.20) is a generalization of an old theorem ofdsrdfid Tuah which
says that for an arbitrary interpolatol;

n (X, X) + lprn(X,X) =1 if X € [Xpan Xkn], 1<k<n-1

(see [3; Lemma 4, p. 529)).
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3.7. The following statement gives a result oékési [14, Lemma 3.3] in a slightly
different form.

STATEMENT 3.6. LetF, =[A, B, 1 <k <t,t > 2beanyt intervalsin A, A]
to_
with [FeNFj| =0 (K # j), IRl < AS(L<Kk, j <t), Y |Fel = Au. Letg > 6. If
k=1

with a fixed integelR > 4 we havew > 2R¢, then there exists the index1 < s < t)
such that

[Fl . Ru
|FS’ Fkl 8

NIl w

(3.21) S = i

k=1
o(Fs. F)=As

Fs will be called the accumulation interval ¢} _;.

Here the definitions oF, = F(qu), |Fs, Fi| and o(Fs, Fy) correspond to the
previous onesy, § andé are fixed positive real numbers.

3.8. Now we defineg, for the shortintervals. Leb,,: = UE;}{J,< Dk < andn)
andKy,: =1{k:|Xk| < adn, 1 <k <N —1}, |Ky| = ¢n. If mdenotes the middle
point of Jy, let

Brn: =maxy : z,1 <y <mgand (2.1) does not hold for},
Yin: = min{y: m, <y < z and (2.1) does not hold for},
Oin: = Max(Bx — Zei1, Z — W),

finally

(3-22) Okn = q(Jkn) = dkn/|Jkn|, ke K2n~

Using An(w, %) = 1,we obtain thaty, > 0. Further by definition, (2.1) holds true
wheneverx is from the interior ofJ.(q), k € Ka,. For the remaining ‘bad’ setd,
we prove relation

(3.23) S 3 =am <> i nzn,

Clearly, we can suppose thate {n;} = N, for which i, > ¢/2. Now we can apply
Statement 3.6 with the cafff;} = {Jnlkek,, = Dons A= 80, § =8 = &n, 4 = U,
R = [log, n¥"] andn € Nj,.

We get the accumulation interval and we denote itMy = M;, (1st step).
Dropping My, we apply Statement 3.6 again, for the interveliis} = D,, \ My,
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With & = pn — [Mmnl/@n > n — 80 > 1n/2 and with the samé\, &, §, R and N,.
We get the accumulation intervéd,, (2nd step). At theth step (3<i < ¥,) we
drop My,, My, ..., Mi_1, and apply Statement 3.6 again for the intervidts} =

i—1 i-1 _
Don \ U My With 0 =y — > Myl /@, and with the samé\, &, 5, RandN;. Here

t=1 t=1
Y, denotes the first index for which

Yn—1 Yn
— Ay - 8n/hn
3.24 M| < but M| > , ne N;.
(3.24) ?:1 M == él M| > 1

Denoting byMy, 110, My, 12, - ., My, » the remaining (that is not accumulation)
intervals ofD,,, from relation (3.21) we get, ifi; is big enough,

$n
[My| pnlogn 3 p,logn
3.25 E/ > - = , 1<r <y, ne N.
( ) =r M, M| — 2-7-8 2> 120 =r=vn €

Here and later the dash on the summation indicates that we omit those ikdmes
whicho(M;, M) < a,8,.

3.9. By (3.22), we can choose the ‘bad’ pointg € M;,(g,/2) such that (2.1)
does not hold fow;, (1 <i < ¢, N € Ny, Gn = Gin(Mip)).
If for afixedn € N; there exists an index(1 <t < ¢,) such that

(3.26) An(w, V) = 2Cu,logn

(wherec > 0 will be determined later), then, using (2.1), we get relatethogn >
An(w, vy), Whence by (3.26), 2, < . That means, we obtained (3.23)Ve shall
verify (3.26)for every fixech € N; with a propett = t(n). Indeed, otherwise for a
certainm € N;

(3.27)
Am(w, vrm) < 2Cunlogm, v, € Min(Qm/2), foreveryr, 1<r < ¢n.

Then, by (3.27) and (3.23)

$Pm
(3-28) Z [MimlAm(w, vim) < 2Cam:Uvzm |Og m.

r=1

On the other hand, applying (3.17) wifly, (M) /2 we can write (with the samé/; |,
as above)

M, |Z|tk<vm>| > —|M 1D Ut + Mt (orn) 1}

ke Kzn

Q@) Myl
s 9 1<r< 9
g ' r'Z|Q<Uk>||Mr,Mk| =h=¢n
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for arbitrary n € N, (herg|Q G;)| = hrﬂn(in/z) [Q(X)|). Then, using relatioa+a~! >
xe M (G
2,(3.24) and (3.25), we get fore N,
@n ®n 7 IVEITV)
— Q@) | M [[M]
M [An(w, vin) > —
Z:: Z;,; [T M, M
ZZ {|9(u>| |9(Uk>|} MMy
16r =~ QO [QT)|]) M, M|
IMy] anuslogn
M,
Z' IZ||v|r,|v|k| 8.2.120

=2ca,u’logn if c=1/384Q

But this contradicts (3.28), that is (3.26) must hold for ang N, with a proper
t =t(n). So (3.23) has been proved.

3.10. Finally, we estimateH,. If Jy, is short, it should belong tél,; the same
holds forJy,. So by (3.16) and (3.23) (see subsection 3.5)

an ¢
[Hnl §4m+7+2an8n+2(an_bn) < &g,

which gives the theorem if > n,(¢).

3.11. ProorF OFTHEOREM 2.2. The proof is analogous to the previous one after
establishing the corresponding formula, so we only sketch it (subsections 3.11-3.14).

3.12. Firstletw € W. The fact is that we have the same relations as before (for
example, agaif, (w?) — Yir1.n(w?) ~ @,/N, Yin € 1,), but of course, now,, Yin(w?),
a,(w), and so on, are defined far e W.

To be more precise, ld, = [—b,, b,] where, with 0< ¢ < 1,b, = a,(1 — ¢/5).

As we knowa, — 1 (see [4, p. 30, (ii)], say).

Relations corresponding to Statement 3.1 are [4, (1.35); p. 130, lastrow; (12.7) and

(1.39)] respectively. Notice that we used relati@aps~ 1, |ykn| < b, = a,(1 — ¢/5),
= (nT,) %3 = o(1) (see [4, (1.23)])W¥.(X) ~ ®n(X) ~ 1,if x € I, ([4, (11.11)
and (11.10)]).

The relation corresponding to (3.6) can be proved as in the proof of Lemma 3.2:
the relation correspondingto (3.7) is [4, (12.5)]; the corresponding Markov—Bernstein
inequality is now [4, (12.16)].

Moreover, the definition of the cla¥g (see subsection 1.6) ensuresthat[7, Lemma]
and [7, Theorem 1] hold true, whence, among others, Statement 3.5 can be applied.

Other details, which are based on the previously mentioned relations, can be left to
the reader.
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3.13. Letw € GJ be defined by formula (1.26), further let

m+1

& &
In: :[_1’1]\ruo<uf_ om+ 1 " 10(m+l))

(actually, I, does not depend on, but for convenience, we keep this notation).
Replacinga, by 1, the formulae corresponding to (3.1), (3.2) and (3.6) come from
[10; Theorems 3.2 and 3.3].

Indeed, (3.1) is immediate from [10, (3.4)]. To get (3.2), first let us remark that
in 1, w(n, x) ~ wx) ~ 1, wherew(n, X) = we(+/IT — X + 1/Mwm1 (1 + X +
1/n) [Tw (X — u| + 1/n). Now [10, (3.5)] yields formula (3.2), because for

@(X) r=lsinz‘/l (X =cost), p(X) ~ Lif x € 1.

To get (3.6) (which is an improvement of (3.3)), we use [10, (3.6)] and the fact
w(x) ~w(n, x) ~1,x e l,, again.

Finally we verify

(3.30) [ pa(wHw| < cy/n

(which corresponds to (3.4) if we repla€gby n?). We use relation

(3.31) 1QnC)w(N, X)| ~ [Qn(X)wX)]
valid for anyQ,, € £, supposing that the weight satisfies the inequality

(3.32) wxX) < “—C| / wX)dX,
|

for allintervalsl c [—1, 1] andx € | wherec > 0 is independent of andx (see [9,
(5.1) and (6.26)]).

However, ifw € G J, then relation (1.28) involves (3.32), that means (3.31) holds
true wheneverw € GJ. Then, ify; = y;,(w?) is the closest root ta of p,(w?, X)
we can write

[ Pa(w?, X)w (N, X)| ~ | pa(w?, X)w(n, y;)|
~ P, w?, ypw, yp)IIX — Yl

n siny;
L<ces/n, IxI<1,

(see[10; (3.4)—(3.6)] moreover, relationgn, X) ~ w(n, y;) and|x—y;| < sinv;/n),
whence by (3.31) we get (3.30).

3.14. The above mentioned relations yield the analogue of Lemma 3.3 (again
replacingT, by n?). However to get the relation corresponding to (3.20) we cannot
use Statement 3.5 because we do not have theitcmmzifor Q’; we choose another
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way. By definition,w(x) ~ 1 wheneveKx € |,; so by the Erd§—Tugn relation (see
subsection 3.6, Remark 2) we can write

_wX) W)
(3.34) t(X) + tisa(X) = w(xk)lk(x) * w(Xet1)

1 (X) = c{l(X) + L1 (X))} = ¢,

if x € J C |,,; herec does depend orr andw. Other details in proving (2.2) when
w € GJ are analogous to the previous ones, so they are left to the reader.

References

[1] S. Damelin, ‘The Lebesgue function and Lebesgue constant of Lagrange interpolationder Erd
weights’,J. Approx. Theoryto appear).
[2] S.Damelin, ‘Lebesgue bounds for exponential weights-eh [L]', Acta Math. Hungar(to appear).
[3] P.Erdds and P. Tuan, ‘On interpolation. I1I’Ann. of Math 41 (1940), 510-553.
[4] A.L.LevinandD. S. LubinskyChristoffel functions and orthogonal polynomials for exponential
weights o{—1, 1], Mem. Amer. Math. Soc. 535, Vol. 111 (1994).
[5] A.L.LevinandD. S. Lubinsky and T. Z. Mtembu, ‘Christoffel functions and orthogonal polyno-
mials for Erds weights o{—o0, 00)’, Rend. Mat. Appl. (714 (1994), 199-289.
[6] D.S. Lubinsky,L, Markov and Bernstein inequalities for Erslweights’,J. Approx. Theorp0
(1990), 188-230.
[7] D.S. Lubinsky, ‘An extension of the Eéd—Tuén inequality for the sum of successive fundamental
polynomials’,Ann. of Numer. Math2 (1995), 305-309.
[8] G.Mastroianni and M. G. Russo, ‘Weighted Lagrange interpolation for Jacobi weigatsinical
Report
[9] G. Mastroianni and V. Totik, ‘Weighted polynomial inequalities with doubling @agdweights’,
J. Approx. Theoryto appear).
[10] G. Mastroianni and P. &ttesi, ‘Some applications of generalized Jacobi weightsta Math.
Hungar.77, (1997), 323-357.
[11] J. Szabados, ‘Weighted Lagrange interpolation polynomidl$hequal. Appll (1997), 99-123.
[12] J. Szabados, Weighted Lagrange and HermitegiFgjterpolation on the real lineTechnical
Report.
[13] J. Szabados and Péxtesi,Interpolation of functiongWorld Scientific, Singapore, New Jersey,
London, Hong Kong, 1990).
[14] PVertesi, New estimation for the Lebesgue function of Lagrange interpola#mte, Math. Acad.
Sci. Hungar40(1982), 21-27.
[15] P. Vertesi, On the Lebesgue function of weighted Lagrange interpolatioBohstr. Approx(to
appear).
[16] P. Vertesi, Weighted Lagrange interpolation for generalized Jacobi weidletshnical Reporto
appear).

Mathematical Institute of the Hungarian Academy of Sciences
Budapest P.O.B. 127

Hungary, 1364

e-mail: reter@matlinst.hu



