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Abstract

The aim of this paper is to continue our investigation of the Lebesgue function of weighted Lagrange
interpolation by considering Erdős weights onR and weights on [�1;1]. The main results give lower
bounds for the Lebesgue function on large subsets of the relevant domains.

1991Mathematics subject classification(Amer. Math. Soc.): 41A05, 41A10.

1. Introduction, notations and preliminary results

1.1. In [15] it was proved that the weighted Lebesgue function is ‘big’ on a ‘large’
subset of [�an;an] for arbitrary fixed interpolatory matrixX considering a class of
Freud-type weights onR. The aim of the present work is to extend this result for
Erdős weights onR and for weights defined on [�1;1].

1A. Erdős weights onR

1.2. DEFINITION. We say thatw 2 E .R/ (w is an Erdős weight onR) if and only
if w.x/ D e�Q.x/ whereQ : R ! R is even and is differentiable onR, Q0 > 0 and
Q00 ½ 0 in .0;1/ and the function

T.x/ : D 1C x
Q00.x/

Q0.x/
; x 2 .0;1/;(1.1)
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is increasing in.0;1/, with

lim
x!1

T.x/ D 1; T.0C/ : D lim
x!0C

T.x/ > 1:(1.2)

Moreover we assume that for someC1;C2;C3 > 0

C1 � T.x/
Q.x/

x Q0.x/
� C2 if x ½ C3(1.3)

(see [5, p. 201]).

The prototype ofw 2 E .R/ is the case whenQ.x/ D Qk;Þ.x/ D expk.jxjÞ/,
k ½ 1,Þ > 1 where expk : D exp.exp.: : :// denotes thekth iterated exponential. The
correspondingw will be denoted bywk;Þ . One can see that in that case

T.x/ D ÞxÞ
(

k�1Y
jD1

expj .x
Þ/

)
.1C o.1//; x!1

(see [9, (1.8)]).

REMARK. We use the differentiability ofQ on thewhole (open) line when we
apply a result of Lubinsky [7, Lemma and Theorem 1] (see the ‘Proof of Lemma 3.2’
and ‘Statement 3.5’ of the present paper). Otherwise, evenness and conditions on the
interval.0;1/ would be enough.

1.3. If X ² R is an interpolatory matrix, that is

�1 < xnn < xn�1;n < Ð Ð Ð < x2n < x1n <1; n 2 N;(1.4)

for f 2 C.w; R/ wherew 2 E .R/ and

C.w; R/ : D
²

f : f is continuous onR and lim
jxj!1

f .x/w.x/ D 0

¦
;

one can investigate theweighted Lagrange interpolationdefined by

Ln. f;w; X; x/ D
nX

kD1

f .xkn/w.xkn/tkn.w; X; x/; n 2 N;(1.5)

where

tk.x/ D tkn.w; X; x/ D w.x/

w.xkn/
lkn.X; x/; 1 � k � n;(1.6)
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lk.x/ D lkn.X; x/ D !n.X; x/

!0n.X; xkn/.x � xkn/
; 1� k � n;(1.7)

and

!n.x/ D !n.X; x/ D cn

nY
kD1

.x � xkn/; n 2 N:(1.8)

The polynomialslk of degree exactlyn � 1 (that islk 2 Pn�1 nPn�2 ) are the
fundamental functions of the (usual) Lagrange interpolation while functionstk are the
fundamental functions of the weighted Lagrange interpolation.

The classical Lebesgue estimation now has the form

jLn. f;w; X; x/� f .x/w.x/j � f½n.w; X; x/ C 1gEn�1. f;w/(1.9)

where the (weighted) Lebesgue function is

½n.w; X; x/ : D
nX

kD1

jtkn.w; X; x/j; x 2 R; n 2 N(1.10)

and

En�1. f;w/ : D inf
p2Pn�1

jj. f � p/wjj; n 2 N:(1.11)

HerejjÐjj is the sup norm onR. If w 2 E .R/ then it is well-known thatEn�1. f;w/! 0
if n!1 and f 2 C.w; R/.

Relation (1.9) and its immediate consequence

jjLn. f;w; X/ � fwjj � f3n.w; X/ C 1gEn�1. f;w/;(1.12)

where

3n.w; X/ : D jj½n.w; X; x/jj(1.13)

show that the investigation of½n.w; X; x/and3n.w; X/ (weighted Lebesgue constant)
are fundamental. (For further motivations, see [15,x1].)

1.4. To get estimations for3n.w; X/, at least for certainX, we consider then
different roots

�1 < ynn.w
2/ < yn�1;n.w

2/ < Ð Ð Ð < y2n.w
2/ < y1n.w

2/ <1(1.14)

of thenth orthonormal polynomialpn.w
2; x/ 2PnnPn�1 with respect tow2 2 E .R/

(that is
R
R

pn.w
2/pm.w

2/w2 D Žnm). One can prove that forY.w2/ D fykn.w
2/g (see

[1, (1.18)])

3n.w;Y.w2// ¾ .nTn/
1=6; w 2 E .R/;(1.15)
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whereTn!1 asn!1. (Here, and later,An ¾ Bn means that 0< c1 � An=Bn �
c2 wherec1 andc2 do not depend onn, but may depend on other, previously fixed
parameters.)

To be more precise aboutTn, we introduce the corresponding Mhaskar–Rahmanov–
Saff (MRS) numberau.w/, the positive root of the equation

u D 2

³

1Z
0

aut Q0.aut/p
1� t2

dt; u > 0(1.16)

(see [5, (1.13)]).
As an important application we mention the relations8<:jjrnwjj D max

jxj�an.w/
jrn.x/w.x/j

jjrnwjj > jrn.x/w.x/j for jxj > an.w/
(1.17)

valid for rn 2Pn andw 2 E .R/.
If w D wk;Þ then

an D
(

logk�1

 
logn� 1

2

kC1X
jD2

log. j / nC O.1/

!)1=Þ

(1.18)

where log. j / D log.log.: : : //, is the j th iterated logarithm.
Usingan, Tn can be written as

Tn D T.an.w//:(1.19)

Later on we use thatTn D o.n2/ (see [9, p. 209, (VIII)]).

Again, if w D wk;Þ, thenTn ¾
kQ

jD1
log. j / n (see [9, (1.13)–(1.16)]).

1.5. But we can do better as far as the order of3n is concerned. Lety0 D y0n > 0
denote a point such that

jpn.w
2; y0/w.y0/j D jjpn.w

2/wjj:(1.20)

Then if

V.w2/ D ffykn.w
2/;1� k � ng [ fy0n;�y0ng;n 2 Ng

one can prove the following.
Letw 2 E .R/. Then

3n.w;V.w2// ¾ logn(1.21)

(see [1, (1.22)]; concerning the additional pointsfšy0ng, see [12]).
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1B. Exponential weights on[�1;1]

1.6. Instead ofR, we can define our weight functionw on the interval.�1;1/.
There is a substantial resemblance concerning formulas, definitions and theorems. So
sometimes, especially in proofs, we only refer to the corresponding relations defined
on R. Following the exhaustive memoir of Levin and Lubinsky [4], we define the
class of functionsW as follows.

DEFINITION. Let w.x/ D e�Q.x/ where Q : .�1;1/ ! R, is even and is twice
continuously differentiable in.�1;1/. Assume moreover, thatQ0 ½ 0, Q00 ½ 0 in
.0;1/ and lim

x!1�0
Q.x/ D1. The function

T.x/ : D 1C x
Q00.x/

Q0.x/
; x 2 [0;1/(1.22)

is increasing in [0;1/, moreover8><>:
(i) T.0C/ > 1;

(ii) T.x/ ¾ Q0.x/=Q.x/; x close enough to 1;

(iii) T.x/=.1� x2/ ½ A > 2; x close enough to 1:

(1.23)

Then we writew 2 W (see [4, p. 5 and (1.34)]).

REMARKS. .1/ Let w0;Þ.x/ D exp.�.1 � x2/�Þ/, Þ > 0 and wk;Þ.x/ D
exp.�expk.1 � x2/�Þ/, Þ > 0, k ½ 1. These strongly vanishing weights atš1
are fromW ([4, x1]).
.2/ Consider the ultraspherical Jacobi weightw.Þ/.x/ D .1� x2/Þ , Þ > �1. Here
Q.x/ D �Þ log.1� x2/, that isw.Þ/ 62 W if �1 < Þ < 0 (the conditions forQ.x/
are not satisfied). IfÞ ½ 0 thenw.Þ/ satisfies all the conditions required forW but
(1.23) (ii), (iii) (by routine calculation,T.x/ D 2.1� x2/�1 while Q0.x/=Q.x/ D
�2xf.1 � x2/ log.1� x2/g�1, x 2 .�1;1/). That means,w.Þ/ 62 W even for non-
negative values ofÞ. However, they are very similar (at least from our point of view)
to weights inW, so we can deal with them (see subsections 1.9 – 1.10).

1.7. Now the interpolatory matrixX D fxkng, 1 � k � n, n 2 N, is in the
open (!) intervalI D .�1;1/; the meaning ofC.w; I /, Ln. f;w; X; x/, ½n.w; X; x/,
3n.w; X/, En�1. f;w/, pn.w

2; x/ and fykn.w
2/g ² .�1;1/ are clear (see (1.4)–

(1.14)). For example ifw 2 W, then

C.w; I / : D
²

f : f is continuous onI and lim
jxj!1

f .x/w.x/ D 0
¦
:
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Again, if w 2 W, En�1. f;w/ ! 0 wheneverf 2 C.w; I /, that is the Lebesgue
estimation (1.12) holds true (nowjj Ð jj D max

�1�x�1
j Ð j). As one can prove

3n.w;Y.w2// ¾ .nTn/
1=6; w 2 W(1.24)

(see [2]) whereTn D T.an/ andan D an.w/, w 2 W, is defined by (1.16). By [4,
(1.16), (1.17)], 1� an.w0Þ/ ¾ n�1=.ÞC 1

2 / and 1� an.wk;Þ/ ¾ .logk n/�1=Þ whence, by
(1.23) (iii), Tn !1. On the other hand, by (1.23) (i) and [4, (3.8)], 1< Tn D o.n2/.

1.8. As in subsection 1.5, using some additional points ‘close’ toan.w/, for the
corresponding matrixV.w2/ we get (see [2])

3n.w;V .w2// ¾ logn; w 2 W:(1.25)

1.9. In subsections 1.9–1.10 we deal with Jacobi weights and their generalizations.
First we give the rather general definition (see [10]; the present paper uses only a
special case of [10; Definition 1.1]).

In what follows,L p[a;b] denotes the set of functionsF such that8>><>>:
jjF jjL p[a;b] : D

²
bR

a

jF.t/jpdt

¦1=p

if 0 < p <1;
jjF jj1 : D ess sup

a�t�b
jF.t/j if p D 1

is finite. If p ½ 1 it is a norm; for 0< p < 1 its pth power defines a metric in
L p[a;b].

By a modulus of continuitywe mean a nondecreasing, continuous semiadditive
function!.Ž/ on [0;1/ with !.0/ D 0. If, in addition,

!.Ž/ C !.�/ � 2!.Ž=2C �=2/ for anyŽ; � ½ 0;

then!.Ž/ is aconcavemodulus of continuity, in which caseŽ=!.Ž/ is nondecreasing
for Ž ½ 0. We define!. f; Ž/p D sup

j½j�Ž
jj f .½ C Ð/ � f .Ð/jjp, themodulus of continuity

of f in L p (whereL p stands forL p[0;2³ ]).
For a fixedm ½ 0 let

�1D umC1 < um < Ð Ð Ð < u1 < u0 D 1

and withlr 2 N (r D 0;1; : : : ;mC 1)

wr .Ž/ : D
l rY

sD1

f!rs.Ž/gÞ.r;s/;
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where!rs.Ž/ are concave moduli of continuity withÞ.r; s/ > 0 (s D 1;2; : : : ; lr ;
r D 0;1; : : : ;mC 1).

Further letH .x/be apositive continuousfunction on [�1;1] such that forh.#/ : D
H .cos#/

!.h; Ž/1Ž
�1 2 L1[0;1] or !.h; Ž/2 D 0.

p
Ž/; Ž! 0:

DEFINITION. The function

w.x/ D H .x/w0.
p

1� x/wmC1.
p

1C x/
mY

rD1

wr .jx � ur j/; �1� x � 1;(1.26)

is a generalized Jacobi weight.w 2 G J/, with singularitiesur (0� r � mC 1).

REMARK. Since!rs.−/ � !rs.Ž/ (0� − � Ž),
ŽZ

0

wr .−/d− � Žwr .Ž/;(1.27)

in [10, Definition 1.10] whereÞ.r; s/might be negative, this important inequality had
to be assumed (see [10, (1.12)]). Actually by (1.27) and [10, (1.24)] we get

ŽZ
0

wr .−/d− ¾ Žwr .Ž/; r D 0;1; : : : ;mC 1:(1.28)

1.10. If S.w/ D S :D fur : r D 1;2; : : : ;mg denotes the set containing theinner
singularities ofw 2 G J, a natural condition for an interpolatoryX ² .1;1/ is that
X \ SD ;.

As above, one can define matricesV.w2/ ² .�1;1/ n S,w 2 G J, with

3n.w;V.w2// ¾ logn(1.29)

(see [8], [11], [16]).

2. New results

2.1. It is natural to seek to prove that the order of the estimations3.w;V .w2// ¾
logn (see (1.21), (1.25) and (1.29)) is the best amongst the interpolatory matrices. We
can get much more.
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THEOREM 2.1. Let w 2 E .R/ and 0 < " < 1 be fixed. Then for any fixed
interpolatory matrixX ² R there exist setsHn D Hn.w; "; X/ with jHnj � "an.w/

such that

½n.w; X; x/ >
1

3840
" logn if x 2 [�an.w/;an.w/] n Hn;(2.1)

whenevern ½ n1.

REMARK. Here (and later)n1 depends on" andw but not onX.

2.2. Similarly on .�1;1/ (see (1.25) and (1.29)), we state (withS D ; when
w 2 W) the following theorem.

THEOREM 2.2. Let w 2 W [ G J and 0 < " < 1 be fixed. Then for anyX ²
.�1;1/ n Sthere exist setsHn D Hn.w; "; X/ with jHnj � " such that

½n.w; X; x/ > �.";w/ log n if x 2 .�1;1/ n Hn(2.2)

whenevern ½ n1. Especially,�.";w/ D "=3840if w 2 W or w D .1� x2/Þ , Þ ½ 0.

3. Proofs

3.1. PROOF OFTHEOREM2.1 (subsections 3.1–3.10). First we state some properties
of pn D pn.w

2/ and pnw, w 2 E .R/.
Let 0 < " < 1 be fixed and consider the intervalIn D In."/ D [�bn;bn] D

[�an.1� "=5/, an.1� "=5/]. By definition j[�an;an] n Inj D 2"an=5. First we deal
with the intervalIn.

By (1.14), pn.x/ D pn.w
2; x/ D 
n.w

2/
nQ

kD1
.x � ykn.w

2//. Using the notation

ykn D ykn.w
2/, we have

STATEMENT 3.1. Letw 2 E .R/. Then uniformly ink andn 2 N
ec1

an

n
� ykn� ykC1;n � c1

an

n
; yk;n; ykC1;n 2 In;(3.1)

jp0n.ykn/w.ykn/j ¾ n

a3=2
n

; ykn 2 In:(3.2)

Moreover, uniformly ink, x andn 2 N
jpn.x/w.x/j � cjx� yknj n

a3=2
n

; x; ykn 2 In:(3.3)

Finally,

jpn.x/w.x/j � c a�1=2
n .nTn/

1=6; x 2 R; n 2 N:(3.4)
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See [5, (1.24) and the remark after the formula] for (3.1); [5, last formula on
p. 285] for (3.2); [5, (10.28)] for (3.3), and [5, (1.26)] for (3.4). We used that
 n.x/ ¾ 'n.x/ ¾ 1 wheneverx 2 In. ( n.x/ and'n.x/ are defined by [5; (1.19) and
(10.11), (10.12)], respectively.)

Now let yj D yjn D yj .n;x/;n be defined by

jx � yjn j D min
1�k�n
jx � yknj:(3.5)

LEMMA 3.2. We have, uniformly inx 2 In,

jpn.x/w.x/j ¾ jp0n.yjn/w.yjn /j jx � yjn j ¾ n

a3=2
n

jx � yjn j:(3.6)

REMARKS. .1/ The constants in formula (3.1)–(3.3) and (3.6) do depend on".
.2/ By definition, (3.5) and (3.6) mean thatj.t jn.Y.w2/; x/j ¾ 1 wheneverx 2 In.

PROOF OFLEMMA 3.2. Using [1, (2.16)],

jjtkn.Y.w
2//jj � c; 1� k � n; n 2 N:(3.7)

Consider the polynomial−kn.x/ D lkn.Y.w2/; x/w�1.yk/ 2 Pn�1. By definition,
tkn.x/ D −k.yk/w.yk/ D 1; further, using (3.7) we getj−k.x/w.x/j � c for anyk, n
andx 2 R. Then, applying a Markov–Bernstein inequality in [6, (1.26)],

jtk.x/j D j−k.x/w.x/j D j−k.yk/w.yk/C .−k.¾/w.¾//
0.x � yk/j

½ j1� c� n a�1
n Ð ann�1j ½ 1=2 if jx � ykj � �an=n(3.8)

(¾ betweenx andyk, x; yk 2 In), whenever we choose� > 0, fixed, properly small.
Notice that� > 0 does not depend onk andn.
Now, relations (3.7) and (3.8) give (3.6) at least forx satisfying relationsjx� yj j �

� an=n, x 2 In.
We can finish the proof of the lemma as follows. For a fixedl , denote byz

the unique maximum point in.yl ; yl�1/ of jpn.x/w.x/j, 2 � l � n (for uniqueness
consult Lubinsky [7, Lemma]). Using (3.3) ifx 2 .yl ; yl�1/ ² In andk D l , gives
that jpn.z/w.z/j � c ann�1n a�3=2

n ¾ a�1=2
n . On the other hand ifz1 D yl C � an=n,

z2 D yl�1� � an=n, we get relationsjpn.zi /w.zi /j ¾ ann�1n a�3=2
n D a�1=2

n (see (3.6)),
whenceyl�1�z¾ z�yl ¾ an=n is obvious. Then, we can choose� > 0 so thatz�z1 ¾
z2 � z ¾ an=n. Now, if x 2 .z1; z2/, by the monotonicity ofpnw (see [7, Lemma]),
a�1=2

n ¾ jpn.z/w.z/j ½ jpn.x/w.x/j > min.jpn.z1/w.z1/j; jpn.z2/w.z2/j/ ¾ a�1=2
n

which, using that nowjx � yj j ¾ an=n, gives relation (3.6).
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3.2. Next, we prove Theorem 2.1 forx 2 In D In."/. Fix n and letKn D fk : xkn 2
Ing. First suppose thatjKnj : D N D Nn > 0 and denote the corresponding nodes
fxkng ² In by z1n; z2n; : : : ; zNn. We order them as

zNC1;n : D �bn � zNn < zN�1;n < Ð Ð Ð < z2n < z1n � z0n : D bn:(3.9)

We introduce some other notations and definitions. Let8><>:
Jk D Jkn.Z/ : D [zkC1;n; zkn]; .Jk/ : D .Jkn.Z// D .zkC1;n; zkn/;

Jk.qk/ D Jkn.q.Jkn// : D [zkC1C qkjJkj; zk � qkjJkj];
Jk D Jk.qk/ : D Jk n Jk.qk/ with 0< qk � 1

2
and 0� k � N:

(3.10)

The intervalJk is calledshort if and only if jJkj � anŽn, whereŽn D n�1=6, say; the
others are calledlong. (Actually, arbitraryŽn D n�Þ, 0< Þ < 1, works.)

3.3. For the long intervals we prove (see [15, Lemma 3.3] and the references there).

LEMMA 3.3. Letw 2 E .R/, Jk ² In, anŽn < jJkj, c0=.nŽn/ < qk <
1
4

and define
% D %.k;n/ : D [.qk=2/jJkj.n=c1an/]. Then for a properhkn ² Jk we have

½n.w; X; x/ > c2
3%.k;n/

n7=6T1=6
n Žn

if x 2 Jkn n hkn:(3.11)

Here jhknj � 4qkjJkj, 0 � k � N, n ½ n0; the constantsn0 and c0 are properly
chosen.

PROOF. Let us consider those rootsyin of pn.x/ which are inJk.qk/. By (3.1), their
number is not less than�

.1� 2qk/jJkj n

c1an

½
> c.1� 2qk/nŽn:

Let us define the sethk D hkn by

hk D Jk.qk/ [
( [
1i²Jk.qk/

1i .qk/

)
;

where1i D 1i .Y/ D [yi ; yiC1] and.1i /,1i .qk/,1i are defined according to (3.10).
(We use the sameqk D q.Jk/ for every1i .) By construction,

jhkj < 4qkjJkj:
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To prove (3.11), lety 2 Jk n hk D Jk.qk/ n hk and consider the interval

M.y/ D
h

y� qk

4
jJkj; yC qk

4
jJkj

i
² Jk

�
3qk

4

�
;

containing at least �
qk

2
jJkj n

c1an

½
D % > c qknŽn ½ 1(3.12)

roots of pn.x/ if c0 > 0 is properly chosen.
Consider the polynomialr .x/ DQyi 62M.y/.x � yi /. Since

pn.u/ D 
nr .u/
Y

yi 2M.y/

.u � yi /;

we have

w.x/r .x/ D w.x/pn.x/

w.y/pn.y/
w.y/r .y/

Y
yi 2M.y/

y� yi

x � yi

:

Here, if x 62 .Jk/, by constructionþþþþ y� yi

x � yi

þþþþ � 1

3
;

jw.x/pn.x/j � c a�1=2
n .nTn/

1=6

(see (3.4)). Finally ifyi D yj .y/ is the nearest root ofpn to y, by construction,

jw.y/pn.y/j ½ cjp0n.yj /w.yj /.y� yj /j ¾ na�3=2
n qk

an

n
D qka�1=2

n

(see (3.6)). So, asc0q�1
k < n Žn, we get

jw.x/r .x/j � cjw.y/r .y/j a
�1=2
n .nTn/

1=6

qka�1=2
n

3�%

� cjw.y/r .y/j n Žn.nTn/
1=6

3%
; x 62 .Jk/:(3.13)

On the other hand, since% ½ 1, r .x/ 2Pn�1 whence, using Lagrange interpolation,

w.y/r .y/ D
nX

iD1

w.xi /r .xi /
w.y/

w.xi /
l i .y/ D

nX
iD1

w.xi /r .xi /ti .y/:(3.14)

Usingxi 62 .Jk/, (3.13) and (3.14) yield

jw.y/r .y/j � cjw.y/r .y/j n
7=6T1=6

n Žn

3%
½n.w; y/;

whence asw.y/r .y/ 6D 0, we get (3.11) with a constantc2 > 0, actually for every
0< Žn � 1=2 (say).
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3.4. Let us apply Lemma 3.3 for every long intervalJk with qk D 1= logn, say.
By (3.12), we get the relation%.k;n/ > nŽn= log2 n × n2=3, whence by (3.11) and
1< Tn D o.n2/

½n.w; x/ × n; x 2 D1n n H1n;(3.15)

whereD1n D
S

k
fJk : Jk is longg andH1n D

S
k
fhk : Jk is longg. By construction

jH1nj �
X
jhkj � 4

X
qkjJkj � 4

logn
an;(3.16)

where the summations are overk : Jk ² D1n ² In. That is (2.1) holds for the long
intervals in In, apart from a set of measure� 4an= logn. If jKnj D 0, the same
argument works for the whole intervalJkn D In.

3.5. Next, we consider the short intervals (subsections 3.5–3.9). Let'n denote the
number of short intervalsJkn, 1 � k � N � 1. If 'n � n
 , then their total measure
� n
anŽn D o.an/, whenever 0< 
 < 1=6, which we suppose from now on. So
adding them to the exceptional setHn, we get, using (3.16) and (3.11),

jHnj � jH1nj C o.an/C 2anŽn C 2.an � bn/ < "an

that is we would get the theorem (the third term, 2anŽn, estimates the measure of
the (possibly) short interval(s)JNn and (or) J0n; the fourth one measures the set
[�an;an] n In).

3.6. So from now on we can suppose'n > n
 . First we introduce some further
notations. With�n.x/ D !n.x/w.x/, let uk D uk.qk/ be defined by

j�n.uk/j : D min
x2Jk.qk/

j�n.x/j; 1 � k � N � 1;

( j�n.uk/j > 0, asqk > 0). Further let

jJi ; Jkj :Dmax.jziC1� zkj; jzkC1� zi j/; 1 � i; k � N � 1;

%.Ji ; Jk/ :Dmin.jziC1� zkj; jzkC1� zi j/; 1� i; k � N � 1:

We prove (see [15, Lemma 3.4 and its references]) the following lemma.

LEMMA 3.4. Let1� k, r � N � 1. Then ifw 2 E .R/,

jtk.x/j C jtkC1.x/j > 1

4

j�n.ur /j
j�n.uk/j

jJkj
jJr ; Jkj ; n ½ 2;(3.17)

wheneverx 2 Jr .qr /, %.Jr ; Jk/ ½ anŽn and jJr j � anŽn. Here tk and tkC1 are the
fundamental functions corresponding tozk andzkC1, respectively.
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PROOF. The proof of this lemma is similar to the one in [15]. We include it for sake
of completeness. First we verify relation

jts.x/j D
þþþþ �.x/

�0.zs/.x � zs/

þþþþ D j�.x/jj�.ur /j
þþþþur � zs

x � zs

þþþþ jts.ur /j

½ 1

2
jts.ur /j if sD k; k C 1 andx 2 Jr .qr /:(3.18)

Indeed,

jur � zsj
jx � zsj

½ fjur � zsj C anŽng � anŽn

jur � zsj C anŽn

½ 1� anŽn

2anŽn

D 1

2
;

which gives (3.18). So we can write ifr < k, say,

jtk.x/j C jtkC1.x/j ½ 1

2
fjtk.ur /j C jtkC1.ur /jg

D 1

2

þþþþ�.ur /

�.uk/

þþþþ ²jtk.uk/jzk � uk

ur � zk
C jtkC1.uk/juk � zkC1

ur � zkC1

¦
½ 1

2

j�.ur /j
j�.uk/j

qkjJkj
jJr ; Jkj

fjtk.uk/j C jtkC1.uk/jg; x 2 Jr .qr /:(3.19)

To obtain (3.17), we use [7, Theorem 1] which is stated as follows.

STATEMENT 3.5. Let.a;b/ � R andw D e�Q : .a;b/! .0;1/. Assume thatQ0

exists and is non-decreasing in.a;b/. Then for 1� k � n� 1

jtkn.w; X; x/j C jtkC1;n.w; X; x/j ½ 1 if x 2 [xkC1;n; xkn](3.20)

for arbitrary interpolatoryX ² .a;b/.

Applying (3.20) we obtain (3.17), considering that 2qkjJkj D jJkj.

REMARKS. .1/ Actually, if x 2 [xkC1; xk], thents.x/ ½ 0 (sD k; k C 1).
.2/ Relation (3.20) is a generalization of an old theorem of Erd˝os and Tur´an which
says that for an arbitrary interpolatoryX,

lkn.X; x/C lkC1;n.X; x/ ½ 1 if x 2 [xkC1;n; xkn]; 1� k � n� 1

(see [3; Lemma 4, p. 529]).
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3.7. The following statement gives a result of V´ertesi [14, Lemma 3.3] in a slightly
different form.

STATEMENT 3.6. LetFk D [ Ak; Bk], 1 � k � t , t ½ 2 be anyt intervals in [�A; A]

with jFk \ Fj j D 0 .k 6D j /, jFkj � AŽ (1 � k; j � t),
tP

kD1
jFkj D A¼. Let ¾ ½ Ž. If

with a fixed integerR½ 4 we have¼ ½ 2R¾ , then there exists the indexs (1� s � t)
such that

S: D
tX

kD1
%.Fs;Fk/½A¾

jFkj
jFs; Fkj

½ R¼

8
� 3

2
:(3.21)

Fs will be called the accumulation interval offFkgtkD1.

Here the definitions ofFk D Fk.qk/, jFs; Fkj and %.Fs; Fk/ correspond to the
previous ones;¼; Ž and¾ are fixed positive real numbers.

3.8. Now we defineqk for the short intervals. LetD2n : DSn�1
kD1fJk : jJkj � anŽng

andK2n : D fk : jJkj � anŽn; 1� k � N � 1g, jK2nj D 'n. If mk denotes the middle
point of Jk, let

þkn : D maxfy : zkC1 � y � mk and (2.1) does not hold foryg;

kn : D minfy : mk � y � zk and (2.1) does not hold foryg;
dkn : D max.þk � zkC1; zk � 
k/;

finally

qkn D q.Jkn/ D dkn=jJknj; k 2 K2n:(3.22)

Using ½n.w; xk/ D 1,we obtain thatqk > 0. Further by definition, (2.1) holds true
wheneverx is from the interior ofJk.qk/, k 2 K2n. For the remaining ‘bad’ setsJk

we prove relation X
k2K2n

jJkj : D an¼n � an"

2
if n ½ n1:(3.23)

Clearly, we can suppose thatn 2 fni g D N1 for which¼n > "=2. Now we can apply
Statement 3.6 with the castfFr g D fJkngk2K2n

D D2n, A D an, ¾ D Ž D Žn, ¼ D ¼n,
RD [log2 n1=7] andn 2 N1.

We get the accumulation interval and we denote it byM1 D M1n (1st step).
Dropping M1n we apply Statement 3.6 again, for the intervalsfFr g D D2n n M1n
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with ¼ D ¼n � jM1nj=an ½ ¼n � Žn > ¼n=2 and with the sameA; ¾; Ž; R and N1.
We get the accumulation intervalM2n (2nd step). At thei th step (3� i �  n) we
drop M1n;M2n; : : : ;Mi�1;n and apply Statement 3.6 again for the intervalsfFr g D
D2n n

i�1S
tD1

Mtn with ¼ D ¼n �
i�1P
tD1
jMtnj=an and with the sameA; ¾; Ž; R andN1. Here

 n denotes the first index for which

 n�1X
tD1

jMt j � an¼n

2
but

 nX
tD1

jMt j > an¼n

2
; n 2 N1:(3.24)

Denoting byM nC1;n, M nC2;n, : : :, M'n;n the remaining (that is not accumulation)
intervals ofD2n, from relation (3.21) we get, ifn1 is big enough,

'nX
kDr

0 jMkj
jMr ;Mkj ½

¼n logn

2 Ð 7 Ð 8 �
3

2
>
¼n logn

120
; 1� r �  n; n 2 N:(3.25)

Here and later the dash on the summation indicates that we omit those indicesk for
which%.Mr ;Mk/ < anŽn.

3.9. By (3.22), we can choose the ‘bad’ pointsvin 2 Min.qin=2/ such that (2.1)
does not hold forvin (1� i � 'n, n 2 N1, qin D qin.Min/).

If for a fixed n 2 N1 there exists an indext (1� t � 'n) such that

½n.w; vtn/ ½ 2c¼n logn(3.26)

(wherec > 0 will be determined later), then, using (2.1), we get relationc" logn ½
½n.w; vtn), whence by (3.26), 2¼n � ". That means, we obtained (3.23).We shall
verify (3.26) for every fixedn 2 N1 with a propert D t .n/. Indeed, otherwise for a
certainm 2 N1

½m.w; vrm/ < 2c¼n logm; vrm 2 Mrm.qrm=2/; for everyr; 1� r � 'm:

(3.27)

Then, by (3.27) and (3.23)
'mX

rD1

jMrmj½m.w; vrm/ < 2c am¼
2
m logm:(3.28)

On the other hand, applying (3.17) withqkn.Mkn/=2 we can write (with the samejMi j,
as above)

jMr j
nX

kD1

jtk.vrn/j ½ 1

2
jMr j

X
k2K2n

0fjtk.vrn/j C jtkC1.vrn/jg

>
1

16
jMr j

'nX
kD1

0 j�.ur /j
j�.uk/j

jMkj
jMr ;Mkj ; 1� r � 'n;
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for arbitrary n 2 N1 (herej�.ui /j D min
x2Mi .qi =2/

j�.x/j). Then, using relationaCa�1 ½
2, (3.24) and (3.25), we get forn 2 N1

'nX
rD1

jMr j½n.w; vrn/ >
1

16

'nX
rD1

'nX
kD1

0 j�.ur /j
j�.uk/j

jMr jjMkj
jMr ;Mkj

D 1

16

'nX
rD1

'nX
kDr

0
² j�.ur /j
j�.uk/j C

j�.uk/j
j�.ur /j

¦ jMr jjMkj
jMr ;Mkj

½ 1

8

 nX
rD1

jMr j
'nX

kDr

0 jMkj
jMr ;Mkj >

an¼
2
n logn

8 Ð 2 Ð 120

D 2c an¼
2
n logn if c D 1=3840:

But this contradicts (3.28), that is (3.26) must hold for anyn 2 N1 with a proper
t D t .n/. So (3.23) has been proved.

3.10. Finally, we estimateHn. If J0n is short, it should belong toHn; the same
holds forJNn. So by (3.16) and (3.23) (see subsection 3.5)

jHnj � 4
an

logn
C an"

2
C 2anŽn C 2.an � bn/ � "an

which gives the theorem ifn ½ n1."/.

3.11. PROOF OFTHEOREM 2.2. The proof is analogous to the previous one after
establishing the corresponding formula, so we only sketch it (subsections 3.11–3.14).

3.12. First letw 2 W: The fact is that we have the same relations as before (for
example, againykn.w

2/�ykC1;n.w
2/ ¾ an=n, ykn 2 In), but of course, nowIn, ykn.w

2/,
an.w/, and so on, are defined forw 2 W.

To be more precise, letIn D [�bn;bn] where, with 0< " < 1, bn D an.1� "=5/.
As we knowan ! 1 (see [4, p. 30, (ii)], say).

Relations corresponding to Statement 3.1 are [4, (1.35); p. 130, last row; (12.7) and
(1.39)] respectively. Notice that we used relationsan ¾ 1, jyknj � bn D an.1� "=5/,
Žn : D .nTn/

�2=3 D o.1/ (see [4, (1.23)]),	n.x/ ¾ ýn.x/ ¾ 1, if x 2 In ([4, (11.11)
and (11.10)]).

The relation corresponding to (3.6) can be proved as in the proof of Lemma 3.2:
the relation corresponding to (3.7) is [4, (12.5)]; the corresponding Markov–Bernstein
inequality is now [4, (12.16)].

Moreover, the definition of the classW (see subsection 1.6) ensures that [7, Lemma]
and [7, Theorem 1] hold true, whence, among others, Statement 3.5 can be applied.

Other details, which are based on the previously mentioned relations, can be left to
the reader.
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3.13. Letw 2 G J be defined by formula (1.26), further let

In : D [�1;1] n
mC1[
rD0

�
ur � "

10.mC 1/
;ur C "

10.mC 1/

�
(actually, In does not depend onn, but for convenience, we keep this notation).
Replacingan by 1, the formulae corresponding to (3.1), (3.2) and (3.6) come from
[10; Theorems 3.2 and 3.3].

Indeed, (3.1) is immediate from [10, (3.4)]. To get (3.2), first let us remark that
in In, w.n; x/ ¾ w.x/ ¾ 1, wherew.n; x/ D w0.

p
1� x C 1=n/wmC1.

p
1C x C

1=n/
mQ

rD1
wr .jx � ur j C 1=n/. Now [10, (3.5)] yields formula (3.2), because for

'.x/ D sin# (x D cos#), '.x/ ¾ 1 if x 2 In.
To get (3.6) (which is an improvement of (3.3)), we use [10, (3.6)] and the fact

w.x/ ¾ w.n; x/ ¾ 1, x 2 In, again.
Finally we verify

jjpn.w
2/wjj � c

p
n(3.30)

(which corresponds to (3.4) if we replaceTn by n2). We use relation

jjQn.x/w.n; x/jj ¾ jjQn.x/w.x/jj(3.31)

valid for anyQn 2Pn supposing that the weightw satisfies the inequality

w.x/ � c

jI j
Z
I

w.x/dx;(3.32)

for all intervalsI ² [�1;1] andx 2 I wherec> 0 is independent ofI andx (see [9,
(5.1) and (6.26)]).

However, ifw 2 G J, then relation (1.28) involves (3.32), that means (3.31) holds
true wheneverw 2 G J. Then, if yj D yjn.w

2/ is the closest root tox of pn.w
2; x/

we can write

jpn.w
2; x/w.n; x/j ¾ jpn.w

2; x/w.n; yj /j
¾ jp0n.w2; yj /w.n; yj /jjx � yj j
� c

n

.sin# j /
3=2

sin# j

n
� c
p

n; jxj � 1;(3.33)

(see [10; (3.4)–(3.6)] moreover, relationsw.n; x/ ¾ w.n; yj /andjx�yj j � sin# j =n),
whence by (3.31) we get (3.30).

3.14. The above mentioned relations yield the analogue of Lemma 3.3 (again
replacingTn by n2). However to get the relation corresponding to (3.20) we cannot
use Statement 3.5 because we do not have the conditions for Q0; we choose another
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way. By definition,w.x/ ¾ 1 wheneverx 2 In; so by the Erd˝os–Turán relation (see
subsection 3.6, Remark 2) we can write

tk.x/ C tkC1.x/ D w.x/

w.xk/
lk.x/C w.x/

w.xkC1/
lkC1.x/ ½ c flk.x/C lkC1.x/g ½ c;(3.34)

if x 2 Jk ² In; herec does depend on" andw. Other details in proving (2.2) when
w 2 G J are analogous to the previous ones, so they are left to the reader.
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[3] P. Erd̋os and P. Tuŕan, ‘On interpolation. III’,Ann. of Math.41 (1940), 510–553.
[4] A. L. Levin and D. S. Lubinsky,Christoffel functions and orthogonal polynomials for exponential

weights on[�1; 1], Mem. Amer. Math. Soc. 535, Vol. 111 (1994).
[5] A. L. Levin and D. S. Lubinsky and T. Z. Mtembu, ‘Christoffel functions and orthogonal polyno-

mials for Erd̋os weights on.�1;1/’, Rend. Mat. Appl. (7)14 (1994), 199–289.
[6] D. S. Lubinsky,‘L1 Markov and Bernstein inequalities for Erdős weights’,J. Approx. Theory60
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