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Abstract

We introduce a new homology theory for infinite graphs in order to generalize some results of Willis and
Woodward on translation invariant functionals. We also extend some theorems of Gerl and Gromov.

1991Mathematics subject classificatigaAmer. Math. Sog: primary 43A15; secondary 53C23.

1. Introduction

Let G be a finite, connected, directed graph with vertex\666) and edge set
E(G). A real functionf on V(G) is called aboundary functionf there exists a
functionw on E(G), such thabw = f. That is, for eaclp € V(G), the sum of
the values ofv on the edges pointing inwana minus the sum of the values afon
the edges pointing outwanalis equal tof (p). One of the oldest results of algebraic
topology is that the codimension of boundary functionsv/ois 1, or in other words,
the zeroth homology space of a finite, connected graph is one dimensional. Now let
G be aninfinite, connected directed graph. The zergtkhomology of the grapks is
the factor spacel°(G) = C5°(G)/B5°(G), whereCs°(G) is the space of all bounded
real functions orV (G), andB§°(G) is the space of functions, which are boundaries
of bounded functions on the edges. According to Block and Weinberger [1], the
zerothl ..-homology of a graph is non-zero if and only if the graph is amenable, where
the amenablility is defined using Falner sequences the same way as in the case of
discrete groups. One might observe that by Poieahrality the above result implies
the combinatorial version of Gromov's theoremlgacohomology [4]. Namely, one
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can prove that ifX is ann-dimensional, oriented combinatorial manifold, then the
nth simpliciall,-cohomology ofX is non-zero if and only if the dual graph &f is
amenable. In Sections 3 and 4 we extend the above characterization of amenability
to | ,-homologies and,-homologies. The notion of homologies are related to the
notion of translation invariant linear functionals. Theandc, function space of
discrete groups were studied by Willis [7, 8] and Woodward [9]. They proved that
for a finitely generated group, |,(I") (p > 1) respectivelyc(I") have non-zero
translation invariant linear functionals if and onlyTifis amenable. In Section 5 we
show that the results of Willis and Woodward can be extended for arbitrary infinite
graphs of bounded vertex degrees. For an infinite g@ahtranslation is a bijection

onV (G), which moves the vertices by a bounded distance.

2. The construction of a binary scheme

In this section we show what is behind the proof of [1, Theorem 3.1]. We construct
a binary scheméor non-amenable graphs in order to facilitate the solution of certain
equations. First we consider the binary tige The vertex set oB; V(B) consists
of the finite 0-1-sequences. Thaot vertex is the empty sét. It has twochildren
the vertex indexed by 0 and the vertex indexed by 1. In general, the vertex indexed
by {i1, iy, ...,i} has two children{i,,i,, ..., iy, 0O} and{i, i,, ..., i 1}. Edges are
drawn between two vertices if and only if one is the child of the other one. That is,
each vertex iV (B) has degree 3 except the root, which has degree 2. No® let
be a connected, undirected infinite graph with bounded vertex degrees. Its vertex set
is equipped with the path-distance mettic: V(G) x V(G) — N. We call such a
graph anice graph

LetU C V(G), thenB(U,k) = {x € V(G) : min, ds(x,y) < k}. The nice
graphG is amenabld1l], if there exists a sequence of finite s@tk};. o, such that
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where |U,| denotes the cardinality df),. If G is the Cayley-graph of a finitely
generated amenable group thih };.o can be chosen as an exhaustion@f1].
Obviously, if G is non-amenable, then there exists a condtaniN such that for any
finite non-empty settt c V(G):
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Let G be a nice graph. Ainary schemenGisamapP : V(G) xV(B) — V(G)
such that:



(i) foranyx e V(G), the mapP(x, .) is injective andP (x, #) = x, whered is
the root vertex of the binary grasy,

(i) there exists aconstamt € N suchthat foranx € V(G) and adjacentvertices
a,beV(B),

dG(P(Xv a)v P(X’ b)) =m

(i) foranyy e V(G), the inverse image of, P~1(y), consists of at most two
elements.

ProPOSITION2.1. If G is a nice, non-amenable graph, then there exists a binary
schemeP : V(G) x V(B) — V(G).

ProOF The proof is based on the following immediate corollary of [2, Theorem
4.1].

LEMMA 2.2. There exist mapg, v, Vs, ¥, fromV (G) to V(G), such that

() if i (X) = ¥;(y), thenx = y andi = |;
(i) for somen > 0, d(v; (X), X) < nuniformly on{1, 2, 3, 4} x V(G).
O

Now we define the ma by an inductive process using thie's of Lemma 2.2.
Letay, a;, &, ... be an enumeration of (G).
The first step is:

The second step is as follows:

P(ao, {0, 0}) = ¥1(P (a0, {0})), P (a0, {0, 1}) = ¥2(P (a0, {O}))

P(P (a0, {0}), ¥) = P (a0, {0}, P(P (a0, {0}), {0}) = v3(P (a0, {O}),
P(P (a0, {0}, {1}) = ¥4(P (a0, {0}

P(ao, {1, 0}) = ¥1(P (a0, {1})), P(a0, {1, 1}) = ¥2(P (a0, {1})

P(P (a0, {1}), ¥) = P(ao, {1}, P(P (a0, {1}), {0}) = v3(P (a0, {1}),
P(P (a0, {1}, {1}) = ¥a(P (a0, {1}).

Still during the second step, we choose the first eleraentthe sequencay, a,, . . .
which is not yet in the image d® and define:P(a;, ¥) = &, P(a, {0}) = ¥s(&),
P, {1}) = vu(&).

For thek-step, let us consider the sigt, y», ... ys} € V(G) with the following
properties:



(i) Foranyl<i < s,thereexists; xb € V(G)xV (B),suchthaP(x,b) = v
has already been defined in the fkst 1 steps.

(i) On the other hand? (X, ¢;) andP(x, d,) are still undefined, wherg, d, are
the children ob,.

Note that for anyy;, such a paicx;, b;) is unique by our construction. Then for each
yi, we define:

P, c) = vi(y), P(X, d) = ¥a(y),
Py, ?) = ¥, P(¥i, {0} = ¥3(Y), P(Yi, {1}) = va(W).

Now we choose again the firgt in the enumeration of (G), which is not yet defined
to be in the image oP, and let

P(aj, %) = a;, P(a;, {0}) = ¥3(@)), P(a;, {1}) = ¥u(a)).
Inductively we can defin® for all (x, b) € V(G) x V(B).

3. Homology theories

The notion of uniformly bounded homology was introduced by Block and Wein-
berger [1]. We need an analogue of their construction.G.ée a nice graph. The
vertex seV (G) is a metric space and one can equii) ™, the(i +1)-fold Cartesian
product ofV (G), with a metric as well:

d((XOv X1y ooy Xi)! (yOv ylv DR yl)) = (Q]ag'(d(xl ) y])

Denote byA,.; the multidiagonal inV(G)*%. For 1 < p < oo, let C*(G) be
the vector space of infinite formal sums= " azX, whereX € V(G)*!, ax € R
satisfying the following two conditions:

() D laxlP < oo;
(i) there existR > 0 (depending only on) such that; = 0, if d(X, Ai;1) > R.

The usual boundary operatér. Ci"’(G) — Ci'f(G) is defined by

0%, Xa o X) = Y (=1 (X, Xa. o2 Koo X)),
j=0

Thenaa = 0, hence(Cf.f(G), ) is a chain complex. The homology of this complex
is thel ,-homology ofG, Hi"’(G). The c;-homology of G: H®(G) can be defined
analogously. We only need to replace condition (1) with the following one:

(1a) ar — 0 as dg(xg, q) — 0o, whereq is a fixed vertex ofs.



If H is another nice graph anfd: V(G) — V(H) is a quasi-isometry in the sense of
Gromov, then we can defink : C*(G) — C*(H) and f, : C®(G) — C®(H) by

f, (Z a;?) =Y af®.

Following the argument of [1], one can see thiainduces an isomorphism between
H”(G) andH'"(H), and betweeti®(G) andH®(H).

A very important observation of Block and Weinberger is that the Oth uniformly
finite homology ofG is zero if and only ifG is non-amenable. Analogously, we have
the following theorem.

THEOREM 1. For a nice graphG, the following conditions are equivalent.

(i) G is non-amenable
(i) Hy'(G) =0;
(i) HL(G) =0.

PrOOF Let G be a nice non-amenable graph. Then by Proposition 2.1 we have a
binary schemd® : V(G) x V(B) — V(G). Let& be the characteristic function of
the root vertexB. Then we consider the following 1-chain= 3" a, ,(x, y) on B:

1 1 1
.0 = > 1y = 5 Q03,101 = BVARREE Qigig, . ikcabliniz, ik i) = T

all other coefficients, , are zeroes. Then of coursey = 4.

Now let f be a function oV (G). For anyx € V(G), we definedb, = P(X, .),(W¥).
Thendd, = §,, the characteristic function of. Hence one can defin@’ =
Y veve T (X)@x. Itis easy to see thatd " = f. Moreover, if f € [,(G), (p > 1)
thend’ € CP(G); and if f € co(G) thend' € C*(G). Itis important to note that
' ¢ CHG).

The proof of the ‘only if’ part is a little bit more complicated than in the case of
uniformly finite chains [1], but the idea is similar. Suppose tBas a nice amenable
graph. There exists a sequence of finite disjoint ggf&J,, ... such that
3) [B(Uy,, 1) <142

[Unl
First we consider thé,-case(p > 1). LetL, = n"?P|U,|""? and lets, be the
characteristic function df,. Let f =" L8, Then

> H0P= Y10 =) S < o

xeV(G) n=1 n=1



Thatis, f € [,(G) = C(';’(G). Suppose thaf = 9P, whered = ) a, (X, y) €
CP(G). Then

LalUnl =D 00) =D Y (—ay+a) =Y Y (=8 +ay.

xeUp xeUp yeV(G) xeUp y¢Un

The numbers of pairéx, y) such thax € U,, y ¢ U, anda,, # 0, is smaller than
K 27"|U,|, whereK is a positive real number depending only @n Therefore by
Jensen’s inequality,

(LalUn )P LY1Uy| (2nP-t
p p _ n _
Z Z(|a"=y| +1ay.l") = (K2-"U,|)P-1 - K p-1(2-n)p-1 T MK -1

xeUn y¢Uy

Note that(2")P~1/(n?K P~1) tends to infinity as tends to infinity, hencé cannot be
in C’(G).

Now we handle the,-case. Lef{U,},.o ands, be as above theh = )" §,/n €
C(G). Suppose thaf = 9®, where® = > a, (X, y) € C(G). Then again we
have the following estimate:

1
SUnl = )0 ) (I3l + 3y < s

XeUn y¢Un X

uplay y| 2K 27" |Up|.
Y

Therefored ¢ C*(G). O
(Note: A different proof for the,-case was given by Whyte [6].)

4. Simplicial homologies

Let G be a nice, directed graph. Now insteac@‘f(G), we consider the space of
p—suanmgbIe functions on the edges and denote@'lb(ﬁ). The simplicial boundary
mapa : C;’(G) — C¢(G) is defined as usual:

If(x) = PRICEDBRICE

e=a—>X e=x—b

Note thatC;’(G) C C*(G) and the boundary map &}°(G) is just the restriction of
the boundary map oﬁ'l"(G). The simpliciall ,-homology, respectivelg,-homology
is defined as

Ho'(G) = G4’ (G)/aCY (G),
H(G) = C(G)/aC(G).

A well-known result of Gerl [3] implies thaHNC'f(G) is zero if and only ifG is
non-amenable. We extend this implication.



THEOREM 2. The following three conditions are equivalent.

(i) Gis non—amenable.
(i) For p > 1, Hy(G) =0.
(i) HL(G) =0.

PROOF If Gisamenable, theH, 0 (G) andﬁ%(G) are non- vanishing by Theorem 1.
Now let G be a nice non- amenable graph. et C0 (G) andV¥ ¢ C1 (G) be such
thatd® = f. We construct a ¢ C1 (G) such thabw = f.

First of all, for each paira, b) € supg¥), we choose a path,;, of minimal
length froma to b. It is easy to see that there exists a real condfast 0, depending
only onW¥ such that each edge Gf is contained in at mo¥ chosen paths. Now we
construct afinitely supported functidn(a, b) onthe edges for each péa, b), a # b.
Let ¥,,(e) = ¥(a,b) if eis in the pathL,, with its own orientation. On the
other hand, le,,(e) = —W¥(a, b) if eis in the pathL,, with reverse orientation.
Finally, let ¥,,(e) = O if the pathL,, does not go through the edgeat all.
Then ¥, ,, is supported on at most/ edges, whereM depends only orG, also

(a\I/ab)(b) = W(a, b) (a\I/ab)(a) = —Y(a,b), otherW|sea\I/ab = 0. By our
prewous observationy = > abesuppr Yanb is @ well-defined element & (G) and
¥ = f. Thecy-case can be handled the same way. O

As an immediate corollary of Theorem 2 we can obtain the simplicial analogue
of Gromov’s theorem on the vanishing of théh | .-cohomology of a non-compact
n-dimensional Riemannian manifold.

Let K be an infinite, connected, orienteedimensional combinatorial manifold.
This means thaK is the union of oriented-simplices such that anjn — 1)-simplex
of K is the face of exactly twa-simplices with different orientations. Also, the dual
graph ofK is nice. Recall that the vertices of the dual graph arenteamplices ofK
and twon-simplices are defined adjacent if they have a comimon 1)-face. Then
one can define the-th simpliciall ,-cohomology ofK, H{, (K) as in [3].

ProPOSITION4.1. Let K be as above. Theh"

(p»(K) = 0if and only if the dual
graph ofK is non-amenable.

5. Translation invariant linear functionals

Let G be a nice graph. We call a bijectidn: V(G) — V(G) atranslationif there
exists a constart > 0 such thatl;(x, T(x)) < L forall x € V(G). The translations
form a groupT (G). Note that ifG is the Cayley graph of a finitely generated group
I, then foranyy € I', T, : X — Xy is a translation. Thus we have an injective
homomorphism front” to T(G). For all the Banach spaces we investigated, namely



[ (G), 1,(G) andc(G), the groupT (G) can be faithfully represented by the left
regular action the following way. If € |(G) then(T f)(x) = f(T-%(x)). Let
B C I(G) be aT(G)-invariant subspace (for examplg(G), ¢(G)), then we
call ® : B — R atranslation invariant linear functionalf it commutes with the
T(G)-action.

According to Willis [7, 8] and Woodward [9], if" is a finitely generated group,
then there exist non-zelo-invariant linear functionals oh,(G) (p > 1) and(G)
if and only if G is amenable. We prove the analogue of their results for arbitrary nice
graphs.

THEOREM3. Let G be a nice amenable graph and let: H(',p — R be a linear
map. Thenr* : f — «f f] is a translation invariant linear functional ol (G). The
analogous statement holds foi(G) as well.

PROOF Itis enough to prove that i is a translation and € 1,(G), thenT f — f
is always a O-boundary. Lek € C'l"(G) be defined by = ) a, (X, y), where
axy = f(x) if y=T~%(x), otherwisea, y, = 0. ThenT f — f = JW. O

Now we prove the complementary result for non-amenable graphs.

THEOREM4. LetG be a nice, non-amenable graph. Then any translation invariant
linear functional orl ,(G) andc,(G) is zero.

We will use the following easy-to-prove ‘colouring’ lemma.

LEMMA 5.1. Let H be a graph such that > degx) for anyx € V(H). Then
there exists a functiom : E(H) — {1, 2, ..., 2k — 1} such that ifeand f have a
joint vertex, thenr(e) # 7 (f).

PrOOF (of Theorem 4). Suppose that f) # 0, wherex is a translation invariant
linear functional o, (G) and f € 1,(G). By Theorem 1, there exist ¢ C'l"(G),
v = Za;fy(x, y) such thab¥ = f. Choose a constact> 0 such thaa;fy =0
if dg(x,y) > c. Now let H be the graph, obtained fro@ in the following way:
V(H) =V(G) and(x, y) € E(H) if d;(X, y) < c. ObviouslyH is nice. We denote
the bound on its vertex degreesby. Letz : E(H) — {1,2,...,2by, — 1} asin
the previous lemma. Now we can define the translatiprier 1 <i < 2b,; — 1. Let
T (x) = y if there exists an edg&, y) € H such thatr(x, y) =i and letT;(x) = x
otherwise. Itis easy to check that @jls defined above are in fact translations. Also,
if 0 < dg(X,y) < cthen there exists exactly onel < i < 2by — 1, such that
T(x) = y. We defineg, € 1,(G) as follows. Letg (x) = W(X,y) if there exists a



vertexy such thaix, y) € E(H) andz((X, y)) = i. Otherwise legy (x) = W(X, X).
Then,

2by—1

> (Mo — )0 = fx,
i=1

since f (x) = Zy(\ll(y, X) — W¥(X,y)). Then

2by—1 2by—1

O#a(f)=) ag-g)=) 0=0
i=1

i=1

is a contradiction. O
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