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Abstract

We introduce a new homology theory for infinite graphs in order to generalize some results of Willis and
Woodward on translation invariant functionals. We also extend some theorems of Gerl and Gromov.

1991Mathematics subject classification(Amer. Math. Soc.): primary 43A15; secondary 53C23.

1. Introduction

Let G be a finite, connected, directed graph with vertex setV.G/ and edge set
E.G/. A real function f on V.G/ is called aboundary functionif there exists a
function! on E.G/, such that@! D f . That is, for eachp 2 V.G/, the sum of
the values of! on the edges pointing inwardp minus the sum of the values of! on
the edges pointing outwardp is equal to f .p/. One of the oldest results of algebraic
topology is that the codimension of boundary functions onV is 1, or in other words,
the zeroth homology space of a finite, connected graph is one dimensional. Now let
G be aninfinite, connected directed graph. The zerothl1-homology of the graphG is
the factor spaceH10 .G/ D C10 .G/=B10 .G/, whereC10 .G/ is the space of all bounded
real functions onV.G/, andB10 .G/ is the space of functions, which are boundaries
of bounded functions on the edges. According to Block and Weinberger [1], the
zerothl1-homology of a graph is non-zero if and only if the graph is amenable, where
the amenablility is defined using Følner sequences the same way as in the case of
discrete groups. One might observe that by Poincar´e-duality the above result implies
the combinatorial version of Gromov’s theorem onl1-cohomology [4]. Namely, one

c
 1998 Australian Mathematical Society 0263-6115/98$A2:00C 0:00

111



can prove that ifX is ann-dimensional, oriented combinatorial manifold, then the
nth simplicial l1-cohomology ofX is non-zero if and only if the dual graph ofX is
amenable. In Sections 3 and 4 we extend the above characterization of amenability
to l p-homologies andc0-homologies. The notion of homologies are related to the
notion of translation invariant linear functionals. Thel p and c0 function space of
discrete groups were studied by Willis [7, 8] and Woodward [9]. They proved that
for a finitely generated group0, l p.0/ .p > 1/ respectivelyc0.0/ have non-zero
translation invariant linear functionals if and only if0 is amenable. In Section 5 we
show that the results of Willis and Woodward can be extended for arbitrary infinite
graphs of bounded vertex degrees. For an infinite graphG a translation is a bijection
on V.G/, which moves the vertices by a bounded distance.

2. The construction of a binary scheme

In this section we show what is behind the proof of [1, Theorem 3.1]. We construct
a binary schemefor non-amenable graphs in order to facilitate the solution of certain
equations. First we consider the binary treeB. The vertex set ofB; V.B/ consists
of the finite 0-1-sequences. Theroot vertex is the empty set;. It has twochildren,
the vertex indexed by 0 and the vertex indexed by 1. In general, the vertex indexed
by fi1; i 2; : : : ; i kg has two children:fi1; i 2; : : : ; i k;0g andfi 1; i 2; : : : ; i k;1g. Edges are
drawn between two vertices if and only if one is the child of the other one. That is,
each vertex inV.B/ has degree 3 except the root, which has degree 2. Now letG
be a connected, undirected infinite graph with bounded vertex degrees. Its vertex set
is equipped with the path-distance metricdG : V.G/ ð V.G/ ! N. We call such a
graph anice graph.

Let U ² V.G/, then B.U; k/ D fx 2 V.G/ : miny2U dG.x; y/ � kg. The nice
graphG is amenable[1], if there exists a sequence of finite setsfUi gi>0, such that

lim
n!1
jB.Un;1/j
jUnj D 1;(1)

where jUnj denotes the cardinality ofUn. If G is the Cayley-graph of a finitely
generated amenable group thenfUi gi>0 can be chosen as an exhaustion ofG [1].
Obviously, ifG is non-amenable, then there exists a constantl 2 N such that for any
finite non-empty setU ² V.G/:

jB.U; l /j
jU j ½ 2:(2)

Let G be a nice graph. Abinary schemeonG is a mapP : V.G/ðV .B/! V.G/
such that:



.i/ for anyx 2 V.G/, the mapP.x; :/ is injective andP.x;;/ D x, where; is
the root vertex of the binary graphB;
.ii/ there exists a constantm 2 N such that for anyx 2 V.G/ and adjacentvertices

a;b 2 V.B/,

dG.P.x;a/; P.x;b// � m;

.iii / for any y 2 V.G/, the inverse image ofy, P�1.y/, consists of at most two
elements.

PROPOSITION2.1. If G is a nice, non-amenable graph, then there exists a binary
schemeP : V.G/ ð V.B/! V.G/.

PROOF. The proof is based on the following immediate corollary of [2, Theorem
4.1].

LEMMA 2.2. There exist maps 1;  2;  3;  4 from V.G/ to V.G/, such that

.i/ if  i .x/ D  j .y/, thenx D y andi D j ;
.ii/ for somen > 0, d. i .x/; x/ < n uniformly onf1;2;3;4g ð V.G/.

Now we define the mapP by an inductive process using the i ’s of Lemma 2.2.
Let a0;a1;a2; : : : be an enumeration ofV.G/.

The first step is:

P.a0;;/ D a0; P.a0; f0g/ D  3.a0/; P.a0; f1g/ D  4.a0/:

The second step is as follows:

P.a0; f0;0g/ D  1.P.a0; f0g//; P.a0; f0;1g/ D  2.P.a0; f0g//
P.P.a0; f0g/;;/ D P.a0; f0g/; P.P.a0; f0g/; f0g/ D  3.P.a0; f0g/;

P.P.a0; f0g/; f1g/ D  4.P.a0; f0g/
P.a0; f1;0g/ D  1.P.a0; f1g//; P.a0; f1;1g/ D  2.P.a0; f1g//

P.P.a0; f1g/;;/ D P.a0; f1g/; P.P.a0; f1g/; f0g/ D  3.P.a0; f1g/;
P.P.a0; f1g/; f1g/ D  4.P.a0; f1g/:

Still during the second step, we choose the first elementai in the sequencea0;a1; : : :

which is not yet in the image ofP and define:P.ai ;;/ D ai , P.ai ; f0g/ D  3.ai /,
P.ai ; f1g/ D  4.ai /.

For thek-step, let us consider the setfy1; y2; : : : ysg ² V.G/ with the following
properties:



.i/ For any 1� i � s, there existsxiðbi 2 V.G/ðV .B/, such thatP.xi ;bi / D yi

has already been defined in the firstk� 1 steps.
.ii/ On the other hand,P.xi ; ci / andP.xi ;di / are still undefined, whereci ;di are

the children ofbi .

Note that for anyyi , such a pair.xi ;bi / is unique by our construction. Then for each
yi , we define:

P.xi ; ci / D  1.yi /; P.xi ;di / D  2.yi /;

P.yi ;;/ D yi ; P.yi ; f0g/ D  3.yi /; P.yi ; f1g/ D  4.yi /:

Now we choose again the firstaj in the enumeration ofV.G/, which is not yet defined
to be in the image ofP, and let

P.aj ;;/ D aj ; P.aj ; f0g/ D  3.aj /; P.aj ; f1g/ D  4.aj /:

Inductively we can defineP for all .x;b/ 2 V.G/ ð V.B/.

3. Homology theories

The notion of uniformly bounded homology was introduced by Block and Wein-
berger [1]. We need an analogue of their construction. LetG be a nice graph. The
vertex setV.G/ is a metric space and one can equipV.G/iC1, the.iC1/-fold Cartesian
product ofV.G/, with a metric as well:

d..x0; x1; : : : ; xi /; .y0; y1; : : : ; yi // D max
0� j�i

d.xj ; yj /:

Denote by1iC1 the multidiagonal inV.G/iC1. For 1 < p < 1, let Cl p

i .G/ be
the vector space of infinite formal sumsc D P

axx, wherex 2 V.G/iC1; ax 2 R
satisfying the following two conditions:

.i/
P jaxjp <1;

.ii/ there existsR> 0 (depending only onc) such thatax D 0, if d.x;1iC1/ > R.

The usual boundary operator@ : C
l p

i .G/! C
l p

i1
.G/ is defined by

@.x0; x1; : : : ; xi / D
X
jD0

.�1/ j .x0; x1; : : : ; Oxj ; : : : ; xi /:

Then@@ D 0, hence.C
l p
Ł .G/; @/ is a chain complex. The homology of this complex

is the l p-homology ofG, H
l p

i .G/. The c0-homology ofG: Hc0
i .G/ can be defined

analogously. We only need to replace condition (1) with the following one:

ax ! 0 as dG.x0;q/!1; whereq is a fixed vertex ofG:(1a)



If H is another nice graph andf : V.G/! V.H / is a quasi-isometry in the sense of
Gromov, then we can definefŁ : Cl p

i .G/! Cl p

i .H / and fŁ : Cc0
i .G/! Cc0

i .H / by

fŁ
�X

axx
�
D
X

ax f .x/:

Following the argument of [1], one can see thatfŁ induces an isomorphism between
Hl p

i .G/ andHl p

i .H /, and betweenHc0
i .G/ andHc0

i .H /.
A very important observation of Block and Weinberger is that the 0th uniformly

finite homology ofG is zero if and only ifG is non-amenable. Analogously, we have
the following theorem.

THEOREM 1. For a nice graphG, the following conditions are equivalent.

.i/ G is non-amenable;
.ii/ H

l p

0 .G/ D 0;
.iii / Hc0

0 .G/ D 0.

PROOF. Let G be a nice non-amenable graph. Then by Proposition 2.1 we have a
binary schemeP : V.G/ ð V.B/! V.G/. Let Ž0 be the characteristic function of
the root vertexB. Then we consider the following 1-chain9 DPax;y.x; y/ on B:

a;;f0g D �1

2
;a;;f1g D �1

2
;af0g;f01g D �1

4
; : : : ;afi1;i2;:::;i k�1g;fi1;i2;:::;i k�1;i kg D �

1

2k
;

all other coefficientsax;y are zeroes. Then of course,@9 D Ž0.
Now let f be a function onV.G/. For anyx 2 V.G/, we define8x D P.x; :/Ł.9/.

Then @8x D Žx, the characteristic function ofx. Hence one can define8 f DP
x2V.G/ f .x/8x. It is easy to see that@8 f D f . Moreover, if f 2 l p.G/, .p > 1/

then8 f 2 Cl p

1 .G/; and if f 2 c0.G/ then8 f 2 Cc0
1 .G/. It is important to note that

8 f =2 Cl1
1 .G/.

The proof of the ‘only if’ part is a little bit more complicated than in the case of
uniformly finite chains [1], but the idea is similar. Suppose thatG is a nice amenable
graph. There exists a sequence of finite disjoint setsU1;U2; : : : such that

jB.Un;1/j
jUnj � 1C 2�n:(3)

First we consider thel p-case.p > 1/. Let Ln D n�2=pjUnj�1=p and letŽn be the
characteristic function ofUn. Let f DP1nD1 LnŽn. Then

X
x2V.G/

j f .x/jp D
1X

nD1

jUnjL p
n D

1X
nD1

1

n2
<1:



That is, f 2 l p.G/ D C
l p

0 .G/. Suppose thatf D @8, where8 D P
ax;y.x; y/ 2

C
l p

1 .G/. Then

LnjUnj D
X
x2Un

@8.x/ D
X
x2Un

X
y2V.G/

.�ax;y C ay;x/ D
X
x2Un

X
y=2Un

.�ax;y C ay;x/:

The numbers of pairs.x; y/ such thatx 2 Un, y =2 Un andax;y 6D 0, is smaller than
K 2�njUnj, whereK is a positive real number depending only onG. Therefore by
Jensen’s inequality,X

x2Un

X
y=2Un

.jax;yjpC jay;xjp/ ½ .LnjUnj/p

.K 2�njUnj/p�1
D L p

n jUnj
K p�1.2�n/p�1

D .2n/p�1

n2K p�1
:

Note that.2n/p�1=.n2K p�1/ tends to infinity asn tends to infinity, hence8 cannot be
in Cl p

1 .G/.
Now we handle thec0-case. LetfUngn>0 andŽn be as above thenf D Pn Žn=n 2

Cc0
0 .G/. Suppose thatf D @8, where8 DP ax;y.x; y/ 2 Cc0

1 .G/. Then again we
have the following estimate:

1

n
jUnj �

X
x2Un

X
y=2Un

.jax;yj C jay;xj/ � sup
x;y
jax;yj2K 2�n jUnj:

Therefore8 =2 Cc0

1 .G/.

(Note: A different proof for thel p-case was given by Whyte [6].)

4. Simplicial homologies

Let G be a nice, directed graph. Now instead ofCl p

1 .G/, we consider the space of
p-summable functions on the edges and denote it byeCl p

1 .G/. The simplicial boundary
mape@ : eCl p

1 .G/! Cl p

0 .G/ is defined as usual:e@ f .x/ D
X

eDa!x

f .e/�
X

eDx!b

f .e/:

Note thateCl p

1 .G/ ² Cl p

1 .G/ and the boundary map oneCl p

1 .G/ is just the restriction of
the boundary map onCl p

1 .G/. The simpliciall p-homology, respectivelyc0-homology
is defined as eHl p

0 .G/ D eCl p

0 .G/=e@eCl p

1 .G/;eH c0

0 .G/ D eCc0

0 .G/=e@eCc0

1 .G/:

A well-known result of Gerl [3] implies thateHl2
0 .G/ is zero if and only ifG is

non-amenable. We extend this implication.



THEOREM 2. The following three conditions are equivalent.

.i/ G is non-amenable.
.ii/ For p > 1, eHl p

0 .G/ D 0.
.iii / eH c0

0 .G/ D 0.

PROOF. If G is amenable, theneHl p

0 .G/andeH c0
0 .G/are non-vanishing by Theorem 1.

Now let G be a nice non-amenable graph. Letf 2 C
l p

0 .G/ and9 2 C
l p

1 .G/ be such
that@9 D f . We construct ae9 2 eCl p

1 .G/ such thate@e9 D f .
First of all, for each pair.a;b/ 2 supp.9/, we choose a pathLa;b of minimal

length froma to b. It is easy to see that there exists a real constantK > 0, depending
only on9 such that each edge ofG is contained in at mostK chosen paths. Now we
construct a finitely supported function9.a;b/on the edges for each pair.a;b/; a 6D b.
Let 9a;b.e/ D 9.a;b/ if e is in the pathLa;b with its own orientation. On the
other hand, let9a;b.e/ D �9.a;b/ if e is in the pathLa;b with reverse orientation.
Finally, let 9a;b.e/ D 0 if the path La;b does not go through the edgee at all.
Then9a;b is supported on at mostM edges, whereM depends only onG, also
.e@9a;b/.b/ D 9.a;b/, .e@9a;b/.a/ D �9.a;b/, otherwisee@9a;b D 0. By our
previous observation,e9 DP.a;b/2supp9 9a;b is a well-defined element ofeCl p

1 .G/ ande@e9 D f . Thec0-case can be handled the same way.

As an immediate corollary of Theorem 2 we can obtain the simplicial analogue
of Gromov’s theorem on the vanishing of thenth l1-cohomology of a non-compact
n-dimensional Riemannian manifold.

Let K be an infinite, connected, orientedn-dimensional combinatorial manifold.
This means thatK is the union of orientedn-simplices such that any.n� 1/-simplex
of K is the face of exactly twon-simplices with different orientations. Also, the dual
graph ofK is nice. Recall that the vertices of the dual graph are then-simplices ofK
and twon-simplices are defined adjacent if they have a common.n � 1/-face. Then
one can define then-th simplicial l p-cohomology ofK , H n

.p/.K / as in [5].

PROPOSITION4.1. Let K be as above. ThenH n
.p/.K / D 0 if and only if the dual

graph ofK is non-amenable.

5. Translation invariant linear functionals

Let G be a nice graph. We call a bijectionT : V.G/! V.G/ a translationif there
exists a constantL > 0 such thatdG.x;T.x// < L for all x 2 V.G/. The translations
form a groupT.G/. Note that ifG is the Cayley graph of a finitely generated group
0, then for any
 2 0, T
 : x ! x
 is a translation. Thus we have an injective
homomorphism from0 to T.G/. For all the Banach spaces we investigated, namely



l1.G/, l p.G/ andc0.G/, the groupT.G/ can be faithfully represented by the left
regular action the following way. Iff 2 l1.G/ then .T f /.x/ D f .T�1.x//. Let
B ² l1.G/ be a T.G/-invariant subspace (for example,lp.G/, c0.G/), then we
call 8 : B ! R a translation invariant linear functionalif it commutes with the
T.G/-action.

According to Willis [7, 8] and Woodward [9], if0 is a finitely generated group,
then there exist non-zero0-invariant linear functionals onl p.G/ .p > 1/ andc0.G/
if and only if G is amenable. We prove the analogue of their results for arbitrary nice
graphs.

THEOREM3. Let G be a nice amenable graph and letÞ : Hl p

0 ! R be a linear
map. ThenÞŁ : f ! Þ[ f ] is a translation invariant linear functional onl p.G/. The
analogous statement holds forc0.G/ as well.

PROOF. It is enough to prove that ifT is a translation andf 2 l p.G/, thenT f � f
is always a 0-boundary. Let9 2 C

l p

1 .G/ be defined by9 D P
ax;y.x; y/, where

ax;y D f .x/ if y D T�1.x/, otherwiseax;y D 0. ThenT f � f D @9.

Now we prove the complementary result for non-amenable graphs.

THEOREM4. LetG be a nice, non-amenable graph. Then any translation invariant
linear functional onl p.G/ andc0.G/ is zero.

We will use the following easy-to-prove ‘colouring’ lemma.

LEMMA 5.1. Let H be a graph such thatk ½ deg.x/ for any x 2 V.H /. Then
there exists a function³ : E.H / ! f1;2; : : : ;2k � 1g such that ife and f have a
joint vertex, then³.e/ 6D ³. f /.

PROOF(of Theorem 4). Suppose thatÞ. f / 6D 0, whereÞ is a translation invariant
linear functional onl p.G/ and f 2 l p.G/. By Theorem 1, there exists9 2 Cl p

1 .G/,
9 D Pa9x;y.x; y/ such that@9 D f . Choose a constantc > 0 such thata9x;y D 0
if dG.x; y/ > c. Now let H be the graph, obtained fromG in the following way:
V.H / D V.G/ and.x; y/ 2 E.H / if dG.x; y/ � c. ObviouslyH is nice. We denote
the bound on its vertex degrees bybH . Let ³ : E.H / ! f1;2; : : : ;2bH � 1g as in
the previous lemma. Now we can define the translationsTi for 1 � i � 2bH � 1. Let
Ti .x/ D y if there exists an edge.x; y/ 2 H such that³.x; y/ D i and letTi .x/ D x
otherwise. It is easy to check that allTi ’s defined above are in fact translations. Also,
if 0 < dG.x; y/ � c then there exists exactly onei , 1 � i � 2bH � 1, such that
Ti .x/ D y. We definegi 2 l p.G/ as follows. Letgi .x/ D 9.x; y/ if there exists a



vertexy such that.x; y/ 2 E.H / and³..x; y// D i . Otherwise letgi .x/ D 9.x; x/.
Then,

2bH�1X
iD1

.Ti gi � gi /.x/ D f .x/;

since f .x/ DPy.9.y; x/�9.x; y//. Then

0 6D Þ. f / D
2bH�1X

iD1

Þ.Ti gi � gi / D
2bH�1X

iD1

0D 0

is a contradiction.
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