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Abstract

Let& be anS O(n)-bundle over a simply connected manifditiwith a spin structur€ — M. The string

class is an obstruction to lift the structure grduppin(n) of the loop group bundl& Q — LM to the
universal central extension bSpinn) by the circle. We prove that the string class vanishes if and only if
1/2 the first Pontrjagin class gfvanishes wheM is a compact simply connected homogeneous space of
rank one, a simply connected 4-dimensional manifold or a finite product space of those manifolds. This
result is deduced by using the Eilenberg-Moore spectral sequence converging to tpecotazmology

of LM whoseE;-term is the Hochschild homology of the mgdcohomology algebra of1. The key

to the consideration is existence of a morphism of algebras, which is injective below degree 3, from an
important graded commutative algebra into the Hochschild homology of a certain graded commutative
algebra.

1991Mathematics subject classificatigAmer. Math. Sog: primary 57R20; secondary 55P35, 57T35.

1. Introduction

Let X be a simply connected space dndl the space of continuous closed paths
on X. If M is a simply connected manifold, then we regaril as the space of
smooth free loops oM. Throughout this paper, the mafp, cev* : H*(X;Z) —
H*~*(L X; Z) will be denoted byZx and called thé>-map ofX, wheref : H*(S' x
LX;Z) — H*L(LX;Z) is the integration map along andev : S x LX — Xis
the evaluation map. We say tlilemap%y is goodif 2y : H4(X;Z) — H3(LX;Z)
is @ monomorphism.

Let& be anS O(n)-bundle over a simply connected maniféltwith a spin structure
Q — M. In[8], McLaughlin defined the string clagg Q) in H3(L X; Z) whichis an
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obstruction to lift the structure group of th&pin(n)-bundleLQ — LM to LS/pir(\n),
whereT — L%ir(\n) — LSpinn) is the universal central extension b&pinn)

by the circle anch > 5. It is asserted in [8, Lemma 2.2] that the first Pontrjagin
classp,(¢) is two times the pullback of the generatoof H*(BSpinn);Z) by the
classifying map of a spin structu® — M for £&. Following [8], we denote the
pullback of: by % p:(€). The argument of the proof of [8, Theorem 3.1] enables us to
conclude that th®-map2y : H*(M;Z) — H3(LX;Z) carries; py(¢) to the string
classu(Q). Therefore if theD-map of M is good, thent(Q) vanishes if and only if
%pl(g) vanishes for anys O(n)-bundle& with a spin structur€) — M. In this case
we can deduce that tHeSpin(n)-bundle over the infinite dimensional manifdldv

has a string structure if and only if 2 the first Pontrjagin class of tHeO(n)-bundle

over the finite dimensional manifoM vanishes. Our goal is to study which manifolds
have a good-map. In [8, Theorem 3.1], it has been proved that every 2-connected
manifold has a goo®-map. Recently, Kuribayashi has proved

THEOREMA ([4, Theorem 1]).Let M be a simply connected manifold. If
H*(M;Z) is torsion free anddimH?(M;R) < 1. Then theD-map ofM is good.
Therefore, in this casé,pl(S) vanishes if the string clags(Q) vanishes.

We can deduce from Theorem A that the complex Grassmann manifold has a good
D-map.

In this paper, the following theorem will be proved. As a consequence we can
obtain many manifolds whode-maps are good.

THEOREM1.1. Let X be a simply connected space. Suppose that
(1.1) H¥X;2)Z2Z® - ®ZDZ/p D - -- Z/ px, Wherep; is prime for anyi, and
(1.2) x? = 0for any elemenk € H3(X;Z/2) if H*(X;Z) has2-torsion.
Then theD-map ofX is good.

Theorem 1.1 is a generalization of Theorem A. Applying Theorem 1.1 to simply
connected 4-manifolds and compact, simply connected homogeneous spaces of rank
one, we have

THEOREM1.2. Let M be a simply connecteddimensional manifold, compact sim-
ply connected homogeneous spaces of rank one or a finite product of those manifolds.
Then theD-map ofM is good. Therefore the string claggQ) vanishes if and only
if 2 py(§) vanishes.

The classification of compact, simply connected, homogeneous space of rank one
has been made by Oniscik [9]. In [7], McCleary and Ziller have determined the
mod p cohomology of the homogeneousases completely for any prime. These
results are also used to prove Theorem 1.2. Following [7, p. 767], we now list such
homogeneous spaces which are not diffeomorphic to spheres or projective spaces:



(D (SO2n +1),S0(2n — 1) x SO2),1), (2 (SO2n+1),S0O(2n —1),1),

(3) (SU), SO3), 4), (4) (Sp(2), SU(2), 10),
(5) (G27 Sq4)’ (17 3))7 (6) (G27 U (2)7 S)v
(7) (G27 SU(2)9 3)’ (8) (G27 SqB)’ 4)7

(9) (G27 SqB)’ 28)7

where the triple(G, H, i) consisting of the Lie groufs, the subgroupH and the
integer or a pair of integers means the homogeneous s§hadeof G by the subgroup

H with the indexi. Here the index of the subgrouih of G is that ofthe subalgebra
Lie(H) of the Lie algebra Li€G) of G in the sense of Dynkin [2]. If a Lie grou@®

hasn simple factors, them;(G) is isomorphic to a free abelian group of ramkthat

is, m3(G) = @"Z. Therefore in the above cases we can regardrs(H) — m3(G)

as multiplication by an integeror a pair of integergn, m) associated to the inclusion

j : H — G. The assertion of [9, Lemma 4] guarantees that the index of the subgroup
H of G can be interpreted as the above integer or pair of integers determined by the
inclusion j.

In order to prove Theorem 1.1, we need to consider the injectivity ofDhe
map Zx : H4X;Z) — H3(LX;Z). To this end, we study the algebra struc-
ture of H*(LX;Z/p) and the injectivity of the moggD-map % , = [ oev* :
H*4(X;Z/p) — H3(LX;Z/p) forany primep. The behavior oy ,in H*(X;Z/p)
is determined by Theorem 1.3 and Theorem 1.4. We note thaDtheap Zy is a
derivation (see [5, Section 3]). More preciseh (Xy) = Zx(X)y+ (—1)%*x Dy (y).
HereH*(L X; Z) isregarded as a two sidétr (X; Z)-module via the homomorphism
induced from the evaluation map: LX — X at zero.

NOTATION. Let A be a graded algebra ar®la subset ofA. Then the ideal ofA
generated by elements &will be denoted by(S),. For any graded vector space
V = @i-oV', V=" meansdo-i-,V'. We denote the commutative algebra with the
2-simple system of generatofs};_; ., by A(z,...z,). LetT be a subset of a
vector spac&V over a fieldk. We denote the subspace\&f generated by elements
of T by k{T}.

THEOREM 1.3. Suppose thaX is a simply connected space and that there exists a
morphism of algebras
¢ B=AY1,....¥)®Z/p[X,.... %]/ (o1, ..., pm) = H*(X;Z/p),
which is anisomorphism below degdavherep., . . ., p, are decomposable elements
with degree4, degx; = 2 or 4, degy, = 3andl = 0,degx; =2,3or4if p=2. We
regard H*(L X; Z/p) as aB-module via the composition magi¢. Then there exists
a morphism of algebras and &-modules

ViAWY, W TV Y @ {Ap/(d(w), .., d(wm))a,} = HY(LX;Z/p)



which is amonomorphism below degB&evhered(w) = Y7, (30 /9%;)%;, degx; =
degx; — 1, degy; = 2, degw; = degp; —2and A, = Kp[X1, ..., Xa]/ (01, - ., Pm) @
AXy, ..., %) if p#£2 and A, = Ko[Xq, ..., %]/(o1, ..., pm) @ A(Xq, ..., X,) if
p = 2, whereA(Xy, ..., X,) is the commutative algebra with tt&esimple system of

We identify the elementg; andx; with ¢(y;) and¢(x), respectively. Let™ :
H*(X;Z/p) — H*X(QX;Z/p) be the cohomology suspension dand2X — L X
the inclusion map.

THEOREM1.4. One can choose the elemerjsand X; in Theorem1.3 so that
(%) = o™ (¥),1"(X;)) = 0" (xj) and

n
a _
@X,NH“(X:Z/D) = Z X Xi :
J

i=1

Notice that, for any simply connected spa¥e one can construct an algebra
and a morphism of algebras satisfying the condition of Proposition 1.3 by using
indecomposable elementsandy; in H*(X;Z/p).

This paperis organized as follows. In section 2, Theorem 1.2 is proved by applying
Theorem 1.1. Our main tool to prove Theorem 1.3 is the Eilenberg-Moore spectral
sequence converging t8*(L X; Z/p) whoseE,-term is isomorphic to the bigraded
Hochschild homology oH*(X;Z/p). We will determine the indecomposable ele-
ments inH*(X;Z/p) with degree below 3 and relations between the elements via
the E,-term of the spectral sequence. To this end, Section 3 is devoted to studying
the Hochschild homology below degree 3 of a commutative algebra. In section 4,
Theorem 1.3 and Theorem 1.4 are proved. Moreover we study the structure of the
kernel of the mogD-map Zx , : H*(X;Z/p) — H3*(LX;Z/p) as a vector space.
Finally, by using Theorem 1.3 and Theorem 1.4, we prove Theorem 1.1.

The authors are grateful to Professor Akira Kono for helpful conversations on the
proof of Theorem 1.4.

2. Proof of Theorem 1.2

Let X andY be simply connected spaces satisfying tbedition (1.1). By the
Universal Coefficient Theorem, we see ti&d(X; Z) andH?(Y;Z) are torsion free.
Hence it follows from the Kihneth Theorem thati*(X x Y;Z) is isomorphic to
eai+j:4Hi(X;Z) ® HI(Y;Z). As a consequence, the product space< Y also
satisfies the condition (1.1). It is clear thatfandY satisfy the condition (1.2) then
X x Y also satisfy the condition (1.2). L& be a simply connected 4-dimensional



manifold. SinceH*(M; Z) is isomorphic tZ, it follows thatM satisfies the condition
(1.1). Thus, inorderto prove Theorem 1.2, it sufficesto show that any compact, simply
connected homogeneous space of rank one satisfies the conditions (1.1) and (1.2).

PrOPOSITION2.1. Any compact, simply connected homogeneous space of rank one
satisfies the conditiond.1) and (1.2).

PrOOF ltis clear that spheres and projective spaces satisfy (1.1) and (1.2). We will
show that the nine homogeneous spaces listed in Section 1 satisfy (1.1) and (1.2).

From the computation of the cohomology of the homogeneoasesM by Mc-
Cleary and Ziller [7, Theorem 1], one can conclude tH4tM; Z) is torsion free for
the cases (1), (3), (5), (6) and (8).

We consider the case (9). Let: Spinn) — SO(n) be the universal covering.
By the Hurewicz theoreni,j ), : Hz(Spin(3); Z) — Hs(G,; Z) is multiplication by
28. In order to prove that, : H3(SO3);Z) — Hi(Gy; Z) is multiplication by 14,
we will show thatr, : Hi(Spin(3);Z) — Hi(SO(3);Z) is multiplication by 2. Let
us consider the homology Leray-Serre spectral sequ{d%{kg,g d'} of the universal
SO(n)-bundle. SinceEZ, = Hy(BSQ3); Hi(SO(3);2)) = Hy(BSQ3);2/2) =
Z/2 andE;, = H,(BSO3);2Z) = Z, it follows thatE$, = 2Z. Therefore we can
deduced® : E, — E3, is multiplication by ¥2. Note thatE3, = Hy(SO(3);Z) =
Z. The index of the ma@(xr)* : H4BSQ3);Z) = Z — H*BSpin3);Z) = Z
is 4. From the Universal Coefficient Theorem, it follows that the index of the map
B(), : Ha(BSpin3);Z) — Hu(BSQ3);Z) is 4 also. Thus the naturality of the
differential in the spectral sequence enables us to conclude that the indexsof
2. Hence we seg, : H3(SO(3);Z) — Hs3(Gy;2Z) is multiplication by 14. To
prove that the homogeneous spate= (G,, SO(3), 28) satisfies the condition (1.1),
we consider the homology Leray-Serre spectral sequéBge d'} of the fibration
SOB) - G, - G,/SOB) = M. Let{FyH.,},-0 be the filtration ofH.(G;; Z)
which comes from the spectral sequefE€,, d'}. Notice thatj, coincides with the
boundary homomorphism

H3(SO(3), Z) = E§3 — Eg%g E83= FOH3 C F1H3 C F2H3 C F3H3= H3(G2, Z)

SinceE§, = Hx(SO(3);Z) = 0 andEZ, = 0, we obtainH;(M; Z) = Ef, = E3}) =
FsHs/F,Hs. From [7, Theorem 1 (9)], it follows thaEZ, = Z/2 andH,(M;2)
does not have a 2-torsion part and a free part. Therefore w& fee= EZ, =
51 = FoHs/FHs. The fact that the index of is non-zero andeg, is a subgroup
of H3(G;;Z) = Z allows us to deduc&f, = Eg%. SinceM is simply connected,
E?, = 0. Hencej, coincides with the inclusio = H3(SO(3);Z) = Ef, = E33 =
ES; = FoHs = FiH; C FH; C FsHs = Hi(Gy;Z). The above argument yields



that the inclusiorz = F,H; — F,H; = Z is multiplication by 2. Since the index
of j, is 14, we have the inclusiah = F,H; — F;H; = Z is multiplication by 7. It
turns out thaHs;(M; Z) = Z/7. By using the Universal Coefficient Theorem, we see
the manifoldM = G,/S O(3) satisfies the condition (1.1).

The same argument works in cases (2), (4) and (7). From [7, Theorem 1],
we obtain that the only case whek*(M;Z) has 2-torsion is (4):(G, H,i) =
(Sp(2), SU(2), 10). Itis clear that the manifold satisfies the condition (1.2) since the
manifold Sp(2)/SU(2) is 2-connected. O

REMARK 2.2. For the manifold$/ in the cases (1), (3), (5), (6) and (8)}(M; Z)
is torsion free. Therefore, by virtue of Theorem A, we can deduce thaDtheaps
of these manifolds are good. Since the manifolds in the case (2), (4) and (7) are
2-connected, it follows from [8, Theorem 3.1] that the manifolds have a dbodap.
However, we cannot conclude that the manifold in the case (9) and procazisspf
compact, simply connected homogeneous spaces of rank one bawd B-map by
applying Theorem A or [8, Theorem 3.1].

3. The Hochschild homology below degree 3

The purpose of this section is to prepare the proof of Theorem 1.3. In order
to consider the algebra structure biff(L X;Z/p), we use the Eilenberg-Moore
spectral sequence converginghid (L X; Z/p) whoseE,-term is isomorphic to the
Hochschild homology oH*(X;Z/p). Before we begin calculating this spectral
sequence, we give an available complex to determine the algebra structure of the
Hochschild homology of a certain commutative algebra. For details of the Hochschild
homology of commutative differential graded algebras, see [1]. For the rest of this
paper, a commutative algebrawill mean a positive graded commutative algebra
over Z/p such thatA’ = Z/p and A'! = 0. Let A be a commutative algebra
AW, ..., W) ® Z/p[Xe, ..., Xal/ (01, - .., pm), Wherep; is decomposable for any
i. We will suppose that < degx; < --- < degx,, 3 < degy; < --- < degy,
degp; < --- < degonandl =0if p=2. If p, ..., pn iS a regular sequence, the
Koszul-Tate complex (see [11], [3, Proposition 1.1]Yofs a complex for computing
the Hochschild homologid H,.(A). Inthe general case, we can also obtain a complex
for computingH H, (A) by extending the Koszul-Tate complex.

ProPOsSITION3.1. The Hochschild homology of is calculable as the homology of
the following complex&’, d) :

E=A®T V... V] ®AKe, ..., %) @ [on, ..., on] ®F,



d(@) = Y10 /3x)%;, d) = d(¥) = d(x) =0forr e A, i =1,....1,

j =1,...,nandbidegi = (0, degr) for A € A, bidegX; = (-1, degx;), bidegy, =
(—1,degy:), bidegw; = (—2,degp;). Here ¥ is a suitable differential graded
algebra which is a tensor product of an exterior algebra and a divided power algebra.
Moreover, the differentiall satisfies

([dENART[Vr, ..., W] ® AR, ..., %)}
={dAQT[V1,.... %] ® A(Xq, ..., %) QT'[on, ..., om])
NAQT[V, ..., W] @ AKXy, ..., %))=2.

PrOOF Let A and B denote the commutative algebra(y,,...,y) and
Z/p[X1, ..., %]/ (o1, ..., pm) respectively. Ifpq, ..., pm IS a regular sequence, then
there exists the following proper projective resolutiBh—> B —> 0 of B as a left
B ® B-module ([11], [3, Proposition 1.1]):

F =BRBRAXKy,...,%) Qws, ..., wn],

u : B ® B — B is the multiplication ofB, d(X;) = X; ® 1 — 1® x; andd(w;) =
>1_1 & X;, wherez; is an elementiB ® B satisfyingo, @ 1-1® 0 = Y|, &i; (X, ®
1—1®X,-)and,u(§i,-)=8,0i/8xj. _ _

In particular, we can choose the elem®nt_; 11{)x ® 1+ >}, 1® /% as the
element;; mentioned above i = Y°7_; Y0 sliXix;.

Let us consider the general case wheyre . . , p, are decomposable elements. By
modifying the method to construct a minimal model of a differential graded algebra,
we obtain the required differential graded algefira he argument of [11, Lemma 3.3]
enables us to deduce thdf*(#) = 0. Wheni + j = 1, every element it/ can
be written by a linear combination of eleme#ts. .. , X,. ThereforeH"1(#) =0
fori + j = 1. Suppose that+ j = 2 andH"(Z) # 0. Then, from the definition
of the differential, we obtain(i, j) = (=2, 4). Ifthe elementi =}, _; &; X X; isin
Kerd™>* thenO0=du=3}"_;a;(x ®1-1@Xx)X — > _; & (X ® 1 - 1®X))X.

Thus we see tha,(X; ®1—1®X;)+- - +a81n(X%-1®1-1®X,_;) = 0and hence

an = 0 for anyi < n. Inductively, we havey; = 0 for anyi andj. From this fact,

we can conclude that each element of a bsis . . , z} for H=24(.Z) represents an
element)_ a; X X; + > by, whereby is nonzero for somk. The element, and its
representative element will be denoted by the same notation. We define the differential
graded algebra.#,,d) by %, = # ® A(z,) andd(z,) = z,, where bideg, =
(—3,4). Clearly,H" (%) = 0fori + j = 2. From the form of a representative
element ofz,, it follows thatd(A(Z,)) N B® B® A(Xy, ..., X,) = 0. Consider the
case where+ | = 3. Itis easy to verify that Kedt 2°NZ/p{XX;;1 <i,j <n} =0

in the only case wherp = 2 and that Ked*° N Z/p{%X;%:;1 <i, j,k < n} = 0.

We define the elemenig with total degree 3 corresponding to representative elements



vg of a basis oH"! (Z)) for (i, j) = (-2, 5) and(—3, 6). Put.%, = .Z, ® I'[ ;] and
extend the differential by demanding that(vs) = vs. The elements of Ketn.Z, -
are characterized as follows:

LEMMA 3.2. Let u be an element oKerd N .Z;**. Thenu can be written as
Qe A ® 14 300 1 ® Agx)X; with coefficientsh, satisfyingaj; =
@i+ +a ™ and (i) = @y + )+ +a™ S+ ) for
somex(for the notatlor;u(') see the definition of the above resolutiéh. Therefore,
the element ®, g, UIN A Qpea F1 belongs taZ/p{d(w,), ..., d(wm)}.

Let {u,} be a basis foH 14(Z,). We extend the comples, to .#; = %, ®
r[a,] = # ® I'[vs] ® I'[G,] with the differential defined byl(d,) = u,. From
this construction, we see thet/ (#,) = 0 fori + j = 3 andd(I'[74]) "B ® B ®
A(X, ..., %) = 0. By continuing the same process above total degree 4, we can
geta proper projective resolutl(aﬁ; of B as aB ® B-module : éDB =7 ®%. By
virtue of [11, Lemma 3.2], we conclude that the differential graded algeﬁrai),
defined byéy = AQ AQTI[V1,...¥Jandd(}¥) =y ®1—-1Q® Y, is a proper
projective resolution ofA as anA ® A-module. Therefore, the differential graded
algebraﬁ éDA ® éDB is a proper projective resolution of as aA ® A-module. Thus
the Hochschild homology H, ..(A) = Tory3, (A, A) is obtained as the homology
of the complex(&’, d) = (A Qaga éa 1®d). From Lemma 3.2, it follows that
d(0,) = 1®pex d(0y) = 1 ®pea Uy iSiNZ/p{d(w,), ..., d(wy)}. This factand the
definitions ofd(z,) andd(vs) allow us to deduce that

{[dENART[V1 ..., NI ® ARy, ..., %)}°
= (d(A ®rga EA® FNNART[Hh, ..., U] @ ARy, ..., %)}

This completes the proof of Proposition 3.1. O

PROOF OFLEMMA 3.2. For any elemeni € Kerd N .Z;**, we can writeu
Zi gl )_(j, Wheregi = ZE:l)\'ika ®1+ ZE:l 1® )ijxk. Sinced(u) =0in yle =
Z°4 it follows that the element

n n n n n n
du=> " "AxX @1 =Y Y A ® X+ Y Y NyX) ® X

=1 k=1 j=1 k=1 j=1 k=1

n n
— Z Z 1® )»/ijka

=1 k=1

belongsto the idedp ®1, 1®p;; 1 <i <m)inZ/p[Xe, ..., %] ®Z/P[X1, ..., Xn].
This fact enables us to conclude thaf_; >0 ; Apcx @ X; = D71 D) A X) ® X
and SO = A;. Moreover we se§ |, > v, ApxXX; = a®Ppy + -+ a™py, =



a® (] Y XX A ™ (T Y XX INZ /Py, ..., Xa]. Thus
we have

ZA”XI + Z()"]k + )"kJ)XkX] =a' <Z M(l)xz + Z(ﬂ(]t) + /’l’kj))xkx]) + .-

j<k j<k

<Z WXE + D (R g ))kal)

j<k

inZ/p[x, ..., X,]. Therefore, the required relations fdf, are obtained. Let be
the multiplication ofB. Sinceu(s;) = Y p_, (1Y) + 1)) X, it follows that

n n
1Q®pga U= Z <Z()‘ik + )‘kj)xk) X

=1 \k=2
= Zoz(l) <Z(M(,1) + Mkj))xk) Xj +- +Z Ol(m)<Z(lL(,r|?) + Mkj))xk) X

= ZO[(D/,L(@'“))_(] + -+ Z(x(m)ll‘f@‘mj))—(j
=1

=1
=aPd(w;) + - - + a™d(wp).

Thus we have Lemma 3.2. O

Applying Proposition 3.1, we can partially know the algebra structure of the
Hochschild homology of the graded algebya

PrROPOSITION3.3. Let A be the graded algebra (v, ..., ¥) ® Z/p[X1, ..., %]/
(p1, ..., pm). Then there exists a morphism of algebras

¢ AN, WOV, ... Y ® {A/(dwy, ..., dom)al > HH,.(A)

which is a monomorphism below total degr8e where A = Z/p[Xq, ... X\]/
(pl, ey ,Om) (4] A()_(l, ey )_(n)



PrOOF Let us consider the following commutative diagram:

d
HRZ/plwy, ..., o —H =AQTU[V,.... W QAK, ..., %) — O

j i

& & &
d d

wherei andj are the inclusion maps anids the restriction ofl to ¢  Z/ p{w, . . . ,
wm}. Suppose thaH (i)[z] = 0 and the total degree of][is below 3. Then (2)
belongs to{d(&£) N 2#'}=2. From Proposition 3.1, we can see th@) is in the vector
space{lmd o j}=3. Thereforez is an element in Ind. The mapy = H (i) is the
demanded homomaorphism. O

4. Kernel of the D-map Zx ,

Let X be a simply-connected space. In order to study the structure of the kernel
of Zxp, = [goev* 1 HYX;Z/p) — H3(LX;Z/p), it is important to consider
the ring structure ofH*(L X;Z/p), in particular, to clarify indecomposable ele-
ments with degree below 3 iR*(LX;Z/p) and relations between their elements
in H3(LX;Z/p). To this end, we use the Eilenberg-Moore spectral sequence con-
verging toH*(LX;Z/p) ([11],[3]) whose Ex-term is the Hochschild homology of
H*(X;Z/p):

E3" 2 TOr ez moroczm (H G Z/ D) HA (X Z/p) = HH(H*(X; Z/p)).

Proposition 3.3 plays an important role in explaining the algebra structue @f X ;
Z/p). Before we prove Theorem 1.3, we prepare a lemma.

LEMMA 4.1. LetC, andC, be commutative algebras. Suppose that there exists a
morphism of algebrag : C; — C, which is an isomorphism below degreeThen
Torygs (8, 6) @ Torg o (C1, C1) — Torg,c,(Co, Cy) is an isomorphism if = 0 and
j<s,i=-landj <s—1lori <-landi+j<s—i—-2

PrROOF Let Bar“*(C,) be the complex obtained from the bar resolutiorCefas
anC; ® C;-module andBar**(C,) the similar complex constructed fro@y. Leta
be an element oBar"*(C;). We can writeu = a[b,| - - - |b]c, wherea andc are
elements ofA andb, is an element o€; ® C;. If there exists an elemebt such that
degh > s, then degr = dega + degb; + --- + deghy + --- + degb, 4+ degc — i
>0+2+---424s+2+---+24+0—i =s+i—2wheni #0. Thus we



see that the morphisBar- (9) : Bar-/(C,) — Bar"1(C,), which is induced fron®,
is an isomorphism if-i + j < s+i —2 andi # 0. Itis clear thatB%/ () is an
isomorphism ifj < s. Therefore we have Lemma 4.1. O

PrOOF OFTHEOREM 1.3. Let{E,, d,} be the Eilenberg-Moore spectral sequence
converging toH*(L X; Z/p). By virtue of Proposition 3.3 and Lemma 4.1, we have
a homomorphismy from B := A(yr,.... %) @ I'[V1, ..., %] ® {Ap/(d(wy), ...,
d(wm))a,} to E3™ which is a monomorphism below degree 3. From [10, Propo-
sition 4.2], it is seen that*(y;) = y; € FOH*(LX;Z/p) andz*(X) = X €
FOH*(LX;Z/p). Therefore the injectivity ofr* allows us to conclude that, :
E,>" — EY* is trivial. SinceE)' = 0if g < —2p, it follows that the ele-
ments inE,"’ survive in theE.-term if j < 4. Thus we have an monomor-
phismy : B=® — (TotE;*)=%. In order to complete the proof of Proposi-
tion 1.3, we must solve extension problems below degree 3. More precisely, we
need to consider whether it is true thatx; ;xX; = 0 in H*(LX;Z/p) when
S Aij%X; € Z/p{d(wy), ..., d(wy)}. Note that the elemerk; in E;* and its
representative element H*(L X; Z/p) are denoted by the same notation. Since the
generators with degree 3 and filtration degree 0 are the elemgnts, y;, we can
write the elemend_ Ai; xX; as)_ uxY« with some constantgy. Letz : LX — X
be the fibration defined by(y) = v (0). From [10, Proposition 4.2], we see that the
elementy, in Eg* is identified with the element*(y,). Hence the given equality is
written as)_ Aij %X, = > ur*(Yk). Lets be the section of the fibratiohX — X
defined bys(x) = C,, whereC, is the constant loop at. Since we can choose
a representative element &f so thats*(Xx;) = 0 in H*(X;Z/p), it follows that
Do mkYk = S*QC A% X)) = 0in H*(X;Z/p) and hencey = 0 for anyk. Thus
YA XiX; = 0in H*(LX;Z/p) when) ijxX; € Z/p{d(w,), ..., d(wm)}. We
have proved Theorem 1.3. O

REMARK 4.2. In the case = 2, we cannot solve extension problems completely
by using the usual argument on total degrees and column degrees of the associated
bigraded algebr&;*. For example, it may be possible thétis equal to somey;.
However some information about the squaring operatiom$*ifX; Z/2) allows us to
determine whether or n&f is equal toy;. To be exact, iSg'x, = ey, thenx? = ¢y;,
wheres = 0 or 1. For details, see the proof of [6, Theorem 2.5].

PrROOF OFTHEOREM 1.4. Let{E,, d.} be the Eilenberg-Moore spectral sequence
used in the proof of Theorem 1.3. By applying [10, Proposition 4.5] and the same
argument as the proof of [3, Lemma 1.3], we can show th&t) = o*(y,) and
i*(Xj) = o*(x;) with any choice of representative elementgjohndx; in Egl**. To
proceed with the proof, we need the following lemma:



LEMMA 4.3. For each indecomposable elemeqtin E;%*, one can choose its
representative elemeRf in H*(L X;Z/p) so thatZx p(x;) = X;.

From Lemma 4.3 and the fact that tilemap Zx , is a derivation, we can get
Dx.p = y__1 %;0/9x;. This completes the proof. O

PROOF OFLEMMA 4.3. Let f; : X — K; = K(Z/p, n;) be the map represent-
ing the elemenk; of H" (X;Z/p), wheren; = degx;. From the naturality of the
D-map Zxp, to prove Lemma 4.2, it suffices thétx, ,(1;) = 4, wherey; is the
fundamental element dfi™ (K;; Z/p) andi; is the element correspondingfo(see
Theorem 1.3). We denote the mApoev* : H*(K;Z/p) — H*(S'xQK;;Z/p) —
H*1(QK;;Z/p) by 2. HereQX means the space of continuous loops¥omwhich
map 1€ S'to the base point oK. Leto* : H*(K;;Z/p) — H*XQK;;Z/p)
be the cohomology suspension. Sinic€;) = o*(;;) ando*(¢;) is the funda-
mental element iH"1(QK;;Z/p) = H" YK (Z/p,n; — 1);Z/p), we see that
if 2(;) = o*(;;) then Z, ,(t;) = 7. We now proveZ(;)) = o*(i;). Let
f o (M, 91" — (Kj,*) be a continuous map amgl : I"™! — QK; a map
defined byg(t)(s) = f(t,s) fort € 1"t ands € |. The argument of the
proof of [8, Proposition 2.1] enables us to deduce that the element fduall
dualm, (K;) ® Z/p) is mapped to duadf] in dual(m, _1(RK;) ® Z/p) by 2 under
the isomorphisms$i" (K;;Z/p) = dualH,, (K;;Z/p)) = dualr, (K;) ®Z/p) and
HM1(QK;Z/p) = dualim, 1(2K) ®Z/p). Lete; : PK; — K| be the path-loop
fibration defined by (y) = y (1). Thenthe homology suspensibly _1(Q2K;;Z) <
Ho, (PK;, QK;:Z) 3 H, (K;; Z) is regarded as the homomorphism_,(QK;) <
my, (PKj, QKj) =5 7y, (Kj) under the identification with the Hurewicz maps. We de-
fine the mapf : (1™, 1M, 1M1 0UdI"1x 1) — (PK;, QK;, %) by f(t,s)(u) =
«if0<u<1l/(s+1andf(t,s)(u) = f(t,us+1) —1)ifl/s+1) <u<1,
Then we can deduce that.(f) = f andthat( f) is homotopic tay by the homotopy
H:(Mtx 1,91 tx1) - (QK;|, %) definedbyH (t,1)(u) = xif0 <u <l/2and
Ht, D = f@, @u—-1/2-1)ifl/2 <u < 1. Thusit follows that cohomology
suspension* maps dualf] to dual[g]. This completes the proof. O

We can determine the structure of the kernel ofErenapZy , : H*(X;Z/p) —
H3(LX;Z/p) completely. Lety, : H*(X;Z) — H*(X;Z/p) be the modp reduc-
tion. Then we have

PrOPOSITION4.4. Suppose thaK is a simply connected space and that there ex-
ists a morphism of algebrag to H*(X;Z/p) from an algebraA(yi, ..., V) ®
Z/p[X1s .+ s %]/ (o1, - .., pm) Which is an isomorphism below degievheredegp;
= 4. If x is an element in the kernel of tH@-map 7x = [ cev* : H*(X;Z) —
H3(LX;Z), thenny(x) = Y A;x? for some constarit; andn,(x) = 0if p # 2.



PrROOF By virtue of Theorem 1.3 and Theorem 1.4, we see that, coincides
with the operatod |, X;d/dx . Therefore, the image of the magy ,, is included in
the image ofy of Theorem 1.3. Hence, we can deduce th&tf,(«) = 0 for some
a € H4(X;Z/p), then

n

d
Z a_a)_(i € (d(wy), ..., d(a)m))Ap'
X;

i=1

We can writex = a4 + a5 by using elements, anda, which are linear combinations
of x;x; andx, respectively. From the definition dflw;), it follows thate, = 0 and

n

Yo~ Y g0 =0

i=1

in A, for someg; in Z/p. Since deg; = 4 and de@ (o, — >_§&;p;)/dx = 2 for
any elementx; with degree 2, one can conclude ttsaty, — ) &;p;)/9% = 0in
Z/p[X1, ..., %] foranyi. Thus, inZ/p[Xy, ..., %]/(p1, .-, pm), @1 = 0 if p #£ 2
anday = > A x2if p=2. O

PROOF OFTHEOREM1.1. For any elementx in Ker{2y : H*X;Z) —
H3(L X; 2)}, its modp reduction,(x) is zero ifp # 2 by Proposition 4.4. Therefore
it follows from (1.1) that the free part and odd torsion parka$ zero. Moreover, the
condition (1.2) enables us to deduce that the 2-torsion pariofero. O

REMARK 4.5. So far, we have considered the string class o8 &xn)-bundle in
the case whera > 5. The casen = 4 must be treated separately as mentioned
in [8, Remark, page 150]dzause the universal central extensio.8pin(n) is an
extension by a 2-torus. The fact tHat)(4) is not simple causes the difference. In
the case whera = 3, sinceSQ(3) is simple, we can define the string class of an
S O(3)-bundle with a spin structure in similar fashion to the aase5. However, the
index of the homomorphisrBz* : H4(BSQ@3);Z) = Z — H4BSpin3);2) =Z
is 4, not 2, wherer : Spin3) — SO(3) is the universal covering. This factis proved
by using the same argument as the proof of [8, Lemma 2.2, page 148]. Notice that
H3%(BSQ@3);2Z) is zero thoughH*(BSQn);Z) = Z/2 forn > 5. Thus the string
classu(Q) of anS O(3)-bundlet with a spin structur€ — M can be regarded as the
image of 1/4the Pontrjagin clasef £ by theD-map%y, : H4(M;Z) — H3(LM;2).
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