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Abstract

We give some explicit constructions of type 1l product measures with various properties, resolving some
conjectures of Brown, Dooley and Lake. We also define a family of Markov odometers of tyead|
show that the associated flow is approximately transitive.
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0. Introduction

Dye’s celebrated theorem [8] states that any ergodic non-singular action of a count-
able amenable group is orbit equivalent to a measured odometer action. Hence, a
complete classification of these amenable group actions up to orbit equivalence will
follow from a classification up to orbit equivalence of measured odometer actions.

There is a well-known classification of ergodic non-singular group actions into
classes I, Il and Il respectively according to whether the measure is concentrated on
a single orbit, the measure is equivalent to an invariant measure (finitdioite) or
neither of the above holds. The case | is a relatively trivial case. The case Il is fairly
well understood, so the remaining interesting case (which in some sense is the most
prevalent) is case Ill.

Krieger introduced a subdivision of case Il using an invariant which he called the
ratio set (see [13] and [14]). The ratio set may be informally defined as the set of limits
of ratiosdu o y/du for y in the groupl” of transformations and it may be shown to
be a closed subset & U {0, co} which is closed under multiplication. There are
then three possibilities for the ratio set. It can{fel, oo}, R or {A" : n € Z} for
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a fixedA € (0,1). The corresponding classes of transformations are knowngs Il
11, and lll,. It may be shown that any two systems in, lire orbit equivalent (see
[13]). Similarly for any fixedx € (0, 1), any two Il systems are orbit equivalent.
The situation for I} is much less well understood and it is this category upon which
we shall focus.

We will, as described above, be considering measured odometer actions. A natural
class of examples is given by the actions where the measure is a product measure.
An action which is orbit equivalent to one of this type is said to be product type. A
necessary and sufficient condition for an odometer action to be of product type was
introduced by Connes and Woods [5] who use a proof based on operator algebras.
The condition which they introduced is that the Poircfioiv associated to the action
has a property which they call approximately transitive or AT. Hawkins [12] showed
necessity of Connes and Woods’ condition with a simpler ergodic theoretic proof and
Hamachi [10] was able to show sufficiency, by using purely ergodic techniques.

It nevertheless remains a difficult task to give examples of measures of type Il
given a product measure to decide whether it is of type Moore’s criterion [16]
allows us readily to decide when a product measure is of type Il or lll.)

Hamachi, Oka and Osikawa [11] produced examples of product measures of type
lll o and Krieger [15] gave an example of a non-AT action.

Brown and Dooley [2] introduced the notion ofG:measure. (Their formalism
favoured the use of the groups of finite coordinate changes over the odometer; these
two actions have the same orbits.) These provide an explicit description of in some
senses the most general quasi-invariant measure. In [3], it was shown how to compute
the ratio sets o6-measures in some cases, and the machinery was applied to product
measures. However, there were some unresolved conjectures and some rather sketchy
proofs.

In this paper, we aim to refine the techniques of [3], resolve some conjectures
therein and give full details of some results on product measures. At the same time,
we are able to somewhat sharpen the examples of typepitiduct measures in
[11]. From the perspective @-measures, the next most complicated measures after
product measures are Markov measures. A second aimis to consider a class of Markov
measures on the infinite product of two poinasps, where the traitisn probabilities
remain constant on long blocks. We are able to explicitly compute the Peifloar”
of such a measure and show that it is AT.

A detailed description of the results follows. Consider the infinite product measure
n = ®ui on X = [[Z,, wherew; ({0}) = 3(1+a), m({1}) =31—a) (-1<
a, < 1). In section 2, we give an example of a measure of type Ill, but not of type Il
with a 7 1, disproving a conjecture in [3]. We also give a relatively easy example
of a family of product measures of typedibn X. The example itself is similar to
one found in [10], but we give a short and direct proof that the ratio §& ik oo}.



Examples are found by taking a suitable sequdagevhich is constant on blocks of
increasing length. In section 3, we give a detailed proof that# 0 and)_a? = oo
then u is of type Illy, providing full details of a claim made in [3]. The essential
technique in these two sections is Lemma 2.1, a generalization of [3, Theorem 3.1]
and a primitive version of [10, Theorem 1].

The final section considers Markov measures on the infinite product of two point
spaces, which have the property that their titiars probabilities are constant on long
blocks, behaving in the same way as the probabilities in the examples of section 2.
We are able to compute the Poinedidw explicitly as an odometer with parity bit.
These flows are AT, and hence the measures are orbit equivalent to product measures
(although they are certainly far from being equivalent to products).

More recent work of Dooley and Hamachi [7] finds exampleaarfi-AT Markov
measures. These are realized §1Z,,, wherel (n) increases rapidly.

1. Definitions and notation

We consider transformations of finite @¢finite measure spaces. The transforma-
tions which we consider will be measurable and invertible, with measurable inverses
and be non-singular: that is a set has measure 0 if and only if its image has measure
0. These transformations will be known as isomorphisms. In the case where the
transformation is from a measure spaceo itself, it will be called an automorphism
of X. I" will denote a countable group of automorphismxf.2, 11). The full group
[T] of T consists of those automorphis®f X which have the property that for
almost every € X, 0(x) = y(x) for somey € I'. Note that we use similar notation
for the orbit of a point. Namelyq] is the orbit of the point under the groug™ of
transformations.

As an example, defink to be{0, 1}*" andTI" to be the group generated by the maps
v» Which reverses theth coordinate (s@y, (X)) = 8in+X mod 2. Then defining to
be the standard odometer mapping obtained by regarding poixesd-adic integers
and adding 1 (with carry) (sé(... 10110 =...10111%(... 10111 = ... 11000,
we see thab € [I']. In this context, letl’, (respectivelyX,) be the elements df
(respectivelyX) whose coordinates after theh are zero and Idi” (respectivelyX™)
be those elements whose firstoordinates are zero.

Two group actiond” acting on a measure spac¥;, %, u.) andI'" acting on
(X5, %, u,) are orbit equivalent (sometimes also called weakly equivalent) if there
exists an isomorphisr® from X, to X, such that for almost every e X;, ®([x]) =
[®(X)]. Inthe example above, the actionsIobn X and{#" : n € Z} on X are orbit
equivalent.

The ratio setR, = r (X, I', n), as defined in [14], is the set ofin [0, co] such



that for eache > 0 and setA of positive measure, there exists a sulBet. A of
positive measure anddac [I'] such tha¥(B) ¢ Aand|duw o0/du —r| < € on B.

In our case, wherE is a countable group, it is equivalent to define R if and only

if for eache > 0 and setA of positive measure, there exists a sulBaif positive
measure angt € I" such thaty(B) ¢ A and|du o y/du —r| < € on B (that is the
automorphism® may be chosen from the group itself, not the full group). We use this
latter definition in what follows.

Given an action of a group on a spaceX, we define an action df on X x R. For
y € I', definey (x,t) = (y(X),t —log(du o y/du(x))). ThenformY = X x R/ T,
the set ofl"-orbits in X x R. There is a natural projection from X x RtoY. The
measure olY is taken to be the projection of x v wheredv(x) = expx dA(x). The
projection can be used to giweao -algebra by defining a subset to be measurable if
and only if its inverse image underis a measurable subset¥f Since the action of
R on X x R given byfs(x, t) = (X, s+ t) commutes with the action df on X x R,
it follows that the action off may be pushed down to an action ¥n This is the
associated flow (or Poinaaflow) of the action of” on X.

An important property which the associated flow may or may not possess is ap-
proximate transitivity (abbreviated to the AT property, so we often say if this property
holds that the associated flow is AT). An action of a gr@ipn a measure spaceis
AT if for all ¢ > 0 and any sequendg, f,, ... , f, of functions inL*(X)*, the space
of positive integrable functions, there exists a functibre L1(X)*, finitely many
elementsy; ; of G and constants; ; such that

d oy
fi —Z (Ai,j f Ogi,jﬂd—ﬂg’]>

J

<€

1
for eachi. We will write .Z( f) for the function defined by
dﬂ og

du
Note that for positive functions, %, is anL*! norm-preserving operator. The AT
condition may be re-expressedjgls — >, 4i ;L fll1 < e.

Zy(H () = £(9(x) (X).

2. Product measures of typdll o

ExamPLE 1. In the notation of [3], we give an example wih 7 1 such that the
ratio set is not a subset €9, 1, co}. This disproves [3, Conjecture 6.3].

Fix p > 0. Let{o;} be a sequence of the form

0,0y 0,20,20,...,20,30,...



such that ifn, denotes the number of terms of tykge, then
ne> €Y and ng, > ny.

The{a;} are then determined as in [3] by

1+a . e -1
—_ —¢", so0 a-=

= a1
1-a ex1”

Let .« denote the resulting measure. We prove:

PROPOSITION2.1. €7 € R,.

We need the following sufficient condition. It is a generalization of [3, Theorem
(3.2) (i)] to the case of more than opee I'". In this case, we need to assume the
disjointness of the sets ofs for thesey’s, and that of their images under thés:

LEMMA 2.1. Letr € (0, c0). Suppose thate > 0,38 > Osuchthatvn, Vy, € Ty,
there exists an integef and there exist

Y1, V25 - -« 5 VK GFnand%l,%,... ,OZ/K C)/OX”

such that:
(i) the{%;} are disjoint,
(it) the{y;%;} are disjoint,
(i) U7 = BunX™,
(V) Vj,ue? = |(duoy)u/du) —r| <e;
thenr e r (X, T, ).

PrROOF OFLEMMA 2.1. The proof is based on the method of proof of [3, Theorem
3.2()].

Letr > 0 and lete < r (this will be specified). Le > 0 be fixed as in the
statement. LefA be an arbitrary set of positive-measure. Then there existsand
yo € T, such that

w(AN X" > (1 —)u(pnX")

wherec is to be specified.

For thisn andy,, there exis{y;} and{%;} as stated. Itis given that % fills up a
proportiong of 1, X". We check that J y;%; also has this property for some constant
B

Since|((du o y))(u)/du) —r| < € on%;, it follows that for all j, u(y;%;) >
(r —e)u(%;). So by disjointness,

w(Uri%) = ¢ —ou(U%) = ¢ —e)BrinX™.



Thus we cantak@g' = (r — ¢)8.
We now claim that for at least one indg¢x= j,, we have

w(AN [y, (AN %,)]) > 0.

We haveu(AN (UJ %)) = nlU %) — n[nX"\A) = (B — ©u(nX").
Hence, using disjointness:

w(Uri(AN2)) = uti(AN2)) = ) (1 — (AN %)
I i

=t —on(UANZ)) = (0 — (B — Ou(rX.

By definition, the se6 = | J; yj(AN %) is contained in, X" and we have shown
that

w(S = —e)(B —ou(nX".
Hence
w(ANS) = u(S) — u([WX"NA) = (r —e)(B —©) —Ou(X").

This is positive if we ensure that< r andc < min(8/2, (r — €)8/2).
But the statement (AN S) > 0 gives

0<u(ANUyi(AN %)) = ZM(AO [yi(AN Z,)]) by disjointness of/;%;.
j

Hence there existg = jo with
w(AN [y (AN Z,)]) > 0.
It follows that letting
B={ac AN %,: ypac AJC A

we gety;,B = AN [y;,(AN %,)] C A andpu(y;,B) > 0, which also implies
w(B) > 0.

Also, sinceB C %,,, we have

0!

<€ VYueB.

‘dﬂoylo(u)_r

du

Sincee > 0 was arbitrary, we havee r (X, 7, ). O



PrOOF OFPrROPOSITION2.1. We shall in effect take = 0 and find somes > 0.
Letanyn, y, € I'y be given. Then, ifo; }7°,, there is a block of the form

oi =pK, ..., 0K p(k+ 1), pk+1),...

for somek. Fix such a block ané. Sincen,,.; > ny, there are available at least

terms of the next constani(k + 1), to the right of this block.
The following table defines our choices{gf} and{%;} (K = ny) (belowK = 4)

o = ..., pk, pk pk pk pk+1D), pk+1), pk+1), p(k+1) ...

ypi = 0 1 0 0 O 1 0 0 0 0..
(y»»)i = 0 0 1 0 O 0 1 0 0 0..
(i = 0 0 0 1 O 0 0 1 0 0..
wi = 0 0 0 0 1 0 0 0 1 0..
U = X 1 x x X 0 X X X X ...
Y = X 0 1 x Xx 0 0 X X X ...
% = x 0 0 1 x 0 0 0 X X ...

Here the convention is th&; consists of all having the coordinates shown, and
x denotes either 0 or 1. (And we assume all thiggX".)
Clearly, applying the/;’s to the%;’s gives

W = X 0 X X X 1 x X X X
vl = x 0 0 x X 0 1 x Xx X
w¥%h = x 0 0 0 x 0O 0 1 x X
w¥ = x 0 0 0 O 0O 0 0 1 x

The disjointness of théZ; }rj‘k:1 is guaranteed by the 1's on the diagonakqeded
by the 0's. Similarly for thely; %;}.
Next, let us verify that

du

ue % — uy =¢e".

[We are following the convention

13 __ 1 o p g =R &
2 = 1teo =1-p=0qg,.u({l) =

ui({0) =



Thus ifu € %, then

_roOue@ _ 1 e
mway(Duz @O ew 1

whereo,,, o, denotekp and(k + 1)p for convenience.
It remains to estimate the measupgg/) /(o X"). We get

— @092 — gho—k+Dp _ o=
du

(u)

w(Z4) = PyYe = Poldw.
(%) = du p(l)q(zz) > p(l)q(sl)v
n(s) = Q(Zl) p(l)q(sz) > p(l)q(‘r’l), and so on

where 1 denotesu/u(yX"). Thus, using the notatiop,, = e™/(1 + ™),
dy = 1— pw;

i (Ufa%) = poAe + Pwdd + Pady, + -
= Py 1+ q(zl) + q(41) +--)

1 _ q2nk
= Pwdw <1 — q(zl) )
(1)
= Yo 1_ (#)znk
1+qy l+e® '

[Note: the infinite series gives)/1 + 0, ~ 3. Therefore we could have definad

more conveniently by taking it such that the sum of the figsierms is> 1]

3
Now n, > €, so

1 2ng 1 269 1
<1+e-kﬂ> S<1+e-k/’> ~g fork—ee

Thus we can define
1 1
=-(1-= )
B 3 ( eZ) >0

Hence Lemma 2.1 applies and the proposition is proved. O

ReEMARK 1. It turns out that Example 1 would have been easier if [3, Theorem
4.4(a)] implied [3, Theorem 4.4(b)]. In particular, this application implies the truth of
the above Lemma 2.1, and moreover the condition thaythe/; } be disjointappears
unnecessary. Unfortunately, [3, Theorem 4.4(b)] does not follow from [3, Theorem



4.4(a)]. We give a counterexample, which was motivated by this observation. It was
in fact found by first looking for a situation where thg %;} are not disjoint.

We present this counterexample after presenting a method for construcsing
with ratio set contained iff0, 1, oo}. (This method will also be needed for the
counterexample.)

REMARK 2. Here is a special case of Example 1.

Lete’ = 2.

Leto; = klog 2 fori e [2%, 21) (thusn, = 2¢+1 — 2K = 2k = erk),

Thisgivesa, = (2 —1)/(2*+ 1) = 1 —2/(2X + 1), i € [2K, 2k+D),

We have 12 € r (X, T, 1) by the above.

It is easy to verify that anydu o y)/du takes on only the values"2m € Z (or
possibly Q c0).

Thus in factu is type Ill,, with » = 1/2.

REMARK 3. By choosing rationally independept, p, and including infinitely
many block pairgkp;, ko, (K + D pi, ... (K + 1)p) of both types, we get a of
type Ill;.

We give two examples of product measure of typg dih an infinite product of
two-point spaces.

Example 2 is similar to the type Hexample in [11], but we give a short and direct
proof that its ratio set i$0, 1, co}.

ExamMPLE 2. In the notation of [3], it is clear that everything is determined if the
sequencéo; } is specified. Lefo; } be of the form

K ok K ok+l ok+l K+l ok+2
ce 28,25 0 20, 2 2 L2 2N L

where then, are chosen large enough, to ensure that:

i(l—a) = 00.

i=1

For example, since & a = 2/(1+ ") = 2/(1 + €*) on thekth block, the choice
1
ng > E(ez + l), (nk € N)

will do. By Moore’s criterion [16], this ensurgs is of type lll, for eventually,

. 23 .
min ,1)=1 since g 1).
'(1 a ) ( a /1



So

Zmin 2 1 2(1—&-)—2(1—6\-)—00
1-3a’° N -
PROPOSITION2.2. The ratio set ofx is contained in0, 1, co}.

PROOF Suppose not. Lat € r(X, T, u), r > 2. Lete = 1. Choosek such
that exg2‘) > r + 1. Choosen such thaf{o; }°, takes values iff2¢, 2«1, ... }. Let
A =y, X" for thisn and anyy, (sayy, = 0).

Clearly for anyu € A, andy such thatyu € Awe get

duoy m
i v = eXp;(Xi O

for somem depending oy andy; € {—1, 0, 1}. Thus

Z(XiO’i € {0} U ZKN,
and so
duoy .
w-r|>1 (sincer > 2).
du
Thus there is no sé as required by the definition d¥,. O

ExampPLE 3. (Counterexample to [3, Theorem 4.4(&3 [3, Theorem 4.4(b)] and
to [4, Lemma 2.2]).

To define{o;}, take blocks as in example 2 and insert the value 2 in front of
thekth block for eactk. Thus{s;} is a sequence of the form

2k—1 2k—1 2k—1 2k -1 2k 2k 2k 2k+1 -1 2k+1 2k+1
The condition om, is the same as before, for example
N > exp(29).

or, more conveniently, defing instead by considering the series

1 24 =
+9+9°+ 1-g

whereq = u; ({0}) = 1/(1 + exp(—2)) (on the blockk) and letn, be the number of
terms needed to get a partial sum of say at Iéalst— g)~!. The idea in the form of



the sequence is that it is essentially like example 2, but with a tiny nick on each big
step.

For consistency with the notation of [3] we will use the notatioi@Gemeasures in
the statement below. Recall that for any meaguvee have

du 1
G, = where ™ = oy.
"7 duo a |Fn|y;ﬂ“ Y

We then haveg, = G,/G,_;. In the case of a product measyte= .-, /tn,
Oh(X) = un({Xn}).

PrROPOSITION2.3. Let i be the resulting measure. Then

(i) the ratio set ofu is contained in0, 1, co};

(i) Ve > 0,38 > 0, such thatvn € N, Vyy € I', AL > n such that
w{u € X" : Jv € X", eventually equal ta, such thatt > L implies
T 9 (0)/G () — €] < €}) = Bu(pX™.

REMARK 1. (ii) is the case = e of [3, Theorem (4.4)(a)]. But by (ieis notin
the ratio set ofe, contradicting [3, Theorem (4.4) (b)].

REMARK 2. It will be evident from the proof that if [3, Theorem (4.4) (a)] is
altered to read, instead &fh 3L, to ‘ILvn...| > n+ L...’, then this would
not be a counterexample. In fact, the proof given in [3] is valid with this change.
Furthermore, this is the version adopted later, in [3, Theorem (5.2)] (where it should
read sup(N(n) — n) < K(e)).

PrOOF (of Proposition 2.3(i)). Suppose not. Lret- 2 be in the ratio set. Choose
k such that ex(®) > r + 1. Now consider the seA defined as follows. Choose
n € N such that{o; }< is the tail starting from block. Leti = i, be the indices
where the nicks occur, that is, where

o, =2 —1, l=1,2,...
Fix ay, € Iy, and define
A={uepX":0=u,=u,,=---}={ueypX": uy,=0 Vvl >k}

Let us first observe thatif € Aandyu € Athen

dl;;y(u)=e)(p< Z OliUi)

i=n,ig{i}



because by the deftion of A, there can be no change in the coordinates i,
| =k, k+1,... (thatis, all those, which are> n).

Herem > n andy; € {—1, 0, 1} depend ory andu.

So, since these take values if(2, 2«1 ...} (thatis, no 2— 1 type values), we
have, as in example 2,

> 1 forall suchu.

‘duoy(u)_r

du

Hence for this sef, and fore = 1, there is no seB as required in the definition of
reR,.
It remains to check that(A) > 0. Clearly

u(A) = [ [ (0h) = [ T i (1OD.
k

i >n |=

But u;, ({0}) = 1/[1+exp(—a;,)] = 1/[1+exp(—(2 — 1))] since this is the definition
of o; on the ‘nicks’. This certainly gives a convergent product (sihge, exp(—2') <
00.)

Thus(A) > 0 as required. O

ProOF OF2.3(ii). Fixe > 0. Fix n € N andy, € I',. Consider & such that the
kth block, including its ‘nick’ occurs inside the tdib; };.,. We shall do coordinate
changes within this block only, hence we can take theto be the end of block.

Considemn € y, X" of the following types:

i (ix + N
X x 01 x X X X (24)
X x 0|0 1 x x x : (%)
x x 0|0 O 1 x X : (%)
x x 0|0 0O O 1 x :
x x 0|0 .. .. .. .. 01 %)

For each#; consider the/; shown below:

)41
V2

oooo
oooo
R
loNoNeR
oOor o
oOr oo
N eNeNe)
oo oo

Vi



Clearlyu € %, — y;u =: v € »X" since we have agreed that all ot are in
YoX".
Let us computédu o y;)(u)/du for u € %;. This is just

mi (1) p. ({0
mi (0D ({1

wherex denotes an irrelevant index betwegrand L (that is, in the block). This
coincides with

L o
i (v . e % 1
9 ) , which reducesto— — = e @0 gt@ — ¢
LR RI0) 1 ew

In other words, it is true, for ali € [ J}*, %}, that

|
Jv in X", eventually equal toi, such that > L implies 1_[ % —€el <e

i=n

holds. It remains to check that the measure satisfies
i (Uj.%) = p for some absolutg > 0.
We have

w(24) = wi, ({0h)p. ({1})
(%) = i, {0 . ({0 . ({1})
(%) = i, ({0}) . ({0 . ({0 1 ({13)

and the7; are all disjoint. Thus, we get a total of
O Pao (1 + Qo + G + ),

whereq;, = i, ({0}, Puy = m({1}), dw = 1— Pgo-
We agreed that, was large enough to give us at least

1 1
G Poo 5 7 e

Wl

1
qikE >

sinceq;, = 1/[1 + exp(—(2¢ — 1))] is nearly equal to 1.
Hence we can takg = 3. This proves 2.3 (ii). O



REMARK. Notice how this fits in with Lemma 2.1. There it was required also that
{y;%;} be disjoint. Here we can check directly how badly they fail to be disjoint (of
course, they must fail, because otherwise Lemma 2.1 would be contradicted).

They; %; are:

1 0 x X X U
1 0 0 x x Vo Us
1 0 0 0 x :

1 0 0 0 O

and so on. Clearly all are subsets of the first one, whichph@s?4) very small
(= wi ({1D).

3. Proof of a proposition

The following proposition was given as [3, Proposition 6.2]. Unfortunately, its
proof used [3, Theorem 4.4], which we have just disproved! Here is a corrected proof,
not without interest in its own right.

ProOPOSITION3.1. If & — O and}_a? = oo, then the measurg is of typelll,,
that is, its ratio set ig0, oo].

We need the following probabilistic lemma. First let us fix some notation as in
[3, pp. 11-12]. Forgiven &< g < 1/2, i = 1,2,... we associate the sequence
o =log{(1+a)/(1—a)} (a <o <4a) and vice versa (that is, if a statement
refers to{o; } first, we assumég, } defined in terms ofo; }).

We also associate with a givéa } independentrandom variables as follows. These
are{u;} and{v; }, where

PU=0=Pu=0="2% Pu=1=Pu=1="2
and all are taken to be independent (thy$are independent arjd; } is an independent
copy of the sequendgi; }). Here as usudP (x) is the probability of the event.

Now putA; = v; —u;. ThenA; € {—1,0, 1} andE(A;) = 0. A simple calculation
shows thaE(A?) = 1(1 - &?).

Also define for 1< n < m, (and for given{a; }),

S = Xm:UiAi = Xm:Ui(Ui —Up).



LEMMA 3.1. Given—oc0 < a < b < oo, there existp := p(a,b) > 0 and
1> 4§ :=6(a,b) > 0such that given anya } and anym € N satisfying:0 < ¢; <

8, 1<i<m,and2< )" 02 <2+ §? it follows that:

P@<S"<b)>p.

REMARKS. (1) We emphasize thap and§ depend only on the given interval
[a, b]. Sothe conclusion holds ‘uniformly’, whenevg}™ | has the stated properties.
(2) Obviously, if instead of ‘1< i < m' we considerh <i < m’, we get the same
result (applying the lemma): If & o; <8, n<i <m,and2< )" 02 <2+ 82,
then

P@< §'<b) >p,

since the index plays no role in the statement. (Heére- §(a, b), p = p(a, b)).

(3) The{A;} are independent, but not identically distributed; the distribution,of
is given bya,. However, the distributions are all ‘comparable’ simgce< 1/2 (in fact
a < o, < § imposes an even stronger uniformity on thersi i§ small.)

(4) If § is small, thenm must be large (at least/d?). ThusS" is an essentially
normalized sum of a large number of independent random variables.

PrOOF OFLEMMA. The lemma follows from an exercise in [6, problem 5, page
205]. This exercise asserts the following: For every Othereisa = 5(¢) > Osuch
that whenevek € N and Xy, ..., Xy are independent zero mean random variables
with

k k
Xk: EXX) =1 Y E(X[»<s andSi=) X,
i=1 i=1 i=1

then sup_|P(S < x) — ®(X)| < e whered(x) = [ e /2dt/+/2x is the standard
normal distribution function.

This is simply a quantitative version of Liapunov’s Central Limit Theorem and can
be verified by following the steps in the proof of it given in [6, Theorem 7.1.2]. (A
more direct proof can be given for our random varialiig®ut we omit it).

Given the above result, the lemma follows by normaliz8fgand substituting it
for the Sin the above result from [6]: (indeed[" is almost normalized, but not quite,
because of thg).

Given —o0o < a < b < oo, choosea < @ < b < b (saya = 2a+ zb,

b’ = a+ 2bto be definite). Letp = d(b) — (@) = [ e /2dt//2r and put
€ = p'/100,8' = 8(¢€").

To obtain the lemma, choogg < 1 and small enough to ensure

aga’\/lzlz(sg < b’\/lzlzagg b



We shall compute the resulting = p(a,b). Assumes; < §(a,b) :=: § and
2 <Y ", 02 <2+ §?asin the statement of the lemma.
To normalizeS", we need the variance

m m 1_ a2
s = 3 eren = 3o (153)
i=1 i=1

Sinceo; < 8(a,b) =:8,and 2< Y ", 02 < 2+ 62, we havea? < 02 < §(a, b)2.
Thus

that is,
1-8*<E(SH) <1+ 182

PuttingXi = ;A //E((S)?) andS= Y |", X;, we have that

I}
1% z

%P = 11X loo - IXi[* < max(oy) - Sﬂx"

1
J1—62
Thus

<25 <& =68().

m
1)
E(X® <
; (IXP) = =5
Hence Chung’s exercise applies with= ¢'. Thus

P@<S<b)=P(S<b)-P(S<a)
> (O(0) — @) — 2
=p —2p'/100= 0.98p.

If S<b,thenS" = S/E(SM?) < by/1+d?/2<b/1+8 <b. Ifa < S then
av/1—-6%2< S, soa < S". Itfollows thatifa’ < S< b’ thena < S" < b, and we
conclude that

P@<S'<b)>P@<S<b)>098p.



Thus we can take
la+3b

p(a, b) = 0.98p = 0.98 / e 2 dt/v2r
3atib

and the lemma is proved. O

ProOF OFPrROPOSITION3.1. It suffices to show the following, which is a version
of [3, Proposition 2.3 (i)]:
Forany O<r < 0o, € > 0, putp = logr. Then for everyA C X with (A) > 0,
there existy € I' such that
(X) ‘ }) > 0.

Recall that ifu = (u;)2,, yu = ((Yu))2, :=: (v, then

duoy g ((yun) 1+a\""
l_[ g (u) l_[(l—a) ’

i=1

3.1 n ({x € A:yx e Aand|log d

so that

d
log

wy == a(ruy — ).
i=1

Thus, consider the interval, (for givene), [—p — €, —p + €] =: [a, b].
Let the setA C X be given,u(A) > 0. Letk = p(a, b)/200 wherep(a, b) is
defined in Lemma 3.1. Let; € N be large enough to ensure that

if n > n; theno, < é8(a, b)

wheres(a, b) is also defined in Lemma 3.1.
Sinceu(A) > 0, we can findn > n; andy, € I', such that the cylindep, X"
satisfies

(AN X" = (1 — k) u(X").

Putﬁ = ,lL/,U/()/oXn) I’eS'[I’IC'[ed tOJ/oXn, Ao = AN )/OX”, Xo = )/OX”.
ConsiderX, x X, with measurégr x . Observe that

Ao x Ay C Xox Xo and (L x )(Ag x Ag) = (1—k)*>1— 2.
Let(u, v) € Xy x Xq, and identify

U= (Uy,Upsq,...) and v = (v, Upy1,...).



Then{u }2,, {v}’°, are independent random variables on the probability spése
Xo, 1 x 1) satisfying all the conditions of the Lemma (in the same notation). Since

o, <d(a,b), i>n,

we can also choosa > n large enough (but not too large) so that
m
2<) of <2+5(a by’
i=1

Since) 0?2 = oo, this is achieved by lettingh be the smallest integer such that
I=n "1

2< Zaiz.
Thus, applying the Lemma to
SHES Zai(vi —U)
we have
(L xm@a= g <b)>p@hb).
Let G denote the ‘good set’
G'={(u,v) € Xg x Xp:a < §"(u,v) <b}
so that

i x (G = p(a, b).

Since §"" depends only on the coordinates. .. , m, thenG" is a disjoint union of
cylinder sets

Gy = JU, x Vo)

where eacl,, V, is of the form

U, = (Uy, Up,q, ..., Up) x {0,1} x {0, 1} x ---
V, = (v, vn ve) x {0, 1} x {0, 1} x ---

neLs s e o

(wheretheu?, v*i =n, ..., mare the ‘good’ choices of zeros and ones).
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Our problem is to show that there is an= «, such that they = y,,, determined
by sendingy® — v™, i =n, ..., m, satisfies property (3.1).
PutP = /& x u for convenience. We have

P(Gy N (A x Ag)) = P(GY) — P(GI\ (Ao x Ao))

P(GY) — P((Xo x Xo)\(Ag x Ag))
P(GM — 2« = P(G™) — 0.01p(a, b)
P(GM) — 0.01P(G™)

= 0.99P(GM),

\

=
=

that is, Ay x A covers 99% or more of the good s&X].

ConsequentlyA; x Ay covers 99% or more of at least one of the x V, (whose
disjoint union isGy").

Thus, there exists, such that

P((Ao X Ag) N (Uyy X Vo)) = 0.99P (Uy, X Vy,)

whereU,, x V,, C G
PutU, =U,,, Vo = V,,. We have

w(Ao N Ug) (A N Vo) _ P((AoN'Up) x (AN Vo))
m(Uo) e (Vo) P Uy x Vo)

It follows that

> 0.99 (sinceP =[x x ).

u(Ao N Up) w(Ao N Vo) -

>0.99 and 0.99.
wlUo) — wM)  —
Define the proposed € I' by the conditions
(yx)i=x if i<n or i>m,

(yx)y=v*® if x=u® and n<i<m
Clearlyy (Ug) = V, and
w(E) _ u(y (E))
wu(Uo) u(Vo)

whenevelE C U,.

Thus
p(y (Ao N Uo)) _ p (Ao N Uo) ~ 0.99.
n(Vo) nwlo)  —
Combining this knowledge with the above fact tha®, N'Vy) /1 (Vp) > 0.99, we get
p(y (Ao N Uo) N (Ag N Vo))

> 0.99-0.01=0.98 > 0.

u(Vo)



PutB = y~1(y (Ay N Vo) N (AsN Vp)). Then
w(B) >0, BCANUyC AyC A, y(B)yCc AuNVyC Ay C A,

andB x y(B) c Uy x Vo C G, that is, ifu € B, then

= ((yuy — oy € [logr — e, logr + €]

which is the required property (3.1) O

4. Markov measures of typelll o

We now present a class of examples which are measured odometers, but with
measures which are not product measures, but rather Markov measures.

We use the Daniell-Kolmogorov consistency theorem to define a measu¢e-on
{0, 1}*" by specifying the measure of each cylinder. To be specificxlgt [ . . X.]
denote the set of points iK whose firsth 4+ 1 coordinates arg, X1, ... , X,. A set
of this kind will be called am-cylinder and will also be denoted]"". Then define

1([XoXs ... %)) = 3P5 P& ... P T
Ok ifi#j.

PO P2 .. P™ . whereP = {
This gives a measure oX. We then define the transformation group on the space:
I is the group of all finite coordinate rotations Xfgenerated by the, as introduced
above.
We will now demonstrate briefly an orbit equivalent system which in some ways
resembles the more familiar systems. Define a second measar¥ which is just
a product measure:

1- ifi =0;
V([XoX: ... %) = 39P...q"™, whereq® = {q % :f : 1
k =1

We then define a second transformation group on the spacis: the group of all
finite coordinate changes o% which change an even number of coordinates (this is
generated by the,, o v,). Then we can show that tHe action on(X, w) is orbit
equivalent to thd™ action on(X, v). The equivalence is given by a map which is
in fact a measure-preserving homeomorphism. Namely, ddfineX — X by
D(X)y, = Xg+ Xg + -+ + X, mod 2. IfXg, ..., X, are given, defingp, ... , Y, by

Yk = Xo+ Xy + - -+ + X (mod 2. Then a quick check shows thBf¥ = = q® so it

k—1Yk



follows thatv([Xg. .. X)) = u([Yo ... Ya]). This shows tha® is measure-preserving
as required. We can write down an explicit invedsas follows: ¥ (y), = Yn_1 + Y¥n
mod 2, thereby showing th&t is a homeomorphism (and in particular is invertible).
To check thatb is an orbit equivalence, frofX, v, I') to (X, u, I'), pick anx € X
and note tha® (v, o y, (X)) differs from®(x) in all coordinates between timeth and
then-1st. So the image of B orbit under® is exactly al” orbit as required.
Note that the systemiX, v, I') is known to have an associated flow with the AT
property by Hawkins’ result. (Infact, more is true: the flowXmx R prior to forming
the quotient also has the AT property.) But the system which we are considering,
(X, u, I'), is not orbit equivalent to the above, but rathe(¥q v, I'") which appears
at first sight to be very similar toX, v, ') (I is a subgroup of" of index 2), but
Hawkins’ proof does not seem to work in this situation where there is more dependence.
The system as defined so far has a number of paranmgtekse now show how
to choose them in such a way that the system isasitstem by analogy with the
construction in Section 2. We will construct an increasing sequence of integgnd
a rapidly decreasing sequence of real numipeiend define

o[t ftn=0
" |p ifn.<n<n.

Definingny = 0 andm; = n; — n;_,, the sequences are chosen so that

(4.1) i m; p; = o0,

i=1

(42) R >1 and limR;=o0 WhereRi=l_[<l pip> .1—ppi'
]—>0o0 _ i ]

i<j
We remark that it is possible to simultaneously satisfy these conditions by an inductive
construction. Supposing,, ... ,ng andp, ..., px are chosen. Thep,,; may be
chosen to ensure th&_; > k + 1 and subsequentlyn,.; may be chosen so that
M1 Pgr > 1.

The first condition, (4.1) is to ensure that the system is not of type |. The condition
is that the expected number of transitions (that is, places at whighx; _,) is infinite.

By the Kolmogorov 0-1 law, this ensures that the probability of having a sequence
which is eventually all 1s or eventually all Os is 0 and this is sufficient to guarantee
that the system is not of type I.

The second condition, (4.2) is to ensure that the only ratios occurring in the ratio
set are 0, 1 ando. Further, it can be checked as in Section 2, that all these occur so
that the system really is of type §ll Giveny € I andx € X, we see that the ratio
du o y/du is constant on ang,-cylinder aboutx wherey only affects coordinates
before then,th and sadw o y /di(X) = w([y )]™) /e ([X]™).



Givenx e X, define its block type as follows: the block type is a sequence of
numbers(ay, a;, a,, ... ) whereag = X, andg; denotes the number of transitions in
blocki (that is the number afl with n;_; < n < n; such that, # a,_., wheren, is
taken to be 0). The numbeg is to be interpreted as the number of transitions in the
0Oth block (that is, we have a notional initial state of 0 and thedenotes the number
of transitions from 0 in the Oth block.) Next, we note that the measure of a cylinder set
of the form [x]™ is determined by its block type. If the block type(&, a;, a,...)
then the measure oX[™ is ]_[ik:l p*(1— p)™~2. If y is as above angd(x) has block
type (b, by, ... , by, &1, &, . .. ) then we see that

dpL oy _ e ey P1 bi—ay P« b —ax
an X) = n(y O™ /n([(X]™) = (1_ p1> (1_ pk> '

We then see that either all of the terims— a, are 0 (in which case the ratio is 1) or
there is a largestfor whichb; — a; is non-zero. It is then straightforward to check
that the ratio is either larger thd or smaller than AR, according to whethds, — a

is negative or positive. Since in the definition of a ratio set, the ratios are required to
be found in any seh of positive measure, letting be ann,-cylinder, if B is a subset

of Aandy(B) C A, then the ratiadu o y/du on B is either 1 or larger thaiR, or
smaller than 1R,. Conversely, inside any set of positive measure, there are ratios
which are arbitrarily close to 0 ansb. This proves that the system is of clasg.llI

We use a construction of Hamachi and Osikawa [9] to give an explicit description
of the associated flow of the systéiX, v, I') and show that it still has the AT property.

To construct the flow, it is first necessary to get an explicit description of a quotient
space which arises in their construction. We now give this description.

Since the functionsli o y/du are continuous, they are defined on the whole
space and not just on sets of measure 1. This means that the following definition
makes sense. Givenandy in X, write x ~ y if y = y(x) for somey € TI" and
duoy/du(x) = 1. Thenlety denote the collection of equivalence clas¥gs~ and
let IT denote the natural projection frokito Y. Theo-algebra o is then given by
Z ={ACY:II'A e %)}. Let¥ denote the collection of measurable subsetX of
which are unions of--equivalence classes. Then we see fiat I1(¥).

We are then able to identify certain element&ofWe first note that ik has block
type (ap, ai, ay, ... ) andy has block typehy, by, b, ...) then

p@I™ _ ( Py )bl‘al N ( P )bk‘ak
p([X]™) 1-p 1-p« '

In particular, by the remarks made in the section on thedibperty, we see that
x ~ yifand only if x andy lie in the same orbit and haw = b; foralli > 1. We
now show that ifx ~ y thena, = by as well. To see this, suppose~ y. Then as




noted abovea, = by for eachi > 1. This means that, = x,_, + & (mod 2) and
Yo = Yn_, +& (mod 2) for each > 1. In particular it follows thaty, — x, mod 2
is independent of fori > 0. Sincex andy live in the same orbit, we require that
x andy differ only in finitely many places, so in particulat, =y, for alli > O.
This implies thatg, = by. Denote the block type of by B(x). We have shown that
X ~y = B(X) = B(y). This allows us to identify certain elements#éfas follows.
SetZ = {(ag,a1,...) :0<a <1;,0<a <m}. Givenb e Z, write C (b) for
{x:B(%) =b, Vi <k}. ThenCy(b) is a finite union of cylinder sets of length so

is certainly a measurable set.xlfe C(b) andx ~ vy, then sincey has the same block
type asx, we seey € C(b) soCy(b) is a union of~-equivalence classes as required.
It will be useful to note that by the above arguments, @#ndy are members o€ (b)
thenx, =y, foreachi <k.

We have therefore identified a collection of cylinder type sets which belofq to
Itis then possible to show that these sets gen&at#e demonstrate this by showing
that the algebra consisting of finite unions of sets of the fGutb) may be used to
approximate any element &.

Let A be any element o. We will show thatA may be arbitrarily closely
approximated by taking a union of sets of the fdBqtb). Lete > 0 be given. Then
pick 8 < min(1, €/2). Then letw denote the algebra of all finite unions of cylinder
sets inX. Then since« generates the-algebra?, any element of# may be
arbitrarily closely approximated by an elementsf In particular, there exists a finite
union of cylindersS such thatu(AAS) < §2. SinceS consists of a finite union of
cylinders, one of these cylinders has a maximum length and in particular, there exists
ak such that all of the cylinders formin§ have length less tham,. We may then
assume tha$ is formed of disjoint cylinders of length exacthy, sayC,,...C,. A
cylinder will be called good if it satisfieg (C\A)/w(C) < § and bad otherwise. We
let ¢ be the union of the good cylinders formisand letB be the union of the bad
cylinders formingS. Since the cylinders forminB are disjoint and for each, we have
w(C) < u(C\A)/¢, it follows thatu(B) < w(B\A)/§ < u(S\A)/8 < §. Now, we
have thatG = S\B consists of a finite disjoint union of goag-cylinders. Further,
we haver (GAA) < u(GAS) + u(SAA) < 8+ & < e.

Now if C is anny-cylinder forming part ofG, thenC is one of then,-cylinders
forming Cy(b) for someb € Z. We now show that any other cylinder making up
C«(b) is also good. To show this, |d&d be anothen,-cylinder which is a subset of
Ci(b). Then there exists @ € I which only affects coordinates up to thg ith
such thaty (C) = D. Further, restricted t€, y is a measure-preserving map. Since
we assumed thaf consisted of a union of--equivalence classes, it follows that
w(AN D) = u(AnNC) from which it follows thatD is good as required.

Finally, letG be the union of thos€, (b) which intersect. Then from the above,
it follows that u(G N A)/w(G) > 1 —§. In particular,..(G\A) < €. But we have



also thatu(A\G) < u(A\G) < € so we see that (AAG) < 2¢, proving the claim
that any element g may be arbitrarily well approximated by unions of sets of the
form C,(b). From this, it follows that these sets generatedtragebra? .

We now show that the quotient spatenay be identified wittZ. There is a natural
map fromY to Z and the above shows that any measurable subsétagfrees with
the inverse image of a Borel measurable subset 0p to a set of measure 0. This is
sufficient to guarantee the identificationYofindZ. We are also able to calculate the
guotient measure oB. This is defined by

15 (m b
v@o1y = 2 ] (E)“‘ SR
i=1 (

This is because the inversader the projection of the cylinder sélf is the union of
T, (W) cylinder sets inX of measure [T .- p)m™—bpP.

Having identified the quotient space, define a functiam X by ¢ (x) = min{log
du o y/du(x) :logdu o y/du(x) > 0}. Since theR were taken to be greater than
1, we see that this is a strictly positive quantity (and in fact bounded below by min
R). Further, it is clear that ik ~ vy, then¢ (x) = ¢(y). This shows thap may be
regarded as a function on the quoti&nt

The final ingredient in the construction of Hamachi and Osikawa is the construction
of an automorphisr of X such thatu o U/du = exp¢(x). Again, it is clear that
if X ~ ythenU (x) ~ U(y) so once again) may be regarded as a mapaf Clearly
from the construction of the measure ¥n U (x) should be a point in the orbit of
which has the transitions modified in such a way that

pQUEOI™ (1— m)al‘bl (1— p2>a2‘b2 (1— pk>ak‘bk
p([X]™) P2 P2 o Pk

is minimal but greater than 1, whengis defined such thaf (x) only disagrees with
x before then th terms andag, ay, ... ) and(by, by, ...) are the block types dfl (x)
andx. One can identify the effect &f on the cycle types. Namely, increase$, by
1 to a; unlessb; is already maximal, in which case is set to 0 andb, is increased
(unlessh, should happen to be maximal and so on). This is nothing other than an
odometer action whei® can range between 0 an@. This determinet) apart from
its effect onb,. This is determined by the requirement tlkaandU (x) should lie in
the samd"-orbit which determines that the total number of transitions up tfor x
andU (x) should have the same parity (even or odd). The digi then a ‘parity bit’
which must be chosen to ensure tha#a; + - - - + a, differs fromby +b; +--- + by
by an even number.

We call the automorphistd of Z an odometer with parity. The ergodicity of such
odometers with parity is not immediately apparent, but they turn out always to be
ergodic. This will in any case follow from results about the associated flow.




Finally, the construction of Hamachi and Osikawa gives an explicit description of
the associated flow. Namely, it is isomorphic to the suspension flaw .o — Z
with ceiling function¢ (z). To describe this, leZ, denote the spacfz,t) : z €
Z, 0<t < ¢(2}. The flow on this space is given by the mapsvheres > 0,

(z,s+1) ifs+t< o2
T(zt) =1 U@,s+t—¢(@) ifdp@) <s+t<¢@+¢U(2)

Since the map is invertible, the flow is also defined for negative time. An alternative
description of the flow is the following. An equivalence relation is defined on the
spaceZ x R, namelyx is the equivalence relation generated by (that is, the transitive
closure of)(z,t) ~ (U(2),t — ¢(2)). Then letting [z, t)] denote thex-equivalence
class of(z,t), Ts acts on the quotient spa@ex R/ ~ by T[(s,1)] = [(z,t + 9)].
In particular, we see that i and Z' lie in the same orbit, then we may piok
and x’ which lie in the same orbit and whose block types are respectiwelnd
Z which lie on the same orbit. There is thenya € T' such thaty,(x) = X.
The ratiodu o y/du(x) is determined by the block types a&f and x' (namely
z and Z) alone so is independent of the particular values<xand x’. Forming
7 = logdu o yp/du(x), we show thatz,t) ~ (zZ,t — ). Note that in doing this,
we may assume thatis positive. Since the ratios lodju o y /du(Xx) take values in a
discrete set, there can only be finitely many values ofllegy /du between O and (|
say). WriteZ (x) for {logdu oy /du(x) : y € T'}. Then by the chain rule, we see that
R (y (X)) = Z(x) —logdu o y/du(x). It now follows thatU! (z) ~ Z. Now we see
T=¢ @+ U @)+ --+¢UI~1(2). Inparticular, we have that, t) ~ (Z,t—1).
This is extremely important as it shows thkt(z,t) = (z,t). Letting K; denote
log((1 — p;)/p;), we see that in the case where< m;, Ty, (zt) = (Z t), where
Z =7 +3;.

It remains to demonstrate that this flow has the AT property. We wil{detenote
the characteristic function of a s8and use the notatioz][* or [by . . . b] for cylinder
sets inZ. Fix k > 0. Then we will show, taking sufficiently smail and letting
f = xp.0rxp.5. that we can closely approximate arbitrarily closely any given finite
collection of functions of the form(, nj«xc.q- Since any positive integrable function
may be arbitrarily closely approximated by a finite linear combination of functions of
this form, it will follow from this that the flow has the AT property.

First, we observe that letting = Zi“:la K; where 0< a < m;, we have

duoT_,
du

But we see thak oo oj<x0.51 (T (Z, 1)) is equal toxr, qoo. .o x[0.5) (Z t) and itis straight-
forward to check thal,([00...0]% x [0, §]) = [c(@)aa,...3a] wherec(a) is such

Z_ 1z, 1) = X0..0px0.5 (T--(Z, 1))

(z,1).



thatc(a) +a, + ... + a = 0 (mod 2). This follows from the fact that ¥ has
block type in [0Q..0] andy e T affect only the firstn, coordinates, leaving
y(X) € [c(@aa,...a]thenlogdu o y/du(x) = . This means thatZ_, f is just
Xic@aa. adx[0,5- From this, it follows that we can approximate arbitrarily closely (by
taking smalls) any function of the formyc.q) provided thad ¥ b, = 0 (mod 2).

It remains to show that we can approximate cylinders WIEL% b =1 (mod 2).

To this end, pick a very larg®! and consider? ,, f. Then as before, we have
f(T_k, (Z.1)) = X, (0.axp.o (Z 1). Then we observe that {fy, s) € [0...0] x
[0, slandyy # my thenTy,, (y, s) = (Y, s) wherey, = 1 andy, =y, + &y fori > 1.
SettingB = {(z,t) € [0...0]*x [0, 8] : Zw # My}, andB’ = ([0... 0] x [0, §])\ B,
we have thatf = xg + xs. Now xg o T_x, = X7, - We see thaly,(B) is
equal toS = {(z,t) € [100...0]* x [0, 8]: zy # O}. It follows that.Z g, xg is equal
to Cxs whereC is a constant. Sincgxg |y = pn™ | fll. and.Z g, is linear and
norm-preserving, we have

1.2k T — Cxpoo.opxo.s il < I-€-ku X8 — CXpoo.orxp.sll1 + Il xe 1
<(pu™ 4+ @ = p)™)I 1.

This shows that for largeMl, we can get an arbitrarily close approximation to
X[o00.0fx[0.5; @nd then by a similar argument to that for the even parity cylinders,
we see that we can approximate any function of the desired type. This completes the
proof. O
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