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Abstract

A unital CŁ-algebraA is called extremally rich if the set of quasi-invertible elementsA�1 ex.A/A�1

.D A�1
q / is dense inA, where ex.A/ is the set of extreme points in the closed unit ballA1 of A. In

[7, 8] Brown and Pedersen introduced this notion and showed thatA is extremally rich if and only if
conv.ex.A// D A1. Any unital simpleCŁ-algebra with extremal richness is either purely infinite or has
stable rank one (sr.A/ D 1). In this note we investigate the extremal richness ofCŁ-crossed products of
extremally richCŁ-algebras by finite groups. It is shown that ifA is purely infinite simple and unital then
A ðÞ G is extremally rich for any finite groupG. But this is not true in general whenG is an infinite
discrete group. IfA is simple with sr.A/ D 1, and has the SP-property, then it is shown that any crossed
productAðÞ G by a finite abelian groupG has cancellation. Moreover if this crossed product has real
rank zero, it has stable rank one and hence is extremally rich.

1991Mathematics subject classification(Amer. Math. Soc.): 46L05.

1. Introduction

In [7] Brown and Pedersen introduced the notion of extremal richness forCŁ-algebras
and proved many important results. In particular, it was pointed out [8] that a simple
unital CŁ-algebra with extremal richness is either purely infinite or has stable rank
one. This result is closely related to the long-standing open problem for simpleCŁ-
algebras: Is every infinite simpleCŁ-algebra purely infinite? (or is every finite simple
CŁ-algebra stably finite?) Still, there is no known example of a simpleCŁ-algebra
which is neither stably finite nor purely infinite. Related to this problem it is important
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to determine the extremal richness of a simpleCŁ-crossed product of a simple unital
CŁ-algebra by a discrete group, and this reduces to the question if pure infiniteness
(or the density of invertible elements) is preserved under taking crossed products by
discrete groups.

In Section 3 we first define the (WS)-property forCŁ-algebras which has been
studied by several authors without having been given a specific name, and we discuss
some basic results in connection with real rank and extremal richness. From observa-
tions by Blackadar [3], Brown and Pedersen [6], we see that this property is strictly
weaker than the real rank zero property or extremal richness. It is proved that ifA
has the (WS)-property, then its real rank is at most one (Proposition 3.6). We also
prove in Theorem 3.11 that for a simple unitalCŁ-algebra with stable rank greater than
one, the (WS)-property implies the (SP)-property; hence we can say that for a unital
simpleCŁ-algebraA, A is purely infinite if and only if every non-zero projection inA
is infinite andA has the (WS)-property.

When A is a purely infinite simple unitalCŁ-algebra, the first author proved [13]
that the simple crossed productAðÞ G of A by an outer actionÞ of a finite groupG is
also purely infinite, and in [14] both authors and Kodaka proved the pure infiniteness
of crossed products by the integer groupZ, which was extended by Kishimoto and
Kumjian [16] to any outer action by a discrete groupG. Outerness of the action is
essential for proving these results and actually it implies the simplicity of the crossed
product [15].

In this paper we shall see that ifG is a finite group, then any crossed product of a
purely infinite simple unitalCŁ-algebra byG is extremally rich since it is a direct sum
of purely infinite simpleCŁ-algebras, which follows from Theorem 4.2 and Rieffel’s
structural theorem on crossed products. In particular, ifA is a purely infinite simple
CŁ-algebra andÞ is an action by a finite group so that the crossed productAðÞ G is
simple thenAðÞ G is purely infinite. Izumi kindly informed us that he also proved the
same result using theCŁ-index Theory. Even though outerness of action is essential
in the proof of [16, Lemma 10] we can modify it to prove our Theorem 4.2 where we
do not have to assume outerness any more, at least for finite groups.

The crossed product of a stably finite simple unitalCŁ-algebraA with a trace is
always stably finite. But it is not easy to compute the stable rank of this kind of crossed
product even whenA is a UHF algebra. Note that Rieffel’s theorem [24, Theorem
4.3, 7.1] and observation [2, Proposition 10.3.3] show that

sr.Að Zn/ � sr.A/ C 1; n D 1;2; : : : ;

whereZ1 D Z and sr.A/ denotes the stable rank ofA. Using this observation,
Blackadar pointed out [4, Example 8.2.1] that there is a non-simple unitalCŁ-algebra
A with sr.A/ D 1 and an actionÞ of Z2 such that the crossed productAðÞ Z2 has
stable rank two, sr.A ðÞ Z2/ D 2. But it still seems to be conceivable that ifA is



a simple unitalCŁ-algebra with stable rank one, then the stable rank of the simple
crossed product by a finite group should also be one.

Recall that everyCŁ-algebraof stable rank one satisfies cancellation; it is not known
if the converse is true for simpleCŁ-algebras. In Section 5, we prove cancellation
for crossed products of simple unitalCŁ-algebras of stable rank one with the (SP)-
property by finite abelian groups (Theorem 5.4). In particular, anyCŁ-crossed product
UHF ðZn (n ½ 2) has cancellation. Moreover, if these crossed products have the
(WS)-property, then they have stable rank one. To see this we use Theorem 5.1 which
is due to Rieffel [25] and Warfield, Jr.

2. Actions of finite groups on simpleCŁ-algebras

In this section we briefly review Rieffel’s results [23] for finite group actions on
CŁ-algebras, from which we can learn much about the structure of crossed products
by finite groups. LetÞ be an action of a unital simpleCŁ-algebraA by a finite
group G. Since A is simple, the setN D fg 2 G j Þg is inner onAg is a normal
subgroup ofG, and the crossed productA ðÞ N can be viewed as aCŁ-subalgebra
of A ðÞ G generated byA and unitariesfŽg j g 2 Ng, wheref Žgj g 2 G g are the
unitaries generatingAðÞ G together withA. It is known from [23] thatAðÞ N is
a direct sum of matrix algebras overA. In fact, this crossed product is isomorphic
to A
 CŁfugŽg j g 2 Ng, whereug 2 A is the unitary inA implementingÞg. Then
there exists an actionþ of G on AðÞ N defined by

þt. f /.s/ D Þt. f .t�1st//; f 2 AðÞ N:

SinceA is simple, theG-invariant (or,Þ-invariant) ideals ofA ðÞ N correspond
exactly to theG-invariant (or,þ-invariant) ideals ofCŁfugŽg j g 2 Ng( D C). Since
C is a finite dimensionalCŁ-algebra, it is the direct sum of itsG-simple ideals. Let
C1; : : : ;Ck be theG-simple ideals ofC, and for eachi let Ii D .AðÞ G/ .A
 Ci /.
ThenI1; : : : ; Ik are mutually orthogonal closed two-sided ideals inAðÞ G. Moreover,
eachIi is simple.

THEOREM 2.1 [23, THEOREM 3.1]. Let A be a simple unital C*-algebra and let
G be a finite group. ThenA ðÞ G is the finite direct sum of simpleCŁ-algebras
f Ii j i D 1; : : : ; kg.

Let e denote the identity ofG. We call the actionÞ of G on A outer if every
Þg .g 6D e/ is an outer automorphism.

REMARK 2.2. If G is a finite group of prime order, then it follows from the above
observation thatA ðÞ G is simple if and only ifÞ is outer. More generally, if the



order ofG is the product of distinct primes, we get the same conclusion ([21, Theorem
5]). But in the case ofG D Z4 there is a non-outer action on a UHF algebra which
provides a simple crossed product ([9, Theorem 4.2.5]) while the crossed product
AðÞ G is always simple wheneverÞ is an outer action by a discrete groupG on a
simpleCŁ-algebraA [28].

3. CŁ-algebras with the (WS)-property

In this section we define the (WS)-property forCŁ-algebras and discuss basic
results. This property is strictly weaker than the properties of real rank zero, stable
rank one and extremal richness. The notion seems to be helpful for characterizing
simpleCŁ-algebrasand for computing stable rank of crossed products of simple stably
finite unital CŁ-algebras, in particular simple unital AF-algebras, by finite groups,
which we shall discuss in Section 5. Recall that an elementx of a CŁ-algebraA is
well-supportedif there is a projectionp 2 A with x D xp andxŁx is invertible in
pAp [3, Definition 4.3.3].

DEFINITION 3.1. A CŁ-algebraA has the (WS)-property if the set of all well-
supported elements inA is dense.

Note thatx is well-supported if and only if eitherxŁx is invertible or 0 is an isolated
point of the spectrum sp.xŁx/.

Recall that thestable rank, sr.A/, of a unitalCŁ-algebraA is the least integern
such that the setf.x1; Ð Ð Ð ; xn/ 2 An j Pn

iD1 xŁi xi is invertible in Ag is dense inAn.
Thensr.A/ D 1 if and only if the set of invertible elements is dense inA. If A is
non-unital, the stable rank ofA is defined to be that of its unitizationQA ([24]).

Similarly, for a unitalCŁ-algebraA, the real rank RR.A/ of A is defined to be the
least integern such that the setf.x0; x1; Ð Ð Ð ; xn/ 2 AnC1

sa j
Pn

iD0 x2
i is invertible in A g

is dense inAnC1
sa . If A is non-unital, we define the real rank ofA by that of QA [6].

A unital CŁ-algebraA is calledextremally rich[7] if the set of quasi-invertible
elements (D A�1

q ) is dense inA, whereA�1
q D A�1 ex.A/A�1 and ex.A/ is the set of

extreme points in the closed unit ball ofA. If A is non-unital, we callA extremally
rich if QA is extremally rich. Clearly everyCŁ-algebra with sr.A/ D 1 is extremally
rich.

The following is proved immediately from the characterizationof a quasi-invertible
element by Brown and Pedersen [7, Theorem 1.1].

PROPOSITION3.2. Let A be a unitalCŁ-algebra. IfA is extremally rich, thenA has
the(WS)-property.



PROOF. SinceA is extremally rich, the set of quasi-invertible elements is dense in
A. For each quasi-invertible elementx, jxj is invertible or 0 is an isolated point of the
spectrum sp.jxj/ ([7, Theorem 1.1]), sox is well-supported.

The following is shown by Blackadar.

PROPOSITION3.3 [3, Proposition 4.3.4].If RR.A/ D 0, then A has the(WS)-
property.

But the converse of the proposition is not true in general as the following examples
show.

EXAMPLE 3.4. TheCŁ-algebraC[0;1] of continuous functions on the interval
[0;1] has stable rank one, so it has the (WS)-property, but its real rank is one since
RR.C[0;1]/ D dim.[0;1]/ D 1 ([6]). Also Blackadar’s projectionless simpleCŁ-
algebra ([1]) and the simpleCŁ-algebraA3 from [5] have the (WS)-property and have
real rank one.

EXAMPLE 3.5. The multiplier algebra of a non-unital finite matroidCŁ-algebra has
real rank zero ([6]), so it has the (WS)-property. But it is not extremally rich ([8]).
More generally, the multiplier algebra of any simple AF algebra has real rank zero
([18]), but it is not extremally rich ([17]). Note that stable rank of these multiplier
algebras are greater than one, because their corona algebras always contain proper
isometries.

PROPOSITION3.6. Let A be a unitalCŁ-algebra with the(WS)-property. Then
RR.A/ � 1.

PROOF. It follows immediately from the definition that for a unitalCŁ-algebraA,
RR.A/ � 1 if and only if for any" > 0 and any elementx in A there is an element
y 2 A such thatkx � yk < " andyŁyC yyŁ is invertible. Therefore we have only to
show that any well-supported elementx in A can be approximated by some element
y 2 A such thatyŁyC yyŁ is invertible.

From the definition,x can be written asx D ujxj, whereuŁu D p for a non-zero
projectionp 2 A andjxj is invertible in pAp. For any" > 0 sety D x C ".1� q/,
whereq D uuŁ. Note that.1� q/x D 0. Then

yŁyC yyŁ D .xŁx C "2.1� q// C .xxŁ C ".1� q/xŁ C "x.1� q/ C "2.1� q//

D xŁx C ["2.1� q/ C xxŁ C ".1� q/xŁ C "x.1� q/C "2.1� q/]

D xŁx C c:



We show thatc is invertible. Setz D ".1 � q/xŁ; a D xxŁ. Thena D qaq is
invertible inq Aq andzD .1� q/zq. Since

.1� za�1/c.1� za�1/Ł D .1� za�1/."2.1�q/C zC zŁ CaC "2.1�q//.1� za�1/Ł

D "2.1� q/� za�1zŁ C aC "2.1� q/

anda D xxŁ is invertible inq Aq, it follows thatc D "2.1�q/CzCzŁ CaC"2.1�q/
is invertible if and only if"2.1�q/�za�1zŁC"2.1�q/ is invertible in.1�q/A.1�q/.
From

0� .1� za�1/."2.1� q/C zC zŁ C a/.1� za�1/Ł

D "2.1� q/� za�1zŁ C a;

we see that

"2.1� q/� za�1zŁ C aC "2.1� q/ .½ "2.1� q//

is invertible in.1� q/A.1� q/.

COROLLARY 3.7 [22, Theorem 10.4].Let Abe a unital extremally richCŁ-algebra.
ThenRR.A/ � 1:

Recall that a unitalCŁ-algebraA hascancellation of projectionsif wheneverp;q; r
are projections inA with p ? r; q ? r; pC r ¾ qC r , thenp ¾ q. A is said to have
cancellationif for eachn 2 N; Mn.A/ has cancellation of projections.

If RR.A/ D 0, thenA has cancellation if and only if sr.A/ D 1 [3, Corollary 4.3].
More precisely, we can rewrite the fact as follows.

THEOREM3.8 [3, Proposition 4.3.6].Let A be a unitalCŁ-algebra. Then the fol-
lowing are equivalent:

.1/ A has stable rank one.

.2/ A has the(WS)-property and cancellation of projections.

We can also characterize the pure infiniteness of simpleCŁ-algebras in terms of the
(WS)-property.

LEMMA 3.9. Let x be a well-supported element, anda be an invertible element in
a unital C*-algebraA. Thenxa is well-supported.



PROOF. SinceaaŁ is invertible, there exists aŽ > 0 such thataaŁ ½ Ž. Let x D xp
and xŁx be invertible in pAp. Thenx can be written asujxj with uŁu D p. Let
q D uuŁ, thenxxŁ is invertible inq Aq. SincexaaŁxŁ ½ ŽxxŁ we see thatxaaŁxŁ is
invertible inq Aq, so it is invertible inA or 0 is an isolated point of its spectrum. Thus
xa is well-supported inA.

The same argument as in [7, Theorem 3.5] proves the following lemma.

LEMMA 3.10.Let A be a unital C*-algebra with the(WS)-property. Then for a
non-zero proper hereditary C*-subalgebraB of A, QB has the(WS)-property, where
QB denotes the unitization ofB obtained by adding the unit ofA to B. Furthermore if
p is a non-zero projection inA then the hereditaryCŁ-subalgebraB D pAphas the
(WS)-property. If I is a closed two-sided ideal inA thenA=I has the(WS)-property.

The following result is an extension of [8].

THEOREM 3.11.Let A be a unitalCŁ-algebra with the(WS)-property. If B is
a non-zero hereditaryCŁ-subalgebra ofA with sr.B/ > 1 then B has a non-zero
projection.

PROOF. We may assume thatB D a Aa for a non-zero positive elementa 2 A.
Since sr.B/ D sr. QB/ > 1 there is a non-zero elementx 2 QB andŽ0 > 0 such that

dist.x;GL. QB// > Ž0. Let y 2 QB be a well-supported element such thatkx � yk <
Ž0=2. Note thaty is not invertible. Sincey is well-supported, there is a partial isometry
u 2 QB such thaty D ujyj;uŁu D p, andjyj is invertible in p QB p. Sinceu is not a
unitary, eitheruŁu 6D 1 or uuŁ 6D 1. Hence, either 1� uŁu or 1� uuŁ is a non-zero
projection contained inB.

Recall that aCŁ-algebraA is calledpurely infinite if every non-zero hereditary
CŁ-subalgebra has an infinite projection.

COROLLARY 3.12.Let A be a simple unital C*-algebra. ThenA is purely infinite
if and only if any non-zero projection inA is infinite andA has the(WS)-property.

PROOF. Since every purely infinite simpleCŁ-algebraA has real rank zero [29],A
has the (WS)-property.

Conversely,A contains orthogonal isometries, so that sr.A/ D 1 by [24, Propo-
sition 6.5]. It then follows from Theorem 3.11 that every hereditaryCŁ-subalgebra
contains a non-zero projection which is infinite by the assumption.



We close this section examining some equivalent conditions to extremal richness
of theCŁ-algebraC[0;1]
 A of operator valued continuous functions on the interval
[0;1].

LEMMA 3.13.Let A be a unital C*-algebra. Then

sr.C[0;1]
 A/ D sr.C.S1/
 A/:

PROOF. SinceC[0;1] 
 A is isomorphic to a quotientCŁ-algebra ofC.S1/ 
 A,
sr.C[0;1]
 A/ � sr.C.S1/ 
 A/.

Conversely, sinceC.S1/
A ¾D C0.0;1Q/
A andC0.0;1/
A is a closed two-sided
ideal ofC[0;1]
 A, we get

sr.C.S1/
 A/ D sr.C0.0;1/Q
 A/ � sr.C[0;1]
 A/:

PROPOSITION3.14.Let A be a unital C*-algebra. Then the following are equiva-
lent:

.1/ C.[0;1]/
 A has the(WS)-property.

.2/ C.[0;1]/
 A is extremally rich.

.3/ C.[0;1]/
 A has stable rank one.

PROOF. The implication 3 implies 2 is obvious, and 2 implies 1 was shown in
Proposition 3.2. We show that 1 implies 3. Suppose that sr.C[0;1]
 A/ > 1. Then
for the idealI D C0.0;1/ 
 A of C[0;1] 
 A, QI is isomorphic toC.S1/ 
 A, so
sr.I / D sr. QI / > 1 by Lemma 3.13. Hence, by Theorem 3.11,C0.0;1/ 
 A has a
non-zero projection, which is not possible.

COROLLARY 3.15.Let A be a unitalCŁ-algebra and letX be a finiteCW-complex
of dimension greater than two. ThenC.X/ 
 A is not extremally rich.

PROOF. TheCŁ-algebraC.X/
A hasC[0;1]2
A as a quotientCŁ-algebra. Since
sr.C[0;1]2
 A/ ½ 2 [20], the tensor product is not extremally rich from Proposition
3.14, because it is isomorphic toC[0;1]
 .C[0;1]
 A/.

We have seen in Proposition 3.6 that the (WS)-property of aCŁ-algebra implies
RR.A/ � 1. But the converse is not true as the following example shows.

EXAMPLE 3.16. Let A be a purely infinite simple unital C*-algebra. Then
sr.C[0;1] 
 A/ D 1 by [24]. So,C[0;1] 
 A does not have the (WS)-property
from the previous proposition. But RR.C[0;1]
 A/ D 1 [20].



4. Extremally rich infinite crossed products

When A is a primeCŁ-algebra, the set of extremal points, ex.A/, in the closed
unit ball of A is just the set of isometries and co-isometries, hence the set of quasi-
invertible elementsA�1

q .D A�1 ex.A/A�1/ is the set of one-sided invertible elements
in A. Rørdam [26] and Pedersen [22] proved that ifA is a purely infinite simpleCŁ-
algebra, thenA is extremally rich. For a unital simpleCŁ-algebraA, A is extremally
rich if and only if it is either purely infinite or sr.A/ D 1 ([8]).

In the present and next section, we discuss the extremal richness of theCŁ-crossed
products of extremally rich simple unitalCŁ-algebras by finite groups.

Using the results on the (WS)-property obtained in Section 3, we first give a simple
proof of the fact that a purely infinite simple unitalCŁ-algebra is extremally rich:

LEMMA 4.1 ([22], [26]). A purely infinite unital simple C*-algebra is extremally
rich.

PROOF. Since every quasi-invertible element inA is one-sided invertible, we show
that every element inA can be approximated by one-sided invertible elements inA.

Let x be an element inA. By Corollary 3.12, we may assume thatx is well-
supported. Then there exists a projectionp 2 A such thatx D xp and xŁx is
invertible in pAp. If p D 1, thenx is left invertible. Suppose thatp 6D 1. Put
u D x.xŁx/�1=2, where.xŁx/�1 is an inverse ofxŁx in pAp. Thenx D u.xŁx/1=2 and
uŁu D p. Putq D uuŁ. If q D 1, thenxxŁ is invertible in A, sox is right invertible.
If q 6D 1, sinceA is purely infinite simple, there is a partial isometryv 2 A such that
vŁv D 1� p andvvŁ � 1� q ([11]). Put y D x C "v. Then,kx � yk < " and
yŁy D xŁx C "2.1� p/, soy is left invertible.

Recall that aCŁ-algebraA has the (SP)-property if every non-zero hereditaryCŁ-
subalgebra ofA has a non-zero projection. From [6], we see that anyCŁ-algebra with
R R.A/ D 0 has this property. But the converse is not true in general ([22]).

The following extends the result in [16, Lemma 10].

THEOREM 4.2. Let A be a simple unital C*-algebra with the(SP)-property and let
Þ be an action by a discrete groupG. Suppose that the normal subgroupN D fg 2
G j Þg is inner onAg of G is finite. Then any non-zero hereditary C*-subalgebra of
the reduced crossed productAðÞr G has a non-zero projection which is equivalent
to a projection inAðÞ N.

PROOF. Let a 2 A ðÞr G be a non-zero positive element. We may assume that
kak D 1. We show that the hereditaryCŁ-subalgebraa.AðÞr G/a has a non-zero
projection which is equivalent to some projection inAðÞ N.



Let " > 0 be any sufficiently small number such that.192=ka0
2k C 15/" < 1,

wherea0 is the image ofa under the canonical faithful conditional expectation from
AðÞr G to A.

Let fŽg j g 2 Gg be the unitaries inAðÞr G implementingÞ. Since theŁ-algebra
generated byfbŽg j b 2 A; g 2 Gg is dense inAðÞr G, we can approximatea1=2 by
elements of the formb DPn

iD1 ci Žgi
so thatbŁb approximatesa to within ". Write

bŁb D b0 C
X

gi2Nnfeg
bi Žgi C

X
gl =2N

bl Žgl

with b0 ½ 0 in A andB DPgi2Nnfeg bi Žgi
D BŁ 2 AðÞ N. Then, sinceka0 � b0k �

ka� bŁbk < ", we have 0< ka0k � " � kb0k, andkbŁbk < kak C " D 1C ".
By [15, Lemma 3.2] there exists a positive elementx 2 A with kxk D 1 such that

kxb0xk > .1� "/kb0k and kxblŽgl
k < "=n2; gl =2 N:

Then

k.xax/2 � .xbŁbx/2k � kxaxkkxax� xbŁbxk C kxax� xbŁbxkkxbŁbxk
< " C "kxbŁbxk � " C "kbŁbk < 3";

and

kxbŁbxk ½ kxb0xk > .1� "/kb0k:

On the other hand,kx BxC x.
P

gl =2N blŽgl /xk D kx.bŁb/x � xb0xk � kxbŁbxk C
kb0k � 2C 2", hencekx Bxk � kx.Pgl =2N blŽgl /xk C 2C 2" � 2C 3".

Sincek.xbŁbx/k2 � .kx.b0 C B/xk C "/2 andkx.b0 C B/xk � kxb0xk C 2C 3"
� 3C 4", we see that

.1� "/kb0k � kxbŁbxk � kx.b0 C B/xk C " < 3C 5":

Let d D .x.b0 C B/x/2 2 AðÞr N. Note that 0< fka0k � 4"g2=4 � kdk. Then
0 < ka0k2=64< kdk because.1� "/.ka0k � "/ � " � kdk1=2. Since" < 1=2, the
left hand side in the previous inequality is larger than

1

2
.ka0k � "/ � " D 1

2
ka0k � 3

2
" ½ 1

2
ka0k � 3

2

1

4
ka0k D 1

8
ka0k:

Consider the continuous functionsf andg defined by

f .t/ D max.0; t � .1� "/kdk/; g.t/ D min.t; .1� "/kdk/:



Note that f g D .1� "/kdk f .
SinceÞg is inner for g 2 N, the crossed productA ðÞ N is isomorphic to a

direct sum of matrix algebras overA, and thus it has the (SP)-property. Letp be
a non-zero projection inf .d/.AðÞ N/ f .d/. Then there exists a non-zero element
y 2 f .d/.A ðÞ N/ f .d/ such thatp D y f .d/yŁ. Let

z0 D .1� "/�1=2kdk�1=2y f .d/1=2:

Then kz0k D .1 � "/�1=2kdk�1=2 and z0g.d/z0
Ł D p. Sinceg.d/ � d, we have

p D z0g.d/zŁ0 � z0dzŁ0. Thus there exists an elementz 2 AðÞ N such that

zdzŁ D p; kzk � kz0k D .1� "/�1=2kdk�1=2 � 8.1� "/�1=2=ka0k:
Since

kz.x.bŁb/x/2zŁ � pk
D kzf.x.b0 C B/x/2C x.b0 C B/x2CxC xCx2.b0 C B/x C xCx2CxgzŁ � pk
� kzdzŁ � pk C 2kx.b0C B0/xk" C "2 < 2.3C 4"/" C "2 < 15";

whereC DPgl =2N blŽgl , we have

kz..xax/2/zŁ � pk � kz..xax/2 � .xbŁbx/2/zŁk C kz.xbŁbx/2zŁ � pk
� 3"kzk2 C 15"

� 3
"

1� " ð
64

ka0k2
C 15"

�
�

192

ka0k2
C 15

�
" < 1:

Therefore, there exists an elementz1 2 AðÞr G such thatz1.xax/2zŁ1 D p. Thus
.xax/zŁ1z1.xax/ is a projection in the hereditaryCŁ-subalgebra.xax/.AðÞr G/.xax/.
Since .xax/.AðÞr G/.xax/ is isomorphic to the hereditary subalgebra
.a1=2x/.xŁa1=2/.AðÞr G/.a1=2x/.xŁa1=2/ [10, 1.4], the hereditaryCŁ-subalgebra
a.AðÞr G/a has a projection which is equivalent top.

COROLLARY 4.3 [16, Remark 8].Let A be a simple unital C*-algebra with the
(SP)-property and letG be a discrete group. If either the actionÞ of G on A is outer
or G is finite, then the reduced crossed productAðÞr G has the(SP)-property.

COROLLARY 4.4. Let A be a purely infinite simple unitalCŁ-algebra and letÞ be
an action by a discrete groupG such that the normal subgroupN is finite as in the
above theorem. ThenAðÞr G is purely infinite. In particular, if eitherÞ is outer or
G is finite thenAðÞr G is purely infinite.



PROOF. Note thatAðÞ N is the direct sum of purely infinite simpleCŁ-algebras (see
Section 2). So, any non-zero projection inAðÞ N is infinite. Therefore, any non-zero
hereditaryCŁ-algebra of the crossed product has a non-zero infinite projection.

THEOREM4.5. Let A be a purely infinite simple unital C*-algebra and letG be
a finite group. ThenAðÞ G is isomorphic to a direct sum of purely infinite simple
C*-algebras, so that it is extremally rich.

PROOF. By Theorem 2.1, the crossed productAðÞ G is the direct sum of simple
CŁ-algebras. Since this crossed product is purely infinite by Corollary 4.4,eachsimple
direct summand is purely infinite and so extremally rich by Lemma 4.1.

The following is an extension of [13, Theorem 1].

COROLLARY 4.6. Let A be a purely infinite simple unitalCŁ-algebra, and letG be
a finite group. ThenAðÞ G is purely infinite simple if and only if it is simple.

REMARK 4.7. (1) Izumi kindly informed that he also obtained the same result as
in Theorem 4.5 by the application of C*-index theory.
(2) Let A be a purely infinite simple unitalCŁ-algebra and letÞ be an action by an

infinite discrete group. Suppose that the reduced crossed productAðÞr G is simple.
Since A ðÞr G containsA as aCŁ-subalgebra,A ðÞr G has infinite projections.
However, it is not clear whetherA ðÞr G is purely infinite or not. If the action
Þ is outer then the crossed product is purely infinite as was mentioned before in
Corollary 4.4.

The following proposition shows that extremal richness may not be preservedunder
taking the crossed products by infinite discrete groups.

PROPOSITION4.8. Let A be a purely infinite simple unitalCŁ-algebra andÞ be an
outer automorphism onA. SupposeÞn D id for somen ½ 2. ThenA ðÞ Z is not
extremally rich.

PROOF. SinceÞn D id, AðÞ Z can be realized as a mapping torus ofAðÞ Zn, that
is, AðÞ Z is isomorphic to theCŁ-algebraf f : [0;1]! AðÞ Zn j f .1/ D OÞ. f .0//g
([2, Proposition 10.3.3]). Then we have the followingCŁ-exact sequence:

0! C0.0;1/
 .AðÞ Zn/! AðÞ Z! AðÞ Zn ! 0:

SinceÞ is outer, A ðÞ Zn is purely infinite simple by Corollary 4.4 (cf. [13]). It
then follows from Proposition 3.14 that the unitization ofC0.0;1/
 .AðÞ Zn/ is not
extremally rich. Hence,AðÞ Z is not extremally rich [7, Theorem 3.5].



5. Cancellation and extremal richness of finite crossed products

In this section we find a condition under which the crossed productAðÞ G has
cancellation whenG is a finite abelian group.

We begin with recalling the following theorem due to Rieffel and Warfield, Jr. [25].

THEOREM 5.1 [3, Theorem 4.2.2].Let A be a simple unital C*-algebra. Suppose
A contains a sequence.pk/ of projections such that

.1/ For each k there is a projectionrk such that2pkC1 ý rk is equivalent to a
subprojection ofpk ý rk.
.2/ There is a constantK such thatsr.pk Apk/ � K for all k.

ThenA has cancellation.

PROPOSITION5.2. Let A be a simple unitalCŁ-algebra withsr.A/ D 1 and the
the (SP)-property. IfÞ is an automorphism ofA with Þn D id, then A ðÞ Zn has
cancellation.

PROOF. We first assume that the crossed productAðÞ Zn is simple.
Since the fixed point algebraAÞ can be identified with a hereditaryCŁ-subalgebra

of A ðÞ Zn ([27]), AÞ has the (SP)-property by Corollary 4.3. Thus there is a
sequence of projectionsfpkg 2 AÞ such that 2[pkC1] � [ pk] by [19, Lemma 2.2],
where [p] denotes the equivalence class ofp. Since pk 2 AÞ, pk.A ðÞ Zn/pk is
isomorphic to.pk Apk/ ðÞ Zn for eachk 2 N. Note that eachpk Apk has stable
rank one sincepk Apk is stably isomorphic toA. From [2, Proposition 10.3.3] and
[24, Theorem 7.1] sr.pk Apk ðÞ Zn/ � 2. Therefore, the assertion follows from
Theorem 5.1 (K D 2; rk D 0/.

Now assume thatAðÞ Zn is not simple. Then from Theorem 2.1AðÞ Zn is a direct
sumI1ýÐ Ð Ðý Im of simpleCŁ-algebras. Since the fixed point algebraAÞ is isomorphic
to a hereditary subalgebra of the crossed product it has the (SP)-property by Corollary
4.3. Note thatAÞ is also a direct sumýk

jD1Bj (k � m/ of simpleCŁ-subalgebrasBj

([23, Corollary 3.5]), and each simple direct summandBj also has the (SP)-property.
Thus we can find a sequencefp. j /

k g of projections inBj such that 2[p. j /
kC1] � [ p. j /

k ]
by [19, Lemma 2.2]. HenceAÞ contains full projectionsfqkg with 2[qkC1] � [qk]
whereqk D

P
p. j /

k . SinceA is a subalgebra ofAðÞ Zn and AÞ ² A, we can write
qk D e.1/k ý Ð Ð Ð ý e.m/k for some projectionse. j /

k 2 I j . Note that each projectione. j /
k

is non-zero sinceqk is full in AÞ which contains the unit of the crossed product. It
then follows that 2[e. j /

kC1] � [e. j /
k ] for each j D 1; : : : ;m andk D 1;2;3; : : : . Since

qk 2 AÞ we have sr.qk.AðÞ Zn/qk/ D sr.qk Aqk ðÞ Zn/ � 2: But qk.AðÞ Zn/qk D
ým

jD1e. j /
k .AðÞ Zn/e

. j /
k , and hence sr.e. j /

k .AðÞ Zn/e
. j /
k / D sr.e. j /

k I j e
. j /
k / � 2. Thus each



simple direct summandI j has cancellation by Theorem 5.1 and therefore the crossed
productAðÞ Zn D ým

jD1I j has cancellation.

For a discrete semidirect product groupG D HðK with the group operation given
by .h1; k1/.h2; k2/ D .h1k1h2k

�1
1 ; k1k2/, if Þ is an action ofG on aCŁ-algebraA then

there is an isomorphism

� : AðÞr G! .Að.ÞjH /r H /ðþr K ;

whereÞ jH denotes the restriction ofÞ to H andþ : K ! Aut.A ð.ÞjH /r H / is the
action defined byþ.k/.au.h;1// D Þ.1;k/.a/u.khk�1;1/; a 2 A (hereu.h;k/ is the unitary
implementingÞ.h;k/, that is,Þ.h;k/.a/ D u.h;k/auŁ.h;k/). Then� is defined by�.au.h;k// D
au.h;1/vk, wherevk is the unitary such thatþ.k/.x/ D vkxvŁk; x 2 Að.ÞjH /r H; k 2 K .

LEMMA 5.3. Let A be a unital C*-algebra with finite stable rank and letG D
Zn1 ð Ð Ð Ð ð Znk

be a finite abelian group andÞ be an action ofA by G. Then

sr.AðÞ G/ � sr.A/ C k:

PROOF. This follows from [2, Proposition 10.3.3], [24, Theorem 7.1], and the above
argument.

THEOREM5.4. Let A be a simple unitalCŁ-algebra with stable rank one and the
(SP)-property, and letG be a semidirect product of finite abelian groups andÞ be an
action ofA by G. ThenAðÞ G has cancellation.

PROOF. It suffices to prove the assertion in case ofG D Zn1ðZn2 . Note that the fixed
point algebraAÞ is a hereditary subalgebra of the crossed productAðÞ .Zn1 ð Zn2/

which is a direct sum of simpleCŁ-algebras. Hence we can choose a sequence of
projectionsfqkg in AÞ such that 2[qkC1] � [qk] as in the proof of Proposition 5.2.
Then, from Lemma 5.3 we see that sr.qk..AðÞjZn1

Zn1/ðþ Zn2/qk/ D sr..qk AqkðÞjZn1

Zn1/ðþ Zn2/ � sr.qk AqkðÞjZn1
Zn1/C1 � sr.qk Aqk/C2 D 3 for anyk 2 N. Therefore,

AðÞ G has cancellation from the same argument as in Proposition 5.2.

COROLLARY 5.5. Under the same assumptions as in the previous theorem, ifAðÞG
has the(WS)-property, then it has stable rank one.

PROOF. It follows from Theorem 3.8 and Theorem 5.4.

COROLLARY 5.6. Under the same assumptions, ifAðÞ G has real rank zero, then
it has stable rank one.



REMARK 5.7. Even whenA is a UHF-algebra, there is an outer actionÞ on A with
Þ2 D id such thatR R.AðÞ Z2/ 6D 0 ([12]). But sr.AðÞ Z2/ D 1. It would be very
important and interesting to find the stable rank of crossed products satisfying the
assumptions in Theorem 5.4.

A unital CŁ-algebraA with sr.A/ D 1 always has cancellation, but it is not known
whether the converse is true for simpleCŁ-algebraswhile there is a (non-commutative)
non-simpleCŁ-algebra with cancellationwhose stable rank is two. Indeed,C[0;1]
B
(B is a Bunce-Deddens algebra) has cancellation and its stable rank is 2. In fact that
can be proved by the following proposition.

PROPOSITION5.8. For a unital CŁ-algebraA, C[0;1]
 A has cancellation if and
only if A has.

PROOF. We have only to show that if two projectionsp, q in C[0;1] 
 A are
equivalent, then they are unitarily equivalent (see [3, Proposition 6.4.1]).

Note that there exist unitariesu,v in C[0;1]
A (see [28]) such thatu.1
p.0//uŁ D
p andv.1
q.0//vŁ D q. SinceA has cancellation there is a unitaryw in A such that
wp.0/wŁ D q.0/ becausep.0/ andq.0/ are equivalent inA. Then

.v.1
w/uŁ/p.v.1
w/uŁ/Ł D q:
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