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Abstract

A unital C*-algebraA is called extremally rich if the set of quasi-invertible elemeAts ex(A) A1

(= Agl) is dense inA, where exA) is the set of extreme points in the closed unit ballof A. In

[7, 8] Brown and Pedersen introduced this notion and showedAhatextremally rich if and only if
convex(A)) = A;. Any unital simpleC*-algebra with extremal richness is either purely infinite or has
stable rank one (6A) = 1). In this note we investigate the extremal richnes§€otrossed products of
extremally richC*-algebras by finite groups. Itis shown tha#fis purely infinite simple and unital then

A x, G is extremally rich for any finite grouf. But this is not true in general whea is an infinite
discrete group. IfA is simple with s¢A) = 1, and has the SP-property, then it is shown that any crossed
productA x, G by a finite abelian grouf has cancellation. Moreover if this crossed product has real
rank zero, it has stable rank one and hence is extremally rich.

1991Mathematics subject classificatigAmer. Math. Sog: 46L05.

1. Introduction

In [7] Brown and Pedersen introduced the notion of extremal richne&zfaigebras

and proved many important results. In particular, it was pointed out [8] that a simple
unital C*-algebra with extremal richness is either purely infinite or has stable rank
one. This result is closely related to the long-standing open problem for siixiple
algebras: Is every infinite simp(@*-algebra purely infinite? (or is every finite simple
C*-algebra stably finite?) Still, there is no known example of a singplealgebra
which is neither stably finite nor purely infinite. Related to this problemitis important
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to determine the extremal richness of a simptecrossed product of a simple unital
C*-algebra by a discrete group, and this reduces to the question if pure infiniteness
(or the density of invertible elements) is preserved under taking crossed products by
discrete groups.

In Section 3 we first define the (WS)-property fGf-algebras which has been
studied by several authors without having been given a specific name, and we discuss
some basic results in connection with real rank and extremal richness. From observa-
tions by Blackadar [3], Brown and Pedersen [6], we see that this property is strictly
weaker than the real rank zero property or extremal richness. It is proved that if
has the (WS)-property, then its real rank is at most one (Proposition 3.6). We also
prove in Theorem 3.11 that for a simple uni@italgebra with stable rank greater than
one, the (WS)-property implies the (SP)-property; hence we can say that for a unital
simpleC*-algebraA, Ais purely infinite if and only if every non-zero projection
is infinite andA has the (WS)-property.

When A is a purely infinite simple unitaC*-algebra, the first author proved [13]
that the simple crossed produktx, G of A by an outer actior of a finite groupG is
also purely infinite, and in [14] both authors and Kodaka proved the pure infiniteness
of crossed products by the integer grafipwhich was extended by Kishimoto and
Kumijian [16] to any outer action by a discrete gro@p Outerness of the action is
essential for proving these results and actually it implies the simplicity of the crossed
product [15].

In this paper we shall see that® is a finite group, then any crossed product of a
purely infinite simple unitaC*-algebra byG is extremally rich since it is a direct sum
of purely infinite simpleC*-algebras, which follows from Theorem 4.2 and Rieffel's
structural theorem on crossed products. In particulak i§ a purely infinite simple
C*-algebra and: is an action by a finite group so that the crossed produxt, G is
simple therA x,, G is purely infinite. 1zumi kindly informed us that he also proved the
same result using thé*-index Theory. Even though outerness of action is essential
in the proof of [16, Lemma 10] we can modify it to prove our Theorem 4.2 where we
do not have to assume outerness any more, at least for finite groups.

The crossed product of a stably finite simple un@dtalgebraA with a trace is
always stably finite. Butitis not easy to compute the stable rank of this kind of crossed
product even whem is a UHF algebra. Note that Rieffel's theorem [24, Theorem
4.3, 7.1] and observation [2, Proposition 10.3.3] show that

sr(AxZ,) <srA)+1, n=12...,

whereZ, = 7Z and sfA) denotes the stable rank &. Using this observation,
Blackadar pointed out [4, Example 8.2.1] that there is a non-simple @iitalgebra
A with sr(A) = 1 and an actiom of Z, such that the crossed produktx, 7, has
stable rank two, $A x, Z,) = 2. But it still seems to be conceivable thatAfis



a simple unitalC*-algebra with stable rank one, then the stable rank of the simple
crossed product by a finite group should also be one.

Recallthat everg*-algebraof stable rank one satisfies cancellation; it is not known
if the converse is true for simpl€*-algebras. In Section 5, we prove cancellation
for crossed products of simple unit@r-algebras of stable rank one with the (SP)-
property by finite abelian groups (Theorem 5.4). In particular@mngrossed product
UHF xZ, (n > 2) has cancellation. Moreover, if these crossed products have the
(WS)-property, then they have stable rank one. To see this we use Theorem 5.1 which
is due to Rieffel [25] and Warfield, Jr.

2. Actions of finite groups on simpleC*-algebras

In this section we briefly review Rieffel's results [23] for finite group actions on
C*-algebras, from which we can learn much about the structure of crossed products
by finite groups. Letx be an action of a unital simpl€*-algebraA by a finite
groupG. SinceA is simple, the seN = {g € G | oy isinner onA} is a normal
subgroup ofG, and the crossed produét x, N can be viewed as @*-subalgebra
of A x, G generated byA and unitarieqs, | g € N}, where{dy|g € G} are the
unitaries generating x, G together withA. It is known from [23] thatA x, N is
a direct sum of matrix algebras ové: In fact, this crossed product is isomorphic
to A® C*{ugdy | g € N}, whereuy € Alis the unitary inA implementingeg. Then
there exists an actiofi of G on A x, N defined by

B (F)(s) = a(f (t71st)), f e Ax, N.

Since A is simple, theG-invariant (or,a-invariant) ideals ofA x, N correspond
exactly to theG-invariant (or,g-invariant) ideals ofC*{uyd, | g € N}( = C). Since
C is a finite dimensionaC*-algebra, it is the direct sum of its-simple ideals. Let
Ci, ..., C be theG-simple ideals ofZ, and for each let |, = (A x, G) (A® C).
Thenly, ..., I, are mutually orthogonal closed two-sided idealéir, G. Moreover,
eachl; is simple.

THEOREM 2.1 [23, THEOREM 3.1]. Let A be a simple unital C*-algebra and let
G be a finite group. TherA x, G is the finite direct sum of simplé*-algebras
{Li|i=1...,k}.

Let e denote the identity of5. We call the actiorw of G on A outer if every
oy (g # ©) is an outer automorphism.

ReEMARK 2.2. If G is a finite group of prime order, then it follows from the above
observation thatA x, G is simple if and only ifx is outer. More generally, if the



order ofG is the product of distinct primes, we get the same conclusion ([21, Theorem
5]). But in the case 06 = Z, there is a non-outer action on a UHF algebra which
provides a simple crossed product ([9, Theorem 4.2.5]) while the crossed product
A x, G is always simple whenever is an outer action by a discrete groGpon a
simpleC*-algebraA [28].

3. C*-algebras with the (WS)-property

In this section we define the (WS)-property for-algebras and discuss basic
results. This property is strictly weaker than the properties of real rank zero, stable
rank one and extremal richness. The notion seems to be helpful for characterizing
simpleC*-algebras and for computing stable rank of crossed products of simple stably
finite unital C*-algebras, in particular simple unital AF-algebras, by finite groups,
which we shall discuss in Section 5. Recall that an elemeafta C*-algebraA is
well-supportedf there is a projectiorp € A with x = xp andx*x is invertible in
pAp|[3, Definition 4.3.3].

DEFINITION 3.1. A C*-algebraA has the (WSproperty if the set of all well-
supported elements i is dense.

Note thatx is well-supported if and only if eithet*x is invertible or 0 is an isolated
point of the spectrum gg*x).

Recall that thestable rank sr(A), of a unitalC*-algebraA is the least integen
such that the seft(x;, -+ , X)) € A" | Y., X*x; is invertible in A} is dense inA".
Thensr(A) = 1 if and only if the set of invertible elements is denseAn If Ais
non-unital, the stable rank @ is defined to be that of its unitizatioh ([24]).

Similarly, for a unitalC*-algebraA, the real rank RRA) of A is defined to be the
least integen such that the s€txo, X;, -+ , X,) € AlZT | Y x?is invertible in A}
is dense inAZTL. If Ais non-unital, we define the real rank Afby that of A[6].

A unital C*-algebraA is calledextremally rich[7] if the set of quasi-invertible
elements£ A_') is dense inA, whereA;* = A~tex(A)A™* and exA) is the set of
extreme points in the closed unit ball 6f If A is non-unital, we callA extremally
rich if A is extremally rich. Clearly everg+*-algebra with stA) = 1 is extremally
rich.

The following is proved immediately from the characterization of a quasi-invertible
element by Brown and Pedersen [7, Theorem 1.1].

PrROPOSITION3.2. Let A be a unitalC*-algebra. IfAis extremally rich, therA has
the (WS)-property.



PrROOF SinceA is extremally rich, the set of quasi-invertible elements is dense in
A. For each quasi-invertible element|x| is invertible or 0 is an isolated point of the
spectrum s@x|) ([7, Theorem 1.1]), s« is well-supported.

The following is shown by Blackadar.

PrOPOSITION3.3 [3, Proposition 4.3.4]If RR(A) = 0, then A has the(WS)
property.

But the converse of the proposition is not true in general as the following examples
show.

ExampPLE 3.4. The C*-algebraC|0, 1] of continuous functions on the interval
[0, 1] has stable rank one, so it has the (WS)-property, but its real rank is one since
RR(CJ[0, 1)) = dim([0,1]) = 1 ([6]). Also Blackadar’s projectionless simpl& -
algebra ([1]) and the simplé*-algebraA?® from [5] have the (WS)-property and have
real rank one.

ExampPLE 3.5. The multiplier algebra of a non-unital finite matr@t-algebra has
real rank zero ([6]), so it has the (WS)-property. But it is not extremally rich ([8]).
More generally, the multiplier algebra of any simple AF algebra has real rank zero
([18]), but it is not extremally rich ([17]). Note that stable rank of these multiplier
algebras are greater than one, because their corona algebras always contain proper
isometries.

PrROPOSITION3.6. Let A be a unital C*-algebra with the(WS)-property. Then
RR(A) < 1.

PrOOEF It follows immediately from the definition that for a unit@F-algebraA,
RR(A) < 1if and only if for anye > 0 and any element in A there is an element
y € Asuchthat|x — y|| < ¢ andy*y + yy* is invertible. Therefore we have only to
show that any well-supported elemenin A can be approximated by some element
y € Asuch thaty*y + yy* is invertible.

From the definitionx can be written ag = u|x|, whereu*u = p for a non-zero
projectionp € A and|x| is invertible inpAp. For anye > 0 sety = X 4+ ¢(1 — q),
whereq = uu*. Note that(1 — gq)x = 0. Then

Y'Y+ Yy = Xx+2(1—q) + (XX + (L —qx* +ex(1—q) + (1 —q))
= XX+ [* (1 — ) + xX* + (1 — X" + ex(1 — q) + £*(1 — q)]
=X*x+cC.



We show thafc is invertible. Setz = ¢(1 — q)x*, a = xx*. Thena = gaqis
invertible ing Agandz = (1 — gq)zq. Since

(l1-zahcl—zah) ' =Q-zaH(EE@A-q)+z+zZ+a+2(1—q)(l—zalh)*
=e’1—q)—zalzr+a+e3(1—Q)

anda = xx* is invertible inq Aq, it follows thatc = ¢?(1—q) +z+ 2z +a+¢£%(1—Q)
is invertible if and only ife?(1—q) —za 'z* +¢?(1—q) is invertible in(1—q) A(1—Q).
From

O<(l-zahHEEA-q)+z+zZ+a)l—zah*
=e?(l—q)—za'z +a,

we see that
fl-q—za'z+a+1l—q (=1-0q)

is invertible in(1 — q)A(1 — Q).

COROLLARY 3.7 [22, Theorem 10.4]Let Abe a unital extremally ricic* -algebra.
ThenRR(A) < 1.

Recall that a unitaC*-algebraA hascancellation of projections whenevem, q, r
are projectionsirAwithp Lr, g Lr, p+r ~q+r,thenp ~g. Ais said to have
cancellationif for eachn € N, M, (A) has cancellation of projections.

If RR(A) = 0, thenA has cancellation if and only if 6&) = 1 [3, Corollary 4.3].
More precisely, we can rewrite the fact as follows.

THEOREM 3.8 [3, Proposition 4.3.6]Let A be a unitalC*-algebra. Then the fol-
lowing are equivalent:
(1) Ahas stable rank one.
(2) Ahas the(WS)-property and cancellation of projections.

We can also characterize the pure infiniteness of sil@plalgebras in terms of the
(WS)-property.

LEMMA 3.9. Letx be a well-supported element, aade an invertible element in
a unital C*-algebraA. Thenxais well-supported.



PrROOF Sinceaa* is invertible, there exists & > 0 such thata* > §. Letx = xp
andx*x be invertible inpAp. Thenx can be written asi|x| with u*u = p. Let
g = uu*, thenxx* is invertible inq Ag. Sincexaa‘'x* > §xx* we see thakaa'x* is
invertible inq Aq, so itis invertible inA or O is an isolated point of its spectrum. Thus
xais well-supported inA.

The same argument as in [7, Theorem 3.5] proves the following lemma.

LEMMA 3.10.Let A be a unital C*-algebra with th WS)-property. Then for a
non-zero proper hereditary C*-subalgebBiof A, B has the(WS)-property, where
B denotes the unitization & obtained by adding the unit g to B. Furthermore if
p is a non-zero projection i then the hereditar*-subalgebraB = p Aphas the
(WS)-property. Ifl is a closed two-sided ideal iAthenA/1 has the(WS)-property.

The following result is an extension of [8].

THEOREM3.11.Let A be a unital C*-algebra with the(WS)-property. If B is
a non-zero hereditargC*-subalgebra ofA with sr(B) > 1 then B has a non-zero
projection.

PROOF We may assume th& = aAafor a non-zero positive elemeate A.

Since s¢tB) = sr(B) > 1 there is a non-zero elements B ands, > 0 such that
dist(x, GL(B)) > &. Lety € B be a well-supported element such that— y|| <
80/2. Note thaly is not invertible. Sinceg is well-supported, there is a partial isometry
u € B such thaty = u|y|, u'u = p, and|y| is invertible in pB p. Sinceu is not a
unitary, eithemu*u # 1 oruu* # 1. Hence, either + u*u or 1 — uu* is a non-zero
projection contained ifB.

Recall that aC*-algebraA is calledpurely infiniteif every non-zero hereditary
C*-subalgebra has an infinite projection.

COROLLARY 3.12. Let A be a simple unital C*-algebra. TheA is purely infinite
if and only if any non-zero projection iA is infinite andA has the(WS)-property.

PrROOF Since every purely infinite simpl@*-algebraA has real rank zero [29]A
has the (WS)-property.

Conversely,A contains orthogonal isometries, so thatfsr = oo by [24, Propo-
sition 6.5]. It then follows from Theorem 3.11 that every heredi@tysubalgebra
contains a non-zero projection which is infinite by the assumption.



We close this section examining some equivalent conditions to extremal richness

of theC*-algebraC[0, 1] ® A of operator valued continuous functions on the interval
[0, 1].

LEMMA 3.13. Let A be a unital C*-algebra. Then
sr(C[0, 1] ® A) = sr(C(SH) ® A).

PrOOF. SinceCJ[0, 1] ® A is isomorphic to a quotier€*-algebra ofC(S") ® A,
sr(C[0, 1] ® A) <sr(C(S) ® A).

Conversely, sinc€ (S ® A = C,(0, 1) ® AandCy(0, 1) ® Ais a closed two-sided
ideal of C[0, 1] ® A, we get

SIC(SH ® A) =sr(Cy(0, 1y ® A) < sr(C[0,1] ® A).

PrOPOSITION3.14. Let A be a unital C*-algebra. Then the following are equiva-
lent:
(1) C([0, 1)) ® A has the(WS)-property.
(2) C([0, 1) ® Ais extremally rich.
(3) C([0, 1)) ® A has stable rank one.

PrOOFE The implication 3 implies 2 is obvious, and 2 implies 1 was shown in
Proposition 3.2. We show that 1 implies 3. Suppose th&[é; 1] ® A) > 1. Then
for the ideall = Cy(0,1) ® A of C[0,1] ® A, [ is isomorphic toC(S') ® A, so
sr(l) = sr() > 1 by Lemma 3.13. Hence, by Theorem 3.C}(0,1) ® A has a
non-zero projection, which is not possible.

COROLLARY 3.15. Let A be a unitalC*-algebra and letX be a finiteCW-complex
of dimension greater than two. The&r{X) ® A is not extremally rich.

ProoOF TheC*-algebreC(X)® A hasC[0, 1]?® A as a quotienC*-algebra. Since
sr(C[0, 1> ® A) > 2 [20], the tensor product is not extremally rich from Proposition
3.14, because it is isomorphic@{0, 1] ® (C[0, 1] ® A).

We have seen in Proposition 3.6 that the (WS)-property G6f-algebra implies
RR(A) < 1. But the converse is not true as the following example shows.

ExampPLE 3.16. Let A be a purely infinite simple unital C*-algebra. Then
sr(C[0,1] ® A) = oo by [24]. So,C[0, 1] ® A does not have the (WS)-property
from the previous proposition. But RR[0, 1] ® A) = 1 [20].



4. Extremally rich infinite crossed products

When A is a primeC*-algebra, the set of extremal points,(8), in the closed
unit ball of A is just the set of isometries and co-isometries, hence the set of quasi-
invertible element#\;* (= A"t ex(A)A™?) is the set of one-sided invertible elements
in A. Rgrdam [26] and Pedersen [22] proved thakifs a purely infinite simpleC*-
algebra, therA is extremally rich. For a unital simplé*-algebraA, A is extremally
rich if and only if it is either purely infinite or $B) = 1 ([8]).

In the present and next section, we discuss the extremal richness@f-thressed
products of extremally rich simple unit&F-algebras by finite groups.

Using the results on the (WS)-property obtained in Section 3, we first give a simple
proof of the fact that a purely infinite simple uni@t-algebra is extremally rich:

LEmMmA 4.1 ([22], [26]). A purely infinite unital simple C*-algebra is extremally
rich.

PROOF Since every quasi-invertible elementAns one-sided invertible, we show
that every element i\ can be approximated by one-sided invertible elements in

Let x be an element iM. By Corollary 3.12, we may assume thats well-
supported. Then there exists a projectipne A such thatx = xp and x*x is
invertible in pAp. If p = 1, thenx is left invertible. Suppose that # 1. Put
u = X(x*x)"Y2, where(x*x)~1 is an inverse ok*x in pAp. Thenx = u(x*x)"? and
u*u = p. Putq = uu*. If g = 1, thenxx* is invertible in A, sox is right invertible.
If g # 1, sinceA is purely infinite simple, there is a partial isometrye A such that
v'v = 1— pandvv* < 1—q ([11]). Puty = X + ev. Then,|x — y| < ¢ and
y'y = X*X + £2(1 — p), soy is left invertible.

Recall that &C*-algebraA has the (SP)-property if every non-zero hereditaty
subalgebra oA has a non-zero projection. From [6], we see that@malgebra with
RR(A) = 0 has this property. But the converse is not true in general ([22]).

The following extends the result in [16, Lemma 10].

THEOREM4.2. Let A be a simple unital C*-algebra with thgSP)}property and let
a be an action by a discrete group. Suppose that the normal subgrolib= {g €
G | og is inner onA} of G is finite. Then any non-zero hereditary C*-subalgebra of
the reduced crossed produét x,, G has a non-zero projection which is equivalent
to a projection inA x, N.

PrROOF Leta € A x, G be a non-zero positive element. We may assume that
la]l = 1. We show that the heredita6/*-subalgebra(A x,, G)a has a non-zero
projection which is equivalent to some projectiondnx, N.



Lete > O be any sufficiently small number such tha92/||a?|| + 15¢ < 1,
wherea, is the image of under the canonical faithful conditional expectation from
A x, Gto A

Let {54 | g € G} be the unitaries irA x,, G implementingx. Since thex-algebra
generated bybs, | b € A, g € G} is dense inA x,, G, we can approximata®? by
elements of the forrh = Y | ¢ 8, so thatb*b approximates to within e. Write

bo=lo+ Y  bidy+ > b,

gieN\{e} g ¢N

withby > 0in AandB = ZgieN\{el by = B* € A x, N. Then, sincdlay — byl <
la—b*b|| < &, we have O< [|a| — ¢ < ||boll, and||b*b|| < [|a] +& =1+ &.
By [15, Lemma 3.2] there exists a positive elemert A with ||X| = 1 such that

IXkox|l > (1 —&)[oll and [xbégll <e/n*, g ¢ N.

Then

I(xax)? — (xb*bx)?|| < [xax]|[xax — xb*bx|| + [xax — xbbx]|[|x b*bx]|
< &+ ¢|xb'bx| < & + ¢||b*b|| < 3e,

and
[XB*ox|| > [[XboX|| > (1 — &)|lbyll.

On the other hand|x Bx + x(Z@JI¢N b8y )Xl = [[x(b*b)x — XkpX|| < [[xb*bX| +
[Iboll < 2+ 2¢, henceg| X BX|| < [IX(Q_g¢n P18g)XIl +2+ 26 <2+ 3e.
Sincel|(xb*bx)[1> < (Ix(p + B)X|| + &)? and||x (o + B)X|| < [[XkoX|| + 2 + 3¢
< 3+ 4¢, we see that
(1= e)llboll < [Ixb'bx| < [x(bp + B)X|| +& < 3+ Se.
Letd = (x(bp + B)x)? € A x,, N. Note that O< {|ay| — 4¢}?/4 < |d|. Then

0 < |la|l?/64 < | d|| becaus€l — ¢)(||ay|| — &) — ¢ < [|d||/2. Sinces < 1/2, the
left hand side in the previous inequality is larger than

l(|| I —e) = l|| l 3 > l|| l 31|| = l|| l
51l =) =& =318l = 3¢ = 5%l = 57118l = g%l
Consider the continuous functiorisandg defined by

f(t) =max0,t — (1 —e)ldl), gt) =min(t, (1—e)ld]D.



Note thatfg = (1 — ¢)||d|| f.

Sinceay is inner forg € N, the crossed produch x, N is isomorphic to a
direct sum of matrix algebras ove&, and thus it has the (SP)-property. Letbe
a non-zero projection irf (d)(A x, N) f(d). Then there exists a non-zero element
y € f(d)(A x, N) f(d) such thatp = yf(d)y*. Let

2z = (1— &) |2y f(d)"2.

Then|z| = (1 — &) Y?d||"Y? and z,g(d)z* = p. Sinceg(d) < d, we have
p = 70(d)z; < z,dZ. Thus there exists an elemen& A x, N such that

zdZz =p, |zl < llzoll = @ — &) ?d|7Y* < 8(1 — &) Y*/lal.
Since

lz(x(b*b)x)*z* — p|
= ||z{(x(IBy + B)X)? + X (Iy + B)X?Cx + xCx(by + B)x + XxCx*Cx}z* — p||
< ||1zdZ — p|| + 2|Ix(bp + Bo)X|le + €% < 2(3 + 4e)e + £ < 15¢,

whereC =3 . bdg, we have

lz((xax)*)Z* — pll < llz((xax)* — (xb*'bx)*)Z*|| + [|z(xb*bx)*Z* — p||
< 3¢||z|? + 15¢
e 64
X
1-¢ Jal?

192
< ( + 15> e <1
laoll?

Therefore, there exists an elemenk A x,, G such thatz (xax)?z; = p. Thus
(xax)z z;(xax) is a projection in the hereditaG/-subalgebraxax) (A x,, G)(xax).
Since (xax)(A x, G)(xax) is isomorphic to the hereditary subalgebra
@2x)(x*a’?)(A x4 G)(a’?x)(x*al/?) [10, 1.4], the hereditaryC*-subalgebra
a(A x,, G)a has a projection which is equivalent o

+ 15

COROLLARY 4.3 [16, Remark 8].Let A be a simple unital C*-algebra with the
(SP)property and leG be a discrete group. If either the actianof G on A is outer
or G is finite, then the reduced crossed prodéck,, G has the(SP}property.

COROLLARY 4.4. Let A be a purely infinite simple unital*-algebra and letx be
an action by a discrete groug such that the normal subgrouy is finite as in the
above theorem. TheA x, G is purely infinite. In particular, if eithew is outer or
G is finite thenA x,, G is purely infinite.



ProOOF Note thatA x, N is the direct sum of purely infinite simpg*-algebras (see
Section 2). So, any non-zero projectiorirk, N is infinite. Therefore, any non-zero
hereditaryC*-algebra of the crossed product has a non-zero infinite projection.

THEOREMA4.5. Let A be a purely infinite simple unital C*-algebra and 1€t be
a finite group. Them x, G is isomorphic to a direct sum of purely infinite simple
C*-algebras, so that it is extremally rich.

PrOOFE By Theorem 2.1, the crossed producix, G is the direct sum of simple
C*-algebras. Since this crossed productis purely infinite by Corollargdeh simple
direct summand is purely infinite and so extremally rich by Lemma 4.1.

The following is an extension of [13, Theorem 1].

COROLLARY 4.6. Let A be a purely infinite simple unit&l*-algebra, and leG be
a finite group. TherA x, G is purely infinite simple if and only if it is simple.

ReEMARK 4.7. (1) Izumi kindly informed that he also obtained the same result as
in Theorem 4.5 by the application of C*-index theory.
(2) Let A be a purely infinite simple unital*-algebra and le be an action by an
infinite discrete group. Suppose that the reduced crossed pradugt G is simple.
Since A x,, G containsA as aC*-subalgebraA x,, G has infinite projections.
However, it is not clear whethehA x,, G is purely infinite or not. If the action
a is outer then the crossed product is purely infinite as was mentioned before in
Corollary 4.4.

The following proposition shows that extremal richness may not be preserved under
taking the crossed products by infinite discrete groups.

PrOPOSITION4.8. Let A be a purely infinite simple unital*-algebra andx be an
outer automorphism oi\. Suppose" = id for somen > 2. ThenA x, Z is not
extremally rich.

PrROOF Sincex" = id, A x, Z can be realized as a mapping torusfok, Z,, that
is, A x, Z is isomorphic to th&€*-algebrg f : [0,1] - Ax,Z, | (1) = a(f(0)}
([2, Proposition 10.3.3]). Then we have the followi@g-exact sequence:

0— Ci(0,) ® (Ax,7Z,) > Ax,Z—> Ax,Z,— 0.

Sincex is outer, A x, Z, is purely infinite simple by Corollary 4.4 (cf. [13]). It
then follows from Proposition 3.14 that the unitization@f0, 1) ® (A x, Z,) is not
extremally rich. HenceA x, Z is not extremally rich [7, Theorem 3.5].



5. Cancellation and extremal richness of finite crossed products

In this section we find a condition under which the crossed produgf, G has
cancellation whef® is a finite abelian group.
We begin with recalling the following theorem due to Rieffel and Warfield, Jr. [25].

THEOREMb.1 [3, Theorem 4.2.2] Let A be a simple unital C*-algebra. Suppose
A contains a sequendgy) of projections such that

(1) For eachk there is a projectiorr, such that2p..; @ r¢ is equivalent to a
subprojection ofp, @ ry.
(2) There is a constar such thatsr(p.Ap.) < K for all k.

ThenA has cancellation.

PROPOSITIONS.2. Let A be a simple unitalC*-algebra withsr(A) = 1 and the
the (SP)property. Ifa is an automorphism oA with " = id, then A x, Z, has
cancellation.

PrOOFE We first assume that the crossed prodiict,, Z, is simple.

Since the fixed point algebr& can be identified with a heredita€/-subalgebra
of A x, Z, ([27]), A* has the (SP)-property by Corollary 4.3. Thus there is a
sequence of projectiongy} € A* such that 2p,.1] < [p] by [19, Lemma 2.2],
where [p] denotes the equivalence class pf Sincep, € A*, pc(A X, Z,) Pk IS
isomorphic to(pcAp) x. Z, for eachk € N. Note that eaclp,Ap, has stable
rank one sincegAp is stably isomorphic toA. From [2, Proposition 10.3.3] and
[24, Theorem 7.1] SpApc X, Z,) < 2. Therefore, the assertion follows from
Theorem 5.1K = 2,r, = 0).

Now assume thah x, Z,, is not simple. Then from Theorem 241x,, Z,, is a direct
suml, ®- - - @ |, of simpleC*-algebras. Since the fixed point algebrais isomorphic
to a hereditary subalgebra of the crossed product it has the (SP)-property by Corollary
4.3. Note thatA” is also a direct surﬂal?;lBj (k < m) of simpleC*-subalgebras;
([23, Corollary 3.5]), and each simple direct summd)clso has the (SP)-property.
Thus we can find a sequengp,’} of projections inB; such that 2p{;] < [p’]
by [19, Lemma 2.2]. Henc@&® contains full projectiongqy} with 2[0.1] < [Qk]
whereg, = 3" p{’. SinceA is a subalgebra oA x, Z, and A* C A, we can write
= 6" @ @ e™ for some projections,” € I;. Note that each projectiog}”
is non-zero since is full in A* which contains the unit of the crossed product. It
then follows that 28] < [e{”] for eachj = 1,...,mandk = 1,2,3,.... Since
Ok € A we have Stk (A X, Z,)0k) = SIOAG X, Zy) < 2. But gk(A x, Z)0 =
am el (Ax, Z,)e”, and hence g6’ (A x, Z,)&) = si(g1;6”) < 2. Thus each



simple direct summant has cancellation by Theorem 5.1 and therefore the crossed
productA x, Z, = @, l; has cancellation.

For a discrete semidirect product grd@p= H x K with the group operation given
by (ha, ky) (2, ko) = (hikihoki?, kaky), if o is an action ofG on aC*-algebraA then
there is an isomorphism

¢ Axy G = (A X H) x5 K,

wherea |4 denotes the restriction of to H andg : K — Aut(A x,,» H) is the
action defined bys (k) (aun 1)) = @k (@)Uxnkr.1y, & € A (hereugy, is the unitary
implementingx ), thatisam k) (@) = Unkauy, ). Thenp is defined byp (@un k) =
augp, 1, v, Whereuy is the unitary such thgt(k) (x) = wXvg, X € A X H, ke K.

LEmMmA 5.3. Let A be a unital C*-algebra with finite stable rank and I& =
Z,, x --- x Z, be afinite abelian group ane be an action ofA by G. Then

sr(A x, G) <sr(A) +k.

PrOOF This follows from [2, Proposition 10.3.3], [24, Theorem 7.1], and the above
argument.

THEOREMS.4. Let A be a simple unitaC*-algebra with stable rank one and the
(SP)property, and lets be a semidirect product of finite abelian groups ante an
action of Aby G. ThenA x, G has cancellation.

PrROOF. Itsuffices to prove the assertionin cas&of 7, x Z,,,. Note that the fixed
point algebraA” is a hereditary subalgebra of the crossed produst, (Z,, x Z,,)
which is a direct sum of simpl€*-algebras. Hence we can choose a sequence of
projections{qgy} in A* such that Aj.,,] < [qg«] as in the proof of Proposition 5.2.
Then, from Lemma 5.3 we see thatgi((A Xalzy, Lny) X Lny)0) = SH(G Ak Xz,

Zn,) X Ln,) < SHOAG Xy, Zn,)+1 < sHGAG)+2 = 3foranyk € N. Therefore,
A x, G has cancellation from the same argument as in Proposition 5.2.

COROLLARY 5.5. Under the same assumptions as in the previous theoreyx, jiG
has the(WS)-property, then it has stable rank one.

ProoE It follows from Theorem 3.8 and Theorem 5.4.

COROLLARY 5.6. Under the same assumptionsAifx, G has real rank zero, then
it has stable rank one.



ReMARK 5.7. Even wherA is a UHF-algebra, there is an outer actioon A with
a? = id such thatR R(A x, Z,) # 0 ([12]). But sKA x, Z,) = 1. It would be very
important and interesting to find the stable rank of crossed products satisfying the
assumptions in Theorem 5.4.

A unital C*-algebraA with sr(A) = 1 always has cancellation, but it is not known
whether the converse is true for simflé-algebras while there is a (hon-commutative)
non-simpleC*-algebra with cancellation whose stable rankis two. Ind€gal, 1]® B
(B is a Bunce-Deddens algebra) has cancellation and its stable rank is 2. In fact that
can be proved by the following proposition.

PrOPOSITIONS.8. For a unital C*-algebra A, C[0, 1] ® A has cancellation if and
only if A has.

PrOOE We have only to show that if two projections g in C[0,1] ® A are
equivalent, then they are unitarily equivalent (see [3, Proposition 6.4.1]).

Note thatthere exist unitariesv in C[0, 1]® A(see [28]) such that(1® p(0))u* =
p andv(1® q(0))v* = g. SinceA has cancellation there is a unitanyin A such that
wp(0)w* = q(0) becausep(0) andq(0) are equivalentirA. Then

W@ w)u)pv(l® w)u)* =q.
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