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Abstract

It has been observed by a number of researchers that although itis well-known that all continuous functions
defined on C-compact spaces are closed functions, this property does not characterize C-compact spaces.
In this note we employ the notion of strongly subclosed relations to prove that a space is C-compact if
and only if all functions on it with strongly subclosed inverses are closed functions.
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Throughout this note all siwes are Hausdorff spaces. Létbe a space and let
A C X.We denote the closure @by A and the collection of open sets which contain
Aby X(A) (Z(x) if A= {x}); we use the notatioRl (x) = {V — {X} : V € Z(X)}.
The#-closureof A, denoted bycly A, is [y 4 V and thes-adherencef a filterbase
Q, denoted byad, 2, is (), clsF. These notions were introduced by \éo for
the purpose of studying H-closedagges and have subsequently received wide usage
(see [1, 2]). A relationF C X x Y is strongly subclosed ad,F(I"'(x)) C F(x)
for eachx € X for whichT"(x) is a filterbase orX [1]. We will say that a function
g : X — Y has astrongly subclosed inversi¢the relationg=? is strongly subclosed.
Itis not difficult to prove that continuous, and inde®2dontinuous [1], functions have
strongly subclosed inverses.

A spaceX is said to beC-compacff for each closedA C X, each cover ofA by
open subsets of contains a finite subfamily” such thatV : V € 7'} coversA. A
space is Hclosedif it is a closed subspace of every space in which it is embedded. It
is known that a spack is C-compact if and only if each clos&dc X and filterbase
Q on A satisfy Anad,Q # @ and that a spac¥ is H-closed if and only if every
filterbase onX has nonempty-adherence [3]. We are now in a position to give a
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proof of the theorem.

THEOREM A spaceX is C-compact if and only if all functions oxX with strongly
subclosed inverses are closed functions.

PrOOF Necessity. LeA C X beclosed, and : X — Y have a strongly subclosed
inverse. Ify is a limit point ofg(A) thenQ = {g7Y*(W)NA : W e I'(y)} is afilterbase
onAand hencé# # AN ad,(Q) ¢ ANgi(y). Sog(A) is closed.

Sufficiency. Suppos@ is a closed subset of and thaf is a filterbase o\ such
that AN ad,Q = @. Since continuous functions have strongly subclosed inverses,
it follows that X is H-closed and hence th#& # X. Choosev € A and define
g: X—>Ybygx) =xif x € A, gx) =vif x € X — A whereY = X with
the topology{V € X : v € X —V or someF e Q satisfiesF C V}. ThenY is
Hausdorff andy=* ¢ g(X) x X is strongly subclosed sinde&(y) is a filterbase oY
onlyif v =y, andad,g *(I'(v)) Cc ad,Q2 C X—A C g }(v). Thereis ar, € Q and
W e Z(v) withWN F, = @in X. It follows thatg(Fp) = Fo € A—W = g(A—W),
sove A—W - (A—-W)inY. SinceA — W is closed inX the functiong is not a
closed function. O
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