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Abstract

There is a substantial theory (modelled on permutation representations of groups) of representations of an
inverse semigrouf$ in a symmetric inverse monoidyx, that is, a monoid of partial one-to-one selfmaps

of a setX. The present paper describes the structure of a categoricalajual the symmetric inverse
monoid and discusses representations of an inverse semigroup in this dual symmetric inverse monoid. It
is shown how a representation 8fby (full) selfmaps of a seK leads to dual pairs of representations

in .#x and.#y, and how a number of known representations arise as one or the other of these pairs.
Conditions onS are described which ensure that representatioSgwéserve such infima or suprema as

exist in the natural order @&. The categorical treatment allows the construction, from standard functors,

of representations @in certain other inverse algebras (that is, inverse monoids in which all finite infima
exist). The paper concludes by distinguishing two subclasses of inverse algebras on the basis of their
embedding properties.

1991Mathematics subject classificatigAmer. Math. Sog: primary 20M18; secondary 20M30.

1. Background information

In this paper we consider (i) the dual symmetric inverse mon@idof all bijections
between the quotient sets of a given ¥gtand more generally, the dual symmetric
inverse monoid#, of all isomorphisms between the quotient objects of an object

in any sufficiently well-endowed category; and (ii) representations of arbitrary inverse
monoids in dual symmetric inverse monoids. To do so with sufficient generality
requires that we first recall the category-theoretic framework of symmetric inverse
monoids. This approach directs consideration to both duality, and to the existence
of extra structure (that of complete inverse algebras) in both the symmetric and dual
symmetric cases.
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We adopt the concepts and notation of category theory given in [9] and the theory
of inverse semigroups given in [10], with the following exceptions. Firstly, rather than
use the standard definition of a subobject as an equivalence class of monisiirgto
wish ‘X is a subobject o¥’ to be read in the naive sense that there is a monic from
the objectX to the objecty. Secondly, morphisms (arrows) in a category, such as set
functions and group homomorphisms, will be written to the right of their arguments,
and so composition will occur from left to right, in diagram order. Functors, however,
will be written to the left of their arguments and their composition read from right to
left, as usual in [9].

A monosettings a pair(M, X), whereM is a category an is a distinguished
object ofM, such that every object dfl is a subobject o, every morphism oM
is monic, andV has finite intersections. We define in dual fashiorepisetting An
equivalencgduality] of settings is an equivalence [duality] between the categories
preserving the distinguished objects. Settings are encountered in ordinary categories
as follows:

If X is an object in a categof¢ which has finite intersections, denote iy X)
the subcategory of all monomorphisms between subobjects of K. Then the
pair (M (X), X) is a monosetting. IK is well powered (locally small), then every
monosetting(M (X), X) is equivalent to esmall approximation(M, X), whereM
is a small subcategory dfl (X) which also contain& and for which the inclusion
M C M(X) is an equivalence. Any pair of small approximationgMdf(X), X) are
equivalent. Our interest in small approximations rests on the following

CONSTRUCTION1.1. Let(M, X) be a small monosetting. Consider parallel pairs
of morphisms(g, g) : A — X in M (where the common domaia varies with the
pair). Two such pairgg, g) and (h, h") are equivalent if there is an isomorphism
u € M such that bottn = ugandh’ = ug . A fractional morphisnis an equivalence
class of pairs, with the class ¢f, g') denoted by §, g]. Let.# (M, X) denote the
set of all such fractional morphisms. A multiplication is defined.6iiM, X) by
setting [, g'][h, h'] = [mg, nh'] wherem andn arise from the intersection ikl of
the middle pairmg = nh.

It is easy to check, using the universal property of intersections, that the multipli-
cation is well defined. In fact it is straightforward to verify the following theorem, a
dual (and slightly more abstract) version of which may also be found in [6] or in [4,
Section VI1.8]

THEOREM1.2. (i) Under the multiplication described abov#,(M, X) forms
an inverse monoid. The idempotents are classes of the[fprg], with the identity
given by[1x, 1x] and inversion byg, g1 = [¢’, 9].

(i) An equivalenceg= : (M, X) >~ (N, Y) of small monosettings induces an



isomorphismF* : . #(M, X) = #(N,Y) given by the ruldg, g] — [Fg, Fg1].
Conversely, if derived inverse monoidgM, X) and.# (N, Y) are isomorphic, then
their settings are equivalent.

The inverse monoid? (M, X) is thus called thelassifying monoiaf the monoset-
ting (M, X). Clearly any small episettingg, X) also has aclassifying monoid
J (E, X) defined on the set of equivalence classgsgf] of pairs (g, g") of epi-
morphisms fromX to some common codomain. Upon defining multiplication by
[g,g1[h, h] = [gm, h'n], whereg'm = hn is the co-intersection of with h, the
dual assertions of the above theorem also hold.

Let K be a well-powered category with objet If M(X) is a monosetting,
then thesymmetric inverse monouaf X in K is the classifying monoid of any small
approximation(M, X) of (M(X), X), and is denoted?s (or .# (K, X) when the
ambient category needs reference). Since any two choicéslfaX) are equivalent,
Iy is well defined to within isomorphism. For each objectin a mathematically
interesting concrete categoly, there is usually a standard choice fdd, X) and
thus a standard form fawy. Given the dual conditions &, the dual symmetric
inverse monoid#y; of X in K is the classifying monoid of any small approximation
(E, X) of the episettingE(X), X). (Equivalently,.# in K is the classifying monoid
of the monosetting aX in the dual categoryK°fP.) Again .#y is unique to within
isomorphism. A categorli{ has Huall symmetric inverse monoidssuch monoids
exist at each of its objects. In many categories both typesarfaids exist atach
object, with the two monoids usually being nonisomorphic. Clearly we have:

CoRroLLARY 1.3. A well-powered category has symmetric inverse monoids if and
only if it has finite intersections. Dually, a co-well-powered category has dual sym-
metric inverse monoids if and only if it has finite co-intersections.

Most important categories of mathematical objects are usually complete and co-
complete. It follows that the [dual] symmetric inverse monoids of their objects must
be correspondingly well endowed. To see what occasal first that any inverse
monoid S comes equipped with a natural partial ordering define8tyy x > y if and
only if y = yy~1x, or equivalentlyy = xy~'y, so thaty is in some sense a restriction
of x. This ordering is compatible with both multiplication and inversian= y and
u > v imply xu > yv andx=! > y='. This leads us to the following definitions.
An inverse algebras an inverse monoid which forms a meet semilattice under the
natural partial ordering: for all, y € S, X A y exists inS. Equivalently, an inverse
algebra may be defined as an inverse mor®sdich that for eack € S, there exists
a greatest idempoterffx] € E(S) which annihilatex. Thusx > f[x], and for any
idempotente € Ssuch thatx > eit follows that f[x] > e. We refer tof[x] as the
fixed point idempoterdf x, and to the induced unary operatbr. S — E(S) as the



fixed point operatoof S. The binary operatior A y and the unary operatdix] are
connected by the identitiesc A y = f[xy Y]y = xf[x~ly]and f[x] = 1 A .

An inverse algebra isompletéf all nonempty subsets have infima. For an inverse
algebraS to be complete, it is necessary and sufficient that its set of idempotents
E(S) form a complete lattice under the natural partial ordering. In the complete case,
infima of nonempty subsets are induced from infim&i(s) by inf{x, | i € |} =
X inf{f[x'x] | i, j € I}, wherek is any element of the index skt Inverse algebras
are introduced and described in [7].

A categoryK has puall symmetric inverse algebréabit has [dual] symmetric
inverse monoids existing &ach of its objects, with all suchanoids being inverse
algebras. If the algebras are also complete, we sayKhats complete[duall
symmetric inverse algebrasiWhen does a category have possibly complete [dual]
symmetric inverse algebras? The answer is given by the following extension of
Corollary 1.3 together with its epic dual.

THEOREM 1.4. Awell-powered category hfsompleté symmetric inverse algebras
if and only if it has finitdarbitrary] intersections and parallel pairs of monomorphisms
have equalizers. In particular, a finitely compldamall-completg well-powered
category hagcompletg¢ symmetric inverse algebras.

The details of the proof, as well as a more thorough discussion of foundational
issues, are given in [8]. We remark, however, that in the fractional construction given
above, the fixed point idempotent of the clagsd'], if it exists, is the classfig, md]
wherem is the equalizer ofy andg’ in the monosetting.

The final assertion of Theorem 1.4 explains why [dual] symmetric inverse monoids
of objects in categories of interest to mathematicians typically form complete inverse
algebras: such categories tend to be both complete and cocomplete as categories. This
is indeed the case with the following categories of interest in this paper: the category
Setof sets and functions between them; the category of all algebras in a given variety
¥ of algebras of a given type, together with all homomorphisms between them; in
particular, for a given ringR, the categoryR-Mod of left R-modules and module
homomorphisms; and the categdkly of abelian groups and homomorphisms.

In what follows we shall be particularly interested in three questions: What can
be said about dual symmetric inverse monoids? How do they differ from symmetric
inverse monoids? What can be said about representations of inverse monoids and
algebras in dual symmetric inverse algebras of objects in the above categories?

We begin in the next two sections by examining the dual symmetric inverse monoid
5 of a setX and comparing it, both as monoid and inverse algebra, with the more
familiar symmetric inverse monoicx. The fourth section treats representations of
inverse monoids in dual symmetric inverse monoids of sets, and the fifth, representa-
tions of inverse monoids and algebras in [dual] symmetric inverse algebras of members



of a variety, particularly abelian groups. In these final sections, particular attention
will be given to the question of when an inverse algebra has a faithful representation
as an algebra in the dual symmetric inverse algebra of a set or of some abelian group.
Our study will involve Cayley-like representations such as the [dual] Wagner-Preston
Theorem, as well as induced representations obtained as instances of the following
useful result and its dual.

THEOREM 1.5. Suppose&K has symmetric inverse monoids, and fet K — K’
be a functor. IfF preserves monics and intersections, then at each objeuftk, F
induces a homomorphism of symmetric inverse monbids.#x — Z=x given by:
[0,9] — [Fg, Fg]. If F also preserves equalizers of parallel pairs of monics, then
fx is a homomorphism of inverse algebras. If, furthereflects isomorphisms, then
fx is injective.

2. The dual symmetric inverse monoid of a set

WhenX is a set (an objectin the categ@gf) one may identifysyx = .# (M (X), X)
with the symmetric inverse monoid (also denotég) of all partial 1-1 selfmaps of
X, under the isomorphisng[ g'] — g~'g’ for pairs of monicgg, g’) with codomain
X. We now describe?; = .7 (E(X), X) using the notions of block bijections and
biequivalences.

Recall that, on pditioning X into disjoint, nonempty subsets blocksA, B, ...,
there results thquotient se{ A, B, ... }. Then ablock bijectionof X is a bijectionu
between two quotient sets &f. Such au may be depicted using a variant form of
A | A
B: | B
that (A, | Ay |---) and(B; | By | ---) are respectively the domain and codomain
partitions of X, and that, for each membeérof a common index set, block A
maps undeg to block B;. Sincel J,., (A x By) is then a special kind of binary
relation, it is convenient to make the following definition. A binary relatoon
X is abiequivalencdf it is both full, that is Xa = aX = X, andbifunctional as
we translatalifonctionelle[12]; that is,a o ™! o @« € a Whereo denotes the usual
composition of binary relations on a set. Since the inclusiorv— o o 2 « always
holds, the conditiom o ™! 0 & C « is equivalent to asserting thato o~ o o = a.
Note that the relational inverse* of a biequivalence is also a biequivalence. Now
biequivalences are essentially block bijections:

the usual permutation notation where, for examples ( indicates

LEMMA 2.1.1f o is a biequivalence on X, then botho ¢! anda™! o  are
equivalence relations on X. Moreover the ndagefined by : X(a o ™) > Xxa for
X € X is a block bijection ofX/a o o~ to X/a~! 0 . Conversely, given equivalence



relations 8 and y on X together with a block bijection : X/8 — X/y, a unique
biequivalencgi on X inducingu is given by:x iy if and only ifxg +— yy under the
block bijectionu (in which case = fio it andy = ™' o 1). Finally, the two
processes are reciprocaﬁ =qaqandg = u.

We now define thelual symmetric inverse monoid on a 3gtalso denoted by,
to consist of all biequivalences ¢t with multiplication

af=ao(@toaVvBoBfHop,

wherev denotes the familiar join in the lattice of equivalence relations. It is straight-
forwardto check tha¥y is an inverse monoid. Equivalentformulations of the product
are

ap=(yreslaopcyl=JlwoBo(B oatoaop) neN}

It is also useful to record here thad ! = ¢ oot andea e = ¢ o toa foranyo,

and thatxB = o v 8 whena andg are equivalence relations. Further, a biequivalence
is an idempotent if, and only if, itis an equivalence, and the zero and identity elements
of #5areV =X x X andA = {(x,X) | X € X} respectively. Lastly, it is easy to
check that# forms a complete inverse algebra, with the infimum of anyc .7

given by infe/ = ({B € # | « C Bforalla € &/}, and the fixed point idempotent

of « € . by the equivalence relation generatecby

Regarding biequivalences as block bijections, the connection with the categorical
definition of .#; becomes apparent: an equivalence cldsg](where f andg are
mappings fromX onto some common codomalt) induces a block bijectiop from
the partition{yf~1 | y € Y} to the partition{yg™ | y € Y} defined by the rule
w:yf~t— ygl. Itis again easy to check that this produces a well-defined 1-1
correspondence, and that the multiplication in the categorical description of Section 1
matches the multiplication of biequivalences as described above.

Biequivalences are studied by Schein in [14], where they are termed bifunctional
multipermutations. However, for a multiplication operation, Schein considers only
composition of binary relations, and in contrast to the multiplicatioovindefined
above, the set dll biequivalences on a set is not closed under composition.

Note that the empty functioa: ¥ — ¢ in Set is an epi, so that’; consists of the
single elementd, €] (corresponding to the empty biequivalencenHenceforth we
consider only thoseZ; with X nonempty. Letra = anda '« be termed respectively
the left andright equivalencegor partitions) of «. By therank of « is meant the
cardinality of X /aa~t. Combining basic inverse semigroup theory with elementary
combinatorics allows aspects of the local structureZgfto be described as follows.



THEOREM2.2. Letw, B € Z5.

(i) o.&B [respectivelypZ B] if and only ifa and 8 have the same rigHieft]
equivalences.

(i) 2 = _¢; moreoveraZp if and only ife and 8 have the same rank.

(iii) Foreach cardinah such thatl < A < |X| there is a_# -classD, of that rank.
Moreover, in the usual ordering of -classesD, < D, if and only ifA < u, so that
the # -classes of# are totally ordered.

(iv) The maximal subgroup associated with an idempotent ofrraslksomorphic
with &,, the symmetric group of all permutations on a set of cardinality

(v) WhenX is finite with |X| = n, then for all1 < r < n the number of
idempotents in theZ -class D, of rankr is the Stirling number of the second kind
S.r» and D, has cardinalityr | 7 .

(vi) WhenX is finite with| X| = n, then the total number of idempotents6f is

the BellnumbeB, = Y, S, and|.75| = > r!S,.

From this theorem follow two immediate observations.

First, upon comparing the size of;; as given by Theorem 2.2(vi) above with
7% = Yo (") Poy = X" or! (")® (wheren = |X]), it follows that, forn > 4,
|7 > |.#x] andin fact.#;| / |.#x| — oo ash — co. Comparative values for small
n are given in the following table:

01 2 3 4 5 6
x| 1 2 7 34 209 1546 13327
1 1 3 25 339 6721 179643

Second, for all finite nonempt¥, .#x cannot be embedded intg;. Indeed if
|X] = n, then a maximal chain of idempotents.iiy hasn + 1 elements, while
by Theorem 2.2(iii) a maximal such chain i#; has onlyn elements. Setting
Xo = XU{O}where 0¢ X, anembeddingx : .#x — #x isdefined as follows. Given
a € Iy, firstidentify o with the subset oK x X given by its grapH(x, y) | Xa = y}
and then set

Ox (@) = a U (A, x B,) € Xo x Xo,

whereA, = Xy\domaina) andB, = Xy\codomairie). The mapy is clearly well-
defined and one-to-one. That it is a homomorphism is easy to check directly (and is
also a consequence of Theorem 4.1 below). Compdadgingith the Wagner-Preston
embedding ofSin ¢y, it follows that any given inverse monof8ican be embedded

in a dual symmetric inverse monoid on a sétof cardinality at mostS| + 1. In
Section 4, where we examine embeddings and more generally representations, it will
be seen that this cardinality may be reduce[8q by virtue of a dual of the Wagner-
Preston Theorem. It will also be seen thét and.#;; differ in their properties as the



codomains of embeddings; for this, we need first to distinguish certain aspects of their
structures.

3. Comparing the structures of.#y and .7

Recall that an inverseomoid Swith group of unitsG and semilattice of idempotents
E is factorizableif S = GE; or equivalently, if for eaclkx € Sthere is somg € G
such thatx < g. In generalF (S) = GE = EG is the greatest factorizable inverse
submonoid of anyS. If X is finite, then.#y is factorizable; otherwisel (.#x) is
a proper submonoid of?x. For |X| > 2, every element irF(.#y), except for
those partial bijectiona for which both the domain and range @fhave singleton
complements irX, may be expressed as the infimum of some nonempty subset of the
group of units. By contrast, in the dual symmetric inverse monoid we have

ProPOSITION3.1. If | X| > 3, then.Z; = F(7y) is a proper submonoid of’y.
For all X, each element of?;; arises as the infimum of some nonempty subset of the
group of unitsGy of .#5.

PROOF Giveno € #5, o € Z5 if and only if o € « for some permutation
o of X. But this is equivalent to asserting that each pair of cpoading blocks
A and A’ under the induced block bijectiofd have common cardinality. In this
casea anda are calleduniform Suppose thatX| > 3 and letx € X. Then
the block transposition interchangifig} with X\{x} is not uniform. The assertion
about.Z; being generated fron$y via infima is a consequence of the following
observation: letA and B be subsets of common cardinality, andIi&tA, B) denote
the set of all bijectiony : A — B with each bijection viewed as a subset/Ai B.
ThenA x B = [JI'(A, B). Hence if the uniform biequivalenee decomposes as
a = U (A x B), thena is the union of all permutationg of X of the form
p =i v Wherey, e I'(A, By) foralli e |. Thatis, in the algebréy , « is the
infimum of all suchp. g

The Z-classes ofZ, unlike those of.#x and.#;, are not linearly ordered by
rank. Let|X| = n. A partitionn of X is of typel2=...n™ if there arer; blocks
of sizei fori = 1,2,...,n. If » has rank, then the restrictions on the integers
are thatr; > 0, Y ;_,r; =r,and) |, ir; = n. Due to uniformity, Z-classes in
Z, are classified by type, with @&-classD consisting of all biequivalenceswhose
left and right equivalencesx—! anda~t«a share the commotypeof D. If this type
is 122 ... n", then any maximal subgroup &f is isomorphic to the product of the
permutation group®,, and so containgp = ry!r,! ---r,! elements. The number of



idempotents irD equals the number of partitions of type2lz. .. n™, whichis

n!
@hr2hyz ... (nHrarylryl - -orl

Tp =

Since the number of elementsihis gp3, the cardinality ofZ; is

(n!)?
Z Firg! - (@AHZe (2022 ... (nh)2m’

the sum being taken over all non-negative integauples(ry,r,, ...r,) such that
>L,iri =n. A brief table of computed values fof;| is given below.

Xl 0 1 2 3 4 5 6
|Z;] 1 1 3 16 131 1496 22482

Our present interest iff;; lies in the way the fixed point structure of elements in
Z, distinguishess#;; from .#¢ and other inverse algebras. First we summarise some
arithmetic information which follows from the description in the proof of Proposition
3.1.

PrROPOSITION3.2. Let o be a permutation of finite orden > 1 having orbits
O4, Oy, ... with |O¢| = n,. Then(i) n is the least common multiple of ting, and
(i) the equivalence classes bfo] in .Z; (and in.#) are precisely the orbit©,. It
follows that ifr is a permutation of differing order, thefifo] # f[z]. In particular,
(i) if m and p are distinct positive divisors of, then f[o™] # f[oP]; and (iv) if
m is relatively prime tan, then f[o™] = f[o] sincec™ ando have the same orbits.
Thus,(v) o creates distinct idempotenf§o™] in .Z3, for distinct positive divisorm
of n.

EXAMPLE 3.3. In.%|1 5 3 4, Dy contrastf[(1234] = f[(13)(24)] where(13)(24) =
(12342 has order 2. Hence, while the monaid; ,s4 can be embedded into
61234, It Cannot be embeddeak an inverse algebréhat is, with preservation
of fixed point idempotents or equivalently of natural meets) into the dual inverse
algebrasy of anysetX.

Recall (see [7], Section 1) thatinverse algebras form a variety of (universal) algebras
of type (2,2,1,0). An inverse algebra& is generated byx € Sif it is the only
subalgebra containing. If, in addition, x satisfiesx" = 1 for somen > 1 with n the
least such exponent, theéhis said to ben-cyclicon x. It is freely n-cyclicon x if
x" = 1 determines the structure 8f in which case the group of units is cyclic an
of ordern. Sis justfreely cycliconx if Sis generated by and is determined solely
by the relationxx! = 1 = x~1x, in which case the group of units is infinite cyclic
onx.



Either type of freely cyclic inverse algebra is unique to within isomorphism and
may be constructed as follows. & is a cyclic group orx, letK (G) denote the coset
algebra consisting of cosetz™) x* of subgroupsx™) of G, wherem dividesn if
n < oo. Multiplication is given by(x™) xk . (xP) x% = ((x™) Vv (xP))x**9 with the
fixed point operator given by[ (x™) x| = (x™) v (x¥). If we identify x with the coset
{1}x, then results in [7, Section 3] imply thKt(G) is the freely (-)cyclic algebra on
X.

THEOREM3.4. Leto be a permutation oiX, and letSbe the subalgebra generated
byo in .Z;. If o has ordem, thenSis freely n-cyclic orw. If X is infinite ando has
an infinite orbit, therSis freely cyclic orno.

PrROOF. If G is the subgroup o generated fromr, then the inclusiotio } € .75
induces an algebra homomorphisnmkadG) uponSdefined by(oc™) % > f[o™M]ok.
By [7, Proposition 1.18], in order to show that this map is one-to-one, we need only
show that it is one-to-one on idempotents. So suppose that subg{@Upsand
(o?) map to the same idempotefifo™] = f[oP] in .#;. If o has finite orden,
thenm and p are positive divisors of, so that by Proposition 3.2(vin = p. If
(... X_2X_1Xg X1 X2 ...) Iis an infinite cycle ofo corresponding to an infinite orbit,
then f [c™] has the equivalence cla&n | k € Z}, f[o "] has the clas$x, | k € Z},
and agairm = p. O

The infinite orbit is required in Theorem 3.4. For consider the permutatien
(12)(3456(78. . .)... ofinfinite order, with orbits of increasing orders2 8, 16, . . .,
but having no infinite orbit. In7}, f[z] = f[z?], so that the subalgebra generated
by 7 is not freely cyclic.

The 7y variant of the above theorem fails. A finite counterexample is provided by
the 4-cycle(1234 in .7}, ,34. For an infinite counterexample, takeas the seZ of
integers, and as the infinite cyclé..., -2, -1,0,1,2,...). Thenforalln # 0,0"
has no fixed points and stjo"] = f[o] = @. Thus the subalgebra of; generated
from o is G°, whereG is the cyclic group o, while K(G) is a lattice of infinitely
many cyclic groups.

We have seen how the behavior of cyclic subalgebras distinguishes dual symmetric
inverse algebras?; from symmetric inverse algebragx. We now consider an-
other distinguishing feature involving permutations of order 2, and more generally,
biequivalences such thatr® = «.

PROPOSITION3.5. If a, B € Z5; witha® = ¢ anda > B > f[a], thenp® = B.

PROOF Suppose first that is a permutation, and so factors as a product of disjoint
transpositionga;, b;). Thus each equivalence classfdix] is a binary subsefa;, b }



or a singletor{c}, withc ¢ |, {&, b;}. All biequivalence$ such thatr > g > f[«]
arise by replacing, irf [«], some of its subrelationis;, b;} x {a;, b;} by the original
transposition(a, b;), and all suclg satisfyg® = B. Inthe general case wheté = «,
a is its own inversex—! and lies in the maximal subgroup of the idempotert o2
Now if 8 be such thatr > g > f[«], thena, Band f[«] all lie in the local monoid
e-#e, which is isomorphic with the dual symmetric algebfa, whereY denotes the
quotient seX/s. Theng® = g follows by the first part of the proof. O

This proposition allows the strengthening of an observation in Example 3.3.

COROLLARY 3.6. If | X| > 2, then no semigroup embedding.&f into some.#
exists which preserves all instances of fixed point idempotents and natural meets.

PrROOF Leta andb be distinct elements of and leto be the transpositiota, b)
interchanginga andb, but fixing all other elements of. In .#y, f[o]is the identity
map on the subseX \ {a, b}. Next lett be the partial bijection which sendsto b
and fixes allx € X \ {a, b}. Note thair > 7 > f[o] andz? = f[o], so thatr® # 7.
Let6 : .y — 4 be a monoid embedding withd = « andzd = B. Then in.#},

o =a, B2 # B, buta > B > (f[o])8. By Proposition 3.5(f[c])9 cannot be
f[06] and sof does not always preserve fixed point idempotents. By the identity
f[x] = 1 A X, neither are meets always preserved. O

We conclude this section with some further comparisons and contrasts befiyeen
and.7g. For|X| > 2, both.#x and.#; have a unique O-minima¥-classM, lying
directly above the 0-class: iy this is the class of singleton relations #} the class
D, of biequivalences of rank 2. In bothy and.#;; one hast = supgf € M | B < «}
for any «, with the zero element arising as the empty supremum. However the fact
that the clas®, has subgroups of order 2 leads to yet another distinction betwgen
and.7;. Recall that the coarsest idempotent-separatimgaiences on . is the
equality relation. By way of contrast we have

PrOPOSITION3.7. The coarsest idempotent-separating congrugnoe .5 is the
relation {(a, B)|a = B or elsea 7B with a, 8 € D,}.

PrOOF Recallthatfor any inverse semigro8pu is givenbyu = {(a, b) € Sx S|
alfa=Dbtfbforall f € E(S)} andthatu C 7.

Suppose that has a zero, tha¢ > 0 is a primitive idempotent, and that
He. Then for any idempotent one has botla~fa = a~'aa'fa = a“*efaand
e lfe = ef. Butef is eithere or 0, ase is primitive, and since € H,, one has
in either case thaa*fa =efe=ef and so(a, e) € u. It follows that—letting
v temporarily denote the relation described in the proposition—at leastu. For



the reverse inclusion, suppose that”’8. Thena and g share both the same left
equivalence, with blocks sgy | i € |}, and the same right equivalence, with blocks
{B; | i €1}, where the common index sehas cardinality equal to the common rank
r ofa andg. Ifr = 1, thene = V = B, and ifr = 2, then(a, 8) € v by definition. If

r > 3 bute # B, thenitis the case that some blo&kcorresponds underto B;, but
underg to B; , whereB; # B; . Lety be the idempotent determined by the partition,
{A, X\ Aj}. Then the idempotenrt—1n« is determined by the partitiofB;, X \ B;}
while 8715 is determined byB;, X \ B;}, and hence is distinct. Hen¢e, 8) ¢ .
Thus forrank > 3, (¢, B) € u impliesa = B8, so thatu = v follows. O

As is easily checked, the Munn representation#gf is surjective, and so (anal-
ogously to.#y) .#;/n is isomorphic with its ownTg, namely the monoid of all
isomorphisms between principal ideals of the lattice of equivalence relatioKs on

A monoid congruencé on an inverse algebi@is a [complet¢algebra congruence
if the homomorphism it induces is a homomorphism of [complete] inverse algebras,
that is, preserves meets [respectively, arbitrary infima]. Recall from [7, Section 2]
that6 is an algebra congruence if and only if it is the minimum congruence in its
trace class, that ig, is the monoid congruence generated from its restriaigp, to
the semilattice of idempotents(S). Thus if9,, 6, are algebra congruences such that
O1les) = O21e(s), thend; = 6,. This observation is used in the next theorem, which
determines all complete inverse algebra congruenceg.oand.#;. Here we denote
idempotents in#y by ¢, (the identity onA € X), and idempotents it#; by ¢ (an
equivalence orX).

THEOREM3.8. The complete algebra congruences.gR, and those on#y, are
precisely the Rees ideal congruences.

PrOOF It is easy to verify directly that the Rees ideal congruences on a complete
inverse algebra are indeed complete algebra congruences. For the converse statements,
first let® be a complete algebra congruence.8yp, and supposé,, tg) € 6 with
A # B. Without loss of generality we may suppose tBag A, since(ip, tang) € 0.

Let ¥ be the set of permutations &, so thatY C .. Then for allo € %,
(07YA0, 07t g0o) = (ta. tgs) € 0, Whence(ia, (), .5 tes) € 6 SinCes is complete.
But(), s teo = ¥, S0(ta, ¥) € 6. Thusf|e is the restrictiontde = E(.#x) of a Rees
ideal congruence, which latter is then identified with

Secondly, leb be a complete algebra congruence 8§, and supposeés, ¢’) € 0
with e # ¢’. Againwithoutloss of generality we may suppose that ¢. LetX’ be the
set of permutations aK/e. Foro’ € ¥/, seto = {(X,y) € X x X : (Xg, ye) € 0'}.

Let X = {o:0'€X},s0% C #;. Then for allo € X, (670,07 o) =
(e,07%'0c) € 6, and so (s, inf,.x(c71'c)) € O sinced is complete. But



inf,cx(07te'o) = X x X = V and so(e, V) € 6. As above,d is a Rees ideal
congruence oy, O

CoRroLLARY 3.9.If X is finite, the algebra congruences ofk, and those on#,
are precisely the Rees ideal congruences.

There are algebra congruences.gi and.#; (with X infinite) which are not
complete (and so not Rees ideal congruences). To show this, it is enough to produce
a normal congruence ok = E(.x) [respectivelyE* = E(.#%)] which is not
complete; for the congruence which it generates.6pn [respectively.#;] is an
algebra congruence which is not complete. The congruende which relates
and:g if A andB differ by a finite set is such a congruence, as is, analogously, the
congruence ore* which relates two equivalences if their partitions differ (as subsets
of 2%) by a finite set.

4. Representations

Let Sbe an inverse semigroup aiida semigroup. By @presentatiorof Sin T
is meant a (semigroup) homomorphism®into T. A representation if&ithful (or,
as previously, an embedding) if it is one-to-one. In the caseSlaatd T are inverse
algebras, a representatiopn S — T will be calledalgebraicif it preserves natural
meets (equivalently, preserves fixed point idempotents) and preserves the identity
(Isp = 17).

Our interest here is in the case whérds one of the following monoids:. %,
the monoid of all transformations on a given 3&t.%? 7y, the monoid of all partial
transformations on a s&t; .#x, the inverse monoid of all one-to-one partial transfor-
mations onX; #y, the monoid of all binary relations aX; and.#g, here understood
as the inverse monoid of all biequivalencesXn The monoids%y, &2 %% and . #x
are all submonoids a#x. While . is only a subset o4y, observe that for every
full relation on X, there is a unique smallest biequivalence .75 such thate < »,
called theclosureof « in .. Itis denoted byr* and may be described equivalently
asa™ =y € I |a C ylorasa™ = J{a o (@t oa)" | n € N}; by previous
remarksp8 = (¢ o B)* for all biequivalencea andg.

THEOREMA4.1. Let ¢ be a representation db in 7. Define mappingy and ¢
from Sto &y as follows:

X sk spn (s,

YIS (S(p U (S_lgo)_l>+ ,



where (s71p)~! means the relation inverse to the functirly). Theny is a
representation o§in #y, ¥ is a representation dbin ., andSy = Sp = Sy. In
particular, all these representations are faithful if any one is.

ProOOF The statement and proof concernjpgiere first given by Wagner [15]. We
turntoyr. Clearly(st)p = spotg C syroty and((st) 1p)™t = (s71p)to(t 1p)t C
sy o tyr, whence(shyr = (((She) U (st ') ™HF C (s o ty)™ = (sy)(ty). To
establish the reverse inclusion we first prove the following lemma.

LEMMA 4.2. Letp = {(X,y) € X x X | X(Sp) = y(s's)¢}; thenp = sy.

PrROOF. For eachx € X, both (x, xsp), (XxS1p, X) € p so thatsg, (s 1p)™ C p
and moreovep is full. If (x,y), (z,y), (z, w) € p,sothatksy = y(sis)p = zsp =
w(s7's)e, then(x, w) € p andit follows thato o p™* 0 p C p and hence that € .7;.
If, however,oc € .#; is such that botlsy, (s™'¢)™* C o, then

(X,Y) € p = XSp = Y(S 'S)¢
= (X, XSp), (Y(s'p), xsp), (Y(s'p),y) € 0
= (X,y)€ocoo oo =0,

so thatp C 0. Hencep = (sp U (s 1)1+, and the lemma is proved. O

PrROOF Returningto the proof of the theorem, supposey) € syr and(y, z) € ty.
By the lemmaxsp = y(s7!s)p and yte = z(t7t)¢, so that

X(sptp) = y(sT's)pty = y(s'stt t)p = y(tt~'s 'st)p

= y(te)(t'sTIstyp = zZ(t et IS s = 2(tT's s,

that is,x(st)p = z[(st)"Ist]e and so (again by the lemm@), z) € (st)yr. Therefore
sy oty C (styy, and(sy)(ty) C (st)y follows. Soyr is a homomorphism.

To complete the proof, observe that the associadjor> sy yields a well-defined
map ofSp uponSyr; it is a homomorphism as bothandyr are thus. To show that it
is one-to-one, le$yy = tyr and takex € X. Lety € X be such thatx, y) € sy and
S0 (X, Y) € sy = ty, whencexty = y(t7t)p = xsp(t71t)p. Thusty = sp(t~t)e
and sa¢ < sg in the natural order itsp. By symmetrysy <t and hencep = tgp.
O

A number of known representations arise as one or anothgr af . As a
first instance, consider the standard monoid embedging?” % — Zxu, Where
0 ¢ X, defined by declarin@)a ¢, = xa if X is defined, andx)a ¢, = 0 otherwise.



Sinceg, is a monoid embedding, so is the restrictior: ¢l ., : £y — Fxu- The
induced embedding : ¥, — 5 IS just the ma@x encountered at the end of
Section 2. We remark thay preserves suprema and the identity.

As another instance of Theorem 4.1, we take be the right regular representation
of Sin 75 (so thatsy : x — xs). Theny is the classic Wagner-Preston faithful
representation — sy = {(X, Xs) | X € Ss!} whose image is a subsemigroup of the
inverse semigroup of bijections between principal left idealS.ofFhe corresponding
¥ is a faithful representation

St sy = {(X,Y) € Sx S| xs=ys s}

of Sin .#Z, which deserves to be called tideial Wagner-Preston representatjon

and whose image is contained in the inverse semigroup of block bijections between
left quotient sets, that is, quotients under left stable equivalences. Henceforth we
reserve the symbolg andvyr for the Wagner-Preston and the dual Wagner-Preston
embeddings oSinto .#s and.#¢ respectively.

It is immediate that ifS has either an identity 1 or a zero 0, then & {(0, 0)},
1x = A =1y,and Gy = v . It was shown in [7, Theorem 1.20] that the Wagner-
Preston representatignis algebraic; analogous remarks apply wisis a complete
inverse algebra. However does not always preserve meets, as may easily be seen
in the case of the algebi&formed by adjoining a zero to a group of order two. A
characterization of those inverse algebras for whicls an embedding of algebras
requires the following concept.

An elemens of an inverse algebr@is aperiodicif there is a positive integersuch
thats" = s"*1, in which casef[s] = s". All semigroup homomorphisms preserve
this property and thus also preserve fixed point idempotents of aperiodic elements.
An inverse algebrs is aperiodicif all its elements are aperiodic, or equivalently
if Sis periodic and combinatorial. This property, applied to inverse monoids, was
calledE-nilin [7]; such an inverse monoid i€nessarily an inverse algebra, and every
monoid homomorphism frorB to any inverse algebra is algebraic.

THEOREM4.3. If Sis an inverse algebra and € S, then f[sy] = f[s]v if, and
only if, sis aperiodic.

PrROOF. Let a relationsw be defined ort as follows: (x, y) € sw if and only if
there exist elements, v € (s), the inverse submonoid generated frepsuch that
Xu = yv. Consider first the claim that is the equivalence relation ddgenerated
from sy. It is indeed immediate thay = {(X,y) | XS = ys'!s} C sw and that
sw is reflexive and symmetric, so suppose thaty), (y, 2) € sw, that is,xu = yv
andyw = zt for someu, v, w,t € (s). Thenxuv tww™? = ztwlvv?, so that
(X, 2) € sw andsw is transitive. Thus the relatiosw is an equivalence containing



sy. On the other hand, let be any equivalence containisg,. Since(x, Xs) € sy
and(x, xs™) e sy = (sy)7?, we have(x, xu) € p for eachu € (s) andx € S.
Similarly, (yv,y) € p for eachv € (s) andy € S. Thus(x,y) € sw implies
(X,y) € pop = p. Hencesw is indeed the smallest equivalence®oontainingsys;
stated otherwisesw = f[sy] in #4.

Now suppose thaf[sy] = f[s]y, and pute = f[s]. Then(s, e) € ey = sw, SO
thatsu = ev = efor some paiu, v € (s). Thuse € (s), and in faceis the zero ofs)
and the sole element of if8-class in(s). Since everyZ-class of a monogenic inverse
monoid, except possiblyi}, contains a positive power of the generator, it follows that
s is aperiodic. Since the converse is immediate, the proof is complete. O

COROLLARY 4.4. ([7], Theorem 3.23. An inverse algebrs is aperiodic if, and
only if, every monoid embedding 8into an arbitrary inverse algebra is algebraic.

Let us now turn to the preservation of joins and suprema, which requires the
following definitions. An inverse semigroup or mondghasconditional joins[or
hasconditional supremif each pairs, t [eachnonempty subsé¥l ] which is bounded
above in the natural partial ordering has a supremum, denoted byjby supM]. S
is join-distributive[sup-distributivégif, in addition,u(s v t) = usv ut [ u(supM) =
sup(uM) ] holds for allu € Swhenevess v t [supM] exists inS. Join-distributivity
[sup-distributivity] for monoids is equivalent to asserting tRas) is distributive [sup-
distributive initself] under the natural partial ordering (proof of this equivalence may be
found in referencescited in [7, sections 1.29 and 1.30]). We say thata homomorphism
¢ : S— T of inverse semigroups or monoiggeserves joingpreserves supreni#
(svit)p =s¢ Vvig [(supM)¢g = supM¢)] whenevers v t [supM] exists inS.

Now if Shas a faithful representation ifiy which preserves joins [suprema], then
S must be join-distributive [sup-distributive] sincgy is (thanks to D. A. Bredikhin
for this observation). More is true of the (primal) Wagner-Preston representation:
Xx preserves any existing natural joirs/ y (for x, y € S) and suprema su) (for
X C S) only in the trivial case in which the join or supremum is actually a maximum
element. That is(supX)x = sup(Xx) holds if and only ifX possesses a maximum
elementa, in which case both expressions reduca@jo Thus by remarks above, if
the semigrougs has conditional joins [suprema], thgnpreserves joins [suprema] if
and only if every pair [nonempty subset] of elements bounded above has a maximum
element, equivalently if and only E(S) is a tree [in which every subchain is dually
well-ordered]. IfSis additionally a monoid, theg preserves joins [suprema] if and
only if E(S) is a [dually well-ordered] chain. In the converse directiork {S) is a
tree [in which every subchain is dually well-ordered] then every representatin of
preserves existing joins [supremal.

The situation is somewhat different fgr. In .#, conditional suprema of biequiva-



lences are intersectionf®r < C .7, sup</ = () </ whenthe latter is in7;;. Thus,

to assert thaty preserves joins is to assert thatv t)y = sy» Nty holds whenever
SV t exists; likewisey preserves suprema@@upM)yr = (.. S¥ holds whenever
supM exists inS. Inverse monoids for whicly preserves joins or suprema may then
be characterized as follows:

PrOPOSITION4.5. Let S be an inverse monoid having conditional joins. Then
the dual Wagner-Preston representatignpreserves joins if and only i is join-
distributive. Likewise, i§has conditional suprema, thefh preserves suprema if and
only if Sis sup-distributive.

PrROOF First let S be sup-distributive, with sull existing inS, and let(x, y) €
(Nsem S¥- Then

X(SUPM) = supxs = supys 's = ysups 's = ysups ' sups
seM seM seM seM seM

so that(x,y) € (supM)y. Hence(,,S¥ S (supM)y. Sincey preserves
the natural order, the reverse inclusion always holds, (@gd, sy = (supM)y
whenever sup exists. Conversely, assume tifat_,, sy = (supM)y» whenever
supM exists. In particular, this holds for aM C E(S). So taker € E(S); upon
settinge = sup_y rsandf =r supM, one obtaines< fs=r(supM)s=rs <es
so thates= fs. Thatis,(e, f) € sy for all s € M, and so by hypothesis of sup-
distributivity, e(supM) = f(supM), which reduces to sup,rs = r supM. Thus
E(S) is sup-distributive, and so iS. The statement regarding join-distributivity and
¥ is verified in a similar manner. g

The above concepts can be generalizeddirdcted supremurns the supremum
supM of an upward directed substéd of S. An inverse monoidS hasdirected
supremaif every upward directed subset has a supremum, in which Sasepper
continuousif multiplication distributes over directed suprema. A homomorphism
¢ : S— T of inverse monoidpreserves directed suprenifa(supM)¢ = supM¢)
for all occurrences of directed suprema$ Arguments similar to those above
yield: If an inverse monoid S has directed suprema, then the dual Wagner-Preston
representationyy preserves directed suprema if and only if S is upper continuous
(Regarding directed suprema, see [7, Section 6].) In another direction, Bredikhin
[1] has shown that each inverseonoid possesses a monoid embedding in sofjje
which preserves joins.



5. Functorial representations

LetA = (A, Q) be a universal algebra with a setof operations defined on the
carrier setA, and consider the categoly of (homomorphisms between) universal
algebras of the same type As Elements of.¥, = (K, A) are termedartial
automorphismslements of7} = .#*(K, A) are termediual partial automorphisms
or block multiautomorphismsSince all monics in any variety of algebras are injective
as functions,#, is a subset of7 (Set, A). Epis, however, need not be surmorphisms
(surjective morphisms), although they are so in the cases of inverse semigroups, groups
and R-modules. Thus, in what follows#, is redefined as the classifying inverse
algebra of the episetting of all surmorphismsfoto its quotient algebrasThus.#; is
alsoasubsetaf*(Set A). Members ot#; are characterised as biequivalences which
are also subalgebras Af x A and are thus termedaicongruencesBy Theorem 1.4
and its dual, both#, and.#; are complete inverse algebras. We begin by comparing
the ways in which#, and.#; are included in# (Set A) and.#*(Set, A) respectively.

THEOREMS.1. The inclusion.#, — .#(Set A) is an embedding of complete
inverse algebras which need not preserve joins. The inclugiprn— .#*(Set A) is
an embedding of inverse monoids which preserves suprema and infima of idempotents,
but need not preserve arbitrary natural meets.

PrROOF Let ¥ be the variety of algebras generated frdm LetU : 7 — Set
be the forgetful functor taking algebras and homomorphisms to their underlying sets
and functions. Thebl creates (and preserves) arbitrary intersections and equalizers,
but not joins. Thus all calculations of multiplication and infima 4 are particular
calculations for.# (Set A), so that the inclusiorn?, < . (Set A) is an embedding
of complete inverse algebras.

Onthe other hand, whild creates co-intersections of surmorphisms (as the congru-
ence lattice of any algebra is a complete sublattice of the lattice of all equivalences on its
carrier set)lJ need not create co-equalizers. Hence the inclugipn— .#*(Set A)
is, in general, just an embedding of inverse monoids which preserves infima and
suprema of idempotents. O

ExamPLE 5.2. Consider the group of integefsand the automorphism : n
—n. The smallest equivalen@onZ generated from the graph= {(n, —n) | n € Z}
has equivalence classes of the fdm—n}. The congruenceg on Z generated from
a has the cosets2and Z + 1 as its congruence classes. Herfde] = g8 in
J*(Set 7), while f[a] = y in #*(Ab, 7).

In the terms of the proof above, the co-equalizeBéatiof 1« and the identity map
17 is the induced mag — 7Z/B; the co-equalizer ofi and:z in the variety of groups
is the induced epimorphisi@ — Z/y .



We turn to representations of inverse monoids and algebras by partial automor-
phisms and bicongruences, starting with a variant of Theorem 4.1. (See also [11].)

THEOREM5.3. Given a universal algebrd = (A, Q) and a representatiop :
S — End(A) of an inverse monoi& by endomorphisms &, the derived represen-
tationsy andyr of Shave as their respective codomains the inverse algelstaand
2 of partial automorphisms and bicongruences of the algebra

PrROOF Sincesy is an endomorphism foeachs € S, (the graphs ofs¢ and
(s 1p)~! are subalgebras & x A and so too isy; it follows it is a partial automor-
phism. Using the description af) given in Lemma 4.2, one may see tisgt is a
subalgebra oA x A, and thus is a bicongruence Af O

A classic instance of Theorem 5.3 is the Munn representation. ¢Lie¢ the
representation o by endomorphisms d (S) given by conjugatione(sy) = s~les
foralle € E(S). In this case we obtain the Munn representajgerf Sin .#¢,, and
thedual Munn representatiogre of Sin .#¢ 5. SinceSxe = Syg, Y also induces
on S its maximum idempotent-separating congruence.

Given a representatiop : S — 7% and a nontrivial variety?” of algebras, a
representatiop” of Sinto the endomorphism monoid of the free algeBr@) on
X is induced by freely extending th&-action onX to all of F(X) (thus applying
Theorem 1.5 to the functdt creating the free algebra). By Theorem 33, induces
in turn representationg” : S — Jrx, andy” : S— ¢ . If ¢ is faithful, so
arex” andvy”. In particular, letp be the standard representati®n—> .7s. Then
the embeddingg” : S— ks andy” : S— #¢ 4 yield the 7 -versions of the
Wagner-Preston Theorem and its dual.

COROLLARY 5.4. Given a nontrivial variety?” of algebras, every inverse monoid
has a faithful representation bylual] partial automorphisms of an algebra i,
which may be chosen as the free algebra on the carrier set of the monoid.

Recall that the categoR-Mod of all left R-modules (forR a fixed nontrivial ring)
may be regarded as a variety of algebras each of which consists of an abelian group
enriched by a family of unary operatiops, one for each elememt € R, written
as scalar multiplication:p,a = ra. The module identities, stated for all possible
choices ofR-scalars (for instance;a + r,a = (r, + ry)a for all choices ofr, and
r,) become the defining identities for the variety. In this cds€S) is the freeR-
module onS, R(S) = @, s Rx, and the actiornp® induced from the right regular
representatiosy : X — xstakes the form}_ryX)sp® = > r.(xs). By Theorem
5.3,¢% induces in turn representatiog$ : S — Fr andy® 1 S— I . Since



¢ is faithful, so arep®, x® andy®. We thus obtain module versions of the Wagner-
Preston Theorem and its dudor each nontrivial ring R, every inverse monoid S has
a faithful representation bjdual] partial automorphisms of the fregeft) R-module
on the carrier set of S.

WhenR = Z (so thatR-Mod is essentially the categoAb of abelian groups) we
recover Fichtner-Schultz’'s theorem [2], [3] tleatery inverse monoid may be faithfully
represented by partial automorphisms of some abelian grdbiR = 7,, then the
above description 0f® is essentially Schein’s short proof of this theorem given in
[13]. With ¢® we also obtain Schein’s dualization of this theorem, which is the major
content of [13].

Suppose thab is an inverse algebra. When ay€ : S — fr andy® : S —

& algebraic, that is, yield embeddings of inverse algebras? A mild modification of
the argumentin Theorem 4.3 shows tiétis algebraic precisely whehis aperiodic.

In general, and in contrast to the Wagner-Preston embedgihgeed not preserve
natural meets and fixed point idempotents.

To describe whery® is algebraic, first recall that an inverseonoid istorsion-
freeif it has no nontrivial finite subgroups. It was shown in [7, Corollary 1.16] that
torsion free inverse algebras form a subvariety of inverse algebras characterized by
the identitieg f[x"] = f[x] | n > 1}.

THEOREMS.5. If Sis an inverse algebra, thep® : S — s is algebraic if and
only if Sis torsion free.

PrOOF In this proof, let us abbreviatey® by xs. First note that, fors € S,
Xs is the isomorphism ofp{Rx | x € Ss*} to P{Rx | x € Sg defined by
Q- reX)xs = >_rx(xs). Thusyyg is the identity map oM = P{Rx | x € Sf[s]},
while f[xs] is the restriction ofys to its setN of fixed points. It is always the case
thatM C N, so the theorem asserts tht, M is non-empty (for soms < S) if, and
only if, Shas a nontrivial finite subgroup.

Suppose then thate Sis a subgroup element of finite order- 1, and take # 0
in R. Thenrs+rs?+---+rs" € N\ M. Conversely, let = > r,x € N\ M, so that
o hasanonzerosummang suchthak ¢ Sf[s]. Sinceo x5 = o, postmultiplication
by s induces a permutation of the termsafand since these are finite in number,
the orbit ofx under this permutation is finite. Thus there exists an integsuch
thatxs" = x, or equivalentlyx—*x < f[s"]. Now if f[s"] = f[s"]s, there would
follow f[s"] = f[s] and hencex~*x < f[s], that is,x e Sf[s], contradicting our
assumption orx. Hencef[s"]s % f[s"]. But then [7, Proposition 1.11(h)] implies
that f [s"]s generates a nontrivial finite subgroup. O

WhenR =7 , so R-Mod = Ab, we also have the following results.



THEOREM5.6. A given inverse algebr& has an algebraic embedding into the
partial automorphism algebraZ, of some abelian group A if and only if it has an
algebraic embedding into the dual partial automorphism algeBgaof some abelian
group B.

PrOOF. Itis standard knowledge (see, for example, [5] and [9]) that the contravariant
hom-functord = hom(_, A) of Ab to Ab is always left exact, and is also right exact
precisely whenA is injective. LetA be so chosen, for example &/Z. Then the
same mapJ, regarded as a covariant functorAb to Ab°P, preserves finite limits,
and preserves and reflects monics and epis, by exactness. In particular, it reflects
isomorphisms. In short] satisfies the conditions of Theorem 1.5, and so induces an
inverse algebra embedding &, into .75 4.

Likewise,J : Ab°®— Ab induces an inverse algebra embeddingZgfinto .7 a);
indeed, this embedding is asampletesubalgebra, since the contravaridrtonverts
arbitrary colimits to limits. O

COROLLARY 5.7. Every torsion free inverse algebra has an algebraic embedding
into the dual partial automorphism algebra of some abelian group.

Are there inverse algebras which cannot be so embedded? To answer this question,
we begin with an analogue of Proposition 3.5 holding for the [dual] symmetric inverse
algebras of abelian groups.

LEMMA 5.8. Let u and v be[duall partial automorphisms of an abelian groud
such thatu® = wandu > v > f[u]. Then also® = v.

PrROOF Suppose first that: A — A is an automorphism of order 2. Lét,
be the fixed point subset gf and letB be any subgroup containing,. Then
b+bu € A, € B for eachb € B, whenceby € B. Thusv = u |g is an
automorphism oB. Sinceu® = u, we havev® = v also. In general, ift® = u in
a, thenu? is idempotent, angd restricts to an automorphism of order 20f= Au2.
Thenv = v3in .7, which is embedded as a local submonoiddg. Finally, that the
conclusion also holds fqr € .#; follows from Theorem 5.6. O

COROLLARY 5.9. Let X be a set with|X| > 2. Then(i) there is no algebraic
embedding of?y into the[dual] partial automorphism algebra of any abelian group;
however(ii) every dual symmetric inverse algebfé can be algebraically embedded
in the[dual] partial automorphism algebra of some abelian group.

PrROOFE The transposition argument of Corollary 3.6 shows that cannot be
embedded into eithe¥, or .#; for any abelian groupA. The assertion abou#



follows from the fact that, given a nontrivial abelian grodghe contravariant functor
hom(_, A) : Set— Ab is faithful, exact, reflects isomorphisms and sends colimits to
limits, and so induces, by Theorem 1.5, an embeddfiig— #homx A Of cOmplete
inverse algebras. O

That the converse to Corollary 5.9(ii) is false is shown by the following example of
a group whose [dual] partial automorphism algebra has no algebraic embedding into
the dual algebraz; of any setX.

ExamPLE 5.10. LetZ5 denote as usual the additive cyclic group{6nl, 2, 3, 4}.
Its automorphism group is cyclic, being generated by the 4-eycte (1243 fixing
0. Thus every nonidentity automorphismf has{0} as its fixed point subgroup,
and since the only subgroups &f are itself and0}, it follows that.#;, = 73 . In
particular,f[o] = f[o?]; s0if 6 : .75, — £ is an embedding of monoids for some
setX, Proposition 3.2(iii) implies that does not preserve the fixed point idempotent
ofo.

The results of the last two sections distinguish three classes of inverse algebras
on the basis of algebraic embedding properties: the class of algebras which may be
embedded into?y for some sek, thatis, the class of all inverse algebras; the smaller
class of those algebras which may be embedded into the dual symmetric inverse
algebra.#; of some seiX; and finally, a properly intermediate class consisting of
those algebras which may be embedded into the partial automorphism algebfa
some abelian group.

Acknowledgement

The authors express their thanks to Dr David Easdown and an anonymous referee for
their very meticulous comments, which led to greater clarity and prose less ponderous.

References

[1] D. A. Bredikhin, ‘Representations of inverse semigroups by difunctional multipermutations’, in:
Transformation Semigroups: Proceedings of the International Conference held at the University of
Essex, Colchester, England, August 3rd—6th, 188I3P. M. Higgins) (Department of Mathematics,
University of Essex, 1994) pp. 1-10.

[2] B. Fichtner, Uber die zu Gruppen gehigen induktiven Gruppoide, IMath. Nachr.44 (1970),
313-339.

[3] B. Fichtner-Schultz,Uber die zu Gruppen gehigen induktiven Gruppoide, II'Math. Nachr.48
(1971), 275-278.



[4] P. A. Grillet, Semigroups: an introduction to the structure the¢kjarcel Dekker, New York,
1995).
[5] P. J. Hilton and U. Stammbacl course in homological algebreGraduate Texts in Math. 4
(Springer, New York, 1971).
[6] J. Leech, ‘Constructing inverse monoids from small categori®smigroup Forun86 (1987),
89-116.
[7] ———, ‘Inverse monoids with a natural semilattice orderiryoc. London Math. So@0(1995),
146-182.
[8] ——, ‘On the foundations of inverse monoids and inverse algetPast,. Edinburgh Math. Soc.
41(1998), 1-21.
[9] S. MacLane,Categories for the working mathematicia@raduate Texts in Math. 5 (Springer,
New York, 1971).
[10] M. Petrich,Inverse semigroup@Viley, New York, 1984).
[11] G. B. Preston, ‘Representations of inverse semigroups by one-to-one partial transformations of a
set’, Semigroup Foruné (1973), 240-245; AddendurBemigroup Forun8 (1974), 277.
[12] J.Riguet, ‘Relations binaires, fermetures, correspondances de GBldisSoc. Math. Franc&6
(1948), 114-132.
[13] B. M. Schein, ‘Representation of inverse semigroups by local automorphisms and multi-
automorphisms of groups and ringSemigroup Forun32 (1985), 55-60.

[14] ——, ‘Multigroups’, J. Algebral11(1987), 114-132.
[15] V. V. Wagner, ‘Theory of generalised grouds and generalised groMat’, Sb. (NSB2 (1953),
545-632.
School of Mathematics and Physics Department of Mathematics
University of Tasmania Westmont College
PO Box 1214 955 La Paz Road, Santa Barbara
Launceston, Australia 7250 California 93108-1099 USA

e-mail: D.FitzGerald@utas.edu.au e-mail: leech@westmont.edu



