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Abstract

There is a substantial theory (modelled on permutation representations of groups) of representations of an
inverse semigroupS in a symmetric inverse monoidIX , that is, a monoid of partial one-to-one selfmaps
of a setX. The present paper describes the structure of a categorical dualI

Ł
X to the symmetric inverse

monoid and discusses representations of an inverse semigroup in this dual symmetric inverse monoid. It
is shown how a representation ofS by (full) selfmaps of a setX leads to dual pairs of representations
in IX andI ŁX , and how a number of known representations arise as one or the other of these pairs.
Conditions onSare described which ensure that representations ofSpreserve such infima or suprema as
exist in the natural order ofS. The categorical treatment allows the construction, from standard functors,
of representations ofS in certain other inverse algebras (that is, inverse monoids in which all finite infima
exist). The paper concludes by distinguishing two subclasses of inverse algebras on the basis of their
embedding properties.

1991Mathematics subject classification(Amer. Math. Soc.): primary 20M18; secondary 20M30.

1. Background information

In this paper we consider (i) the dual symmetric inverse monoidI ŁX of all bijections
between the quotient sets of a given setX, and more generally, the dual symmetric
inverse monoidI ŁA of all isomorphisms between the quotient objects of an objectA
in any sufficiently well-endowed category; and (ii) representations of arbitrary inverse
monoids in dual symmetric inverse monoids. To do so with sufficient generality
requires that we first recall the category-theoretic framework of symmetric inverse
monoids. This approach directs consideration to both duality, and to the existence
of extra structure (that of complete inverse algebras) in both the symmetric and dual
symmetric cases.
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We adopt the concepts and notation of category theory given in [9] and the theory
of inverse semigroups given in [10], with the following exceptions. Firstly, rather than
use the standard definition of a subobject as an equivalence class of monics intoY, we
wish ‘X is a subobject ofY’ to be read in the naive sense that there is a monic from
the objectX to the objectY. Secondly, morphisms (arrows) in a category, such as set
functions and group homomorphisms, will be written to the right of their arguments,
and so composition will occur from left to right, in diagram order. Functors, however,
will be written to the left of their arguments and their composition read from right to
left, as usual in [9].

A monosettingis a pair.M ; X/, whereM is a category andX is a distinguished
object ofM , such that every object ofM is a subobject ofX, every morphism ofM
is monic, andM has finite intersections. We define in dual fashion anepisetting. An
equivalence[duality] of settings is an equivalence [duality] between the categories
preserving the distinguished objects. Settings are encountered in ordinary categories
as follows:

If X is an object in a categoryK which has finite intersections, denote byM .X/
the subcategory of all monomorphisms between subobjects ofX in K. Then the
pair .M .X/; X/ is a monosetting. IfK is well powered (locally small), then every
monosetting.M .X/; X/ is equivalent to asmall approximation.M ; X/, whereM
is a small subcategory ofM .X/ which also containsX and for which the inclusion
M � M .X/ is an equivalence. Any pair of small approximations of.M .X/; X/ are
equivalent. Our interest in small approximations rests on the following

CONSTRUCTION1.1. Let.M ; X/ be a small monosetting. Consider parallel pairs
of morphisms.g; g0/ : A! X in M (where the common domainA varies with the
pair). Two such pairs.g; g0/ and .h;h0/ are equivalent if there is an isomorphism
u 2 M such that bothh D ug andh0 D ug0 . A fractional morphismis an equivalence
class of pairs, with the class of.g; g0/ denoted by [g; g0]. Let I .M ; X/ denote the
set of all such fractional morphisms. A multiplication is defined onI .M ; X/ by
setting [g; g0][h;h0] D [mg;nh0] wherem andn arise from the intersection inM of
the middle pair:mg0 D nh.

It is easy to check, using the universal property of intersections, that the multipli-
cation is well defined. In fact it is straightforward to verify the following theorem, a
dual (and slightly more abstract) version of which may also be found in [6] or in [4,
Section VII.8]

THEOREM1.2. .i/ Under the multiplication described above,I .M ; X/ forms
an inverse monoid. The idempotents are classes of the form[g; g], with the identity
given by[1X;1X] and inversion by[g; g0]�1 D [g0; g].
.ii/ An equivalenceF : .M ; X/ ' .N;Y/ of small monosettings induces an



isomorphismFŁ : I .M ; X/ ¾D I .N;Y/ given by the rule[g; g0] ! [Fg; Fg0].
Conversely, if derived inverse monoidsI .M ; X/ andI .N;Y/ are isomorphic, then
their settings are equivalent.

The inverse monoidI .M ; X/ is thus called theclassifying monoidof the monoset-
ting .M ; X/. Clearly any small episetting.E; X/ also has aclassifying monoid
I .E; X/ defined on the set of equivalence classes [g; g0] of pairs .g; g0/ of epi-
morphisms fromX to some common codomain. Upon defining multiplication by
[g; g0][h;h0] D [gm;h0n], whereg0m D hn is the co-intersection ofg0 with h, the
dual assertions of the above theorem also hold.

Let K be a well-powered category with objectX. If M .X/ is a monosetting,
then thesymmetric inverse monoidof X in K is the classifying monoid of any small
approximation.M ; X/ of .M .X/; X/, and is denotedIX (or I .K ; X/ when the
ambient category needs reference). Since any two choices for.M ; X/ are equivalent,
IX is well defined to within isomorphism. For each objectX in a mathematically
interesting concrete categoryK , there is usually a standard choice for.M ; X/ and
thus a standard form forIX. Given the dual conditions atX, the dual symmetric
inverse monoidI ŁX of X in K is the classifying monoid of any small approximation
.E; X/ of the episetting.E.X/; X/. (Equivalently,IŁX in K is the classifying monoid
of the monosetting atX in the dual categoryKopp.) AgainI ŁX is unique to within
isomorphism. A categoryK has [dual] symmetric inverse monoidsif such monoids
exist at each of its objects. In many categories both types of monoids exist ateach
object, with the two monoids usually being nonisomorphic. Clearly we have:

COROLLARY 1.3. A well-powered category has symmetric inverse monoids if and
only if it has finite intersections. Dually, a co-well-powered category has dual sym-
metric inverse monoids if and only if it has finite co-intersections.

Most important categories of mathematical objects are usually complete and co-
complete. It follows that the [dual] symmetric inverse monoids of their objects must
be correspondingly well endowed. To see what occurs, recall first that any inverse
monoidScomes equipped with a natural partial ordering defined inSby x ½ y if and
only if y D yy�1x, or equivalentlyy D xy�1y, so thaty is in some sense a restriction
of x. This ordering is compatible with both multiplication and inversion:x ½ y and
u ½ v imply xu ½ yv andx�1 ½ y�1 . This leads us to the following definitions.
An inverse algebrais an inverse monoid which forms a meet semilattice under the
natural partial ordering: for allx; y 2 S; x ^ y exists inS. Equivalently, an inverse
algebra may be defined as an inverse monoidS such that for eachx 2 S, there exists
a greatest idempotentf [x] 2 E.S/ which annihilatesx. Thusx ½ f [x], and for any
idempotente 2 S such thatx ½ e it follows that f [x] ½ e. We refer to f [x] as the
fixed point idempotentof x, and to the induced unary operatorf : S! E.S/ as the



fixed point operatorof S. The binary operationx^ y and the unary operatorf [x] are
connected by the identities:x ^ y D f [xy�1]y D x f [x�1y] and f [x] D 1^ x.

An inverse algebra iscompleteif all nonempty subsets have infima. For an inverse
algebraS to be complete, it is necessary and sufficient that its set of idempotents
E.S/ form a complete lattice under the natural partial ordering. In the complete case,
infima of nonempty subsets are induced from infima inE.S/ by inffxi j i 2 I g D
xk inf f f [x�1

i xj ] j i; j 2 I g, wherek is any element of the index setI . Inverse algebras
are introduced and described in [7].

A categoryK has [dual] symmetric inverse algebrasif it has [dual] symmetric
inverse monoids existing ateach of its objects, with all such monoids being inverse
algebras. If the algebras are also complete, we say thatK has complete[dual]
symmetric inverse algebras. When does a category have possibly complete [dual]
symmetric inverse algebras? The answer is given by the following extension of
Corollary 1.3 together with its epic dual.

THEOREM1.4. A well-powered category has[complete] symmetric inverse algebras
if and only if it has finite[arbitrary] intersections and parallel pairs of monomorphisms
have equalizers. In particular, a finitely complete[small-complete], well-powered
category has[complete] symmetric inverse algebras.

The details of the proof, as well as a more thorough discussion of foundational
issues, are given in [8]. We remark, however, that in the fractional construction given
above, the fixed point idempotent of the class [g; g0], if it exists, is the class [mg;mg0]
wherem is the equalizer ofg andg0 in the monosetting.

The final assertion of Theorem 1.4 explains why [dual] symmetric inverse monoids
of objects in categories of interest to mathematicians typically form complete inverse
algebras: such categories tend to be both complete and cocomplete as categories. This
is indeed the case with the following categories of interest in this paper: the category
Setof sets and functions between them; the category of all algebras in a given variety
V of algebras of a given type, together with all homomorphisms between them; in
particular, for a given ringR, the categoryR-Mod of left R-modules and module
homomorphisms; and the categoryAb of abelian groups and homomorphisms.

In what follows we shall be particularly interested in three questions: What can
be said about dual symmetric inverse monoids? How do they differ from symmetric
inverse monoids? What can be said about representations of inverse monoids and
algebras in dual symmetric inverse algebras of objects in the above categories?

We begin in the next two sections by examining the dual symmetric inverse monoid
I ŁX of a setX and comparing it, both as monoid and inverse algebra, with the more
familiar symmetric inverse monoidIX. The fourth section treats representations of
inverse monoids in dual symmetric inverse monoids of sets, and the fifth, representa-
tions of inverse monoids and algebras in [dual] symmetric inverse algebrasof members



of a variety, particularly abelian groups. In these final sections, particular attention
will be given to the question of when an inverse algebra has a faithful representation
as an algebra in the dual symmetric inverse algebra of a set or of some abelian group.
Our study will involve Cayley-like representations such as the [dual] Wagner-Preston
Theorem, as well as induced representations obtained as instances of the following
useful result and its dual.

THEOREM 1.5. SupposeK has symmetric inverse monoids, and letF : K ! K 0

be a functor. IfF preserves monics and intersections, then at each objectX of K , F
induces a homomorphism of symmetric inverse monoidsfX : IX ! IF X given by:
[g; g0] 7! [Fg; Fg0]. If F also preserves equalizers of parallel pairs of monics, then
fX is a homomorphism of inverse algebras. If, further,F reflects isomorphisms, then
fX is injective.

2. The dual symmetric inverse monoid of a set

WhenX is a set (an object in the categorySet) one may identifyIXD I .M .X/; X/
with the symmetric inverse monoid (also denotedIX) of all partial 1-1 selfmaps of
X, under the isomorphism [g; g0] 7! g�1g0 for pairs of monics.g; g0/ with codomain
X. We now describeI ŁX D I .E.X/; X/ using the notions of block bijections and
biequivalences.

Recall that, on partitioning X into disjoint, nonempty subsets orblocksA; B; : : : ,
there results thequotient setfA; B; : : : g. Then ablock bijectionof X is a bijection¼
between two quotient sets ofX. Such a¼ may be depicted using a variant form of

the usual permutation notation where, for example,¼ D
�

A1 A2 Ð Ð Ð
B1 B2 Ð Ð Ð

�
indicates

that .A1 j A2 j Ð Ð Ð / and .B1 j B2 j Ð Ð Ð / are respectively the domain and codomain
partitions of X, and that, for each memberi of a common index setI , block Ai

maps under¼ to block Bi . Since
S

i2 I .Ai ð Bi / is then a special kind of binary
relation, it is convenient to make the following definition. A binary relationÞ on
X is a biequivalenceif it is both full, that is XÞ D ÞX D X, andbifunctional, as
we translatedifonctionelle[12]; that is,Þ Ž Þ�1 Ž Þ � Þ whereŽ denotes the usual
composition of binary relations on a set. Since the inclusionÞ Ž Þ�1 Ž Þ � Þ always
holds, the conditionÞ Ž Þ�1 Ž Þ � Þ is equivalent to asserting thatÞ Ž Þ�1 Ž Þ D Þ.
Note that the relational inverseÞ�1 of a biequivalenceÞ is also a biequivalence. Now
biequivalences are essentially block bijections:

LEMMA 2.1. If Þ is a biequivalence on X, then bothÞ Ž Þ�1 and Þ�1 Ž Þ are
equivalence relations on X. Moreover the mapeÞ defined byeÞ : x.Þ Ž Þ�1/ 7! xÞ for
x 2 X is a block bijection ofX=Þ Ž Þ�1 to X=Þ�1 Ž Þ. Conversely, given equivalence



relationsþ and
 on X together with a block bijection¼ : X=þ ! X=
 , a unique
biequivalenceO¼ on X inducing¼ is given by:x O¼y if and only if xþ 7! y
 under the
block bijection¼ (in which caseþ D O¼ Ž O¼�1 and
 D O¼�1 Ž O¼). Finally, the two
processes are reciprocal:beÞ D Þ andeO¼ D ¼.

We now define thedual symmetric inverse monoid on a setX, also denoted byI ŁX,
to consist of all biequivalences onX with multiplication

Þþ D Þ Ž .Þ�1 Ž Þ _ þ Ž þ�1/ Ž þ;

where_ denotes the familiar join in the lattice of equivalence relations. It is straight-
forward to check thatI ŁX is an inverse monoid. Equivalent formulations of the product
are

Þþ D
\
f
 2 I ŁX j Þ Ž þ � 
 g D

[
fÞ Ž þ Ž .þ�1 Ž Þ�1 Ž Þ Ž þ/n j n 2 N g:

It is also useful to record here thatÞÞ�1 D Þ ŽÞ�1 andÞÞ�1Þ D Þ ŽÞ�1ŽÞ for anyÞ,
and thatÞþ D Þ_þ whenÞ andþ are equivalence relations. Further, a biequivalence
is an idempotent if, and only if, it is an equivalence, and the zero and identity elements
of I ŁX arer D X ð X and1 = f.x; x/ j x 2 Xg respectively. Lastly, it is easy to
check thatI ŁX forms a complete inverse algebra, with the infimum of anyA � I ŁX
given by infA DTfþ 2 I ŁX j Þ � þ for all Þ 2 A g, and the fixed point idempotent
of Þ 2 I ŁX by the equivalence relation generated byÞ.

Regarding biequivalences as block bijections, the connection with the categorical
definition ofI ŁX becomes apparent: an equivalence class [f; g] (where f andg are
mappings fromX onto some common codomainY) induces a block bijection¼ from
the partitionfy f �1 j y 2 Yg to the partitionfyg�1 j y 2 Yg defined by the rule
¼ : y f �1 7�! yg�1. It is again easy to check that this produces a well-defined 1-1
correspondence, and that the multiplication in the categorical description of Section 1
matches the multiplication of biequivalences as described above.

Biequivalences are studied by Schein in [14], where they are termed bifunctional
multipermutations. However, for a multiplication operation, Schein considers only
composition of binary relations, and in contrast to the multiplication inI ŁX defined
above, the set ofall biequivalences on a set is not closed under composition.

Note that the empty functione : ; ! ; in Set is an epi, so thatI Ł; consists of the
single element [e;e] (corresponding to the empty biequivalence on;). Henceforth we
consider only thoseI ŁX with X nonempty. LetÞÞ�1 andÞ�1Þ be termed respectively
the left andright equivalences(or partitions) of Þ. By the rank of Þ is meant the
cardinality of X=ÞÞ�1. Combining basic inverse semigroup theory with elementary
combinatorics allows aspects of the local structure ofI ŁX to be described as follows.



THEOREM 2.2. LetÞ; þ 2 I ŁX.

.i/ ÞL þ [respectively,ÞRþ] if and only ifÞ and þ have the same right[left]
equivalences.
.ii/ D DJ ; moreover,ÞDþ if and only ifÞ andþ have the same rank.
.iii / For each cardinal½ such that1� ½ � jXj there is aJ -classD½ of that rank.

Moreover, in the usual ordering ofJ -classes,D½ � D¼ if and only if½ � ¼; so that
theJ -classes ofI ŁX are totally ordered.
.iv/ The maximal subgroup associated with an idempotent of rankr is isomorphic

withSr , the symmetric group of all permutations on a set of cardinalityr .
.v/ When X is finite with jXj D n, then for all 1 � r � n the number of

idempotents in theJ -classDr of rank r is the Stirling number of the second kind
Sn;r , andDr has cardinalityr !S2

n;r .
.vi/ WhenX is finite withjXj D n, then the total number of idempotents ofI ŁX is

the Bell numberBn D
Pn

rD1 Sn;r and
þþI ŁXþþ DPn

rD1 r !S2
n;r .

From this theorem follow two immediate observations.
First, upon comparing the size ofI ŁX as given by Theorem 2.2(vi) above with

jIXj D
Pn

rD0

�
n
r

Ð
Pn;r D

Pn
rD0 r !

�
n
r

Ð2
(wheren D jXj), it follows that, forn ½ 4,þþI ŁXþþ > jIXj and in fact

þþI ŁXþþ = jIXj ! 1 asn!1. Comparative values for small
n are given in the following table:

jXj 0 1 2 3 4 5 6
jI X j 1 2 7 34 209 1546 13 327þþI ŁXþþ 1 1 3 25 339 6721 179 643

Second, for all finite nonemptyX, IX cannot be embedded intoI ŁX . Indeed if
jXj D n, then a maximal chain of idempotents inIX hasn C 1 elements, while
by Theorem 2.2(iii) a maximal such chain inI ŁX has onlyn elements. Setting
X0 D X[f0gwhere 0=2 X, an embedding�X : IX ! I ŁX0

is defined as follows. Given
Þ 2 IX, first identifyÞ with the subset ofXð X given by its graphf.x; y/ j xÞ D yg
and then set

�X .Þ/ D Þ [ .AÞ ð BÞ/ � X0 ð X0;

whereAÞ D X0ndomain.Þ/ andBÞ D X0ncodomain.Þ/. The map�X is clearly well-
defined and one-to-one. That it is a homomorphism is easy to check directly (and is
also a consequence of Theorem 4.1 below). Composing�X with the Wagner-Preston
embedding ofS in IX, it follows that any given inverse monoidS can be embedded
in a dual symmetric inverse monoid on a setX of cardinality at mostjSj C 1. In
Section 4, where we examine embeddings and more generally representations, it will
be seen that this cardinality may be reduced tojSj ; by virtue of a dual of the Wagner-
Preston Theorem. It will also be seen thatIX andI ŁX differ in their properties as the



codomains of embeddings; for this, we need first to distinguish certain aspects of their
structures.

3. Comparing the structures ofIX andI ŁX

Recall that an inverse monoidSwith group of unitsG and semilattice of idempotents
E is factorizableif SD G E; or equivalently, if for eachx 2 S there is someg 2 G
such thatx � g. In general,F.S/ D G E D EG is the greatest factorizable inverse
submonoid of anyS. If X is finite, thenIX is factorizable; otherwise,F.IX/ is
a proper submonoid ofIX. For jXj ½ 2, every element inF.IX/; except for
those partial bijectionsÞ for which both the domain and range ofÞ have singleton
complements inX, may be expressed as the infimum of some nonempty subset of the
group of units. By contrast, in the dual symmetric inverse monoid we have

PROPOSITION3.1. If jXj ½ 3, thenF ŁX D F.I ŁX/ is a proper submonoid ofI ŁX.
For all X, each element ofF ŁX arises as the infimum of some nonempty subset of the
group of unitsSX ofI ŁX.

PROOF. Given Þ 2 I ŁX , Þ 2 F ŁX if and only if ¦ � Þ for some permutation
¦ of X. But this is equivalent to asserting that each pair of corresponding blocks
A and A0 under the induced block bijectioneÞ have common cardinality. In this
caseeÞ and Þ are calleduniform. Suppose thatjXj ½ 3 and letx 2 X. Then
the block transposition interchangingfxg with Xnfxg is not uniform. The assertion
aboutF ŁX being generated fromSX via infima is a consequence of the following
observation: letA andB be subsets of common cardinality, and let0.A; B/ denote
the set of all bijections
 : A! B with each bijection viewed as a subset ofAð B.
Then A ð B D S

0.A; B/. Hence if the uniform biequivalenceÞ decomposes as
Þ D S

i2 I .Ai ð Bi /, thenÞ is the union of all permutations² of X of the form
² D Si2 I 
i where
i 2 0.Ai ; Bi / for all i 2 I . That is, in the algebraF ŁX , Þ is the
infimum of all such². �

TheD-classes ofF ŁX , unlike those ofIX andI ŁX , are not linearly ordered by
rank. LetjXj D n. A partition � of X is of type1r12r2 : : : nrn if there areri blocks
of size i for i D 1;2; : : : ;n. If � has rankr , then the restrictions on the integersr i

are thatri ½ 0,
Pn

iD1 ri D r; and
Pn

iD1 i r i D n . Due to uniformity,D-classes in
F ŁX are classified by type, with aD-classD consisting of all biequivalencesÞ whose
left and right equivalencesÞÞ�1 andÞ�1Þ share the commontypeof D. If this type
is 1r12r2 : : : nrn , then any maximal subgroup ofD is isomorphic to the product of the
permutation groupsSr i and so containsgD D r1!r2! Ð Ð Ð rn! elements. The number of



idempotents inD equals the number of partitions of type 1r12r2 : : : nrn; which is

³D D n!

.1!/r1.2!/r2 Ð Ð Ð .n!/rn r1!r2! Ð Ð Ð rn!
:

Since the number of elements inD is gD³
2
D; the cardinality ofF ŁX isX .n!/2

r1!r2! Ð Ð Ð rn!.1!/2r1.2!/2r2 Ð Ð Ð .n!/2rn
;

the sum being taken over all non-negative integern-tuples.r1; r2; : : : rn/ such thatPn
iD1 i r i D n . A brief table of computed values forjF ŁXj is given below.

jXj 0 1 2 3 4 5 6þþF ŁXþþ 1 1 3 16 131 1496 22 482

Our present interest inF ŁX lies in the way the fixed point structure of elements in
F ŁX distinguishesI ŁX fromIX and other inverse algebras. First we summarise some
arithmetic information which follows from the description in the proof of Proposition
3.1.

PROPOSITION3.2. Let ¦ be a permutation of finite ordern > 1 having orbits
O1;O2; : : : with jOkj D nk. Then(i) n is the least common multiple of thenk, and
(ii) the equivalence classes off [¦ ] in F ŁX (and inI ŁX) are precisely the orbitsOk. It
follows that if− is a permutation of differing order, thenf [¦ ] 6D f [− ]. In particular,
(iii) if m and p are distinct positive divisors ofn, then f [¦m] 6D f [¦ p]; and (iv) if
m is relatively prime ton, then f [¦m] D f [¦ ] since¦m and¦ have the same orbits.
Thus,(v) ¦ creates distinct idempotentsf [¦m] inF ŁX, for distinct positive divisorsm
of n.

EXAMPLE 3.3. InIf1;2;3;4g, by contrast,f [.1234/] D f [.13/.24/] where.13/.24/D
.1234/2 has order 2. Hence, while the monoidIf1;2;3;4g can be embedded into
I Łf0;1;2;3;4g, it cannot be embeddedas an inverse algebra(that is, with preservation
of fixed point idempotents or equivalently of natural meets) into the dual inverse
algebraI ŁX of anysetX.

Recall (see [7], Section 1) that inverse algebras form a variety of (universal) algebras
of type h2;2;1;0i. An inverse algebraS is generated byx 2 S if it is the only
subalgebra containingx: If, in addition,x satisfiesxn D 1 for somen ½ 1 with n the
least such exponent, thenS is said to ben-cyclicon x. It is freely n-cyclicon x if
xn D 1 determines the structure ofS, in which case the group of units is cyclic onx
of ordern. S is just freely cyclicon x if S is generated byx and is determined solely
by the relationsxx�1 D 1 D x�1x, in which case the group of units is infinite cyclic
on x.



Either type of freely cyclic inverse algebra is unique to within isomorphism and
may be constructed as follows. IfG is a cyclic group onx, letK.G/ denote the coset
algebra consisting of cosetshxmi xk of subgroupshxmi of G, wherem dividesn if
n < 1. Multiplication is given byhxmi xk Ð hx pi xq D .hxmi _ hx pi/xkCq with the
fixed point operator given byf [hxmi xk] D hxmi_hxki. If we identify x with the coset
f1gx, then results in [7, Section 3] imply thatK.G/ is the freely (n-)cyclic algebra on
x.

THEOREM3.4. Let¦ be a permutation onX, and letSbe the subalgebra generated
by¦ in I ŁX. If ¦ has ordern, thenSis freely n-cyclic on¦ . If X is infinite and¦ has
an infinite orbit, thenSis freely cyclic on¦ .

PROOF. If G is the subgroup ofI ŁX generated from¦ , then the inclusionf¦ g � I ŁX
induces an algebra homomorphism ofK.G/ uponSdefined byh¦mi¦ k 7! f [¦m]¦ k.
By [7, Proposition 1.18], in order to show that this map is one-to-one, we need only
show that it is one-to-one on idempotents. So suppose that subgroupsh¦mi and
h¦ pi map to the same idempotentf [¦m] D f [¦ p] in I ŁX . If ¦ has finite ordern,
thenm and p are positive divisors ofn, so that by Proposition 3.2(v),m D p. If
.: : : x�2 x�1 x0 x1 x2 : : : / is an infinite cycle of¦ corresponding to an infinite orbit,
then f [¦m] has the equivalence classfxkm j k 2 Zg, f [¦ p] has the class

ý
xkp j k 2 Z

	
,

and againmD p. �

The infinite orbit is required in Theorem 3.4. For consider the permutation− D
.12/.3456/.78: : :/ : : : of infinite order, with orbits of increasing orders 2;4;8;16; : : : ,
but having no infinite orbit. InI ŁX , f [− ] D f [− 3], so that the subalgebra generated
by − is not freely cyclic.

TheIX variant of the above theorem fails. A finite counterexample is provided by
the 4-cycle.1234/ in If1;2;3;4g. For an infinite counterexample, takeX as the setZ of
integers, and¦ as the infinite cycle.: : : ;�2;�1;0;1;2; : : : /. Then for alln 6D 0,¦ n

has no fixed points and sof [¦ n] D f [¦ ] D ;. Thus the subalgebra ofIZ generated
from ¦ is G0, whereG is the cyclic group on¦ , while K.G/ is a lattice of infinitely
many cyclic groups.

We have seen how the behavior of cyclic subalgebras distinguishes dual symmetric
inverse algebrasI ŁX from symmetric inverse algebrasIX. We now consider an-
other distinguishing feature involving permutations of order 2, and more generally,
biequivalencesÞ such thatÞ3 D Þ.

PROPOSITION3.5. If Þ; þ 2 I ŁX with Þ3 D Þ andÞ ½ þ ½ f [Þ], thenþ3 D þ.

PROOF. Suppose first thatÞ is a permutation, and so factors as a product of disjoint
transpositions.ai ;bi /. Thus each equivalence class off [Þ] is a binary subsetfai ;bi g



or a singletonfcg, with c =2 Si fai ;bi g. All biequivalencesþ such thatÞ > þ > f [Þ]
arise by replacing, inf [Þ], some of its subrelationsfai ;bi g ð fai ;bi g by the original
transposition.ai ;bi /, and all suchþ satisfyþ3 D þ. In the general case whereÞ3 D Þ,
Þ is its own inverseÞ�1 and lies in the maximal subgroup of the idempotent" D Þ2.
Now if þ be such thatÞ ½ þ ½ f [Þ], thenÞ; þand f [Þ] all lie in the local monoid
"I ŁX", which is isomorphic with the dual symmetric algebraI ŁY , whereY denotes the
quotient setX=". Thenþ3 D þ follows by the first part of the proof. �

This proposition allows the strengthening of an observation in Example 3.3.

COROLLARY 3.6. If jXj ½ 2, then no semigroup embedding ofIX into someI ŁY
exists which preserves all instances of fixed point idempotents and natural meets.

PROOF. Let a andb be distinct elements ofX and let¦ be the transposition.a;b/
interchanginga andb, but fixing all other elements ofX. InIX, f [¦ ] is the identity
map on the subsetX n fa;bg. Next let− be the partial bijection which sendsa to b
and fixes allx 2 X n fa;bg. Note that¦ > − > f [¦ ] and−2 D f [¦ ], so that−3 6D − .
Let � : IX ! I ŁY be a monoid embedding with¦� D Þ and−� D þ. Then inI ŁY ,
Þ3 D Þ, þ3 6D þ, but Þ ½ þ ½ . f [¦ ]/� . By Proposition 3.5,. f [¦ ]/� cannot be
f [¦� ] and so� does not always preserve fixed point idempotents. By the identity
f [x] D 1^ x, neither are meets always preserved. �

We conclude this section with some further comparisons and contrasts betweenIX

andI ŁX . For jXj ½ 2, bothIX andI ŁX have a unique 0-minimalD-classM , lying
directly above the 0-class: inIX this is the class of singleton relations, inI ŁX the class
D2 of biequivalences of rank 2. In bothIX andI ŁX one hasÞ D supfþ 2 M j þ � Þg
for anyÞ, with the zero element arising as the empty supremum. However the fact
that the classD2 has subgroups of order 2 leads to yet another distinction betweenIX

andI ŁX . Recall that the coarsest idempotent-separating congruence¼ onIX is the
equality relation. By way of contrast we have

PROPOSITION3.7. The coarsest idempotent-separating congruence¼ onI ŁX is the
relation f.Þ; þ/jÞ D þ or elseÞH þ with Þ; þ 2 D2g.

PROOF. Recall that for any inverse semigroupS,¼ is given by¼ D f.a;b/ 2 SðS j
a�1 f a D b�1 f b for all f 2 E.S/g and that¼ �H .

Suppose thatS has a zero, thate > 0 is a primitive idempotent, and thata 2
He. Then for any idempotentf one has botha�1 f a D a�1aa�1 f a D a�1e f a and
e�1 f e D e f. But e f is eithere or 0, ase is primitive, and sincea 2 He, one has
in either case thata�1 f a D e�1 f eD e f and so.a;e/ 2 ¼. It follows that—letting
¹ temporarily denote the relation described in the proposition—at least¹ � ¼. For



the reverse inclusion, suppose thatÞH þ. ThenÞ andþ share both the same left
equivalence, with blocks sayfAi j i 2 I g, and the same right equivalence, with blocks
fBi j i 2 I g, where the common index setI has cardinality equal to the common rank
r of Þ andþ. If r D 1, thenÞ D r D þ, and ifr D 2, then.Þ; þ/ 2 ¹ by definition. If
r ½ 3 butÞ 6D þ, then it is the case that some blockAi corresponds underÞ to Bi , but
underþ to Bj , whereBi 6D Bj . Let � be the idempotent determined by the partition,
fAi ; X n Ai g. Then the idempotentÞ�1�Þ is determined by the partitionfBi ; X n Bi g
while þ�1�þ is determined byfBj , X n Bj g, and hence is distinct. Hence.Þ; þ/ =2 ¼.
Thus for rankr ½ 3, .Þ; þ/ 2 ¼ impliesÞ D þ, so that¼ D ¹ follows. �

As is easily checked, the Munn representation ofI ŁX is surjective, and so (anal-
ogously toIX) I ŁX=¼ is isomorphic with its ownTE, namely the monoid of all
isomorphisms between principal ideals of the lattice of equivalence relations onX.

A monoid congruence� on an inverse algebraSis a [complete] algebra congruence
if the homomorphism it induces is a homomorphism of [complete] inverse algebras,
that is, preserves meets [respectively, arbitrary infima]. Recall from [7, Section 2]
that � is an algebra congruence if and only if it is the minimum congruence in its
trace class, that is,� is the monoid congruence generated from its restriction� jE.S/ to
the semilattice of idempotentsE.S/: Thus if �1; �2 are algebra congruences such that
�1jE.S/ D �2jE.S/, then�1 D �2. This observation is used in the next theorem, which
determines all complete inverse algebra congruences onIX andI ŁX . Here we denote
idempotents inIX by �A (the identity onA � X), and idempotents inI ŁX by " (an
equivalence onX).

THEOREM3.8. The complete algebra congruences onIX, and those onI ŁX, are
precisely the Rees ideal congruences.

PROOF. It is easy to verify directly that the Rees ideal congruences on a complete
inverse algebra are indeed complete algebra congruences. For the converse statements,
first let � be a complete algebra congruence onIX, and suppose.�A; �B/ 2 � with
A 6D B. Without loss of generality we may suppose thatB $ A; since.�A; �A\B/ 2 � .
Let 6 be the set of permutations ofA; so that6 � IX: Then for all ¦ 2 6,�
¦�1�A¦; ¦

�1�B¦
Ð D .�A; �B¦ / 2 � , whence

�
�A;
T

¦26 �B¦
Ð 2 � since� is complete.

But
T

¦26 �B¦ D ;, so.�A;;/ 2 � . Thus� jE is the restriction toE D E.IX/ of a Rees
ideal congruence, which latter is then identified with� .

Secondly, let� be a complete algebra congruence onI ŁX, and suppose."; "0/ 2 �
with " 6D "0. Again without loss of generality we may suppose that"0 < ". Let60 be the
set of permutations ofX=". For¦ 0 2 6 0; set¦ D f.x; y/ 2 X ð X : .x"; y"/ 2 ¦ 0g.
Let 6 D f¦ : ¦ 0 2 6 0g ; so 6 � I ŁX : Then for all ¦ 2 6, .¦�1"¦; ¦�1"0¦/ D
."; ¦�1"0¦/ 2 � , and so ."; inf¦26.¦�1"0¦// 2 � since � is complete. But



inf ¦26.¦�1"0¦/ D X ð X D r and so.";r/ 2 �: As above,� is a Rees ideal
congruence onI ŁX . �

COROLLARY 3.9. If X is finite, the algebra congruences onIX, and those onI ŁX,
are precisely the Rees ideal congruences.

There are algebra congruences onIX andI ŁX (with X infinite) which are not
complete (and so not Rees ideal congruences). To show this, it is enough to produce
a normal congruence onE D E.IX/ [respectivelyEŁ D E.I ŁX/] which is not
complete; for the congruence which it generates onIX [respectivelyI ŁX ] is an
algebra congruence which is not complete. The congruence onE which relates�A
and�B if A and B differ by a finite set is such a congruence, as is, analogously, the
congruence onEŁ which relates two equivalences if their partitions differ (as subsets
of 2X/ by a finite set.

4. Representations

Let S be an inverse semigroup andT a semigroup. By arepresentationof S in T
is meant a (semigroup) homomorphism ofS into T . A representation isfaithful (or,
as previously, an embedding) if it is one-to-one. In the case thatS andT are inverse
algebras, a representation' : S! T will be calledalgebraicif it preserves natural
meets (equivalently, preserves fixed point idempotents) and preserves the identity
.1S' D 1T /.

Our interest here is in the case whereT is one of the following monoids:TX,
the monoid of all transformations on a given setX; PTX, the monoid of all partial
transformations on a setX; IX, the inverse monoid of all one-to-one partial transfor-
mations onX;BX , the monoid of all binary relations onX; andI ŁX, here understood
as the inverse monoid of all biequivalences onX. The monoidsTX, PTX andIX

are all submonoids ofBX. WhileI ŁX is only a subset ofBX, observe that for every
full relationÞ on X, there is a unique smallest biequivalence� 2I ŁX such thatÞ � �,
called theclosureof Þ in I ŁX. It is denoted byÞC and may be described equivalently
asÞC D Tf
 2 I ŁX j Þ � 
 g or asÞC D SfÞ Ž .Þ�1 Ž Þ/n j n 2 Ng; by previous
remarks,Þþ D .Þ Ž þ/C for all biequivalencesÞ andþ.

THEOREM 4.1. Let ' be a representation ofS in TX. Define mappings� and 
from S toBX as follows:

� : s 7! s' \ �s�1'
Ð�1

;

 : s 7!
�

s' [ �s�1'
Ð�1
�C
;



where .s�1'/�1 means the relation inverse to the function.s�1'/. Then� is a
representation ofSin IX,  is a representation ofSin I ŁX, andS� ¾D S' ¾D S . In
particular, all these representations are faithful if any one is.

PROOF. The statement and proof concerning� were first given by Wagner [15]. We
turn to . Clearly.st/' D s'Žt' � s Žt and..st/�1'/�1 D .s�1'/�1Ž.t�1'/�1 �
s Ž t , whence.st/ D ...st/'/ [ ..st/�1'/�1/C � .s Ž t /C D .s /.t /. To
establish the reverse inclusion we first prove the following lemma.

LEMMA 4.2. Let² D ý.x; y/ 2 X ð X j x.s'/ D y.s�1s/'
	
; then² D s .

PROOF. For eachx 2 X, both .x; xs'/; .xs�1'; x/ 2 ² so thats'; .s�1'/�1 � ²
and moreover² is full. If .x; y/; .z; y/; .z;w/ 2 ², so thatxs' D y.s�1s/' D zs' D
w.s�1s/', then.x;w/ 2 ² and it follows that² Ž²�1Ž² � ² and hence that² 2 I ŁX.
If, however,¦ 2 I ŁX is such that boths'; .s�1'/�1 � ¦ , then

.x; y/ 2 ² ) xs' D y.s�1s/'

) .x; xs'/; .y.s�1'/; xs'/; .y.s�1'/; y/ 2 ¦
) .x; y/ 2 ¦ Ž ¦�1 Ž ¦ D ¦;

so that² � ¦ . Hence² D .s' [ .s�1'/�1/C, and the lemma is proved. �

PROOF. Returning to the proof of the theorem,suppose.x; y/ 2 s and.y; z/ 2 t .
By the lemma,xs' D y.s�1s/' and yt' D z.t�1t/', so that

x.s't'/ D y.s�1s/'t' D y.s�1stt�1t/' D y.t t�1s�1st/'

D y.t'/.t�1s�1st/' D z.t�1t/'.t�1s�1st/' D z.t�1s�1st/';

that is,x.st/' D z[.st/�1st]' and so (again by the lemma).x; z/ 2 .st/ . Therefore
s Ž t � .st/ , and.s /.t / � .st/ follows. So is a homomorphism.

To complete the proof, observe that the associations' 7! s yields a well-defined
map ofS' uponS ; it is a homomorphism as both' and are thus. To show that it
is one-to-one, lets D t and takex 2 X. Let y 2 X be such that.x; y/ 2 s' and
so.x; y/ 2 s D t , whencext' D y.t�1t/' D xs'.t�1t/'. Thust' D s'.t�1t/'
and sot' � s' in the natural order inS'. By symmetrys' � t' and hences' D t'.
�

A number of known representations arise as one or another of� or  . As a
first instance, consider the standard monoid embedding'0 : PTX ! TX[f0g, where
0 =2 X, defined by declaring.x/Þ'0 D xÞ if xÞ is defined, and.x/Þ'0 D 0 otherwise.



Since'0 is a monoid embedding, so is the restriction' D '0jIX
: IX ! TX[f0g. The

induced embedding : IX ! I ŁX[f0g is just the map�X encountered at the end of
Section 2. We remark that�X preserves suprema and the identity.

As another instance of Theorem 4.1, we take' to be the right regular representation
of S in TS (so thats' : x 7! xs). Then� is the classic Wagner-Preston faithful
representations 7! s� D f.x; xs/ j x 2 Ss�1g whose image is a subsemigroup of the
inverse semigroup of bijections between principal left ideals ofS. The corresponding
 is a faithful representation

s 7! s D f.x; y/ 2 Sð S j xsD ys�1sg

of S in I ŁS ; which deserves to be called thedual Wagner-Preston representation,
and whose image is contained in the inverse semigroup of block bijections between
left quotient sets, that is, quotients under left stable equivalences. Henceforth we
reserve the symbols� and for the Wagner-Preston and the dual Wagner-Preston
embeddings ofS intoIS andI ŁS respectively.

It is immediate that ifS has either an identity 1 or a zero 0, then 0� D f.0;0/g,
1� D 4 D 1 , and 0 D 5 . It was shown in [7, Theorem 1.20] that the Wagner-
Preston representation� is algebraic; analogous remarks apply whenS is a complete
inverse algebra. However does not always preserve meets, as may easily be seen
in the case of the algebraS formed by adjoining a zero to a group of order two. A
characterization of those inverse algebras for which is an embedding of algebras
requires the following concept.

An elements of an inverse algebraS is aperiodicif there is a positive integern such
that sn D snC1; in which casef [s] D sn: All semigroup homomorphisms preserve
this property and thus also preserve fixed point idempotents of aperiodic elements.
An inverse algebraS is aperiodic if all its elements are aperiodic, or equivalently
if S is periodic and combinatorial. This property, applied to inverse monoids, was
calledE-nil in [7]; such an inverse monoid is necessarily an inverse algebra, and every
monoid homomorphism fromS to any inverse algebra is algebraic.

THEOREM 4.3. If S is an inverse algebra ands 2 S, then f [s ] D f [s] if, and
only if, s is aperiodic.

PROOF. Let a relations! be defined onS as follows: .x; y/ 2 s! if and only if
there exist elementsu; v 2 hsi, the inverse submonoid generated froms, such that
xu D yv. Consider first the claim thats! is the equivalence relation onS generated
from s . It is indeed immediate thats D f.x; y/ j xs D ys�1sg � s! and that
s! is reflexive and symmetric, so suppose that.x; y/; .y; z/ 2 s!, that is,xu D yv
and yw D zt for someu; v;w; t 2 hsi. Then xuv�1ww�1 D ztw�1vv�1, so that
.x; z/ 2 s! ands! is transitive. Thus the relations! is an equivalence containing



s . On the other hand, let² be any equivalence containings . Since.x; xs/ 2 s 
and.x; xs�1/ 2 s�1 D .s /�1, we have.x; xu/ 2 ² for eachu 2 hsi andx 2 S.
Similarly, .yv; y/ 2 ² for eachv 2 hsi and y 2 S. Thus .x; y/ 2 s! implies
.x; y/ 2 ² Ž² D ². Hences! is indeed the smallest equivalence onScontainings ;
stated otherwise,s! D f [s ] in I ŁS .

Now suppose thatf [s ] D f [s] , and puteD f [s]. Then.s;e/ 2 e D s!, so
thatsuD ev D e for some pairu; v 2 hsi. Thuse2 hsi, and in facte is the zero ofhsi
and the sole element of itsD-class inhsi. Since everyD-class of a monogenic inverse
monoid, except possiblyf1g, contains a positive power of the generator, it follows that
s is aperiodic. Since the converse is immediate, the proof is complete. �

COROLLARY 4.4. .[7], Theorem 3.22./ An inverse algebraS is aperiodic if, and
only if, every monoid embedding ofSinto an arbitrary inverse algebra is algebraic.

Let us now turn to the preservation of joins and suprema, which requires the
following definitions. An inverse semigroup or monoidS hasconditional joins[or
hasconditional suprema] if each pairs; t [eachnonempty subsetM ] which is bounded
above in the natural partial ordering has a supremum, denoted bys_ t [by supM ]. S
is join-distributive[sup-distributive] if, in addition,u.s_ t/ D us_ ut [ u.supM/ D
sup.uM/ ] holds for allu 2 S whenevers_ t [supM ] exists inS. Join-distributivity
[sup-distributivity] for monoids is equivalent to asserting thatE.S/ is distributive [sup-
distributive in itself] under the natural partial ordering (proof of this equivalence may be
found in referencescited in [7, sections 1.29 and 1.30]). We say that a homomorphism
� : S! T of inverse semigroups or monoidspreserves joins[preserves suprema] if
.s_ t/� D s� _ t� [.supM/� D sup.M�/] whenevers_ t [supM ] exists inS.

Now if Shas a faithful representation inIX which preserves joins [suprema], then
S must be join-distributive [sup-distributive] sinceIX is (thanks to D. A. Bredikhin
for this observation). More is true of the (primal) Wagner-Preston representation:
� preserves any existing natural joinsx _ y (for x; y 2 S) and suprema supX (for
X � S) only in the trivial case in which the join or supremum is actually a maximum
element. That is,.supX/� D sup.X�/ holds if and only ifX possesses a maximum
elementa; in which case both expressions reduce toa�: Thus by remarks above, if
the semigroupShas conditional joins [suprema], then� preserves joins [suprema] if
and only if every pair [nonempty subset] of elements bounded above has a maximum
element, equivalently if and only ifE.S/ is a tree [in which every subchain is dually
well-ordered]. IfS is additionally a monoid, then� preserves joins [suprema] if and
only if E.S/ is a [dually well-ordered] chain. In the converse direction, ifE.S/ is a
tree [in which every subchain is dually well-ordered] then every representation ofS
preserves existing joins [suprema].

The situation is somewhat different for : InI ŁX , conditional suprema of biequiva-



lences are intersections: for A � I ŁX; supA DTA when the latter is inI ŁX . Thus,
to assert that preserves joins is to assert that.s_ t/ D s \ t holds whenever
s_ t exists; likewise, preserves suprema if.supM/ DTs2M s holds whenever
supM exists inS. Inverse monoids for which preserves joins or suprema may then
be characterized as follows:

PROPOSITION4.5. Let S be an inverse monoid having conditional joins. Then
the dual Wagner-Preston representation preserves joins if and only ifS is join-
distributive. Likewise, ifShas conditional suprema, then preserves suprema if and
only if S is sup-distributive.

PROOF. First let S be sup-distributive, with supM existing in S, and let.x; y/ 2T
s2M s . Then

x.supM/ D sup
s2M

xsD sup
s2M

ys�1sD y sup
s2M

s�1sD y sup
s2M

s�1 sup
s2M

s

so that.x; y/ 2 .supM/ . Hence
T

s2M s � .supM/ . Since preserves
the natural order, the reverse inclusion always holds, and

T
s2M s D .supM/ 

whenever supM exists. Conversely, assume that
T

s2M s D .supM/ whenever
supM exists. In particular, this holds for allM � E.S/. So taker 2 E.S/; upon
settingeD sups2M rs and f D r supM , one obtainses� f sD r .supM/sD rs � es
so thatesD f s. That is,.e; f / 2 s for all s 2 M; and so by hypothesis of sup-
distributivity, e.supM/ D f .supM/, which reduces to sups2M rs D r supM . Thus
E.S/ is sup-distributive, and so isS. The statement regarding join-distributivity and
 is verified in a similar manner. �

The above concepts can be generalized. Adirected supremumis the supremum
supM of an upward directed subsetM of S. An inverse monoidS hasdirected
supremaif every upward directed subset has a supremum, in which caseS is upper
continuousif multiplication distributes over directed suprema. A homomorphism
� : S! T of inverse monoidspreserves directed supremaif .supM/� D sup.M�/
for all occurrences of directed suprema inS. Arguments similar to those above
yield: If an inverse monoid S has directed suprema, then the dual Wagner-Preston
representation preserves directed suprema if and only if S is upper continuous.
(Regarding directed suprema, see [7, Section 6].) In another direction, Bredikhin
[1] has shown that each inverse monoid possesses a monoid embedding in someI ŁX
which preserves joins.



5. Functorial representations

Let A D .A;�/ be a universal algebra with a set� of operations defined on the
carrier setA, and consider the categoryK of (homomorphisms between) universal
algebras of the same type asA. Elements ofIA D I .K ;A/ are termedpartial
automorphisms; elements ofI ŁA D I Ł.K ;A/ are termeddual partial automorphisms
or block multiautomorphisms. Since all monics in any variety of algebras are injective
as functions,IA is a subset ofI .Set; A/. Epis, however, need not be surmorphisms
(surjective morphisms), although they are so in the casesof inverse semigroups, groups
and R-modules. Thus, in what follows,I ŁA is redefined as the classifying inverse
algebra of the episetting of all surmorphisms ofA to its quotient algebras. ThusI ŁA is
also a subset ofI Ł.Set; A/. Members ofI ŁA are characterised as biequivalences which
are also subalgebras ofA ð A and are thus termedbicongruences. By Theorem 1.4
and its dual, bothIA andI ŁA are complete inverse algebras. We begin by comparing
the ways in whichIA andI ŁA are included inI .Set; A/ andI Ł.Set; A/ respectively.

THEOREM5.1. The inclusionIA ,! I .Set; A/ is an embedding of complete
inverse algebras which need not preserve joins. The inclusionI ŁA ,! I Ł.Set; A/ is
an embedding of inverse monoids which preserves suprema and infima of idempotents,
but need not preserve arbitrary natural meets.

PROOF. Let V be the variety of algebras generated fromA. Let U : V ! Set
be the forgetful functor taking algebras and homomorphisms to their underlying sets
and functions. ThenU creates (and preserves) arbitrary intersections and equalizers,
but not joins. Thus all calculations of multiplication and infima inIA are particular
calculations forI .Set; A/, so that the inclusionIA ,! I .Set; A/ is an embedding
of complete inverse algebras.

On the other hand, whileU creates co-intersections of surmorphisms (as the congru-
ence lattice of any algebra is a complete sublattice of the lattice of all equivalences on its
carrier set),U need not create co-equalizers. Hence the inclusionI ŁA ,! I Ł.Set; A/
is, in general, just an embedding of inverse monoids which preserves infima and
suprema of idempotents. �

EXAMPLE 5.2. Consider the group of integersZ and the automorphism¼ : n 7!
�n. The smallest equivalenceþ onZ generated from the graphÞ D f.n;�n/ j n 2 Zg
has equivalence classes of the formfn;�ng. The congruence
 onZ generated from
Þ has the cosets 2Z and 2Z C 1 as its congruence classes. Hencef [Þ] D þ in
I Ł.Set;Z/, while f [Þ] D 
 in I Ł.Ab;Z/.

In the terms of the proof above, the co-equalizer inSetof ¼ and the identity map
�Z is the induced mapZ! Z=þ; the co-equalizer of¼ and�Z in the variety of groups
is the induced epimorphismZ! Z=
 .



We turn to representations of inverse monoids and algebras by partial automor-
phisms and bicongruences, starting with a variant of Theorem 4.1. (See also [11].)

THEOREM 5.3. Given a universal algebraA D .A;�/ and a representation' :
S! End.A/ of an inverse monoidS by endomorphisms ofA, the derived represen-
tations� and of Shave as their respective codomains the inverse algebrasIA and
I ŁA of partial automorphisms and bicongruences of the algebraA.

PROOF. Sinces' is an endomorphism foreachs 2 S, (the graphs of)s' and
.s�1'/�1 are subalgebras ofA ðA and so too iss�I it follows it is a partial automor-
phism. Using the description ofs given in Lemma 4.2, one may see thats is a
subalgebra ofA ð A, and thus is a bicongruence ofA. �

A classic instance of Theorem 5.3 is the Munn representation. Let' be the
representation ofSby endomorphisms ofE.S/ given by conjugation:e.s'/ D s�1es
for all e2 E.S/. In this case we obtain the Munn representation�E of S inIE.S/, and
thedual Munn representation E of S in I ŁE.S/. SinceS�E

¾D S E,  E also induces
on S its maximum idempotent-separating congruence.

Given a representation' : S ! TX and a nontrivial varietyV of algebras, a
representation'V of S into the endomorphism monoid of the free algebraF.X/ on
X is induced by freely extending theS-action onX to all of F.X/ (thus applying
Theorem 1.5 to the functorF creating the free algebra). By Theorem 5.3,'V induces
in turn representations�V : S! IF.X/ and V : S! I ŁF.X/. If ' is faithful, so
are�V and V . In particular, let' be the standard representationS! TS. Then
the embeddings�V : S! IF.S/ and V : S! I ŁF.S/ yield theV -versions of the
Wagner-Preston Theorem and its dual.

COROLLARY 5.4. Given a nontrivial varietyV of algebras, every inverse monoid
has a faithful representation by[dual] partial automorphisms of an algebra inV ,
which may be chosen as the free algebra on the carrier set of the monoid.

Recall that the categoryR-Mod of all left R-modules (forR a fixed nontrivial ring)
may be regarded as a variety of algebras each of which consists of an abelian group
enriched by a family of unary operations²r , one for each elementr 2 R, written
as scalar multiplication:²r a D ra: The module identities, stated for all possible
choices ofR-scalars (for instance,r1a C r2a D .r1 C r2/a for all choices ofr1 and
r2) become the defining identities for the variety. In this case,F.S/ is the freeR-
module onS, R.S/ D L

x2S Rx; and the action'ý induced from the right regular
representations' : x 7! xs takes the form.

P
rxx/s'ý D P

rx.xs/. By Theorem
5.3,'ý induces in turn representations�ý : S! IR.S/ and ý : S! I ŁR.S/. Since



' is faithful, so are'ý; �ý and ý: We thus obtain module versions of the Wagner-
Preston Theorem and its dual:For each nontrivial ring R, every inverse monoid S has
a faithful representation by[dual] partial automorphisms of the free.left/ R-module
on the carrier set of S.

WhenRD Z (so thatR-Mod is essentially the categoryAb of abelian groups) we
recover Fichtner-Schultz’s theorem [2], [3] thatevery inverse monoid may be faithfully
represented by partial automorphisms of some abelian group.If R D Z2, then the
above description of�ý is essentially Schein’s short proof of this theorem given in
[13]. With ý we also obtain Schein’s dualization of this theorem, which is the major
content of [13].

Suppose thatS is an inverse algebra. When are�ý : S! IR.S/ and ý : S!
I ŁR.S/ algebraic, that is, yield embeddings of inverse algebras? A mild modification of
the argument in Theorem 4.3 shows that ý is algebraic precisely whenS is aperiodic.
In general, and in contrast to the Wagner-Preston embedding,�ý need not preserve
natural meets and fixed point idempotents.

To describe when�ý is algebraic, first recall that an inverse monoid is torsion-
free if it has no nontrivial finite subgroups. It was shown in [7, Corollary 1.16] that
torsion free inverse algebras form a subvariety of inverse algebras characterized by
the identitiesf f [xn] D f [x] j n ½ 1g.

THEOREM5.5. If S is an inverse algebra, then�ý : S! IR.S/ is algebraic if and
only if S is torsion free.

PROOF. In this proof, let us abbreviates�ý by �s. First note that, fors 2 S;
�s is the isomorphism of

LfRx j x 2 Ss�1g to
LfRx j x 2 Ssg defined by

.
P

rxx/�s D
P

rx.xs/. Thus�f [s] is the identity map onM DLfRx j x 2 S f[s]g;
while f [�s] is the restriction of�s to its setN of fixed points. It is always the case
thatM � N; so the theorem asserts thatN nM is non-empty (for somes 2 S) if, and
only if, Shas a nontrivial finite subgroup.

Suppose then thats 2 S is a subgroup element of finite ordern > 1; and taker 6D 0
in R. ThenrsCrs2CÐ Ð ÐCrsn 2 N nM:Conversely, let¦ DP rxx 2 N nM; so that
¦ has a nonzerosummandrxx such thatx =2 S f[s]. Since¦�s D ¦ , postmultiplication
by s induces a permutation of the terms of¦; and since these are finite in number,
the orbit of x under this permutation is finite. Thus there exists an integern such
that xsn D x, or equivalentlyx�1x � f [sn]: Now if f [sn] D f [sn]s; there would
follow f [sn] D f [s] and hencex�1x � f [s]; that is, x 2 S f[s], contradicting our
assumption onx. Hence f [sn]s 6D f [sn]. But then [7, Proposition 1.11(h)] implies
that f [sn]s generates a nontrivial finite subgroup. �

WhenRD Z , so R-Mod D Ab, we also have the following results.



THEOREM 5.6. A given inverse algebraS has an algebraic embedding into the
partial automorphism algebraIA of some abelian group A if and only if it has an
algebraic embedding into the dual partial automorphism algebraI ŁB of some abelian
group B.

PROOF. It is standard knowledge (see, for example, [5] and [9]) that the contravariant
hom-functorJ D hom. ; A/ of Ab to Ab is always left exact, and is also right exact
precisely whenA is injective. LetA be so chosen, for example asQ=Z. Then the
same mapJ, regarded as a covariant functor ofAb to Abop, preserves finite limits,
and preserves and reflects monics and epis, by exactness. In particular, it reflects
isomorphisms. In short,J satisfies the conditions of Theorem 1.5, and so induces an
inverse algebra embedding ofIA intoI ŁJ.A/.

Likewise,J : Abop! Ab induces an inverse algebra embedding ofI ŁA intoIJ.A/;
indeed, this embedding is as acompletesubalgebra, since the contravariantJ converts
arbitrary colimits to limits. �

COROLLARY 5.7. Every torsion free inverse algebra has an algebraic embedding
into the dual partial automorphism algebra of some abelian group.

Are there inverse algebras which cannot be so embedded? To answer this question,
we begin with an analogue of Proposition 3.5 holding for the [dual] symmetric inverse
algebras of abelian groups.

LEMMA 5.8. Let¼ and¹ be [dual] partial automorphisms of an abelian groupA
such that¼3 D ¼ and¼ ½ ¹ ½ f [¼]. Then also¹3 D ¹.

PROOF. Suppose first that¼: A ! A is an automorphism of order 2. LetA¼
be the fixed point subset of¼ and let B be any subgroup containingA¼. Then
b C b¼ 2 A¼ � B for eachb 2 B; whenceb¼ 2 B. Thus ¹ D ¼ jB is an
automorphism ofB. Since¼3 D ¼, we have¹3 D ¹ also. In general, if¼3 D ¼ in
IA, then¼2 is idempotent, and¼ restricts to an automorphism of order 2 ofC D A¼2.
Then¹ D ¹3 in IC, which is embedded as a local submonoid inIA. Finally, that the
conclusion also holds for¼ 2 I ŁA follows from Theorem 5.6. �

COROLLARY 5.9. Let X be a set withjXj ½ 2. Then(i) there is no algebraic
embedding ofIX into the[dual] partial automorphism algebra of any abelian group;
however,(ii) every dual symmetric inverse algebraI ŁX can be algebraically embedded
in the[dual] partial automorphism algebra of some abelian group.

PROOF. The transposition argument of Corollary 3.6 shows thatIX cannot be
embedded into eitherIA or I ŁA for any abelian groupA. The assertion aboutI ŁX



follows from the fact that, given a nontrivial abelian groupA, the contravariant functor
hom. ; A/ : Set! Ab is faithful, exact, reflects isomorphisms and sends colimits to
limits, and so induces, by Theorem 1.5, an embeddingI ŁX ,! Ihom.X;A/ of complete
inverse algebras. �

That the converse to Corollary 5.9(ii) is false is shown by the following example of
a group whose [dual] partial automorphism algebra has no algebraic embedding into
the dual algebraI ŁX of any setX.

EXAMPLE 5.10. LetZ5 denote as usual the additive cyclic group onf0;1;2;3;4g.
Its automorphism group is cyclic, being generated by the 4-cycle¦ D .1243/ fixing
0. Thus every nonidentity automorphism ofZ5 hasf0g as its fixed point subgroup,
and since the only subgroups ofZ5 are itself andf0g, it follows thatIZ5

¾D Z0
4 . In

particular, f [¦ ] D f [¦ 2]; so if � :IZ5 ! I ŁX is an embedding of monoids for some
setX, Proposition 3.2(iii) implies that� does not preserve the fixed point idempotent
of ¦ .

The results of the last two sections distinguish three classes of inverse algebras
on the basis of algebraic embedding properties: the class of algebras which may be
embedded intoIX for some setX, that is, the class of all inverse algebras; the smaller
class of those algebras which may be embedded into the dual symmetric inverse
algebraI ŁX of some setX; and finally, a properly intermediate class consisting of
those algebras which may be embedded into the partial automorphism algebraIA of
some abelian groupA.
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