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Abstract

A characterization of all special atoms in the form of the upper radical generated by the class of all prime
rings outside the smallest special class containing some prime ring is provided and prime rings for which
the above mentioned upper radical coincides with the prime radical are investigated.
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All rings to be considered are associative and it will be assumed that any class of
rings contains the one elementring 0 as well as all rings isomorphic to any member of
the class. The fundamental definitions and properties of radicals of associative rings
can be found in [1] and [3].

Atoms of the lattice of all special radicals will be callspecial atomsFor a ring
Rwrite | < Rto meanl is an ideal ofR and letR always denote some homomorphic
image ofR. For a clas®” of rings as usual let

% (¢)={R: every0#£ R¢ %},
(%) ={R:forevery 0# | <« Rwe havel ¢ %},
% = {R: Ris an essential extension of sohe& %} .

The prime radical will be denoted kyand the smallest special radical containing a
ring A will be denoted by';. The class of all prime rings will be denoted hyand
the smallest special class containing a prime ngill be denoted byr,.

A semiprime ringA is called a *-ring if the factor ringA/1 € g for every 0#£ | <
A. The class of all *-rings will be denoted by *.

It is known [4] that * is a hereditary class consisting of prime rings and for any
non-zero *-ringR we have 0 R € 7 impliesR ~ Rso thatR € ng.
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A prime ring R such thatR e n for everyR e 7 is called aing with PEI.

Using methods of [5], it was shown in [6] that for every non-zero rkgith PEI
the radicalZ (w\m,) is a special atom an® (7\ms) = [n. We will now give a
characterization of all special atoms of the fo#n(szr\7,) where A is a non-zero
prime ring. To do so we will need the following

LEmMMA 1. For any non-zero prime ringh and any special clas®’, if w\mx ; €
then% = .

PROOFE Suppose a non-zero prime ril¢ . ThenB € 7\% and (ast\% is
a special class) we have; C 7\%. Hence% C =w\mg. On the other hand, (as
B ¢ ¥ andm\ma ;Ct %) it follows thatB ¢ 7\ma. Therefore (aB € 7) we have
B € 74 which by [5, Proposition 2] implies thatg = 7. Consequently we have
T\TTA ; % C m\ng = m\ma , a contradiction. Thug € % and (as% C n) it
follows thatr = %.

We say that a clasg’ C x is closed under subdirect surifisny prime ring which
is a subdirect sum of rings frofd belongs td%. Itis clear that a special clagsis
closed under subdirect sums if and onlgif= . (% (%)) N .

THEOREM 2. For a non-zero prime ringA the following conditions are equiva-
lent.
(1) “ (w\mp) is a special atom;
2 B ; U (T\7p);
(8) m\ma is closed under subdirect sums;
(4) Alis an essential extension of a ringwith PEI.

ProoOF (1) if and only if (2): Clearly if% (m\m,) is a special atom theg
U (m\7Tp).

Suppose thap ; 2 (m\ma) and leta be a special radical such th,at; o
U (\7p). Thenm\zma C ¥ (@) N7 ; 7 and by Lemma 1 it follows that \a
“ (a) N . Hence (asx is a special radical) we hawe = % (% (@) N7)
U (w\mp). Thus? (w\m,) is a special atom.

(2) if and only if (3): Suppos@ ; U (m\mp). Sincer\mp C .7 (% (w\7a)) N
m C m, it follows from Lemma 1 that eithet” (Z (z\mp)) N7 = 7 Of T\7TpA =
(% (m\ma)) Nm. The first case is impossible sin@e (\x,) is a special radical
strictly containing8. Thereforer\mp = .% (% (7\7a)) N7 which means that\m
is closed under subdirect sums.

Conversely, letr\7, be closed under subdirect sums and suppose ghat
U (w\mp). Then we would have\np = . (Z (z\ma)) Nt = S (B)NaT =7
which is impossible since & A € mp = 7\ (\74).
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(1) if and only if (4): Supposé” (rr\rp) is a special atom. 1A € . (% (7w \7a))
thenAis a subdirect sum of rings from\r, and (asA is prime) it follows from part
3 thatA € m\ma. This however is impossible since® A € 5. ThusA contains
a non-zero ideal € % (w\ma) and (asA € w) Ais an essential extension bf We
will show thatl is a ring with PEI. Since @4 | < AandA € x it follows from [5,
Proposition 2] thatr; = 4. Then? (z\ma) = % (7\m ) and (ad € % (7w \7a))
we havel e % (x\m,) which implies that every prime homomorphic imagelof
belongs tar, . Thusl is with PEI.

Conversely, leAbe an essential extension of some ringith PEI. Then (a#\ € )
we have 04 | <« Aandl € % (z\m ) N . But by [5, Proposition 2] it then follows
thatr, = 7, whichimplies% (z\ma) = % (7\m ). But(as0#£ | € % (w\m ) Nx)
it follows that 8 ;  (m\m ). Hencep ; ¢ (\ma) Which by part 2 implies that
 (w\mp) is a special atom.

COROLLARY 3. A special atonu is of the form?% (z\m,) for some0 £ A € « if
and only ifa = |, for some non-zero ring) with PEI.

ProOF Clearly, ifa =1, for some non-zero ring with PEI then by [6, Theorem
4] o« = % (7\m;) and we are done.

Conversely, suppose a special atom: % (7\7a) for some O£ A € 7. Then by
Theorem 2 it follows that there exists a non-zero tingith PEl suchthat G4 | < A.
Then by [5, Proposition 2] we have, = m,. Thus% (w\ma) = % (7\m;). But
(asl is with PEI) we havd € % (7\m). Thus,B cl C U (n\m) = U (mw\7p)

which implies that, = % (\7p) SiNCe? (m\mp) is aspeual atom ardis a special
radical.

It is now natural to ask the following question:

Does there exist a prime riné such that8 = % (z\m4) and yeﬂ'; is a special
atom?

A negative answer to this question would mean that special atoms are precisely the
special radicals generated by individual non-zero rings with PEI.

Although we are unable to construct a prime ring satisfying both conditions spec-
ified in the above given question, we provide a plentiful supply of non-zero #ngs
such thai8 = % (7\7a).

THEOREMA4. For a prime ring A, 8 = % (w\m,) if and only if A is a subdirect
sum of rings fromr\m 4.



PrROOF If B = % (\ma) for someA € = then A is a subdirect sum of rings
from w\7a becaused e w € .7 (B) = .7 (% (w\ma)) and? (w\7n) (as a special
radical) has the intersection property with respect to the specialelass

Conversely, letA be a prime ring such thaA is a subdirect sum of rings from
m\7wa. Then (ast\ma & 7 (% (7w\7p))) it follows that A € .7 (% (w\7wa)) N 7.
Since. (% (w\mp)) N 7 is a special class we thus havg € .77 (% (7\ma)) N 7.
On the other handg\np & (% (w\mp)) Nw. Thuszw = ma U (m\ma) &
(% (m\ma)) N which implies that? (% (x\ma)) N7 = w. Consequently
U (e\7tp) = U (L (U (w\7wp)) N7w) = U (7w) = B.

COROLLARY 5. If Z is the ring of all integers thef = % (7 \72).

PROOF Itis clear thatZ is a subdirect sum of rings isomorphicZg, p prime and
eachZ, (as a field) is a simple prime ring with identity. &, € = for some prime
p, then by [1, Proposition 5, p. 239, would contain a non-zero ide&lwhich is
isomorphic to a non-zeraccessible subring of Z. But (asZ, is simple) it follows
thatl = Z,. ThusJ is isomorphic toZ, which implies thatJ is a finite ideal ofZ,
a contradiction. Thug, € 7\, for every primep and by Theorem 4 it follows that
B =U (m\nz).

Beidar [2] constructed a non-zero prime ridguch thatr,Nrz = 0 and?% (wp) =
U () forsome O£ A e 7.

COROLLAR\LB. Let Abe aprimering suchthat,Nwz = 0and% (wp) = % (7x)
for somed £ A € . Theng = % (w\mp).

PROOF. SinceA € p €& 7 (% (na)) N € (% (w5)) andZ (rz) (as a special
radical) has the intersection property with respect to the special efagsfollows
that A is a subdirect sum of rings fromz. Moreover, sincer, N 7z = 0 we must
haverz € w\ma. ThusAis a subdirect sum of rings from\z, which, in view of
Theorem 4, means tht= % (\7pa).

We will now show how to construct prime ringssuch thai = % (w\ma).

COROLLARY 7. Let R be a prime ring with identityl # 0 and with an infinite
centre. LetX be an infinite set of cardinalityX| > 2R and letR[X] be the ring of
all polynomials in commutative indeterminatésver R. Theng = % (7 \mrix))-

PrROOF SinceR is a prime ring with identity 14 0 and with an infinite centre it
follows from [1, Lemma 5, p. 243] thaR[X] € = andR[X] is a subdirect sum of
rings isomorphic taR. If R ¢ 7 \mgx; then (asR € =) we would haveR € gy This



in view of [1, Proposition 5, p. 239] implies th& has a non-zero idedl which is
isomorphic to an accessible subring®fX]. Then it follows from [1, Lemma 3, p.
240] that|R[X]| < 2'l. But clearly|l| < |R|. Thus|R[X]| < 2R. On the other
hand, we havéR[X]| > |X| > 2R, a contradiction. ThuR € 7\mgx Which, in
view of Theorem 4, implies that = % (7 \7rpx)-

In [4, Theorem 6] rings of which some ideal can be homomaorphically mapped onto
a non-zero *-ring were discussed. For example, a prime ring with a non-zero centre
is such a ring.

THEOREMS8. If A is a prime ring of which some ide&lcan be homomorphically
mapped onto a non-zero *-ringand such thag = % (\m) thenl 5 is not a special
atom.

ProoOF Clearly, | is a non-zero ideal oA. So A # 0. SlnceIA (as a special
radlcal) is heredltary and sinde< A € IA it follows thatl e IA and consequently
1 e IA ThuslI < Ta. But sincel (as a *-ring) is a ring with PEI it follows
thatl, = % (7\my) is a special atom and $& ; T,: Now, if A € =y then by [5,
Proposition 2] it follows thatr, = sy which implies that? (m\n7) = % (w\7a).
This however, is impossible becayse= % (7\7a) andg & % (w\n7). Therefore
A e (m\r) NTa €. (I7) NTa Hencep S Iy C Iy which (adlt is a special radical)
implies that 4 is not a special atom.
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