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Abstract

A characterization of all special atoms in the form of the upper radical generated by the class of all prime
rings outside the smallest special class containing some prime ring is provided and prime rings for which
the above mentioned upper radical coincides with the prime radical are investigated.

1991Mathematics subject classification(Amer. Math. Soc.): 16N80.

All rings to be considered are associative and it will be assumed that any class of
rings contains the one element ring 0 as well as all rings isomorphic to any member of
the class. The fundamental definitions and properties of radicals of associative rings
can be found in [1] and [3].

Atoms of the lattice of all special radicals will be calledspecial atoms. For a ring
R write I C R to meanI is an ideal ofR and letR always denote some homomorphic
image ofR. For a classC of rings as usual let

U .C / D ýR : every 06D R =2 C 	 ;
S .C / D fR : for every 06D I C R we haveI =2 C g ;

Ck D fR : R is an essential extension of someI 2 C g :

The prime radical will be denoted byþ and the smallest special radical containing a
ring A will be denoted bybl A. The class of all prime rings will be denoted by³ and
the smallest special class containing a prime ringA will be denoted by³A.

A semiprime ringA is called a *-ring if the factor ringA=I 2 þ for every 06D I C
A. The class of all *-rings will be denoted by *.

It is known [4] that * is a hereditary class consisting of prime rings and for any
non-zero *-ringR we have 06D R 2 ³ implies R' R so thatR 2 ³R.
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A prime ring R such thatR 2 ³R for everyR 2 ³ is called aring with PEI.
Using methods of [5], it was shown in [6] that for every non-zero ringA with PEI

the radicalU .³n³A/ is a special atom andU .³n³A/ D bl A. We will now give a
characterization of all special atoms of the formU .³n³A/ where A is a non-zero
prime ring. To do so we will need the following

LEMMA 1. For any non-zero prime ringA and any special classC , if ³n³A $ C
thenC D ³ .

PROOF. Suppose a non-zero prime ringB =2 C . ThenB 2 ³nC and (as³nC is
a special class) we have³B � ³nC . HenceC � ³n³B . On the other hand, (as
B =2 C and³n³A $ C ) it follows that B =2 ³n³A. Therefore (asB 2 ³) we have
B 2 ³A which by [5, Proposition 2] implies that³B D ³A. Consequently we have
³n³A $ C � ³n³B D ³n³A , a contradiction. Thus³ � C and ( asC � ³) it
follows that³ D C .

We say that a classC � ³ is closed under subdirect sumsif any prime ring which
is a subdirect sum of rings fromC belongs toC . It is clear that a special classC is
closed under subdirect sums if and only ifC D S .U .C // \ ³ .

THEOREM 2. For a non-zero prime ringA the following conditions are equiva-
lent.

.1/ U .³n³A/ is a special atom;

.2/ þ $ U .³n³A/;

.3/ ³n³A is closed under subdirect sums;

.4/ A is an essential extension of a ringI with PEI.

PROOF. (1) if and only if (2): Clearly ifU .³n³A/ is a special atom thenþ $
U .³n³A/.

Suppose thatþ $ U .³n³A/ and letÞ be a special radical such thatþ $ Þ j
U .³n³A/. Then³n³A j S .Þ/ \ ³ $ ³ and by Lemma 1 it follows that³n³A D
S .Þ/ \ ³ . Hence (asÞ is a special radical) we haveÞ D U .S .Þ/ \ ³/ D
U .³n³A/. ThusU .³n³A/ is a special atom.

(2) if and only if (3): Supposeþ $ U .³n³A/. Since³n³A � S .U .³n³A// \
³ � ³ , it follows from Lemma 1 that eitherS .U .³n³A// \ ³ D ³ or ³n³A D
S .U .³n³A// \ ³ . The first case is impossible sinceU .³n³A/ is a special radical
strictly containingþ. Therefore³n³A D S .U .³n³A//\³ which means that³n³A

is closed under subdirect sums.
Conversely, let³n³A be closed under subdirect sums and suppose thatþ D

U .³n³A/. Then we would have³n³A D S .U .³n³A// \ ³ D S .þ/ \ ³ D ³
which is impossible since 06D A 2 ³A D ³n .³n³A/.



(1) if and only if (4): SupposeU .³n³A/ is a special atom. IfA 2 S .U .³n³A//

thenA is a subdirect sum of rings from³n³A and (asA is prime) it follows from part
3 that A 2 ³n³A. This however is impossible since 06D A 2 ³A. Thus A contains
a non-zero idealI 2 U .³n³A/ and (asA 2 ³) A is an essential extension ofI . We
will show that I is a ring with PEI. Since 06D I C A andA 2 ³ it follows from [5,
Proposition 2] that³I D ³A. ThenU .³n³A/ D U .³n³I / and (asI 2 U .³n³A/)
we haveI 2 U .³n³I / which implies that every prime homomorphic image ofI
belongs to³I : Thus I is with PEI.

Conversely, letAbe an essential extension of some ringI with PEI. Then (asA 2 ³)
we have 06D I C A andI 2 U .³n³I / \ ³ . But by [5, Proposition 2] it then follows
that³A D ³I which impliesU .³n³A/ D U .³n³I /. But (as 06D I 2 U .³n³I /\³)
it follows thatþ $ U .³n³I /. Henceþ $ U .³n³A/ which by part 2 implies that
U .³n³A/ is a special atom.

COROLLARY 3. A special atomÞ is of the formU .³n³A/ for some0 6D A 2 ³ if
and only ifÞ Dbl I for some non-zero ringI with PEI.

PROOF. Clearly, ifÞ Dbl I for some non-zero ringI with PEI then by [6, Theorem
4] Þ D U .³n³I / and we are done.

Conversely, suppose a special atomÞ D U .³n³A/ for some 06D A 2 ³ . Then by
Theorem 2 it follows that there exists a non-zero ringI with PEI such that 06D I C A.
Then by [5, Proposition 2] we have³A D ³I . ThusU .³n³A/ D U .³n³I /. But
(as I is with PEI) we haveI 2 U .³n³I /. Thusþ $ bl I j U .³n³I / D U .³n³A/

which implies thatbl I D U .³n³A/ sinceU .³n³A/ is a special atom andbl I is a special
radical.

It is now natural to ask the following question:

Does there exist a prime ringA such thatþ D U .³n³A/ and yetbl A is a special
atom?

A negative answer to this question would mean that special atoms are precisely the
special radicals generated by individual non-zero rings with PEI.

Although we are unable to construct a prime ring satisfying both conditions spec-
ified in the above given question, we provide a plentiful supply of non-zero ringsA
such thatþ D U .³n³A/.

THEOREM4. For a prime ring A, þ D U .³n³A/ if and only if A is a subdirect
sum of rings from³n³A.



PROOF. If þ D U .³n³A/ for some A 2 ³ then A is a subdirect sum of rings
from ³n³A becauseA 2 ³ j S .þ/ D S .U .³n³A// andU .³n³A/ (as a special
radical) has the intersection property with respect to the special class³n³A.

Conversely, letA be a prime ring such thatA is a subdirect sum of rings from
³n³A. Then (as³n³A j S .U .³n³A//) it follows that A 2 S .U .³n³A// \ ³ .
SinceS .U .³n³A// \ ³ is a special class we thus have³A j S .U .³n³A// \ ³ .
On the other hand,³n³A j S .U .³n³A// \ ³ . Thus³ D ³A [ .³n³A/ j
S .U .³n³A// \ ³ which implies thatS .U .³n³A// \ ³ D ³ . Consequently
U .³n³A/ D U .S .U .³n³A// \ ³/ D U .³/ D þ.

COROLLARY 5. If Z is the ring of all integers thenþ D U .³n³Z/.

PROOF. It is clear thatZ is a subdirect sum of rings isomorphic toZp, p prime and
eachZp (as a field) is a simple prime ring with identity. IfZp 2 ³Z for some prime
p, then by [1, Proposition 5, p. 239]Zp would contain a non-zero idealI which is
isomorphic to a non-zeroaccessible subringJ of Z. But (asZp is simple) it follows
that I D Zp. ThusJ is isomorphic toZp which implies thatJ is a finite ideal ofZ,
a contradiction. ThusZp 2 ³n³z for every primep and by Theorem 4 it follows that
þ D U .³n³Z/.

Beidar [2] constructed a non-zeroprime ringA such that³A\³A D 0 andU .³A/ D
U .³A/ for some 06D A 2 ³ .

COROLLARY 6. Let A be a prime ring such that³A\³A D 0andU .³A/ D U .³A/

for some0 6D A 2 ³ . Thenþ D U .³n³A/.

PROOF. SinceA 2 ³A j S .U .³A//\³ j S .U .³A// andU .³A/ (as a special
radical) has the intersection property with respect to the special class³A, it follows
that A is a subdirect sum of rings from³A: Moreover, since³A \ ³A D 0 we must
have³A j ³n³A. Thus A is a subdirect sum of rings from³n³A which, in view of
Theorem 4, means thatþ D U .³n³A/.

We will now show how to construct prime ringsA such thatþ D U .³n³A/.

COROLLARY 7. Let R be a prime ring with identity1 6D 0 and with an infinite
centre. LetX be an infinite set of cardinalityjXj > 2jRj and letR [ X] be the ring of
all polynomials in commutative indeterminatesX over R. Thenþ D U �

³n³R[ X]

Ð
.

PROOF. SinceR is a prime ring with identity 16D 0 and with an infinite centre it
follows from [1, Lemma 5, p. 243] thatR [X] 2 ³ and R [X] is a subdirect sum of
rings isomorphic toR. If R =2 ³n³R[ X] then (asR 2 ³) we would haveR 2 ³R[X] .This



in view of [1, Proposition 5, p. 239] implies thatR has a non-zero idealI which is
isomorphic to an accessible subring ofR [ X]. Then it follows from [1, Lemma 3, p.
240] thatjR[ X]j 6 2jI j. But clearlyjI j 6 jRj. ThusjR [ X]j 6 2jRj. On the other
hand, we havejR [ X]j > jXj > 2jRj, a contradiction. ThusR 2 ³n³R[ X] which, in
view of Theorem 4, implies thatþ D U �

³n³R[ X]

Ð
.

In [4, Theorem 6] rings of which some ideal can be homomorphically mapped onto
a non-zero *-ring were discussed. For example, a prime ring with a non-zero centre
is such a ring.

THEOREM8. If A is a prime ring of which some idealI can be homomorphically
mapped onto a non-zero *-ringI and such thatþ D U .³n³A/ thenbl A is not a special
atom.

PROOF. Clearly, I is a non-zero ideal ofA. So A 6D 0. Sincebl A (as a special
radical) is hereditary and sinceI C A 2bl A it follows that I 2 bl A and consequently
I 2 bl A. Thusbl I 6 bl A. But since I (as a *-ring) is a ring with PEI it follows
thatbl I D U .³n³I / is a special atom and soþ $ bl I . Now, if A 2 ³I then by [5,
Proposition 2] it follows that³A D ³I which implies thatU .³n³I / D U .³n³A/.
This however, is impossible becauseþ D U .³n³A/ andþ $ U .³n³I /. Therefore
A 2 .³n³I / \ bl A j S

�bl I

Ð \ bl A. Henceþ $ bl I $ bl A which (asbl I is a special radical)
implies thatbl A is not a special atom.
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