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Abstract

This paper has a twofold purpose. The first is to compute the Euler characteristics of hyperbolic Coxeter
groupsWis of level 1 or 2 by a mixture of theoretical and computer aided methods. For groups of level 1
and odd values dfS|, the Euler characteristic is related to the volume of the fundamental regitg iof
hyperbolic space. Secondly we note two methods of imbedding such groups in each other. This reduces
the amount of computation needed to determine the Euler characteristics and also reduces the number of
essentially different hyperbolic groups that need to be considered.

1991Mathematics subject classificatigamer. Math. Sog: primary 20F55; secondary 52A38.

0. Introduction

The Euler characteristic of a Coxeter groly was defined by Serre, who gave
an inductive formula [13, p. 110] for its computation. Moezently, Chiswell [4,
Proposition 3] has derived the explicit formula

(0.1) X(Ws) =) (=D /|Wy],

XcS
where the summation extends over all subsetsf S for which Wy is finite.
A crucial property of Euler characteristics is that
(0.2) x(G) =[G : H]x(H),
wheneverH is a subgroup of finite index iG. It follows in particular thaty (Ws) =
1/|Ws| for finite Ws.
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After preliminary discussion in Section 1, we show in Section 2 jhat/s) = 0
for affine Ws and then find, with the help of Mathematicaprogram, the Euler
characteristics of ‘hyperbolic’ Coxeter groups in the sense of [7, 6.8], as well as of
‘hyperbolic groups of level 2’ in the sense of [11]. The numerical results are shown
in Section 5.

It frequently happens that a Coxeter grolfy can be naturally imbedded as a
subgroup of finite index in another Coxeter grofa. The value ofy (Ws) then
follows from (0.2). In Section 3, we describe two types of such imbeddings, some of
which were observed earlier by the author in [11].

Finally we note in Section 4 that, for hyperbolic Coxeter groups, the volume of a
fundamental regio& of Ws in hyperbolic spacél” is given by

(0.3) (=12 vol(C) = onx (Ws)/2,

whenevellS| = n + 1 is odd ¢, is the volume of the sphe&"). For even values of
IS, x (Ws) = 0 and gives no information about v@).

Earlier computations of voC) were made by Meyerhoff [12] faiIS| = 4. These
can be considerably shortened by using the fact that

(0.4) vol(C’) = [Ws: Ws]vol(C)

wheneveWs is imbedded inWs. We have checked that the calculations of [12]
conform with equation (0.4) and list the volumes again in Table 1.

For | S| = 6, Kellerhals [10] has obtained an exact formula in one case, shown in
Table 1. Using (0.4), we can deduce the volumes for related groups, two of which
were also found in [10]. In addition, Kellerhals [9] has computed the volumes for
‘orthoschemes’, classified earlier by Im Hof [8], whES} is odd. In view of (0.3),
this amounts to finding their Euler characteristics. We have checked her values and
found different answers in four cases. The second last graph on [9, p. 206] has a
volume of 612/10800, the second and seventh graphs from the top of page 209 have
volumes ofr3/259200 andr3/12960 respectively, while the last graph on page 210
has a volume of 174/43545600.

The author would like to express his gratitude to M. Cherkasoff for an independent
computer verification of some of the numerical results.

1. The Schéfli space

In this section, we establish certain combinatorial formulas whose origins lie in the
work of Schéfli [1, 5.2] on volumes of simplices. When applicable, these formulas
are helpful in reducing the amount of computation needed toxfitwls).
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LetI" be a finite graph an€& a simplicial complex of subsets &f. We denote
by K (X) the complex consisting of all proper subsets of aet I'. If X, X, are
disjoint subsets of such that no element &f; is adjacent to an element of,, the
union of X; and X, is written asX; LI X,. We also use this notation to indicate that
X; and X, have this property.

The Schéfli spaceS(K) of K is the real vector space spanned by elemex}sfpr
X € K, subject to the relations:

(D) If AuX e K and|X] is odd, then

(1.1) 2[AUX] = > (-DM[AuLY].
YeK(X)

We callE =}, (—D™I[X] the Euler elemenof S(K).

Areal-valuedfunctiory onK is aSchEfli functionif it has the following properties:
2 x® =1
Q) x(X) = x(Xp) x(Xz) wheneverX = X; U Xy;
(4 2x(X) =D yek o (—DMx(Y) if |X] is odd.

It follows that y ({x}) = 1/2 for all x € I". For example, the function

(1.2) x1(X) = 172

always enjoys these properties.
A Schiafli function y has the same value on both sides of (1.1) and can therefore
be extended to a linear function &K ). We call

(1.3) X(E) =Y (=D x(X)
XeK
the Euler characteristicof y. Our aim is to find shorter formulas fd, in order to
simplify the calculation ofy (E).
Suppose tha L X e T'issuchthatAu Y € K forall Y € K(X). We can then
construct the element

(1.4) E(A, X) = Z (=D [ALY]

YeK(X)

of S(K). If Au X itself belongs t&K and|X] is odd,E(A, X) = 2[Avu X] by (1.1).
Let {a,} be the sequence of numbers definedby 1 and

(1.5) 2ak=2—(|;)al—---—(k51)ak_l.

LEMMA 1.1. We havey, = 4(2¢** — 1) B, 1/(k + 1), whereBy is thekth Bernoulli
number. In particulara, = 0 for even values df.
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ProOOF The recursion formula implies that
2— Zakt /Kl =4/(e +1).
On the other hand, starting from the equation

1+i Bit“/k! =t/ (e — 1),

k=1

substituting 2 for t and subtracting, we obtain

2— i (2" — 1) Bya/(k+ D)) t4/kl = 4/ (e + 1).

k=1

sinceB; = —1/2.

PrROPOSITIONL.2. Suppose thadu X C INissuchthatALY € K forall Y € K(X).
Then
E(A X) = Z axwv[AUY].

YeK(X),|Y|even

In particular, E(A, X) = 0if | X] is even.

ProOOR We argue by induction opX|. If |Y| is odd, the term(—1)Y'[A L Y] on
the right side of (1.4) is equal teE(A, Y)/2 by (1.1) and can therefore be expanded
by the stated formula.

In the resulting expansion & (A, X), consider an elemenfJu Z], with | Z| even.
It occurs once on its own with a coefficient-gfl. In addition, each elemenf\u Y],
with Z C Y C X, Y # X and|Y| odd, contributes A LI Z] with a coefficient of
—&;.1/2, where 3 + 1 = |Y\Z|. Since there ar¢):\%) such subsets o, the total
coefficient of [AL Z] is

X\Z
1- Z (|2] :L D Qj+1/2 = Ax\z|
i
by (1.5), which is equal to 0 ifX| is even.

COROLLARY 1.3. Suppose thak = K(I'). ThenE = 0if |[I'| is even and

E=Za2k+1< > [Y])

IY|=2m—-2k

if |T'| = 2m + Lis odd.
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PrOOF TakeA = ¢ andX =T in Proposition 1.2.

For special graphE, one can further simplify this formula by using

LEmMmA 1.4, Suppose thafu X c Tis suchthatAuY € K forall Y € K(X). If
K (X) can be expressed as the disjoint union of a farfily}, whereK, = {B, L Y" |
Y’ C C,} for a pair of subsetgB,, C,) of X such thatB, LI C,, we have

E(A, X) = Z(—l)‘Bp‘[Au B, L Cpl.
p
ProoF We have

D EDMALY] = =D Y ()Y [ALB, LY

YeK, Y'CCyp

= (—1'® (E(AU By, Cy) + (=D [AuB,LCy]),

which is equal to(—1)'®'[A L B, u C,] by Proposition 1.2. Summing ovey, we
obtain the desired result.

PrROPOSITIONL.5. Suppose thafLi X C TissuchthatAuY € K forall Y € K(X)
and thatX = {1, ..., n}is alinear graph, withi adjacent toj only ifi — j = +1.

Then
E(A. X) = Z( 1)i- 1[A|_|{ i ”
ProOE Apply Lemma 1.4 withB; = {1,...,i — 1} andC; ={i +1,...,n} for
1<i<n.

COROLLARY 1.6. LetT" ={1,...,2m+ 1} be a linear graph, with adjacent toj
only ifi — j = 1 and suppose thaf = K(I'). Then

2m+1

E—Z( 1)”[ 2m+1]

Other useful results of this type are

ProPOSITIONL.7. LetT" = {1, ..., 2m+ 1} be a cycle with adjacent toj only if
i — ] =+1mod2n+ 1and suppose thadf = K(I'). Then
E= Y (-1 [1, Lo i 2mt 1]

1<i<j<2m+1
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PrROOF Apply Lemma 1.4 withB; = {j +1,...,2m+1,1,...,i — 1} and
Cj={i+1....,j-1,forl<i<j<2m+1.

PrOPOSITION1.8. LetT" be a linear graph{1, ..., n}, with an extra vertexi + 1
adjacent only to the vertaxand suppose thak = K (I"). Then

n+1

Ezze(i)[l,...,f,...,n+1]+ Xn:(—l)“l[l,...,f,...,n],

i=1 i=q+1
wheree(i) = (=1)*forl<i <qgori =n+1lande(i) = (-1) forg+1<i <n.

PrOOF LetB ={1,...,i—1}, B/ ={1,...,i —1,n+1},C ={i+1,....n}
andC/ ={i+1,...,n+1}. Nowapply Lemma 1.4 with paird;, C/) for1 <i <q,
(Bi,C)forg+1<i<n+1and(B,C)forg+1<i<n.

2. Euler characteristics of Coxeter groups

Suppose thatVs is a Coxeter groupl” its Coxeter graph ani,, the simplicial
complex consisting of alK C Ssuch thaty is finite.

Let
Wy (t) = Zweth'("”

be the Poinca& series of a Coxeter groMuy. The formal identity [7, Prop. 5.12]

(2.1) D DY Wt =t/ Wi (t) (W finite)

YcX

(2.2) =0 (W infinite),

whereN is the length of the element of largest lengthify, enables one to calculate
Wy (t) by induction on| X|. In particular, it follows that\x(t) is a rational function
of t, whose complex zeros are roots of unity other thanl; therefore I1Wy (1) is a
finite number.

When| X| is odd andW\ is finite, takingt = 1 in (2.1) shows that

D =DM Wy | = 2/ Wl

YeK(X)

On the other hand, W is finite andX = X; U X,, thenWy is a direct product of
Wy, andWy,, so that
1/1Wx| = 1/|Wx,| - 1/|Wx,|.
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These equations imply that
(2.3) X (X) = 1/|Wy|

is a Schéfli function onK,y in the sense of Section 1. The Euler characteristig of
is equal, by (0.1), to the ‘Euler characteristiaWs) of Ws in the sense of Serre [13].
We recall that

(2.4) x(Ws) = 1/Ws(1)
by [13, Proposition 17].
ProPOSITION2.1. The Euler characteristic of an affine groMs is equal to0.

PrOOF According to Bott's theorem [2].
LWst) = J@—t™) /Wg(b),

whereW, is a finite Coxeter group correspondingiia and{m; } the set of exponents
of W;. It follows from equation (2.4) that (Ws) = 0.

Alternatively, one can note tha¥/s contains a normal subgroup of finite index
isomorphic toZ". Sincey (Z") = 0, we conclude from (0.2) that(Ws) is also O.

In [5], Coxeter gives a heuristic argument for this result and point out that it allows
an inductive computation of the order of a finite Weyl gratg for both even and
odd values ofZ|.

In [11], we have definell to be oflevel < | if the deletion of any vertices fromI’
leaves the graph of a finite or an affine Coxeter group. iff not also of levek | — 1,
thenl is called the level of\Vs.

Groups of level 1 are the hyperbolic Coxeter groups in the sense of [7, 6.8]; they
existonly for 3< |S] < 10. We extend to a functiony onK (I") by lettingy (X) = 0
whenevelVy is of affine type. Itfollows from Proposition 2.1 thatemains a Schlfli
function. Thereforey(Ws) can be computed as the Euler characteristig dfy one
of the formulas in Section 1; the results are listed in Table 1 beloySos 4. Since
it is well known that

X(WS) = 1/2m12 + 1/2m13 + 1/2m23 - 1/2 <0
for |S| = 3, we conclude

PROPOSITION2.2. Suppose thalVs is a group of level. Theny (Ws) = O for even
values of S|, while



156 George Maxwell [8]

@ x(Ws) > 0if |§ =1mod4
(b) x(Ws) < 0if |S|=3mod4

Groups of level 2 exist only for & |S| < 11 and are described in [11]. They are
also ‘hyperbolic’ in the sense that the standard bilinear form associai#y i of
signature(|S| — 1, 1). In this case, we extengd to K (I') by defining, in addition,
X (X) = x(Wx)/2 whenWy is hyperbolic. Again,y remains a Schffli function.

If |S|is odd, x (Ws) can be computed as the Euler characteristi¢ dify one of the
formulas of Section 1. For even values|&f, the latter is equal to 0 by Corollary 1.3
and therefore

(2.5) Xx(We) = D x(Wy)/2.

XeK(I"),Wx hyperbolic

In particular, it follows from Proposition 2.2 that(Ws) < 0 if |S| = O0mod 4 and
x(Ws) > 0if |S] = 2mod 4. The results are shown in Table 2 below|f&jr> 5; we
observe

PROPOSITION2.3. Suppose thaiVs is an irreducible group of leve?. Then

@ x(Ws) > 0if|§=12mod4
(b) x(Ws) < 0if |S] =0,3mod 4

3. Imbeddings of Coxeter groups

Suppose that a Coxeter grolfgs is imbedded as a subgroup of finite index in
another Coxeter groug/s. It follows from equation (0.2) that either

(3.1) x(Ws) = x(Ws) =0,
or
(3.2) Xx(Ws)/x(Ws) € Z

and is equal to the index &/ in Ws.

The following two results describe some standard ways of constructing imbeddings
of Coxeter groups. Table 1 shows all the resulting imbeddings for groups of level 1.
(Some of these were observed earlier by the author in [11].) In particular, we see that
these groups fall into a relatively small number of commensurability classes.

ProPOSITION3.1. Suppose that the Coxeter grafphof Ws is a disjoint union
'y UT,, where
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(i) Ti={sy,...,s_1}isof typeA_y;
(i) there is exactly one edg&_;,S) between the elemest; € I'; and an
elemeng e I', and no other edges between elementS,@dndTy;
(i) m(s_1,S) is an even numbetm > 4.

Let S be the set obtained froi@ by replacings, with

S =SSt - S§-15S5-1 - ScraSke

forsomek suchthatl < k <[ — 1.

ThenWs is a Coxeter group with graph” = I"; U I',, whererl'; is obtained from
I'; by replacings, with s, and joinings, to s,_; (if k > 1) with an edge marked 8m,
and also tos with an edge marked bwy(if m > 2). Furthermore, a verteg € I',
joined tos with an edge marked hy s also joined tas, with an edge marked hy.
The index ofNs in Ws is equal to(, ).

PrOOF. Using the notation of [3, V.4F, is the reflection with normal

€ =@q +2cogn/2m){g 1+ --- + &l.

ThereforeBy (¢, ) is equal to— cogr/m) for j =1, to —cogx/2m) for j =k —1
and to O for othelj in the range 1< j <1 — 1. On the other hand, f&r € I',, we
haveBy (€, &) = Bu(8, &).

If W’ is the abstract Coxeter group with graph these equations show that, with
respect to the basis obtained frd¢eg} by replacinge, with €, the formBy, provides
the standard geometric realisationWf. By a fundamental result of Tits [3, V.4.4,
Corollary 2 of Theorem 1]W’ is isomorphic to its imag&Vs.

Consider a cosalsw of Wy in W, with | (w) minimal. Using induction oh(w),
the relationsSq;1- - S5 = $S&Sk+1 - - - S—1 shows thatw € Wi, 4 ). Since

Ws N \N{sl,....s‘fﬂ = VV{sl,....ék,...s‘fﬂ’

we conclude that the cosets\W in Ws correspond to the cosetsWis, s ., IN
W, s, and that thereforeWs : Ws] = (}).

In a similar way one can prove

ProPOSITION3.2. Suppose that the Coxeter gragh of Ws is a linear graph
{s1,...5-1,S,..., S}, with all edges marked b@, except for the edge between
s_1 ands, which is marked bgm > 6.

Let S be the set obtained froi@ by replacings_; withs_;, = s5_;5 ands with
S = S_-1§S-1. ThenWs is a Coxeter group with graph’, in whichs'_; is joined
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tos_o(if | > 1), 543f 1 <n) ands,’ by edges marked witB, 3m andm(if m > 2),
respectively, while is joined tos_,, 5,1 ands_, with edges marked b§m, 3 and
m.

The index ofVg in Ws is equal ton + 1.

4. Volumes of fundamental regions

Let S" be the unit sphere iR™1. The volumes, of S" is equal to
2k+igk 2kt

1.3 (k-1 72T T

for even and odd values af respectively.

Suppose that a finite Coxeter grows, with |S| = n + 1, acts orS", rather than
R™1, The volume of its fundamental regi@is given by

(4.1) O% =

(4.2) vol(C) = anx (Ws),

sinceS" decomposes intpVs| copies ofC.

On the other hand, a Coxeter growg of level 1, with|S| = n + 1, acts on the
hyperbolic spacél”. Copies ofC then cover the interior dfi”, while elements € S
for which Wg, s is of affine type correspond to the vertices®@fwhich lie on the
boundary ofH".

When| S| is odd, the volume o€ is given by

(4.3) (=D)™2vol(C) = o, x (Ws)/2.

(See [6] for arecent history of this formula.) This explains why the sign(®¥s) must
be as described in Proposition 2.2. HowevelSfis even, the Euler characteristic of
Ws is zero and gives no information on the volumeéfThe imbeddings of Coxeter
groups shown in Table 1 at least reduce the number of cases to be consideseh
of equation (0.4).

For groups of level 2, the fundamental regiGris not contained irH" and there
is no concept of ‘volume’, so that the significance of Proposition 2.3 remains unclear.
However, such groups are related in [11] to packings of Euclidean space by unequal
spheres.

5. The tables

The subgroup relations for groups of level 1 obtained by methods of Section 3 are
shown in Table 1. For each value|&), the groups are numbered in the same order as
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TABLE 1. Groups of level 1

|ISy=10|3—,2, 1

ISS=9 [|3—,2, 1 4

XD =2 x2 =17 x'(4 =217

ISS=8 | 2—,1, 3, 4

ISl=7 |2—,1 3

x'(D) =-7, x¥(3) =—-22.13

|ISS=6 | 7—3,5—31, 9—-5,8—>34—>,2—>51 8—,6—>42,
4—-,3—>1, 10 11, 12

v(1) = 7£(3)/46080= 0.000183

|IS=5 | 13—,11—-+38—>,6, 13—>,12—>,9—>36, 11—, 9,
45,1 10—,7,2, 3,5, 14

XD =17, Y2 =2 x'(3) =213 x'(5) =5-11

X6 =%, x'(1)=3-5 x¥(14 =2°. 5

|ISi=4 | 32—>,16—>327—>,26, 16 >, 28 —>426, 12—, 29 —5 26,
11 —»527, 13—, 26, 12—, 14—, 24, 29—, 24,
7—>,31—-,23—5322 5—-,30—>,22 4—,1, 15—, 25
2,3, 6, 8 9 10, 17, 18, 19, 20, 21

v(26) = L(7r/3)/8 = 0.042289 v(22) = L(7r/4)/6 = 0.076330Q
v(1) = 0.035885 v(2) = 0.03905Q v(3) = 0.093326

v(6) = 0.556282 v(8) = 0.364107 v(9) = 0.52584Q

v(10) = 0.672986 v(17) = 0.08577Q v(18) = 0.222229
v(19) = 0.358653 v(20) = 0.205289 v(21) = 0.502131
v(25) = 0.171502

in Section 6.9 of [7], by going down the first column and then [&jr= 4, 6) down
the second. (The table in [7] actually contains an error: group number 13|fer5
should have one of its edges marked by 4.) Notation suah as, n means that
group numbem is a subgroup of group numbaerof indexk. A group not involved
in subgroup relations is mentioned as a single number

Sincey (Ws) is, for these groups, a small rational number, it is convenient to scale
it by a factords; given by

d4=24'3'5, d5=27'32'52, d6=2d5, d7=210'34'5'7,
dg= 2d7, d9=215'35'52'7, d10=2d9, d11= 218'36'52'7' 11

When |§| is odd, the values of’(Ws) = dgx(Ws) are listed in Table 1 for the
largest group in a commensurability class and can be deduced for the others by using
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equation (0.2). For even values |@|, we show instead the known volumes of the
fundamentalregio@, takenfrom[10] and [12]. The lettérdenotes the Lobachevsky
function.

Table 2 gives the value of (Ws) for groups of level 2 whenS| > 4. The groups
are taken in the same sequence as in [11, Table Il]. Since the groups listed in brackets
in that table can in fact be imbedded in the main group (and give rise to the same
sphere packings), we do not list the valueydtWs) for them, but merely indicate
their position by ().

TABLE 2. Groups of level 2

|S|=11| —33 -2, —2112

|S|=10| 2, 4, 4, 1088 68, 19, 1160

|S|=9 | 255 1252 164 8704 480, 4804 120Q 12960

IS\ =8 | —7, —14, —28 —-14, —52, —104, —104, —312 —-132

ISl=7 | =21, (), —63, —196 —248 —684 —896 —2912 —882 —1015
—486, —2016 —1944 —5040

ISl=6 | 2, 17, 2, 4, 55, 55, 36, 120 25, (), 50, 50, 15, 15, 30, 60, 30,
200, 50, 150, 120, 90, 180 65, 85, 34, 325 400, 120, 170, 290
|S|=5 | 400, 85 82 182 122 375 272 507, 265 165 244 240 362
555 462 724, 120Q 180, 735 662 842 600 842 192Q 156Q
75, (), 150 200, 40, (), 200 125 75, 240, 600, 122 390 480,
1800 625 300, 300, 325 300 240, 280, 375 960, 482 144Q
120Q 540, 625 390, 675 1250 750, 964 480, 750, 480 900,
925 975 240Q 1082 840, 962 675 120Q 180Q 865 120Q
192Q 700, 240Q 2400 780, 960, 1080 120Q 900 120Q 150Q
108Q 1275 120Q 1585 1825 144Q 962 180Q 240Q 216Q
2160
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