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Abstract

Some properties of the singular ideal are established. In particular its behaviour when passing to one-sided
ideals is studied. Obtained results are applied to study some radicals related to the singular ideal. In
particular a radicab such that for every ringR, S(R) andR/S(R) are close to being a singular ring and

a non-singular ring, respectively, is constructed.
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1. Introduction

Studying properties of rings one can usually say more assuming that the considered
rings are either singular or non-singular. It is natural to ask whether one can reduce
studies of arbitrary rings to these two particular cases. In this paper we examine a
radical approach to the question namely, we study whether one can construct a radical
S such that for every rindR, S(R) is not far from being a singular ring whereas
R/S(R) is close to being a non-singular ring.

In the first two sections of the paper we study properties of the singular ideal of a
ring. In particular we study how it behaves when passing to ideals or one-sided ideals.
Obtained properties are applied in the third section to find a radical of the above
specified type. The radical seems to be quite satisfactory. It satisfies the required
conditions, is quite regular (it is aN-radical in the sense of A.D.Sands [14]) and
related to some other classical radicals (it contains the prime radical and is contained
in the strongly prime radical). We study also some related radicals. In particular we
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show that the class of rings (cf. [3] and the papers quoted therein) whose all prime
homomorphic images are non-singular isNuradical class.

In the last section we obtain some results on the singular ideal of rings satisfying
the ascending chain condition on principal right ideals.

Some of the ideas of this paper are contained in the unpublished paper [4].

All rings considered in this paper are associative but, unless otherwise stated, are
not assumed to have identity. The ring obtained from a Rty adjoining an identity
will be denoted byR*.

To denote that is an ideal (right ideal, left ideal) of a rin we write | < R
(I < R, I < R).

Given a subse$ of a right (left) R-moduleM, theannihilator anry(S) of Sin Ris
definedagr e R| Sr=0}(fr € R|rS=0}). If me M, thenang({m}) is denoted
by anrk(m). In case wheM = Ry (respectivelyM = gR), anm(S) is denoted by
r=(S) (respectivelfr(S)) (if the context is clear, just by(S) or | (S)) and called the
right (respectivelyeft) annihilatorof Sin R. Instead of g({a}) (respectivelyz({a}),
wherea is an element oR, we write simplyrg(a) (respectivel\g(a)).

For background on the theory of radicals of rings we refer the reader to any standard
text such as [2, 17]. Recall that a radi¢alis calledleft (right) hereditaryif L <, A
(H < A andAe Zimply L € Z (H € #). A radical which is left and right
hereditary is calledne-sided hereditaryA radical-# is said to bdeft (right) strong
if for every ring A, Z(A) contains all left (right)Z-ideals of A. A radical which is
left and right strong is callestrong The prime radical will be denoted k8

2. Properties of the singular ideal

Let M be a right module over a rinR. Thesingular submodul&g(M) of M is
defined agm € M | anrk(m) is an essential right ideal dg}.

The singular submodule of the rigiR-module Ry is called the ight) singular
ideal of the ring R and denoted by (R), that is,Z(R) = {x e R| rg(X) " H # 0
for every non-zero right idedfl of R}. It is well known (see [7], p. 30) thaZ(R) is
indeed an ideal oR.

RingsRsuchthaZ(R) = Rare callegingularwhereas those for which(R) = 0
are calledhon-singular We start with some examples of singular and non-singular
rings.

ProOPOSITION2.1. Every commutative nil rindr is singular.

PrOOE Take anya € Rand 0# b € R. If nis the smallest natural number such
thata"bR* = 0, then 0#£ a"'bR* C r (a). Howevera" b R* = ba"!R* C bR, so
bR Nr(a) #0. ThusZ(R) = R.
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A ring R is said to be right) strongly prime[8] if every non-zero ideal of R
contains a finite subsé¥ such thatrgx(F) = 0. Anideal P of a ring A is called
strongly primeif the ring A/ P is strongly prime.

PrROPOSITION2.2. Every strongly prime ringr is non-singular.

ProOF If Z(R) # 0, then sinceZ(R) < R andR is right strongly prime, there
exists afinite subsdt = {fq, ..., f,} € Z(R)suchthat (f)N---Nr(f) =r(F) =
0. Howeverf; € Z(R), sor(f;) is an essential right ideal d®R fori = 1,...,n.
Consequently (F) is an essential right ideal d&, a contradiction.

Let R be a non-nilpotent finitely generated ring. For every natural numptre
ring R" is finitely generated as well. Hence applying Zorn’s lemma one can find an
ideal M of R maximal with respectt®R” € M forn =1,2,.... TheringR/M is
strongly prime. Indeed, if /M is a non-zero ideal oR/M, then the maximality of
M implies that there exists a natural numipeisuch thatR" C |. Let F be a finite
set generating the ring". Thenrgu(F + M) =rgu(R"+ M/M) = J/M for an
ideal J of R. If M £ J, then the maximality oM implies thatR™ C J for a natural
numbem. However in this cas®™™ C R"J C M, a contradiction.

Now from Proposition 2.2 it follows that the ring/M is non-singular. Taking in
particularR a finitely generated non-nilpotent nil ring (see [6]) one gets thav
is a non-singular nil ring. This shows that Proposition 2.1 does not hold for non-
commutative nil rings.

Another class of non-singular rings is given by the following

PrOPOSITION2.3. Every reduced rindR is non-singular.

PrOOF Take anya € R. If x € r(a) N aR, then for somey € R*, x = ay and
a’y = 0. This implies thaitayRa?2 = 0. Hence, sinceR is reducedayRa= 0.
Consequentlx Rx= ay Ray= 0. However the ringR being reduced is semiprime,
sox = 0. Consequently(a) NaR* = 0. This implies thaZ(R) = 0.

Note that for every family{R,} of rings Z(I1R,) = MMZ(R,) and Z(®R,) =
®Z(R,). Hence the class of singular rings as well as the class of non-singular rings
is closed under products and direct sums. However the classes are not closed undel
taking homomorphic images and ideals, as we will see in the following examples.

First note that the class of non-singular rings is not closed under taking homomor-
phic images. Indeed, the ringK[x] of polynomials with zero constant term over a
field K is a non-singular ring whereas its homomorphic imaddx]/x?K[x] is a
singular ring.
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ExamPLE 2.4. The class of singular rings is not homomorphically closed.

Indeed, letR be a commutative nil ring which is not nil of bounded index and
let P be the product of an infinite number of copieskRf By Proposition 2.1 and
the foregoing remark, the ring is singular. Obviously8(P) # P. SinceP is
commutative, the ring?/B8(P) is reduced. Hence the ring/B(P) is non-singular
by Proposition 2.3.

Recall that a class# of rings is said to bénereditaryif | < R, R € .# imply
| e .

ExamPLE 2.5. The class of singular rings is not hereditary.

Indeed, letk be a field andA a singularK -algebra such thaf? # 0. We
claim that the ringR = (§ 2) is singular. For, take ang = (;3) € R. Clearly if
I =ra({X,y,2}), then(}}) S rr(a). For every0# b = @%) € R, bR= (¢ )
for some right ideald, 1, I3 of A. If some ofl; # 0 (or, equivalentlybR # 0),
then sinceZ(A) = A, I Nl; # 0. Hence 0 bRN (/) € bRNrg(a). Suppose
thatbR = 0 and denote by the subring ofK generated by 1. The right ideal of
R generated by is equalPb and the right ideals oA generated by, are equal
Ph. SinceA = Z(A), there are non-zero elemetkisks,, k; € P such thak b, € I,
i = 1,2,3. Puttingk = kik:ks, we get that 0% kb € Pbn (}|) € Pbnrg(a).
Therefore for evera € R, rg(a) is an essential right ideal &®. ThusZ(R) = R.

NowJ = (§ 9) < R. Takea € AsuchthaH =r(a) # A(such anelementexists
becaused? #£ 0). Then there exists a non-zeesubspac®’ of Awith H NV = 0.
Note that O£~ Q%) <, Jand@%) Nr;GH =@CH NE ) =0. Hencea ¢ Z(J).

From the above example it also follows that the class of singular rings is not closed
under extensions. Indeed, the riddgs not singular but bott = (§ 8) andJ/l ~ A
are singular rings.

ExamMPLE 2.6. The class of non-singular rings is not hereditary.

Indeed, letk be a field andR = (£ 3). Clearlyl = ¢ ) < RandZ(l) = I.
HoweverZ(R) = 0. In fact, for each G4 x € R, rr(x) = | butH = () <, Rand
I NH = 0. Thusrg(x) is not an essential right ideal &.

The following proposition implies in particular that the class of semiprime non-
singular rings is hereditary.

PropPOSITION2.7. If | <« Rand the ringl is semiprime, theZ (1) =1 N Z(R).
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PrROOF. Leti € Z(l) and0# H <, R. If HI =0, then(IH)? = 0. However
| is a semiprime ringantH <, |, solH = 0. ConsequentH C rg(l) C rg().
Thus in this casH Nrg(i) # 0. If HI # 0, then 0#£ HI <, |. Hence, since
ieZ(),HInNr@)#0. HoweverH! € H andr,(i) C rg(i), so also in this case
H Nrg(i) # 0. Therefore € Z(R)N I.

Now leti € | N Z(R) and 0# H <, |. Since the rind is semiprimeH 1 # 0.
ObviouslyH | <, R. HenceH INrg(i) # 0. HoweveH| € H,so0# HInNrg(i) €
H Nrg(@) = HnNr, ). Thisimplies that € Z(I).

3. Behaviour of the singular ideal with respect to one-sided ideals

Now we shall study the behaviour &f(-) with respect to one-sided ideals. The
main result of this section is the following

THEOREM3.1. If | is a one-sided ideal of a rin@ and | * is the two-sided ideal of
R generated by, thenZ(1*/8(1*)) # 0if and only if Z(I1 /8(1)) # O.

The proof of the theorem is split in several parts. We start with Lemma 3.2 which
allows us to assume thRtis semiprime (then of course one has to prove Zat) # 0
if and only if Z(1/8(1)) # 0). In the semiprime case the result is the conjunction of
Corollaries 3.7, 3.9 and Propositions 3.12, 3.13.

LEMMA 3.2.LetK be a one-sided ideal & and letK * be the ideal oA generated
by K. ThenK = (K + B(A))/B(A) is a one-sided ideal oA/B(A) and (K* +
B(A)/B(A) is the ideal ofA/B(A) generated bK. Moreover(K*+ B(A))/B(A) ~
K*/B(K*) andK/B(K) >~ K/B(K).

PrOOF Straightforward.

Before passing to the semiprime case we shall prove the following

ProPOSITION3.3. If | <, R, thenZ(l)I C Z(R).

PrOOE Takez € Z(l),i e l and0# H <, R. IfiH = 0, thenziH = 0, and
so in this caséd C rg(zi). IfiH # 0,then 0# iH <, |. Hence, since € Z(l),
iH Nr,(2) # 0. Consequently in any case there is¢tth € H such thatzih = 0.
This implies thatH Nrg(zi) # 0, sozi € Z(R).

LEMMA 3.4.1f Ris a semiprime ring and <, R(L < R), theng(l)l =0
(LB(L) =0).
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ProOFE Note thatB(1)l <, Randg(l)l <€ B(l). HenceB(l)I is a rightB-ideal
of R. SinceR is semiprime(l)l = 0.

Proposition 3.3 and Lemma 3.4 give

CoROLLARY 3.5. If Ris a semiprime non-singular ring and<, R, thenZ(l) =

).

ProOE By Proposition 3.3,Z(1)I € Z(R) = 0. This obviously implies that
Z(l) € B(l). The converse inclusion is an immediate consequence of Lemma 3.4
and the definition oZ(1).

ProPOSITION3.6. If Risasemiprimeringant <, R,then(INZ(R)+4(1))/8(1)
c Z{/p)).

ProOOE Takez € | N Z(R) and 0#£ H/B(1) <, I /B(l). Clearly 0£ HI € H
andH| <, R. Hencar(z) " HI #£ 0. SinceRis semiprime andH | Nrz(2) <, R,
we haveH | Nr (2) = HI Nrg(2) € B(l1). Now O£ (HI nr (2)+B(1))/8() C
((HT+81))/BUNN (@+B1))/B(1)) € (HI+B)/BU))NN ) (z+B(1)) S
H/B() Nrypay(z+ B(1)). Hencez + (1) € Z(1/B(1)).

COROLLARY 3.7.If R is a semiprime ring,] <, R and Z(1/8(1)) = 0, then
Z(1*) =0, wherel* = R*I.

PrOOE By Proposition 3.6, ifZ(1/8(1)) = 0, thenl N Z(R) € B(l). Hence
I NZ(R) is aB-radicalrightideal oR. HoweverR is a semiprime ring, sbNnZ(R) =
0. Consequently Z(R) = 0. Thus by Proposition 2.7,Z(1%))> € R*1Z(1*) C
R*1Z(R) = 0 and semiprimeness & implies thatZ(1*) = 0.

ProPOSITION3.8. If Ris a semiprime ring and. <, R, thenLK C Z(L*), where
L* = LR*andK isthe ideal ofL containingB(L) suchthatZ(L/8(L)) = K/B(L).

PrROOF Let0# H <, L*. Suppose firstthatiL € g(L). Then by Lemma 3.4,
LHL = 0and hencee HL* = LHLR* = 0. This givesLH = 0, becauseR is
semiprime. Consequently C r .(L) C r..(LK). Suppose now thalL & B(L).
Then for everk € K, ((HL + B(L))/B(L)) Nrypa,(k+ B(L)) # 0. Hence there
ist € HL \ B(L) such thatkt € B(L). By Lemma 3.4,Lkt = 0, which gives
O0#£Ate HLNrL.(Lk) € HNr.(Lk).

The foregoing shows thatforevery®H <, L*andeachk € K, HNr.(Lk) # 0.
HenceLK C Z(L*).
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Proposition 3.8 gives

COROLLARY 3.9. Under the assumptions of Propositi@B, if Z(L/B(L)) # O,
thenZ(L*) # 0.

It is much more complicated to get the symmetric versions of Corollaries 3.7 and
3.9. We begin with two auxiliary lemmas.

LEMMA 3.10.If Ris a semiprime ring an@ # L <, R, thenL?R* is an essential
ideal of L R*.

PROOF Suppose that <t LR* andl N L?2R* = 0. ThenlL?R* = 0. However
I® C ILR*LR* = IL?R*. Hencel = 0, becaus® is semiprime.

LEmmA 3.11. (cf.[11], Lemma 2)For every elemerd of a ring R

(i) | =rr(@a < Ra J=alg(a) < aR;
(i Ra/l ~aR/J;
(i) Ra/B(Ra) ~ aR/B(@aR).

PrOOE (i) Straightforward.

(ii) Note first that if for some,, r, € R, r,a =r,a, thenr, —r, € Iz(@). Hence
ar, + J = ar, + J. This implies that puttingf (ra) = ar + J, we get a well
defined mapf : Ra — aR/J. Clearly f(r,a +r,a) = f(r,a) + f(r,a). Now
f(r,ar,a) = arar, + J = f(r,a)f(r,a). Hencef is a ring homomorphism such
that f (Ra) = aR/J. It suffices to prove that Kef = |. The inclusionl C Ker f is
clear. Ifra € Ker f, thenar € J. Hence there exists € Irz(a) such tha@ar = ar’.
This implies that —r’ e rg(a) andra = (r —r’)a € |. The proofis complete.

(ii) Note that12 = J2 = 0. Hencel C B(Ra), J € B(aR) and soB(Ra/l) =
B(Ra)/l, B(aR/J) = B(@R)/J. Consequently the isomorphisRa/l ~ aR/J
induces anisomorphism ofthe ringéRa) /1 andg(aR)/J aswell as anisomorphism
of the ringsRa/B(Ra) andaR/B(aR). The result follows.

ProOPOSITION3.12. If R is a semiprime ringL. <, Rand Z(L/8(L)) = 0, then
Z(L*) =0, whereL* = LR*.

PROOF Suppose thaZ (L*) # 0. By Lemma 3.4L°R* = 3", ,, LIR*. Obvi-
ously allLIR* are ideals oL *. In a semiprime ring an ideal which intersects a sum of
ideals must intersect one of them. Hence applying Lemma 3.10 and Proposition 2.7,
we getthat forsomee L\B(L), Z(LIR*) # 0. SinceLlIR* < R*IR*, by Proposition
2.7, Z(R*IR*) # 0. NowIR* <, R, so by Corollary 3.7Z(R*/8(R*)) # 0. Ap-
plying Lemma 3.11, we get thaR*/B(IR*) ~ R*l/B(R*l), soZ(R*l /B(R*l)) # 0.
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Now, sinceR*l <, L and the ideal ofL generated byR*l is equalR*l + R*IL,
Lemma 3.2 and Corollary 3.9 giv&((R*l + R*IL)/B(R*| + R*IL)) # 0. However
R* + R*IL < L, so by Proposition 2.7Z(L/B8(L)) # 0. The result follows.

ProPOSITION3.13.If R is a semiprime ring] <, Rand Z(1/8(1)) # 0, then
Z(1*) # 0, wherel* = R*I.

ProOOF Takei € | such that 0% i + (1) € Z(1/8(1)). ClearlyiR* <, I,
J=iR*+IliR* < l and(J + B(1)/B(1)) NnZ(1/B(l)) # 0. Hence by Proposition
27,ZJ + B(H)/B)) ~ Z(I/B(J)) # 0. Sinceld is the ideal ofl generated
by i R*, applying Lemma 3.2 and Corollary 3.7, we get tat R*/8(iR*)) # 0.
Now by Lemma 3.11,R*/B(iR*) ~ R*i /8(R*i), s0oZ(R*i /8(R*i)) # 0. However
R*i <, 1*, so by Corollary 3.9Z(R*i + R*il*) # 0. Now Proposition 2.7 gives
Z(1*) # 0. The result follows.

4. Radicals

As we have mentioned in the introduction we would like to find a radi¢auch
that for every ringR, #Z (R) is close to being a singular ring wherds# (R) is close
to being a non-singular ring. Of course the best would be to BayR) = Z(R).
HoweverZ(-) is not a radical. Namely there are rinBgor which Z(R/Z(R)) # 0.

EXAMPLE 4.1. LetK be afield,y an ordinal number anB, = K{X, |« < y}/I,
whereK{X, | @« < y} is theK-algebra of polynomials with zero constant terms in
non-commuting indeterminate§, indexed by ordinal numbeks < y andl is the
ideal of K{X, | @ < y} generated by the s€X,, X,, | @1 < o, < y}. Denote byx,
the image ofX,, in P,. Observe that,P, = 0 andx,P; Nrp (X,) = 0 foralla > 0.
These imply thaZ (P,) = (%), the ideal generated by. Note thatP,/(X,) ~ P,
wheny is infinite andP, /(X)) ~ P,_; wheny is finite and greater than 1. Hence
Z(P,/Z(P,)) #0fory > 1.

Now we shall apply a construction similar to that of the lower Baer radical.

Given aringR we putZy,(R) = 0. For any ordinalx > 0 we defineZ,(R) by:

() If « =6 + 1 is not a limit ordinal, thenz,(R) is the ideal ofR such that
2,(R)/Z5(R) = Z(R/Zs(R));

(ii) If o is a limit ordinal, thenZ,(R) = |J,_,Zs(R).

There exists an ordinal such thatZ,(R) = Z,(R) for each ordinay > p. We
denoteZ,(R) by Z'(R) and call it thegeneralized singular ideaf R.
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For the ringP, in Example 4.1, the chaid,(P,) stabilizes ay wheny is a limit
ordinal and aty — 1 otherwise. This in particular shows that the number of steps in
which one gets the generalized singular ideal is not bounded.

As animmediate consequence of the definitio®#afR) we have that?' (R/ % (R))
= 0. However# (.) stillis notaradical. Itfollows from Example 2.4 which shows that
the clasdR | #(R) = R} is not even homomorphically closed. The same example
shows that the lower radical determined by the class of singular rings contains some
domains, which are very far from being singular. Thus the lower radical determined
by the class of singular rings is not of the type we are looking for.

There is another way for constructing in each riRgan idealG(R) such that
R/G(R) is a non-singular ring ([16], Ch. 6, 81 and 86). Consi8¢Z (R) as a right
R-module and defin&(R) to be the right ideal oR containingZ (R) and such that
G(R)/Z(R) = Zr(R/Z(R)). We have the following (cf. [7], Ex. 20, p. 37 and [16],
Proposition 6.2 in Ch. 6).

ProPOSITION4.2. For every ringR, G(R) is an ideal ofR such thatZg(R/G(R))
=0andZ(R/G(R)) =0.

ProoOF If a € G(R), thenrg(a+ Z(R)) = {b € R | ab € Z(R)} is an essential
right ideal of R. Also, for anyr € R, rgr(a + Z(R)) C rr(ra + Z(R)). Hence
ra € G(R) and soG(R) is an ideal ofR.

Suppose thaa + G(R) € Zg(R/G(R)) andH is a non-zero right ideal oR. If
H N Z(R) # 0, then sincea(H N Z(R)) € Z(R), there exists 04 b € H such
thatab € Z(R). Suppose now that N Z(R) = 0 and take G# b € H such that
ab € G(R). Thenb ¢ Z(R) and so there exists a non-zero right ideabf R with
F Nrg(b) = 0. Alsorg(ab+ Z(R)) N F £ 0. Hence there exists£# ¢ € F such
thatabce Z(R). Sincebc € H andbc # 0, we have thatzg(a+ Z(R)) "H #0in
any case. This shows thate G(R) and consequentlyz(R/G(R)) = 0.

Finally, if a4+ G(R) € Z(R/G(R)), thenrg,gr (@ + G(R)) is an essential right
ideal of R/G(R). Write rg,gr (@ + G(R)) = I/G(R). Then it is easy to see
that | is an essential right ideal dR. Sincerg(a + G(R)) = I, it follows that
a+ G(R) € Zg(R/G(R)) = 0. ThusZ(R/G(R)) = 0 and the proof is complete.

The idealG(R) is reached in two steps, so it would be more convenient to use it
instead of#(R). However the following shows th& (R) is larger than%(R) and
because of that not useful in constructing the desired radical.

PropPosITION4.3. For every ringR, Z(R) € G(R).

PrOOF Applying transfinite induction, it suffices to show thatzf(R) € G(R)
anda = y + 1, thenZ,(R) € G(R).



204 Miguel Ferrero and Edmund R. Puczytowski [10]

Leta € Z,(R). Puta = a+ G(R) € R/G(R) andrg(a) = {x € R| ax € G(R)}.
Let H be a non-zero right ideal dR. If H € G(R), then sinceG(R) C rg(a),
re@NH=H#0. If H Z G(R), thenH ¢ Z,(R). In this case consider
(H+Z,(R))/Z,(R) which is anon-zerorightideal &?/Z, (R). Sincea+ Z,(R) €
Z(R/Z,(R)), there existd € H + Z,(R) withab e Z,(R) andb ¢ Z,(R). Thus
we easily obtairx € H with ax € Z,(R) € G(R) andx # 0. This shows that
rr(@) N H # 0inany case and s® € Zz(R/G(R)). Consequentla € G(R) and
we are done.

Itis easy to see that P, is theK -algebra of Example 4.1, the#(P)) = P, and
G(P;) = P;. This shows that in gener@(R) is strictly larger thanz’(R).

Let ># = {R | for every homomorphic imag®’ of R, #(R’) = R'}. Itis not hard
to see that’?” = {R | for every non-zero homomorphic imagéof R, Z(R') # 0}.

Obviously the class?’ is homomorphically closed. We also have

PropPosITION4.4. The class’# is closed under extensions, thatis| ikl R, | and
R/l are ins#, thenRis in 57.

ProoOE We shall prove first that for every non-zeroriRyif | < R, Z(1) = |
andZ(R/1) = R/1,thenZ(R) # 0. Suppose to the contrary tha{R) = 0. Then
| # 0 and by Proposition 3.Z (1)l =0. Assumenowthat C J < R, Z(1)J =0
andZ(R/J) = Z/J. We claim thatZ(1)Z = 0. Indeed, lekz € Z(l),a € Z and
0#4H <, R. PutH' = {h € H | ah € J}. ObviouslyH’ <, R. Moreover, since
ac Z H #0. Now, sinceZ(l1)J = 0, we havezaH = 0. HenceH’ C ry(za)
which implies thatrg(za) " H # 0. Consequentlga € Z(R) = 0, which proves
the claim. By Zorn’s Lemma there is an idddl such thatZ(1)M = 0 andM is
maximal for this. LetZ/M = Z(R/M). By the foregoingZ(1)Z = 0, soM = R.
This obviously implies that & Z(l) € Z(R), a contradiction.

Now to get the proposition it suffices to show that for every proper ideafl R,
Z(R/J) # 0. ObviouslyZ(R/(l + J)) = R/(l + J) and, since(l + J)/J >~
IL/(0NJ), Z«l +3)/J) = + J)/J. Hence by the foregoing(R/J) # 0.

The classs# has already quite good properties (from the theory of radicals point
of view) but still is not a radical class. Obviously nilpotent rings are in the class
##. Thus to show that the class is not radical it suffices to find a non#&eadlical
non-singular ring. The following shows that such rings exist.

ExampPLE 4.5. Let R be the ring of all infinite strictly upper triangular matrices
which have only finitely many non-zero rows with entries in a fild It is easy to
check thatR € 8. We shall show thaZ(R) = 0. Let 0# a € R. If all entries of
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a outside then'th column are equal to zero, thep(a) consists of all matrices iR
whose entries in the-th row are equal to zero. The detf all matrices inR whose
entries outside tha-th row are equal to zero is a non-zero right ideaRo$uch that

I Nrr(@) = 0. Thusa ¢ Z(R). Suppose now thatis an arbitrary non-zero element
in Rand the(k, 1)-entry ofa is non-zero. Leb be the matrix with thél, | + 1) entry
equal to 1 and all other entries equal to zero. Clebrly R andab is a non-zero
matrix in Rwhose all entries except somd i+ 1-th column are equal to zero. Hence
by the foregoingab ¢ Z(R) and soa ¢ Z(R). ConsequentlZ (R) = 0.

Modifying slightly the definition of the class? we obtain a radical satisfying the
earlier postulated conditions.

Let.# = {R | every non-zero homomorphic image Rfcontains a non-zero ideal
which is a singular ring. Applying Proposition 2.7 and the fact that for every ring
A, B(A) # 0 if and only if A contains a non-zero ide&lwith 12 = 0 one obtains
that.¥ = {R | for every non-zero homomorphic imad® of R, B(R) # 0 or
Z(R) # 0}. Equivalently.¥={R | R cannot be homomorphically mapped onto a
non-zero semiprime non-singular rihgWe shall call# the {ight) singular radical

From Proposition 2.7 it follows that the class of semiprime non-singular rings is
weakly special, that is, is hereditary and such thdt i§ in the class and is an
essential ideal oR, thenR is in the class. Hence the general results concerning upper
radicals give the following.

ProOPOSITION4.6. The singular radical is equal to the upper radical determined by
the class of semiprime non-singular rings. Itis a hereditary radical contaifiing

Recall that therfght) strongly prime radicals defined [8, 10] as the upper radical
determined by the class of (right) strongly prime rings. From Proposition 2.2 it follows
that.# is contained in the strongly prime radical. It is known that the (right) strongly
prime radical is not one-sided hereditary [10] and it is right but not left strong [12].
We shall show that the singular radical is Mrradical, that is, containg, is strong
and one-sided hereditary.

THEOREMA4.7. The singular radical is ariN-radical.

PROOFE Supposethat& L <, RandL € .. We shall show thdt* = LR* € .77.
If | isasemiprimeideal df*, thenl isanideal oR. HenceL*/l = ((L+1)/1)R*/I.
This implies that ifl is a proper ideal oL*, then(L + 1)/l ¢ B. Thus, since
L €.#, we haveZ(L/B(L)) # 0, whereL = (L + 1)/I. Theorem 3.1 implies that
Z(L*/1) £ 0. Consequently.* € ., which proves that? is a left strong radical.
Applying dual arguments and Theorem 3.1 one gets.#iéd a right strong radical.

We shall show now thatif <; Rand 0# R € ., thenL € .%. Suppose thdtis
a semiprime ideal of and letM be an ideal oR maximal with respecttt NL C I.
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Assume first thaM = 0. Itis easy to see th& is a semiprime ring and* = L R* is
an essential ideal d®. SinceR € .7, Z(L*) # 0 by Proposition 2.7. Now, IR < R
andLIRL C I. Hence(LIRN L)®> C |I. Howeverl is a semiprime ideal of, so
LIRNL CI. Thisimplies that.| R = 0. Since the ringR is semiprimeL| = 0.
This shows that = g(L). Hence by Theorem 3.Z(L/I) # O.

If M # 0, then passing to the factor rifg/M we reduce the situation to that
considered above. This implies tHate .. Therefore? is a left hereditary radical.
Applying dual arguments we get that is right hereditary.

We do not know whether the radical is special. Proposition 2.7 implies that the
class#? of prime non-singular rings is a special class. Thus the upper ragical
determined by the clas#® is a special radical. We call it thepecial(right) singular
radical. Clearly.¥ C .¢”. We raise the following

QUESTION Do the singular and special singular radicals coincide?

Note that the above question is equivalent to the question of whether every
semiprime non-singular ring can be homomorphically mapped onto a prime non-
singular ring.

One can check that”’ is an N-radical. The proof is very similar to that of
Proposition 4.7 but one has to use in addition the following lemma.

LEmmA 4.8.If Ris a semiprime ring an@ # L < R (respectivel0 # H <, R),
thenL/B(L) (respectivelyH /B(H)) is a prime ring if and only ifL R* (respectively
R*H) is a prime ring.

ProoOF If 1;/B8(L) andl,/B(L) are non-zero ideals df /8(L), thenL|;R and
LI,R are non-zero ideals dfR* andL|,RLLR <€ LI,1,R. Hence ifl;l, € B(L),
then by Lemma 3.4, 1;RLLR = 0. This implies that ifL R* is a prime ring, then
L/B(L) is a prime ring.

Conversely, suppose thatandl, are non-zero ideals df R* such thatl; 1, = 0.
SinceRis semiprime R*I2LR* £ 0,i = 1,2. NowLR*I2LR* = L(R*I;) |;LR* C
L(LR)LLR* € LI;LR*, soLl;L # 0and by Lemma 3.4,L £ B(L),i = 1,2.
Howeverl;L1,L C |11, = 0. HenceL/B(L) is not prime. The result follows.

In a number of papers (cf. [3] and the papers quoted therein) there were studied
rings R whose all prime homomorphic images are non-singular rings. Denote the
class of all these rings by’.

THEOREM4.9. .7 is an N-radical.
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ProoF Clearly the class” is homomorphically closed. Applying Proposition 2.7
one easily checks that every ring which is the union of a chaiffefleals is in.7.
Suppose now thdt <« R and bothl andR/I are in.7. Let P be a prime ideal oR.

If | € P, thenR/P is a homomorphic image d®/1. HenceR/P is a hon-singular
ring. If I ¢ P,theni = (I + P)/P is a non-zero ideal of the prime rifg= R/P.
By Proposition 2.7) N Z(R) = Z(I). Sincel is a prime homomorphic image of
| andl isin .7, Z(I) = 0. ConsequentlZ (R) = 0 and it follows thatR is in .7.
Therefore? is a radical.

Suppose that <, RandL isin Z. If P is a prime ideal oL* = LR*, thenP is
an ideal ofR. Let M be an ideal oR maximal with respectt® N L* = P. Then
M is a prime ideal oR andL*/P ~ LR*, whereL = (L + M)/M andR = R/M.
By Lemma 4.8,8(L) is a prime ideal ofL. HenceL/B(L) is a non-singular ring.
Applying Theorem 3.1 one gets thiat/P is a non-singular ring. This shows that
is in 7. Consequently the radicd is left strong. Similarly,7 is right strong.

Suppose now thdt <, RandRisin 7. Let P be a prime ideal of. andM be
an ideal ofR maximal with respectt®d N L C P. Itis easy to see thail is a prime
ideal of R. HenceR/M is a non-singular ring. Note thatLP R* + M) N L)? C P.
SinceP is a prime ideal oL, (LPR*+ M)N L € P. Consequent)y PR* C M
which easily implies thatP + M)/M C B((L + M)/M). Now (L + M)/(P+ M) =
(L+P+M/P+M)~L/LN(P+M)=L/(P+LNM)=L/P. Thus
(P + M)/M = B((L + M)/M) and applying Proposition 2.7 and Theorem 3.1, we
getthat(L + M) /(P + M) is anon-singular ring. Consequently P is a non-singular
ring. This shows thak isin 7. Hence the clas¢” is left hereditary. Similarly,7
is right hereditary.

The proof is complete since cleayc 7.

In [15] Snider proved that i#2, and%, are hereditary radicals, theg( : #,) =
{R| Z,(R) C Z.(R) for every homomorphic imagR’ of R} is the pseudocomple-
ment of %, relative to#, in the lattice of all radicals, that is#,:%>) is the largest
among the radical® satisfying#Z N %, C #;.

Note thatZ C (B : ."). The radical g : .%") is anN-radical [13]. However it
seems that the radica® and 8 : .¥”) do not coincide.

5. Onrings satisfying the ascending chain condition
on principal right annihilators

It was proved in [9] that ifR is a ring satisfying the ascending chain condition on
principal right annihilators, thed (R/8(R)) = 0. This implies that for such ringR,
Z(R) = B(R). We shall show that the generalized singular ideal of rings of that type
is contained in the prime radical.
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We start with the following

LEMMA 5.1. Let « be an ordinal number an®R a ring. Ifa € Z,(R) andb €
R\ Z,(R), then for some& € R*, ax = 0andbx # 0.

PrROOF If @ = 0, then one cantake= 1. Thus suppose > 1 and, by transfinite
induction, the results holds for smaller ordinalsxlt= y + 1 is not a limit ordinal,
then there exist$ € R such thatat € Z,(R) andbt ¢ Z,(R). By the induction
assumption there exisi$ € R* such thatitx = 0 andbtx’ £ 0. Hence forx = tx’
we haveax = 0 andbx # 0. If @ is a limit ordinal, then there exis{s < « such that
ae Z,(R)yandb € R\ Z,(R). Hence the result follows by the induction assumption.

ProOPOSITIONS.2. If a ring R satisfies the ascending chain condition on principal
right annihilators, thenZ'(R) C B8(R).

PrROOFE Suppose that the result is not true ands the smallest ordinal number
for which Z,(R) € B(R). Obviouslya > 0 is not a limit ordinal. Suppose that
a =y + 1. Letr(a) be a maximal ideal in the st(z) | z € Z,(R) \ B8(R)}. Since
a ¢ B(R), there existx € R such thataxa ¢ B(R). Maximality of r (a) implies
thatr (axa) = r(a). Sincea ¢ f(R), aR ¢ Z,(R). On the other handx € Z,(R)
andZ,(R)/Z,(R) = Z(R/Z,(R)), so there existy € Rsuch thaty ¢ Z,(R) and
axay € Z,(R). Applying Lemma 5.1 we get that for sontec R*, ayt # 0 and
axayt= 0. This contradicts the equalityfaxa) = r (a). The result follows.

Recall that an idedl of aring R is said to be righT-nilpotentif for every sequence
X1, Xo, ... Of elements of there exists an such thatx,x,_1---X; = 0.

ProPOSITIONS.3. If a ring R satisfies the ascending chain condition on principal
right annihilators, thenz,(R) is right T-nilpotent for every integem.

ProOF We proceed byriduction onn. There is nothing to prove fon = O.
Suppose that > 0 andZ,_,(R) is right T -nilpotent. Letx;, X5, ... be a sequence of
elements oZ,(R). If for every integef there existg such thak,,--- % € Z,_1(R)
we are done. Indeed, in this case there axistm,, ... with X, ---X; € Z,_1(R),
Xmyam, * ** Xmr1 € Zn_1(R), .... Hence there exigtwith X, .., m - X3 = 0, since
Z,_1(R) is T-nilpotent.

Thus assume that there exists an intégerch that ., - - - X ¢ Z,_1(R) for every
p > 0. Changing indices we canassume thatl. Sincea (x;) C r(XX,) € ... isan
ascending chain of principal right annihilators, there existmawith r (x,,b) = r (b),
b= Xn1---%X. Nowx, € Z,(R) andb ¢ Z,_.(R), so there existy € R* with
Xmby € Z,_1(R) andby ¢ Z,_1(R). By Lemma 5.1 there existse R* such that
Xmbyt = 0 andbyt # 0. Hence (b) # r (x,b), a contradiction.
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The symmetric version of Proposition 1.5 in [5] shows that if a fithgatisfies the
ascending chain condition on right annihilators, then an ide& &f T-nilpotent if
and only if it is nilpotent. Combining this result with Proposition 5.3 we obtain the
following extension of Theorem 1.6 in [1].

CoROLLARY 5.4. If R is a ring satisfying the ascending chain condition on right
annihilators, thenz,(R) is nilpotent for each integar.
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