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Abstract

Some properties of the singular ideal are established. In particular its behaviour when passing to one-sided
ideals is studied. Obtained results are applied to study some radicals related to the singular ideal. In
particular a radicalSsuch that for every ringR, S.R/ andR=S.R/ are close to being a singular ring and
a non-singular ring, respectively, is constructed.

1991Mathematics subject classification(Amer. Math. Soc.): Primary 16D80, 16N60, 16N80.
Keywords and phrases: singular ideal, radical classes.

1. Introduction

Studying properties of rings one can usually say more assuming that the considered
rings are either singular or non-singular. It is natural to ask whether one can reduce
studies of arbitrary rings to these two particular cases. In this paper we examine a
radical approach to the question namely, we study whether one can construct a radical
S such that for every ringR, S.R/ is not far from being a singular ring whereas
R=S.R/ is close to being a non-singular ring.

In the first two sections of the paper we study properties of the singular ideal of a
ring. In particular we study how it behaves when passing to ideals or one-sided ideals.
Obtained properties are applied in the third section to find a radical of the above
specified type. The radical seems to be quite satisfactory. It satisfies the required
conditions, is quite regular (it is anN-radical in the sense of A.D.Sands [14]) and
related to some other classical radicals (it contains the prime radical and is contained
in the strongly prime radical). We study also some related radicals. In particular we
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show that the class of rings (cf. [3] and the papers quoted therein) whose all prime
homomorphic images are non-singular is anN-radical class.

In the last section we obtain some results on the singular ideal of rings satisfying
the ascending chain condition on principal right ideals.

Some of the ideas of this paper are contained in the unpublished paper [4].
All rings considered in this paper are associative but, unless otherwise stated, are

not assumed to have identity. The ring obtained from a ringR by adjoining an identity
will be denoted byRŁ.

To denote thatI is an ideal (right ideal, left ideal) of a ringR we write I C R
(I <r R; I <l R).

Given a subsetSof a right (left)R-moduleM , theannihilatorannR.S/ of S in R is
defined asfr 2 R j Sr D 0g (fr 2 R j r SD 0g). If m 2 M , then annR.fmg/ is denoted
by annR.m/. In case whenM D RR (respectivelyM D RR), annR.S/ is denoted by
r R.S/ (respectivelyl R.S/) (if the context is clear, just byr .S/ or l .S/) and called the
right (respectivelyleft) annihilatorof S in R. Instead ofr R.fag/ (respectivelylR.fag/,
wherea is an element ofR, we write simplyr R.a/ (respectivelylR.a/).

For background on the theory of radicals of rings we refer the reader to any standard
text such as [2, 17]. Recall that a radicalR is calledleft (right) hereditaryif L <l A
.H <r A/ and A 2 R imply L 2 R .H 2 R/. A radical which is left and right
hereditary is calledone-sided hereditary. A radicalR is said to beleft (right) strong
if for every ring A, R.A/ contains all left (right)R-ideals ofA. A radical which is
left and right strong is calledstrong. The prime radical will be denoted byþ.

2. Properties of the singular ideal

Let M be a right module over a ringR. Thesingular submoduleZR.M/ of M is
defined asfm 2 M j annR.m/ is an essential right ideal ofRg.

The singular submodule of the rightR-moduleRR is called the (right) singular
ideal of the ring R and denoted byZ.R/, that is,Z.R/ D fx 2 R j rR.x/ \ H 6D 0
for every non-zero right idealH of Rg. It is well known (see [7], p. 30) thatZ.R/ is
indeed an ideal ofR.

RingsRsuch thatZ.R/ D Rare calledsingularwhereas those for whichZ.R/ D 0
are callednon-singular. We start with some examples of singular and non-singular
rings.

PROPOSITION2.1. Every commutative nil ringR is singular.

PROOF. Take anya 2 R and 0 6D b 2 R. If n is the smallest natural number such
thatanbRŁ D 0, then 06D an�1bRŁ � r .a/. Howeveran�1bRŁ D ban�1RŁ � bRŁ, so
bRŁ \ r .a/ 6D 0. ThusZ.R/ D R.
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A ring R is said to be (right) strongly prime[8] if every non-zero idealI of R
contains a finite subsetF such thatr R.F/ D 0. An ideal P of a ring A is called
strongly primeif the ring A=P is strongly prime.

PROPOSITION2.2. Every strongly prime ringR is non-singular.

PROOF. If Z.R/ 6D 0, then sinceZ.R/ C R and R is right strongly prime, there
exists a finite subsetF D f f1; : : : ; fng � Z.R/ such thatr . f1/\Ð Ð Ð\r . fn/ D r .F/ D
0. However fi 2 Z.R/, so r . fi / is an essential right ideal ofR for i D 1; : : : ;n.
Consequentlyr .F/ is an essential right ideal ofR, a contradiction.

Let R be a non-nilpotent finitely generated ring. For every natural numbern, the
ring Rn is finitely generated as well. Hence applying Zorn’s lemma one can find an
ideal M of R maximal with respect toRn 6� M for n D 1;2; : : : . The ringR=M is
strongly prime. Indeed, ifI =M is a non-zero ideal ofR=M , then the maximality of
M implies that there exists a natural numbern, such thatRn � I . Let F be a finite
set generating the ringRn. Thenr R=M .F C M/ D r R=M .Rn C M=M/ D J=M for an
ideal J of R. If M 6D J, then the maximality ofM implies thatRm � J for a natural
numberm. However in this caseRnCm � Rn J � M , a contradiction.

Now from Proposition 2.2 it follows that the ringR=M is non-singular. Taking in
particularR a finitely generated non-nilpotent nil ring (see [6]) one gets thatR=M
is a non-singular nil ring. This shows that Proposition 2.1 does not hold for non-
commutative nil rings.

Another class of non-singular rings is given by the following

PROPOSITION2.3. Every reduced ringR is non-singular.

PROOF. Take anya 2 R. If x 2 r .a/ \ a RŁ, then for somey 2 RŁ, x D ay and
a2y D 0. This implies that.ay Ra/2 D 0. Hence, sinceR is reduced,ay RaD 0.
Consequentlyx RxD ay RayD 0. However the ringR being reduced is semiprime,
sox D 0. Consequentlyr .a/ \ a RŁ D 0. This implies thatZ.R/ D 0.

Note that for every familyfRÞg of rings Z.5RÞ/ D 5Z.RÞ/ and Z.ýRÞ/ D
ýZ.RÞ/. Hence the class of singular rings as well as the class of non-singular rings
is closed under products and direct sums. However the classes are not closed under
taking homomorphic images and ideals, as we will see in the following examples.

First note that the class of non-singular rings is not closed under taking homomor-
phic images. Indeed, the ringx K [x] of polynomials with zero constant term over a
field K is a non-singular ring whereas its homomorphic imagex K [x]=x2K [x] is a
singular ring.
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EXAMPLE 2.4. The class of singular rings is not homomorphically closed.

Indeed, letR be a commutative nil ring which is not nil of bounded index and
let P be the product of an infinite number of copies ofR. By Proposition 2.1 and
the foregoing remark, the ringP is singular. Obviouslyþ.P/ 6D P. Since P is
commutative, the ringP=þ.P/ is reduced. Hence the ringP=þ.P/ is non-singular
by Proposition 2.3.

Recall that a classM of rings is said to behereditaryif I C R, R 2 M imply
I 2M .

EXAMPLE 2.5. The class of singular rings is not hereditary.

Indeed, letK be a field andA a singularK -algebra such thatA2 6D 0. We
claim that the ringR D .A A

0 A/ is singular. For, take anya D .
x y
0 z/ 2 R. Clearly if

I D r A.fx; y; zg/, then.I I
0 I / � r R.a/. For every 06D b D .b1 b2

0 b3
/ 2 R, bR D .I1 I2

0 I3
/

for some right idealsI1; I2; I3 of A. If some of Ii 6D 0 (or, equivalently,bR 6D 0),
then sinceZ.A/ D A, I \ Ii 6D 0. Hence 06D bR\ .I I

0 I / � bR\ r R.a/. Suppose
that bR D 0 and denote byP the subring ofK generated by 1. The right ideal of
R generated byb is equalPb and the right ideals ofA generated bybi are equal
Pbi . SinceA D Z.A/, there are non-zero elementsk1; k2; k3 2 P such thatki bi 2 I ,
i D 1;2;3. Puttingk D k1k2k3, we get that 06D kb 2 Pb\ .I I

0 I / � Pb\ r R.a/.
Therefore for everya 2 R, r R.a/ is an essential right ideal ofR. ThusZ.R/ D R.

Now J D .A A
0 0/ C R. Takea 2 A such thatH D r A.a/ 6D A (such an element exists

becauseA2 6D 0). Then there exists a non-zeroK -subspaceV of A with H \ V D 0.
Note that 06D .0 V

0 0/ <r J and.0 V
0 0/ \ r J.

a 0
0 0/ D .0 V

0 0/ \ .H H
0 0 / D 0. Hencea 62 Z.J/.

From the above example it also follows that the class of singular rings is not closed
under extensions. Indeed, the ringJ is not singular but bothI D .0 A

0 0/ and J=I ' A
are singular rings.

EXAMPLE 2.6. The class of non-singular rings is not hereditary.

Indeed, letK be a field andR D .K 0
K 0/. Clearly I D .0 0

K 0/ C R and Z.I / D I .
HoweverZ.R/ D 0. In fact, for each 06D x 2 R, r R.x/ D I but H D .K 0

0 0 / <r R and
I \ H D 0. Thusr R.x/ is not an essential right ideal ofR.

The following proposition implies in particular that the class of semiprime non-
singular rings is hereditary.

PROPOSITION2.7. If I C R and the ringI is semiprime, thenZ.I / D I \ Z.R/.
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PROOF. Let i 2 Z.I / and 0 6D H <r R. If H I D 0, then.I H /2 D 0. However
I is a semiprime ring andI H <r I , so I H D 0. ConsequentlyH � rR.I / � rR.i /.
Thus in this caseH \ r R.i / 6D 0. If H I 6D 0, then 0 6D H I <r I . Hence, since
i 2 Z.I /, H I \ r I .i / 6D 0. HoweverH I � H andr I .i / � r R.i /, so also in this case
H \ r R.i / 6D 0. Thereforei 2 Z.R/ \ I .

Now let i 2 I \ Z.R/ and 0 6D H <r I . Since the ringI is semiprime,H I 6D 0.
ObviouslyH I <r R. HenceH I \r R.i / 6D 0. HoweverH I � H , so 0 6D H I \rR.i / �
H \ r R.i / D H \ r I .i /. This implies thati 2 Z.I /.

3. Behaviour of the singular ideal with respect to one-sided ideals

Now we shall study the behaviour ofZ.Ð/ with respect to one-sided ideals. The
main result of this section is the following

THEOREM 3.1. If I is a one-sided ideal of a ringR and I Ł is the two-sided ideal of
R generated byI , thenZ.I Ł=þ.I Ł// 6D 0 if and only if Z.I =þ.I // 6D 0.

The proof of the theorem is split in several parts. We start with Lemma 3.2 which
allows us to assume thatR is semiprime (then of course one has to prove thatZ.I Ł/ 6D 0
if and only if Z.I =þ.I // 6D 0). In the semiprime case the result is the conjunction of
Corollaries 3.7, 3.9 and Propositions 3.12, 3.13.

LEMMA 3.2. Let K be a one-sided ideal ofA and letK Ł be the ideal ofA generated
by K . Then NK D .K C þ.A//=þ.A/ is a one-sided ideal ofA=þ.A/ and .KŁ C
þ.A//=þ.A/ is the ideal ofA=þ.A/ generated byNK. Moreover.K ŁCþ.A//=þ.A/ '
K Ł=þ.K Ł/ and NK=þ. NK / ' K=þ.K /.

PROOF. Straightforward.

Before passing to the semiprime case we shall prove the following

PROPOSITION3.3. If I <r R, thenZ.I /I � Z.R/.

PROOF. Takez 2 Z.I /, i 2 I and 0 6D H <r R. If i H D 0, thenzi H D 0, and
so in this caseH � r R.zi/. If i H 6D 0, then 06D i H <r I . Hence, sincez 2 Z.I /,
i H \ r I .z/ 6D 0. Consequently in any case there is 06D h 2 H such thatzih D 0.
This implies thatH \ r R.zi/ 6D 0, sozi 2 Z.R/.

LEMMA 3.4. If R is a semiprime ring andI <r R .L <l R/ , thenþ.I /I D 0
.Lþ.L/ D 0/.
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PROOF. Note thatþ.I /I <r R andþ.I /I � þ.I /. Henceþ.I /I is a rightþ-ideal
of R. SinceR is semiprime,þ.I /I D 0.

Proposition 3.3 and Lemma 3.4 give

COROLLARY 3.5. If R is a semiprime non-singular ring andI <r R, thenZ.I / D
þ.I /.

PROOF. By Proposition 3.3,Z.I /I � Z.R/ D 0. This obviously implies that
Z.I / � þ.I /. The converse inclusion is an immediate consequence of Lemma 3.4
and the definition ofZ.I /.

PROPOSITION3.6. If Ris a semiprime ring andI <r R, then.I \Z.R/Cþ.I //=þ.I /
� Z.I =þ.I //.

PROOF. Takez 2 I \ Z.R/ and 0 6D H=þ.I / <r I =þ.I /. Clearly 0 6D H I � H
andH I <r R. Hencer R.z/ \ H I 6D 0. SinceR is semiprime andH I \ rR.z/ <r R,
we haveH I \ r I .z/ D H I \ rR.z/ 6� þ.I /. Now 0 6D ..H I \ rI .z//Cþ.I //=þ.I / �
..H ICþ.I //=þ.I //\..rI .z/Cþ.I //=þ.I // � .H ICþ.I /=þ.I //\rI =þ.I / .zCþ.I // �
H=þ.I / \ r I =þ.I /.zC þ.I //. HencezC þ.I / 2 Z.I =þ.I //.

COROLLARY 3.7. If R is a semiprime ring,I <r R and Z.I =þ.I // D 0, then
Z.I Ł/ D 0, whereI Ł D RŁ I .

PROOF. By Proposition 3.6, ifZ.I =þ.I // D 0, then I \ Z.R/ � þ.I /. Hence
I \Z.R/ is aþ-radical right ideal ofR. HoweverR is a semiprime ring, soI \Z.R/ D
0. ConsequentlyI Z.R/ D 0. Thus by Proposition 2.7,.Z.I Ł//2 � RŁ I Z.I Ł/ �
RŁ I Z.R/ D 0 and semiprimeness ofR implies thatZ.I Ł/ D 0.

PROPOSITION3.8. If R is a semiprime ring andL <l R, thenL K � Z.LŁ/, where
LŁ D L RŁ andK is the ideal ofL containingþ.L/ such thatZ.L=þ.L// D K=þ.L/.

PROOF. Let 0 6D H <r LŁ. Suppose first thatH L � þ.L/. Then by Lemma 3.4,
L H L D 0 and henceL H LŁ D L H L RŁ D 0. This givesL H D 0, becauseR is
semiprime. ConsequentlyH � rLŁ.L/ � rLŁ.L K /. Suppose now thatH L 6� þ.L/.
Then for everyk 2 K , ..H L C þ.L//=þ.L// \ rL=þ.L/.k C þ.L// 6D 0. Hence there
is t 2 H L n þ.L/ such thatkt 2 þ.L/. By Lemma 3.4,Lkt D 0, which gives
0 6D t 2 H L \ rLŁ.Lk/ � H \ rLŁ.Lk/.

The foregoing shows that for every 06D H <r LŁ and eachk 2 K , H\rLŁ .Lk/ 6D 0.
HenceL K � Z.LŁ/.
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Proposition 3.8 gives

COROLLARY 3.9. Under the assumptions of Proposition3.8, if Z.L=þ.L// 6D 0,
thenZ.LŁ/ 6D 0.

It is much more complicated to get the symmetric versions of Corollaries 3.7 and
3.9. We begin with two auxiliary lemmas.

LEMMA 3.10. If R is a semiprime ring and0 6D L <l R, thenL2RŁ is an essential
ideal of L RŁ.

PROOF. Suppose thatI C L RŁ and I \ L2RŁ D 0. ThenI L 2 RŁ D 0. However
I 3 � I L RŁL RŁ D I L 2 RŁ. HenceI D 0, becauseR is semiprime.

LEMMA 3.11. (cf.[11], Lemma 2). For every elementa of a ring R

.i/ I D rR.a/a C Ra, J D alR.a/ C a R;
.ii/ Ra=I ' a R=J;
.iii / Ra=þ.Ra/ ' a R=þ.a R/.

PROOF. (i) Straightforward.
(ii) Note first that if for somer1; r2 2 R, r1a D r2a, thenr1 � r2 2 l R.a/. Hence

ar1 C J D ar2 C J. This implies that puttingf .ra/ D ar C J, we get a well
defined mapf : Ra! a R=J. Clearly f .r1a C r2a/ D f .r1a/ C f .r2a/. Now
f .r1ar2a/ D ar1ar2 C J D f .r1a/ f .r2a/. Hence f is a ring homomorphism such
that f .Ra/ D a R=J. It suffices to prove that Kerf D I . The inclusionI � Ker f is
clear. If ra 2 Ker f , thenar 2 J. Hence there existsr 0 2 l R.a/ such thatar D ar 0.
This implies thatr � r 0 2 r R.a/ andra D .r � r 0/a 2 I . The proof is complete.

(iii) Note that I 2 D J2 D 0. HenceI � þ.Ra/, J � þ.a R/ and soþ.Ra=I / D
þ.Ra/=I , þ.a R=J/ D þ.a R/=J. Consequently the isomorphismRa=I ' a R=J
induces an isomorphism of the ringsþ.Ra/=I andþ.a R/=J as well as an isomorphism
of the ringsRa=þ.Ra/ anda R=þ.a R/. The result follows.

PROPOSITION3.12. If R is a semiprime ring,L <l R and Z.L=þ.L// D 0, then
Z.LŁ/ D 0, whereLŁ D L RŁ.

PROOF. Suppose thatZ.LŁ/ 6D 0. By Lemma 3.4,L2RŁ DPl2Lnþ.L/Ll RŁ. Obvi-
ously allLl RŁ are ideals ofLŁ. In a semiprime ring an ideal which intersects a sum of
ideals must intersect one of them. Hence applying Lemma 3.10 and Proposition 2.7,
we get that for somel 2 Lnþ.L/, Z.Ll RŁ/ 6D 0. SinceLl RŁ C RŁl RŁ, by Proposition
2.7, Z.RŁl RŁ/ 6D 0. Now l RŁ <r R, so by Corollary 3.7,Z.l RŁ=þ.l RŁ// 6D 0. Ap-
plying Lemma 3.11, we get thatl RŁ=þ.l RŁ/ ' RŁl=þ.RŁl /, soZ.RŁl=þ.RŁl // 6D 0.
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Now, sinceRŁl <l L and the ideal ofL generated byRŁl is equalRŁl C RŁl L ,
Lemma 3.2 and Corollary 3.9 giveZ..RŁl C RŁl L /=þ.RŁl C RŁl L // 6D 0. However
RŁl C RŁl L C L, so by Proposition 2.7,Z.L=þ.L// 6D 0. The result follows.

PROPOSITION3.13. If R is a semiprime ring,I <r R and Z.I =þ.I // 6D 0, then
Z.I Ł/ 6D 0, whereI Ł D RŁ I .

PROOF. Take i 2 I such that 06D i C þ.I / 2 Z.I =þ.I //. Clearly i RŁ <r I ,
J D i RŁ C I i RŁ C I and.J C þ.I /=þ.I // \ Z.I =þ.I // 6D 0. Hence by Proposition
2.7, Z.J C þ.I /=þ.I // ' Z.J=þ.J// 6D 0. SinceJ is the ideal ofI generated
by i RŁ, applying Lemma 3.2 and Corollary 3.7, we get thatZ.i RŁ=þ.i RŁ// 6D 0.
Now by Lemma 3.11,i RŁ=þ.i RŁ/ ' RŁi =þ.RŁi /, soZ.RŁi =þ.RŁi // 6D 0. However
RŁi <l I Ł, so by Corollary 3.9,Z.RŁi C RŁi I Ł/ 6D 0. Now Proposition 2.7 gives
Z.I Ł/ 6D 0. The result follows.

4. Radicals

As we have mentioned in the introduction we would like to find a radicalR such
that for every ringR,R.R/ is close to being a singular ring whereasR=R.R/ is close
to being a non-singular ring. Of course the best would be to haveR.R/ D Z.R/.
HoweverZ.Ð/ is not a radical. Namely there are ringsR for which Z.R=Z.R// 6D 0.

EXAMPLE 4.1. LetK be a field,
 an ordinal number andP
 D K fXÞ j Þ < 
 g=I ,
whereK fXÞ j Þ < 
 g is the K -algebra of polynomials with zero constant terms in
non-commuting indeterminatesXÞ indexed by ordinal numbersÞ < 
 and I is the
ideal of K fXÞ j Þ < 
 g generated by the setfXÞ1 XÞ2 j Þ1 � Þ2 < 
 g. Denote byxÞ
the image ofXÞ in P
 . Observe thatx0P
 D 0 andx0PŁ
 \ r P
 .xÞ/ D 0 for all Þ > 0.
These imply thatZ.P
 / D .x0/, the ideal generated byx0. Note thatP
 =.x0/ ' P

when
 is infinite andP
 =.x0/ ' P
�1 when
 is finite and greater than 1. Hence
Z.P
 =Z.P
 // 6D 0 for 
 > 1.

Now we shall apply a construction similar to that of the lower Baer radical.
Given a ringR we putZ0.R/ D 0. For any ordinalÞ > 0 we defineZÞ.R/ by:
(i) If Þ D Ž C 1 is not a limit ordinal, thenZÞ.R/ is the ideal ofR such that

ZÞ.R/=ZŽ.R/ D Z.R=ZŽ.R//;
(ii) If Þ is a limit ordinal, thenZÞ.R/ D

S
Ž<ÞZŽ.R/.

There exists an ordinal² such thatZ².R/ D Z
 .R/ for each ordinal
 > ². We
denoteZ².R/ byZ .R/ and call it thegeneralized singular idealof R.
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For the ringP
 in Example 4.1, the chainZÞ.P
 / stabilizes at
 when
 is a limit
ordinal and at
 � 1 otherwise. This in particular shows that the number of steps in
which one gets the generalized singular ideal is not bounded.

As an immediate consequence of the definition ofZ .R/we have thatZ .R=Z .R//
D 0. HoweverZ .Ð/ still is not a radical. It follows from Example 2.4 which shows that
the classfR j Z .R/ D Rg is not even homomorphically closed. The same example
shows that the lower radical determined by the class of singular rings contains some
domains, which are very far from being singular. Thus the lower radical determined
by the class of singular rings is not of the type we are looking for.

There is another way for constructing in each ringR an idealG.R/ such that
R=G.R/ is a non-singular ring ([16], Ch. 6, §1 and §6). ConsiderR=Z.R/ as a right
R-module and defineG.R/ to be the right ideal ofR containingZ.R/ and such that
G.R/=Z.R/ D ZR.R=Z.R//. We have the following (cf. [7], Ex. 20, p. 37 and [16],
Proposition 6.2 in Ch. 6).

PROPOSITION4.2. For every ringR, G.R/ is an ideal ofR such thatZR.R=G.R//
D 0 and Z.R=G.R// D 0.

PROOF. If a 2 G.R/, thenrR.a C Z.R// D fb 2 R j ab 2 Z.R/g is an essential
right ideal of R. Also, for anyr 2 R, r R.a C Z.R// � rR.ra C Z.R//. Hence
ra 2 G.R/ and soG.R/ is an ideal ofR.

Suppose thata C G.R/ 2 ZR.R=G.R// and H is a non-zero right ideal ofR. If
H \ Z.R/ 6D 0, then sincea.H \ Z.R// � Z.R/, there exists 06D b 2 H such
that ab 2 Z.R/. Suppose now thatH \ Z.R/ D 0 and take 06D b 2 H such that
ab 2 G.R/. Thenb 62 Z.R/ and so there exists a non-zero right idealF of R with
F \ r R.b/ D 0. Also rR.abC Z.R// \ F 6D 0. Hence there exists 06D c 2 F such
thatabc2 Z.R/. Sincebc2 H andbc 6D 0, we have thatr R.aC Z.R// \ H 6D 0 in
any case. This shows thata 2 G.R/ and consequentlyZR.R=G.R// D 0.

Finally, if aC G.R/ 2 Z.R=G.R//, thenrR=G.R/.a C G.R// is an essential right
ideal of R=G.R/. Write rR=G.R/.a C G.R// D I =G.R/. Then it is easy to see
that I is an essential right ideal ofR. Sincer R.a C G.R// D I , it follows that
aC G.R/ 2 ZR.R=G.R// D 0. ThusZ.R=G.R// D 0 and the proof is complete.

The idealG.R/ is reached in two steps, so it would be more convenient to use it
instead ofZ .R/. However the following shows thatG.R/ is larger thanZ .R/ and
because of that not useful in constructing the desired radical.

PROPOSITION4.3. For every ringR,Z .R/ � G.R/.

PROOF. Applying transfinite induction, it suffices to show that ifZ
 .R/ � G.R/
andÞ D 
 C 1, thenZÞ.R/ � G.R/.



204 Miguel Ferrero and Edmund R. Puczyłowski [10]

Let a 2 ZÞ.R/. Put Na D aCG.R/ 2 R=G.R/ andrR. Na/ D fx 2 R j ax 2 G.R/g.
Let H be a non-zero right ideal ofR. If H � G.R/, then sinceG.R/ � rR. Na/,
r R. Na/ \ H D H 6D 0. If H 6� G.R/, then H 6� Z
 .R/. In this case consider
.H C Z
 .R//=Z
 .R/ which is a non-zero right ideal ofR=Z
 .R/. SinceaC Z
 .R/ 2
Z.R=Z
 .R//, there existsb 2 H C Z
 .R/ with ab 2 Z
 .R/ andb 62 Z
 .R/. Thus
we easily obtainx 2 H with ax 2 Z
 .R/ � G.R/ and x 6D 0. This shows that
r R. Na/ \ H 6D 0 in any case and soNa 2 ZR.R=G.R//. Consequentlya 2 G.R/ and
we are done.

It is easy to see that ifP
 is theK -algebra of Example 4.1, thenZ .PŁ
 / D P
 and
G.PŁ
 / D PŁ
 . This shows that in generalG.R/ is strictly larger thanZ .R/.

LetH D fR j for every homomorphic imageR0 of R,Z .R0/ D R0g. It is not hard
to see thatH D fR j for every non-zero homomorphic imageR0 of R, Z.R0/ 6D 0g.

Obviously the classH is homomorphically closed. We also have

PROPOSITION4.4. The classH is closed under extensions, that is, ifI C R, I and
R=I are inH , thenR is inH .

PROOF. We shall prove first that for every non-zero ringR, if I C R, Z .I / D I
andZ .R=I / D R=I , thenZ.R/ 6D 0. Suppose to the contrary thatZ.R/ D 0. Then
I 6D 0 and by Proposition 3.3,Z.I /I D 0. Assume now thatI � J C R, Z.I /J D 0
and Z.R=J/ D Z=J. We claim thatZ.I /Z D 0. Indeed, letz 2 Z.I /, a 2 Z and
0 6D H <r R. Put H 0 D fh 2 H j ah 2 Jg. Obviously H 0 <r R. Moreover, since
a 2 Z, H 0 6D 0. Now, sinceZ.I /J D 0, we havezaH0 D 0. HenceH 0 � r R.za/
which implies thatr R.za/ \ H 6D 0. Consequentlyza 2 Z.R/ D 0, which proves
the claim. By Zorn’s Lemma there is an idealM such thatZ.I /M D 0 andM is
maximal for this. LetZ=M D Z.R=M/. By the foregoingZ.I /Z D 0, soM D R.
This obviously implies that 06D Z.I / � Z.R/, a contradiction.

Now to get the proposition it suffices to show that for every proper idealJ of R,
Z.R=J/ 6D 0. ObviouslyZ .R=.I C J// D R=.I C J/ and, since.I C J/=J '
I =.I \ J/,Z ..I C J/=J/ D .I C J/=J. Hence by the foregoing,Z.R=J/ 6D 0.

The classH has already quite good properties (from the theory of radicals point
of view) but still is not a radical class. Obviously nilpotent rings are in the class
H . Thus to show that the class is not radical it suffices to find a non-zeroþ-radical
non-singular ring. The following shows that such rings exist.

EXAMPLE 4.5. Let R be the ring of all infinite strictly upper triangular matrices
which have only finitely many non-zero rows with entries in a fieldK . It is easy to
check thatR 2 þ. We shall show thatZ.R/ D 0. Let 0 6D a 2 R. If all entries of
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a outside then’th column are equal to zero, thenr R.a/ consists of all matrices inR
whose entries in then-th row are equal to zero. The setI of all matrices inR whose
entries outside then-th row are equal to zero is a non-zero right ideal ofR such that
I \ r R.a/ D 0. Thusa 62 Z.R/. Suppose now thata is an arbitrary non-zero element
in R and the.k; l /-entry ofa is non-zero. Letb be the matrix with the.l ; l C 1/ entry
equal to 1 and all other entries equal to zero. Clearlyb 2 R andab is a non-zero
matrix in R whose all entries except some inl C1-th column are equal to zero. Hence
by the foregoing,ab 62 Z.R/ and soa 62 Z.R/. ConsequentlyZ.R/ D 0.

Modifying slightly the definition of the classH we obtain a radical satisfying the
earlier postulated conditions.

LetS D fR j every non-zero homomorphic image ofR contains a non-zero ideal
which is a singular ringg. Applying Proposition 2.7 and the fact that for every ring
A, þ.A/ 6D 0 if and only if A contains a non-zero idealI with I 2 D 0 one obtains
thatS D fR j for every non-zero homomorphic imageR0 of R, þ.R0/ 6D 0 or
Z.R0/ 6D 0g. EquivalentlyS =fR j R cannot be homomorphically mapped onto a
non-zero semiprime non-singular ringg. We shall callS the (right) singular radical.

From Proposition 2.7 it follows that the class of semiprime non-singular rings is
weakly special, that is, is hereditary and such that ifI is in the class andI is an
essential ideal ofR, thenR is in the class. Hence the general results concerning upper
radicals give the following.

PROPOSITION4.6. The singular radical is equal to the upper radical determined by
the class of semiprime non-singular rings. It is a hereditary radical containingþ.

Recall that the (right) strongly prime radicalis defined [8, 10] as the upper radical
determined by the class of (right) strongly prime rings. From Proposition 2.2 it follows
thatS is contained in the strongly prime radical. It is known that the (right) strongly
prime radical is not one-sided hereditary [10] and it is right but not left strong [12].
We shall show that the singular radical is anN-radical, that is, containsþ, is strong
and one-sided hereditary.

THEOREM 4.7. The singular radical is anN-radical.

PROOF. Suppose that 06D L <l RandL 2 S . We shall show thatLŁ D L RŁ 2 S .
If I is a semiprime ideal ofLŁ, thenI is an ideal ofR. HenceLŁ=I D ..LC I /=I /RŁ=I .
This implies that if I is a proper ideal ofLŁ, then .L C I /=I 62 þ. Thus, since
L 2 S , we haveZ. NL=þ. NL// 6D 0, whereNL D .L C I /=I . Theorem 3.1 implies that
Z.LŁ=I / 6D 0. ConsequentlyLŁ 2 S , which proves thatS is a left strong radical.
Applying dual arguments and Theorem 3.1 one gets thatS is a right strong radical.

We shall show now that ifL <l R and 06D R 2 S , thenL 2 S . Suppose thatI is
a semiprime ideal ofL and letM be an ideal ofR maximal with respect toM \L � I .
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Assume first thatM D 0. It is easy to see thatR is a semiprime ring andLŁ D L RŁ is
an essential ideal ofR. SinceR 2 S , Z.LŁ/ 6D 0 by Proposition 2.7. Now,L I R C R
andL I RL � I . Hence.L I R \ L/2 � I . HoweverI is a semiprime ideal ofL, so
L I R \ L � I . This implies thatL I R D 0. Since the ringR is semiprime,L I D 0.
This shows thatI D þ.L/. Hence by Theorem 3.1,Z.L=I / 6D 0.

If M 6D 0, then passing to the factor ringR=M we reduce the situation to that
considered above. This implies thatL 2 S . ThereforeS is a left hereditary radical.
Applying dual arguments we get thatS is right hereditary.

We do not know whether the radicalS is special. Proposition 2.7 implies that the
classP of prime non-singular rings is a special class. Thus the upper radicalS 0

determined by the classP is a special radical. We call it thespecial.right/ singular
radical. ClearlyS � S 0. We raise the following

QUESTION. Do the singular and special singular radicals coincide?

Note that the above question is equivalent to the question of whether every
semiprime non-singular ring can be homomorphically mapped onto a prime non-
singular ring.

One can check thatS 0 is an N-radical. The proof is very similar to that of
Proposition 4.7 but one has to use in addition the following lemma.

LEMMA 4.8. If R is a semiprime ring and0 6D L <l R .respectively0 6D H <r R/,
thenL=þ.L/ .respectivelyH=þ.H // is a prime ring if and only ifL RŁ .respectively
RŁH / is a prime ring.

PROOF. If I1=þ.L/ and I2=þ.L/ are non-zero ideals ofL=þ.L/, then L I1R and
L I2 R are non-zero ideals ofL RŁ andL I1 RL I2R � L I1 I2R. Hence if I1 I2 � þ.L/,
then by Lemma 3.4,L I1 RL I2R D 0. This implies that ifL RŁ is a prime ring, then
L=þ.L/ is a prime ring.

Conversely, suppose thatI1 and I2 are non-zero ideals ofL RŁ such thatI1I2 D 0.
SinceR is semiprime,L RŁ I 2

i L RŁ 6D 0, i D 1;2. NowL RŁ I 2
i L RŁ D L.RŁ Ii /Ii L RŁ �

L.L RŁ/Ii L RŁ � L Ii L RŁ, so L Ii L 6D 0 and by Lemma 3.4,Ii L 6� þ.L/, i D 1;2.
HoweverI1L I2L � I1I2 D 0. HenceL=þ.L/ is not prime. The result follows.

In a number of papers (cf. [3] and the papers quoted therein) there were studied
rings R whose all prime homomorphic images are non-singular rings. Denote the
class of all these rings byT .

THEOREM 4.9.T is an N-radical.
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PROOF. Clearly the classT is homomorphically closed. Applying Proposition 2.7
one easily checks that every ring which is the union of a chain ofT -ideals is inT .
Suppose now thatI C R and bothI andR=I are inT . Let P be a prime ideal ofR.
If I � P, thenR=P is a homomorphic image ofR=I . HenceR=P is a non-singular
ring. If I 6� P, then NI D .I C P/=P is a non-zero ideal of the prime ringNRD R=P.
By Proposition 2.7,NI \ Z. NR/ D Z. NI /. Since NI is a prime homomorphic image of
I and I is in T , Z. NI / D 0. ConsequentlyZ. NR/ D 0 and it follows thatR is in T .
ThereforeT is a radical.

Suppose thatL <l R andL is inT . If P is a prime ideal ofLŁ D L RŁ, thenP is
an ideal ofR. Let M be an ideal ofR maximal with respect toM \ LŁ D P. Then
M is a prime ideal ofR andLŁ=P ' NL NRŁ, where NL D .L C M/=M and NR D R=M .
By Lemma 4.8,þ. NL/ is a prime ideal ofNL . Hence NL=þ. NL/ is a non-singular ring.
Applying Theorem 3.1 one gets thatLŁ=P is a non-singular ring. This shows thatLŁ

is inT . Consequently the radicalT is left strong. Similarly,T is right strong.
Suppose now thatL <l R andR is in T . Let P be a prime ideal ofL andM be

an ideal ofR maximal with respect toM \ L � P. It is easy to see thatM is a prime
ideal of R. HenceR=M is a non-singular ring. Note that..L P RŁ C M/ \ L/2 � P.
SinceP is a prime ideal ofL, .L P RŁ C M/ \ L � P. ConsequentlyL P RŁ � M
which easily implies that.PCM/=M � þ..LCM/=M/. Now .LCM/=.PCM/ D
.L C P C M/=.P C M/ ' L=L \ .P C M/ D L=.P C L \ M/ D L=P. Thus
.P C M/=M D þ..L C M/=M/ and applying Proposition 2.7 and Theorem 3.1, we
get that.LCM/=.PCM/ is a non-singular ring. ConsequentlyL=P is a non-singular
ring. This shows thatL is in T . Hence the classT is left hereditary. Similarly,T
is right hereditary.

The proof is complete since clearlyþ � T .

In [15] Snider proved that ifR1 andR2 are hereditary radicals, then (R1 : R2/ D
fR j R2.R0/ � R1.R0/ for every homomorphic imageR0 of Rg is the pseudocomple-
ment ofR2 relative toR1 in the lattice of all radicals, that is, (R1:R2) is the largest
among the radicalsR satisfyingR \R2 � R1.

Note thatT � .þ : S 0/. The radical (þ : S 0) is anN-radical [13]. However it
seems that the radicalsT and (þ : S 0) do not coincide.

5. On rings satisfying the ascending chain condition
on principal right annihilators

It was proved in [9] that ifR is a ring satisfying the ascending chain condition on
principal right annihilators, thenZ.R=þ.R// D 0. This implies that for such ringsR,
S .R/ D þ.R/. We shall show that the generalized singular ideal of rings of that type
is contained in the prime radical.
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We start with the following

LEMMA 5.1. Let Þ be an ordinal number andR a ring. If a 2 ZÞ.R/ and b 2
R n ZÞ.R/, then for somex 2 RŁ, ax D 0 andbx 6D 0.

PROOF. If Þ D 0, then one can takex D 1. Thus supposeÞ > 1 and, by transfinite
induction, the results holds for smaller ordinals. IfÞ D 
 C 1 is not a limit ordinal,
then there existst 2 R such thatat 2 Z
 .R/ andbt 62 Z
 .R/. By the induction
assumption there existsx0 2 RŁ such thatatx0 D 0 andbtx0 6D 0. Hence forx D t x0

we haveax D 0 andbx 6D 0. If Þ is a limit ordinal, then there exists
 < Þ such that
a 2 Z
 .R/ andb 2 Rn Z
 .R/. Hence the result follows by the induction assumption.

PROPOSITION5.2. If a ring R satisfies the ascending chain condition on principal
right annihilators, thenZ .R/ � þ.R/.

PROOF. Suppose that the result is not true andÞ is the smallest ordinal number
for which ZÞ.R/ 6� þ.R/. ObviouslyÞ > 0 is not a limit ordinal. Suppose that
Þ D 
 C 1. Letr .a/ be a maximal ideal in the setfr .z/ j z 2 ZÞ.R/ n þ.R/g. Since
a 62 þ.R/, there existsx 2 R such thataxa 62 þ.R/. Maximality of r .a/ implies
thatr .axa/ D r .a/. Sincea 62 þ.R/, a R 6� Z
 .R/. On the other handax 2 ZÞ.R/
andZÞ.R/=Z
 .R/ D Z.R=Z
 .R//, so there existsy 2 R such thatay 62 Z
 .R/ and
axay 2 Z
 .R/. Applying Lemma 5.1 we get that for somet 2 RŁ, ayt 6D 0 and
axaytD 0. This contradicts the equalityr .axa/ D r .a/. The result follows.

Recall that an idealI of a ringR is said to be rightT-nilpotentif for every sequence
x1; x2; : : : of elements ofI there exists ann such thatxnxn�1 Ð Ð Ð x1 D 0.

PROPOSITION5.3. If a ring R satisfies the ascending chain condition on principal
right annihilators, thenZn.R/ is right T-nilpotent for every integern.

PROOF. We proceed by induction onn. There is nothing to prove forn D 0.
Suppose thatn > 0 andZn�1.R/ is right T -nilpotent. Letx1; x2; : : : be a sequence of
elements ofZn.R/. If for every integerl there existsp such thatxlCp Ð Ð Ð xl 2 Zn�1.R/
we are done. Indeed, in this case there existm1;m2; : : : with xm1 Ð Ð Ð x1 2 Zn�1.R/,
xm1Cm2 Ð Ð Ð xm1C1 2 Zn�1.R/; : : : . Hence there existt with xm1CÐÐÐCmt Ð Ð Ð x1 D 0, since
Zn�1.R/ is T-nilpotent.

Thus assume that there exists an integerl such thatxlCp Ð Ð Ð xl 62 Zn�1.R/ for every
p > 0. Changing indices we can assume thatl D 1. Sincer .x1/ � r .x2x1/ � : : : is an
ascending chain of principal right annihilators, there exists anm with r .xmb/ D r .b/,
b D xm�1 Ð Ð Ð x1. Now xm 2 Zn.R/ andb 62 Zn�1.R/, so there existsy 2 RŁ with
xmby 2 Zn�1.R/ andby 62 Zn�1.R/. By Lemma 5.1 there existst 2 RŁ such that
xmbyt D 0 andbyt 6D 0. Hencer .b/ 6D r .xmb/, a contradiction.
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The symmetric version of Proposition 1.5 in [5] shows that if a ringR satisfies the
ascending chain condition on right annihilators, then an ideal ofR is T-nilpotent if
and only if it is nilpotent. Combining this result with Proposition 5.3 we obtain the
following extension of Theorem 1.6 in [1].

COROLLARY 5.4. If R is a ring satisfying the ascending chain condition on right
annihilators, thenZn.R/ is nilpotent for each integern.
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