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Abstract

A probabilistic convergence structure assigns a probability that a given filter converges to a given element
of the space. The role of thet-norm (triangle norm) in the study of regularity of probabilistic convergence
spaces is investigated. Given a probabilistic convergence space, there exists a finestT -regular space
which is coarser than the given space, and is referred to as the ‘T -regular modification’. Moreover, for
each probabilistic convergence space, there is a sequence of spaces, indexed by nonnegative ordinals,
whose first term is the given space and whose last term is itsT -regular modification. TheT -regular
modification is illustrated in the example involving ‘convergence with probability½’ for severalt-norms.
Suitable function space structures in terms of a givent-norm are also considered.
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1. Introduction

Menger [11] suggested that due to inherent uncertainties of measurements in physical
situations, the distanced.p;q/ should be replaced by a probability distribution func-
tion Fpq.x/, where the latter is interpreted as ‘the probability that the distance between
p andq is less thanx’. This led to the development of the area now called ‘proba-
bilistic metric spaces’. An excellent reference on the development of this subject can
be found in Schweizer and Sklar [14]. Floresque [7] replaced the probabilistic metric
concept by assigning a probability that a given net converges to a given element of
the space. Replacing nets by filters permits a more manageable theory and has re-
sulted in the study of probabilistic convergence spaces by Richardson and Kent [13].
Connections between probabilistic convergence spaces and generalized metric spaces
introduced by E. Lowen and R. Lowen [9], and R. Lowen [10], have been given by
Brock and Kent [2].
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A t-norm, denoted byT , permits one to define a triangle-type inequality in the
probabilistic metric space setting. Also, thet-norm has been the fundamental tool
used in defining ‘diagonal’ and ‘regular’ probabilistic convergence spaces. The former
was investigated in [13] and the latter was studied by Brock and Kent [3]. Both of
the above notions have their origins in definitions given by Cook and Fisher [6] in
the convergence space setting. Thet-norm permits one to extend these ideas to the
probabilistic convergence space setting where there is a collection of convergence
spaces which approximates (in the probabilistic sense) the true state.

Basic definitions and notations pertaining to convergence and probabilistic con-
vergence spaces are given in Section 2. In Section 3, theT-regular sequence for a
given probabilistic convergence space is defined and is shown to terminate with the
T-regular modification of the given space. The behavior of theT-regular sequence
with regard to varioust-norms is investigated. An example illustrating theT-regular
modification is given in Section 4, and it shows the importance of selecting an appro-
priatet-norm. Given thet-norm T , function space structures defined in terms ofT
and possessing desirable properties are considered in Section 5.

2. Preliminaries

The aim of the theory of convergence spaces is to generalize traditional general
topology to include convergences one often encounters in analysis without the ‘local
coherence condition’ required of topologies. This represents a point of view of
analysis rather than geometry. Intuitively, a convergence structure on a set is merely
a rule indicating which filters converge to which points. More precisely, ifF.X/
denotes the set of all filters (proper) onX, aconvergence structureon X is a function
q : F.X/! 2X satisfying:

(CS)1 x 2 q. Px/ for eachx 2 X, wherePx denotes the ultrafilter containingfxg
(CS)2 F � G (that is,F � G ) impliesq.F / � q.G /
(CS)3 q.F / \ q.G / � q.F \ G /.
The pair.X;q/ is called a convergence space andF is said toq-converge tox when
x 2 q.F / and is denoted byF

q�! x. Let C.X/ denote the set of all convergence
structures onX and define a partial order byp � q if and only ifF

q�! x implies
F

p�! x. Then.C.X/;�/ is a complete lattice whose largest (smallest) member is
the discrete (indiscrete) topology, respectively.

Given a convergence space.X;q/ and A � X, theclosure(interior) operator is
defined by clq A D fx 2 X : F

q�! x for someF containingAg (Iq A D fx 2 X :

F
q�! x implies A 2 F g), respectively. IfG 2 F.X/, then clq G denotes the filter on

X whose base isfclq A : A 2 G g. Moreover,.X;q/ is calledregular whenF
q�! x

implies clq F
q�! x. Fix x 2 X; thenVq.x/ D fV � X : x 2 Iq Vg is called theq-
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neighborhood filteratx andA � X is said to beq-openif A 2 Vq.x/ for eachx 2 A.
The convergence structureq for X is called apseudo-topology(pretopology, topology)
if F

q�! x when each ultrafilter containingF q-converges tox (Vq.x/
q�! x for

eachx 2 X, q is a pretopology andVq.x/ has a base ofq-open subsets ofX),
respectively. A mapf : .X;q/! .Y; p/ between two convergence spaces is said to
be continuousif F

q�! x implies fF
p�! f .x/, where fF denotes the filter on

Y whose base isf f .F/ : F 2 F g. Let C O N V denote the category whose objects
are the collection of convergence spaces and whose morphisms are the continuous
functions. The collection of objects ofC O N V is denoted byjC O N Vj.

Denote I D [0;1]. A probabilistic convergence structureNq for X is a map
Nq : F.X/ ð I ! 2X satisfying:

(PCS)1 Nq.F ; ½/ D q½.F /, where.X;q½/ 2 jC O N Vj
(PCS)2 q¼ � q½ when¼ � ½, ¼;½ 2 I .

The pair .X; Nq/ is called aprobabilistic convergence spaceand, more intuitively,
x 2 q½.F / is denoted byF

q½��! x, where the latter is interpreted as ‘the probability
thatF q-converges tox is at least½’. The probability thatF Nq-converges tox is

defined to be sup
n
½ 2 I : F

q½��! x
o

andfq½ : ½ 2 I g can be viewed as a collection

of convergence structures approximatingq1. A map f : .X; Nq/ ! .Y; Np/ between
two probabilistic convergence spaces is calledcontinuousif f : .X;q½/ ! .Y; p½/
is a morphism inC O N V, for each½ 2 I . The category whose objects consist
of the collection of probabilistic convergence spaces and whose morphisms are the
continuous maps is denoted byPC O N V. The collection of objects inPC O N V is
designated byjPC O N Vj. Let PC.X/ be the set of all probabilistic convergence
structures on setX, and define the partial orderNq � Np if and only if q½ � p½ for each
½ 2 I ; then PC.X/ is a complete lattice. AlsoNq 2 PC.X/ is said to beconstant
whenq½ D p 2 C.X/ for each 0< ½ � 1. Indeed, this correspondence shows that
C O N V is isomorphic to a subcategory ofPC O N V. It is known thatPC O N Vhas
initial and final structures (topological category) and suitable function space structures
(Cartesian closed); in particular, products and coproducts exist inPC O N V as will
be needed later.

A t-norm (triangle norm) is a binary operationT : I 2 ! I which is associative,
commutative, increasing in each variable, and satisfiesT.a;1/ D a for all a 2 I .
Given t-normsT1 andT2, defineT1 � T2 by T1.a;b/ � T2.a;b/ for eacha;b 2 I .
There exist a smallest and a largestt-norm, and the latter is given byTM.a;b/ D
minfa;bg. Let T be a t-norm. Then.X; Nq/ 2 jPC O N Vj is calledT-regular if
F

q½��! x implies clq¼ F
qT.½;¼/����! x. Brock and Kent [3] defined the notion of a

T-regular space and proved it was equivalent to the above simpler condition. Note
that if Nq is a constant probabilistic convergence structure forX, then.X; Nq/ is T-
regular if and only if.X;q1/ is a regular convergence space, whereNq D .q½/, ½ 2 I .
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Moreover, Brock and Kent [3] proved that whenT D TM , .X; Nq/ is T-regular if and
only if .X;q½/ is a regular convergence space, for each½ 2 I . They also showed that
‘ T-regular’ is an initial property, and thus for any given.X; Nq/ 2 jPC O N Vj there
exists a finestT-regular object injPC O N Vj which is coarser than.X; Nq/.

3. T-regular sequences

Without further mention, all results will be relative to an assumedt-normT . Quite
often it is convenient to denoteT.½;¼/ by½Ł¼. Given.X; Nq/ 2 jPC O N Vj; assume
that .X; Np/ 2 jPC O N Vj is T -regular andNp � Nq. Observe that ifG

q½��! x, then

clq¼ G
p½Ł¼���! x, and thus clq¼ G

pŽ��! x whenŽ � ½ Ł ¼. The latter follows since

pŽ � p½Ł¼ when Ž � ½ Ł ¼. More generally, clq¼n
clq¼n�1

: : : clq¼1
G

pŽ��! x when
Ž � ½ Ł¼1 Ł¼2 Ł Ð Ð Ð Ł¼n. The preceding is motivation for the following definition of
a sequence of objects injPC O N Vj beginning with.X; Nq/ and terminating with the
finestT-regular object which is coarser than.X; Nq/.

Fix .X; Nq/ 2 jPC O N Vj, where Nq D .q½/, ½ 2 I . The T-regular sequence
f.X; NqÞ/g, whereNqÞ D .qÞŽ/, Ž 2 I , is defined recursively as follows:

.1/ Nq0 D Nq (that is,q0Ž D qŽ for eachŽ 2 I )

.2/ if Nqþ has been defined for each original 0� þ < Þ, then NqÞ D .qÞŽ/ is defined

by F
qÞŽ��! x if and only if there exist an integern ½ 1, þ < Þ andG

q0½��! x for
whichF ½ clqþ¼n

clqþ¼n�1
: : : clqþ¼1

G andŽ � ½ Ł ¼1 Ł ¼2 Ł Ð Ð Ð Ł ¼n.

In order to condense the notation in (2), clqþ¼n
clqþ¼n�1

: : : clqþ¼1
G and½Ł¼1Ł¼2ŁÐ Ð ÐŁ¼n

are denoted by clqþ¼1�¼n
G andT.½I¼1 � ¼n/, respectively.

PROPOSITION3.1. Assume thatf.X; NqÞ/g is the T-regular sequence for.X; Nq/ 2
jPC O N Vj. Then

.a/ .X; NqÞ/ 2 jPC O N Vj.

.b/ NqÞ � Nqþ whenÞ ½ þ.

.c/ NqÞC1 D NqÞ implies that.X; NqÞ/ is the finestT-regular object injPC O N Vjwhich
is coarser than.X; Nq/.

PROOF. Verification of (a) and (b) is straightforward. Assume thatNqÞC1 D NqÞ. First,

consider the case whenÞ D 0. Observe thatF
q0½��! x implies that clq0¼ F

q1½Ł¼���! x

and sinceq0;½Ł¼ D q1;½Ł¼, clq0¼ F
q0½Ł¼���! x. Hence.X; Nq0/ is T-regular. Next, assume

thatÞ > 0 andF
qÞr��! x; it must be shown that clqÞs F

qÞ;r Łs���! x. SinceF
qÞr��! x,

there existG
q0½��! x, n ½ 1,þ < Þ for whichF ½ clqþI¼1�¼n

G andr � T.½I¼1�¼n/.

It follows that clqÞs F ½ clqÞIs;¼1�¼n
G

qÞC1;r Łs����! x sinceT.r; s/ � T.½I s; ¼1�¼n/ and,

according to thehypothesis, clqÞs F
qÞ;r Łs���! x. Therefore.X; NqÞ/ is T-regular.
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Suppose that.X; Np/ is T-regular and Np � Nq; it must be shown thatNp � NqÞ.
Transfinite induction is used to verify this result. Note that above is valid whenÞ D 0
since Np � Nq D Nq0. Assume thatNp � Nqþ for eachþ < Þ and thatF

qÞŽ��! x. Then

F ½ clqþI¼1�¼n
G for someþ < Þ, n ½ 1, andG

q0½��! x, whereŽ � T.½I¼1 � ¼n/.

ThenF
pŽ��! x follows from the induction hypothesis and theT-regularity of Np, and

thus Np � NqÞ. HenceNqÞ is the finestT-regular object injPC O N Vj which is coarser
than Nq.

The least original numberÞ for which Proposition 3.1(c) is valid is called thelength
of theT-regular sequenceand is denoted bỳRT

. Nq/ D Þ. Given a convergence space
.X; ¦ /; aregular sequencef.X; rÞ¦ /g for .X; ¦ / was defined by Richardson and Kent
[12] as follows:

.1/ r0¦ D ¦

.2/ If rþ¦ has been defined for eachþ < Þ, thenF
rÞ¦��! x if and only if

F ½ clnrþ¦ G , for someG
¦�! x, n ½ 1, andþ < Þ.

Assume that.X; Nq/ 2 jPC O N Vj is constant withq½ D ¦ for 0< ½ � 1. Then.X; Nq/
is T-regular if and only if.X; ¦ / is regular and, moreover, each term in theT-regular
sequencef.X; NqÞ/g of .X; Nq/ is constant; indeed,qÞŽ D rÞ¦ when 0< Ž � 1. It
follows that`RT . Nq/ D `R.¦ /, where the latter denotes the length of the regular series
for the convergence space.X; ¦ /. Recall thatTM.a;b/ D minfa;bg is the largest
possiblet-norm.

PROPOSITION3.2. Suppose that.X; Nq/ has a T.T1/-regular sequencef.X; NqÞ/g
.f.X; NpÞ /g/, respectively. Then

.a/ T � T1 implies NqÞ ½ NpÞ.

.b/ T D Tm implies NqÞ D rÞ Nq and `RT . Nq/ D supf`R.qŽ/ : 0 � Ž � 1g, where
rÞ Nq :D .rÞq0Ž/, 0� Ž � 1.
.c/ NqÞ ½ rÞ Nq.
.d/ NqÞ D rÞ Nq when Nq is constant, whereq½ D ¦ , 0 < ½ � 1, and, moreover,
`RT . Nq/ D `R.¦ /.

PROOF. Transfinite induction is used to verify (a)–(b).

(a): Assume thatNqþ ½ Npþ for eachþ < Þ, whereÞ > 0, and letF
qÞŽ��! x. Then

F ½ clqþI¼1�¼n
G for someG

q0½��! x, n ½ 1 ,þ < Þ, whereŽ � T.½I¼1 �¼n/. Since

T � T1, Ž � T1.½I¼1 � ¼n/ and the induction hypothesis implies thatF
pÞŽ��! x.

HenceNqÞ ½ NpÞ .
(b): Assume thatÞ > 0 and Nqþ D rþ Nq for eachþ < Þ. If F

qÞŽ��! x, then

F ½ clqþ:¼1�¼n
G for someG

q0½��! x, n ½ 1, þ < Þ, whereŽ � TM.½I¼1 � ¼n/. It

follows thatŽ � ½ andŽ � ¼i , 1� i � n, and thusF ½ clnrþq0Ž
G . HenceF

rÞqÞŽ���! x.
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The converse is proved similarly because of the special nature ofTM and thusNqÞ D rÞ Nq
is valid. The second assertion of (b) clearly follows from the first part.

(c): SinceT � TM , (a) implies thatNqÞ ½ NpÞ , wheref.X; NpÞ/g is theTM-regular
sequence for.X; Nq/. However (b) implies thatNpÞ D rÞ Nq and thusNqÞ ½ rÞ Nq.

(d): Validity of this result follows by the remarks made preceding this proposition.

Recall that.C.X/;�/ and .PC.X/;�/ are complete lattices. Indeed, ifp D
supj2J qj in C.X/, thenF

p�! x if and only ifF
qj��! x for eachj 2 J. Likewise,

Np D supj2J Nqj in PC.X/ if and only if p½ D supj2J qj½ in C.X/, for each component
½ 2 I . Moreover,.X; Nq/ 2 jPC O N Vj is calledleft-continuousprovided sup¼<½ q¼ D
q½ in C.X/, for each 0< ½ � 1. Let LC PC O N V(RT PC O N V, RT LC PC O N V)
denote the full subcategory ofPC O N Vwhose objects are left-continuous (T-regular,
T-regular and left-continuous), respectively. Given.X; Nq/ 2 jPC O N Vj, define
N¦ :D cNq as follows:

.1/ ¦½ D sup
¼<½

q¼, 0< ½ � 1

.2/ ¦0 D indiscrete topology.

PROPOSITION3.3. Suppose that.X; Nq/ 2 jPC O N Vj and let¦ D cNq be as defined
above. Then

.a/ .X; c Nq/ is the finest object injLC PC O N Vj which is coarser than.X; Nq/.

.b/ .X; Nq/ 2 jRT PC O N Vj implies .X; c Nq/ 2 jRT PC O N Vj whenT is a left-
continuoust-norm.
.c/ RT PC O N V, LC PC O N V .RT LC PC O N V/ is a bireflective subcategory of
PC O N V .providedT is left-continuous/, respectively. More generally, continuity is
preserved under the correspondingT-regular series as well as with respect to taking
left-continuous modifications.

PROOF. (a): It follows easily that.X; c Nq/ 2 jLC PC O N Vj. Assume that.X; Nq/ 2
jLC PC O N Vj and Np � Nq. Then, for 0< ½ � 1, p½ D sup¼<½ p¼ � sup¼<½ q¼ D ¦½
and thusNp � c Nq. Hence (a) is valid.

(b): Suppose thatF
¦½��! x; it is shown that cl¦¼ F

¦½Ł¼���! x. The latter clearly holds

when½ Ł ¼ D 0. Assume that½ Ł ¼ > 0; it suffices to show that cl¦¼ F
qþ��! x for

each 0� þ < ½ Ł ¼. Fix 0� þ < ½ Ł ¼, then sinceT is left-continuous, there exists
Ž > 0 for whichþ � .½ � Ž/ Ł .¼ � Ž/. However,F

q½�Ž���! x, cl¦¼ F ½ clq¼�Ž F ,
and .X; Nq/ 2 jRT PC O N Vj implies that cl¦¼ F ! x in .X;q.½�Ž/Ł.¼�Ž//. Since

þ � .½� Ž/ Ł .¼� Ž/, cl¦¼ F
qþ��! x and thus.X; c Nq/ 2 jRT PC O N Vj.

(c): Let f : .X; Nq/! .Y; Np/ be a continuous map between two objects injPC O N Vj.
It is shown thatf : .X; c Nq/! .Y; c Np/ and f : .X; NqÞ/! .Y; NpÞ/ are also continuous,
wheref.X; NqÞ/g andf.Y; NpÞ/g denote theT-regular sequences for.X; Nq/ and.Y; Np/.
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The first part is easily verified; transfinite induction is used to prove the second
assertion. The hypothesis guarantees the result is valid whenÞ D 0. Assume thatf :
.X; Nqþ /! .Y; Npþ/ is continuous foreachþ < Þ and suppose thatF

qÞŽ��! x. Then

F ½ clqþI¼1�¼n
G for somen ½ 1, þ < Þ, andG

q0½��! x, whereŽ � T.½I¼1 � ¼n/.

The induction hypothesis implies thatfF ½ clpþI¼1�¼n
f G , f G

p0½��! f .x/, and thus

fF
pÞŽ��! f .x/. Hence f : .X; NqÞ/ ! .Y; NpÞ/ is a continuous and the second

assertion is valid. These results combined with (b) give the desired conclusion.

The behavior of theT-regular sequence relative to the basic constructions of re-
tractions, products, and coproducts is listed below. The proofs are similar to those
given in [12] for the regular sequence of a convergence space and are omitted.

PROPOSITION3.4. .a/ The property off : .X; Nq/! .Y; Np/ being a retraction is
preserved under the correspondingT-regular sequences.
.b/ .X; NqÞ/ ½

Q
j2J.Xj ; NqjÞ/, where .X; Nq/ D Q

j2J.Xj ; Nqj /, and f.X; NqÞ/g and
f.Xj ; NqjÞ/gdenote theT-regular sequences for.X; Nq/and.Xj ; Nqj /, respectively,j 2 J.
Moreover,̀ RT . Nq/ ½ `RT . Nqj / for each j 2 J.
.c/ .X; NqÞ/ D

`
j2J.Xj ; NqjÞ/, where.X; Nq/ D `j2J.Xj ; Nqj / denotes the coproduct

.disjoint union/ of .Xj ; Nqj /, j 2 J, and`RT . Nq/ D supf`RT . Nqj / : j 2 Jg.

4. Example

A probabilistic convergence space describing convergence with probability½ is
considered below. The example fails to beTM -regular but isT-regular for an appro-
priately chosenT . The T-regular modification is found for bothT D TM and the
productT-norm, defined byTP R.a;b/ D ab.

Let I D [0;1], P denote Lebesgue measure onI , and letX be the set of all real-
valued, Lebesgue measurable functions defined onI . Define Nq D .q½/ as follows:
q0 is the indiscrete topology and, for 0< ½ � 1, �

q½��! f if and only if for each
0 < Ž < ½anda > 0, there existsA 2 � for whichg 2 A impliesPfjg� f j � ag ½ Ž.
Then.X; Nq/ 2 jPC O N Vj and it is shown in [13] that.X; Nq/ is a pretopology with
neighborhood filterVq½ . f / generated byfVŽÞ. f / : 0 < Ž < ½;a > 0g, where
VŽÞ. f / D fg 2 X : Pfjg� f j � ag ½ Žg, 0< ½ � 1.

LEMMA 4.1. Let¼;½ 2 I and f 2 X. Then

.a/ ½C ¼ � 1 impliesclq¼ Vq½. f / D PX D fXg.

.b/ ½C ¼ > 1 impliesclq¼ Vq½ . f / D Vq½C¼�1. f /.

PROOF. (a): Observe that (a) is valid when either¼ D 0 or½ D 0 sinceq0 is the
indiscrete topology. Assume that 0< ¼;½ � 1 and let 0< Ž < ½, a > 0. It suffices



[8] T -regular probabilistic convergence spaces 217

to show that clq¼ VŽa. f / D X. Suppose thatg 2 X and letA be any subset ofI for
which P.A/ D Ž. Defineh D f Ð 1AC g Ð 1Ac , whereAc D I � A and 1A denotes the
indicator (characteristic) function forA. ThenPfjh� f j � ag ½ P.A/ D Ž and, for
b > 0, Pfjh� gj � bg ½ P.Ac/ D 1� Ž ½ 1� ½ ½ ¼ since½C ¼ � 1. It follows
thath 2 VŽa. f / \ V²b.g/ for each 0< ² < ¼ and thusg 2 clq¼ VŽa. f /. The desired
conclusion follows sinceg is any element inX.

(b): Assume that½ C ¼ > 1; it must be shown that clq¼ Vq½ . f / D Vq½C¼�1. f /.
A typical base member ofVq½. f / (Vq½C¼�1. f /) is VŽa. f / (V¼CŽ�1;a. f /), respectively,
where 0< Ž < ½ anda > 0. It suffices to show that clq¼ VŽa. f / D V¼CŽ�1;a. f /.
Suppose thatg 2 clq¼ VŽa. f / and 0 < ² < ¼ and b > 0. Then there exists
h 2 V²b.g/ \ VŽa. f /, whereh depends on² andb; hencePfjh� gj � bg ½ ² and
Pfjh � f j � ag ½ Ž. Without loss of generality, assume that² C Ž � 1 > 0, and
thus�b � h� g � b and�a � f � h � a on a set of probability measures at least
² C Ž � 1. It follows thatPfj f � gj � aC bg ½ ² C Ž � 1, for eachb > 0. Since
fj f � gj � aC bg # fj f � gj � ag asb # 0, Pfj f � gj � ag ½ ² C Ž � 1, for each
0 < ² < ¼. HencePfj f � gj � ag ½ ¼ C Ž � 1 and thusg 2 clq¼ V¼CŽ�1;a. f /;
therefore clq¼ VŽa. f / � V¼CŽ�1;a. f /.

Conversely, suppose thatg 2 V¼CŽ�1;a. f / and let us show thatg 2 clq¼ VŽa. f /.
It must be shown thatV²b.g/ \ VŽa. f / 6D � for each 0< ² < ¼ and b > 0.
SinceV¼b.g/ � V²b.g/, it suffices to show thatV¼b.g/ \ VŽa. f / 6D � whenb > 0.
Now g 2 V¼CŽ�1;a. f / implies thatPfjg � f j � ag ½ ¼ C Ž � 1 D Þ > 0 and let
A D fjg� f j � ag. There existB ² A for whichP.B/ D Þ and disjoint subsetsC and
D such thatI �B D C[D, P.C/ D ¼�Þ, andP.D/ D Ž�Þ. Note thatfB;C; Dg is
a partition ofI . Defineh D f Ð1DCgÐ1B[C. ThenPfjh� f j � ag ½ P.B/CP.D/ D
Þ C .Ž � Þ/ D Ž and Pfjh� gj � bg ½ P.B/C P.C/ D Þ C .¼� Þ/ D ¼. Hence
h 2 V¼b.g/ \ VŽa. f / and thusg 2 clq¼ VŽa.g/; therefore clq¼ VŽa. f / D V¼CŽ�1;a. f /
and the desired result follows.

Define thet-norm TP.a;b/ D maxfa C b � 1;0g and recallTP R.a;b/ D ab,
a;b 2 I .

PROPOSITION4.2. Let .X; Nq/ be the example described above, whereNq D .q½/.
Then

.a/ .X; Nq/ is TP-regular.

.b/ the TM -regular modification of.X; Nq/ is .X; Np/, where Np D .p½/ is defined by
p½ D q1 when½ D 1; otherwisep½ is the indiscrete topology. Moreover,`R. Nq/ D 1.
.c/ .X; N¦ / is the finest left-continuous,TP R-regular object injPC O N Vj which is

coarser than.X; Nq/, where N¦ D .¦½/ is defined by¦½ D q1C`n½ when½ 2 [e�1;1];
otherwise, it is the indiscrete topology.
.d/ the topological modification of.X; Nq/ is also.X; Np/.
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PROOF. (a): This result has been proved directly by Brock and Kent ([3, Example
3.6]) but it is also follows from Lemma 4.1 above.

(b): SinceT D TM , the T -regular modification reduces to finding the regular
modification component-wise foreach convergence space. If 0� ½ � 1

2, then by
Lemma 4.1(a), clq½ Vq½. f / D PX. Next, assume that1

2 < ½ � 1; then by Lemma 4.1(b),
clq½ Vq½ . f / D Vq2½�1. f / and, in particular, clq½ Vq½. f / D Vq½. f / when½ D 1. Suppose
that 1

2 < ½ < 1. If 3½ � 1 � 1, then cl2q½ Vq½. f / D clq½ Vq2½�1. f / D PX by Lemma
4.1(a); otherwise, cl2

q½
Vq½. f / D Vq3½�2. f / according to Lemma 4.1(b). Letk denote

the smallest positive integer for which.kC 1/½� .k� 1/ � 1; then clkq½ Vq½. f / D PX.
It follows that .X;q1½/ is the indiscrete topology when1

2
< ½ < 1. Hence theTM-

regular sequence of.X; Nq/ terminates with.X; Nq1/ (one iteration), whereNq1 D .q1½/

andq1½ D q1 when½ D 1 and, otherwise,q1½ is the indiscrete topology. Indeed, it is
well-known that.X;q1/ is metrizable when one identifies elements equalP-almost
surely ([4, p. 67]).

(c): Observe that forŽ 2 I , X
q1Ž��! f if and only if for somen ½ 1, there exist

½;¼i 2 I , 1� i � n, such that the following are satisfied:

.i/ An :D ½¼1¼2 Ð Ð Ð¼n ½ Ž
.ii/ Bn :D ½C ¼1 C ¼2 C Ð Ð Ð C ¼n � n � 0.

Indeed, in this case, clq¼1�¼n
Vq½. f / D PX q1Ž��! f since An ½ Ž and Bn � 0. If

conditions (i)–(ii) are valid, then

Ž1=.nC1/ � A1=.nC1/
n � ½C ¼1 C ¼2 C Ð Ð Ð C ¼n

nC 1
� n

nC 1

since the geometric mean is no larger than the arithmetic mean. HenceŽ � .n=.nC
1//nC1 " e�1 as n ! 1. Fix Ž 2 [0;e�1/ and choose½ D ¼i D n=.n C 1/,
1 � i � n. It follows from the above result that conditions (i)–(ii) are satisfied
whenn is sufficiently large, and thusq1Ž is the indiscrete topology whenŽ 2 [0;e�1/.
Also, this implies thatcq1Ž is the indiscrete topology whenŽ D e�1; hence¦Ž D cq1Ž

providedŽ 2 [0;e�1].
Fix Ž 2 .e�1;1]. First, it is shown that¦Ž ½ cq1Ž. Let² 2 [0; Ž/, ž D 1C ln Ž, and

choose½ D ¼i D .nC ž/=.n C 1/, 1� i � n. Since�
nC ž
nC 1

�nC1

D
�

1� 1� ž
nC 1

�nC1

" ež�1 D Ž as n!1;

it follows that clq¼1�¼n
Vq½ . f / D Vqž . f /, An ½ ² for n sufficiently large, and thus

Vqž . f /
q1²��! f . This shows thatV¦Ž . f /

q1²��! f for each 0� ² < Ž and thus

V¦Ž . f /
cq1Ž���! f . It follows that¦Ž ½ cq1Ž when Ž 2 .e�1;1]. Next, it is shown

that .X; N¦/ is TP R-regular; that is, cl¦¼ V¦½. f / ½ V¦½¼. f /. Since¦½¼ is the indiscrete
topology when½¼ � e�1, assume that½¼ > e�1. Recall that¦½¼ D q1Cln.½¼/, and a



[10] T -regular probabilistic convergence spaces 219

typical base member ofV¦½¼. f / is V
a. f / D fg 2 X : Pfjg� f j � ag ½ 
 g for some
a > 0 and 0< 
 < 1C ln.½¼/. Chooseb > 0 for whichb < 1C ln.½¼/� 
 and let
² be such that 1C ln ½� b=2< ² < 1C ln½. ThenV²a=2. f / 2 V¦½. f / and it can be
verified that cl¦¼ V²a=2. f / � V
a. f / and thus cl¦¼ V¦½. f / ½ V¦½¼. f /. Hence.X; N¦ / is
TP R-regular.

Fix ½ 2 .e�1;1]. Since 1C ln½ � ½, ¦½ D q1Cln½ � q½, and thusN¦ � Nq. The
T-regularity of.X; N¦ / implies thatN¦ � Nq1. Moreover,N¦ is defined in terms ofNq and
hence the left-continuity ofN¦ follows from that ofNq. ThereforeN¦ � c Nq1 and from the
earlier result,N¦ D c Nq1.

(d): As mentioned above.X;q½/ is pseudo-metrizable when½ D 1. The details
are deleted here but it can be verified that when 0� ½ < 1, X is the only nonempty
closed subset and thusq½ is the indiscrete topology in this case.

The example.X; Nq/ above is also aTP-probabilistic convergence vector space over
R in the sense that for each fixed½;¼ 2 I , addition is a continuous operation from
.X;q¼/ ð .X;q½/ ! .X;q½Ł¼/ and scalar multiplication is a continuous map from
R ð .X;q½/ ! .X;q½/. Furthermore, Proposition 4.2(c) can be improved at the
expense of a slightly more technical argument. The results are listed below.

REMARK 4.3. Suppose that.X; Nq/ is the same space as in the example above and
let f.X; NqÞ/g be itsTP R-regular sequence. Thenq1Ž is the indiscrete topology when
Ž 2 [0;e�1/, q1Ž D q1 whenŽ D 1, and�

q1Ž��! f if and only if � ½ Vq1Cln¼. f / for
some¼ > Ž whenŽ 2 [e�1;1/. Moreover,q2Ž 6D q1Ž whenŽ 2 [e�1;1/ and thus
`RT . Nq/ > 1 whenT D TP R.

5. Function space structures

A fundamental paper in the search for suitable topologies for function spaces is due
to Arens [1]. Cook and Fisher [5] showed that more satisfactoryresults canbe obtained
in the larger category of convergence spaces. Given at-normT , appropriate function
space structures in the category of probabilistic convergence spaces are considered in
this section.

Assume.X; Nq/; .Y; Np/ 2 jPC O N Vj; define Hom.X;Y/ to be the set of all contin-
uous maps from.X; Nq/ into .Y; Np/. If .Z; Nr / 2 jPC O N Vj, then a mapf : .X; Nq/ð
.Y; Np/! .Z; Nr / is T-continuousprovided f .F ðG / r½Ł¼��! f .x; y/whenF

q½��! x

andG
p¼��! y. Observe thatT-continuity of f reduces to continuity whenT D TM . A

probabilistic convergence structureN� for Hom.X;Y/ is calledT-splitting if for every
.Z; Nr / 2 jPC O N Vj, T-continuity of f : .X; Nq/ð.Z; Nr /! .Y; Np/ implies continuity
of f Ł : .Z; Nr / ! .Hom.X;Y/; N� /, where f Ł.z/.x/ D f .x; z/. Moreover,N� is said
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to be T-admissibleif the evaluation mape : .X; Nq/ ð .Hom.X;Y/; N�/ ! .Y; Np/,
defined bye.x; f / D f .x/, is T-continuous.

PROPOSITION5.1. Let .X; Nq/; .Y; Np/ 2 jPC O N Vj; then there existsN� which is
both the finestT-splitting and coarsestT-admissible probabilistic convergence struc-
ture forHom.X;Y/.

PROOF. Define N� D .�½/, ½ 2 I , as follows: �
�½��! f if and only if when

F
q¼��! x, ¼ 2 I , �.F /

p½Ł¼���! f .x/, where�.F / has a base of subsets of the form
A.F/ D fg.z/ : g 2 A; z 2 Fg, A 2 �, F 2 F . It is straightforward to show that
.Hom.X;Y/; N�/ 2 jPC O N Vj and N� has the desired properties.

Given thet-norm T ; let us conclude by giving some basic properties of.Y; Np/
which are inherited by.Hom.X;Y/; N� /.

PROPOSITION5.2. .a/ .Hom.X;Y/; N�/ is T-regular .left-continuous, pseudo-to-
pological/ when.Y; Np/ is T-regular .left-continuous, pseudo-topological/, respec-
tively.
.b/ .Hom.X;Y/; N�/ is constant when.Y; Np/ is constant, providedab > 0 implies
T.a;b/ > 0.

PROOF. .a/ Suppose that�
�½��! f ; it must be shown that cl�¼ �

�½Ł¼���! f . Assume

thatF
qŽ��! x for someŽ 2 I ; then�.F /

p½ŁŽ���! f .x/ and since.Y; Np/ is T-regular,

clp¼ �.F /
p½Ł¼ŁŽ����! f .x/. It is shown that.cl�¼ �/.F / ½ clp¼ �.F /. Indeed, ifg 2

cl�¼ A, then there exists 
�¼��! g with A 2  . However,Px q1��! x and thus . Px/ p¼��!

g.x/; it follows that g.x/ 2 clp¼ A.x/ andg.F/ � clp¼ A.F/. Hence.cl�¼ A/.F/ �
clp¼ A.F/ and thus.cl�¼ �/.F / ½ clp¼ �.F /. Therefore.cl�¼ �/.F /

p½Ł¼ŁŽ����! f .x/

and cl�¼ �
�½Ł¼���! f ; hence.Hom.X;Y/; N�/ is T-regular.

Assume that.Y; Np/ is left-continuous. It is shown that sup¼<½ �¼ D �½ when

0 < ½ � 1. Suppose that�
�¼��! f for each¼ < ½ andF

qŽ��! x. Then

�.F /
pŽŁ¼���! f .x/ for each¼ < ½ and the left-continuity of.Y; Np/ implies that

�.F /
pŽŁ½���! f .x/. Hence�

�½��! f and it follows that.Hom.X;Y/; N�/ is also left-
continuous. Proof of the last part of (a) is deleted since it closely resembles that given
in the convergence space setting [8].
.b/ Suppose thatNp D .p½/ is constant. It must be shown that if 0< ¼ < ½ � 1, then

�¼ D �½. Assume that�
�¼��! f andF

qŽ��! x, Ž 2 I . If Ž D 0, then�.F /
p0��! f .x/

sincep0 is the indiscrete topology. Suppose thatŽ > 0; then�.F /
p¼ŁŽ���! f .x/ and,

by hypothesis,¼ Ł Ž > 0 and thus�.F /
p½ŁŽ���! f .x/ since Np is constant. Hence

�
�½��! f and thereforeN� is constant.
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