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Abstract

A probabilistic convergence structure assigns a probability that a given filter converges to a given element
of the space. The role of thenorm (triangle norm) in the study of regularity of probabilistic convergence
spaces is investigated. Given a probabilistic convergence space, there exists @-fiegsltar space

which is coarser than the given space, and is referred to ag thegular modification’. Moreover, for

each probabilistic convergence space, there is a sequence of spaces, indexed by nonnegative ordinals
whose first term is the given space and whose last term iB-itsgular modification. Th& -regular
modification is illustrated in the example involving ‘convergence with probabhilifgr severalt-norms.

Suitable function space structures in terms of a givaorm are also considered.

1991 Mathematics subject classificatiGAmer. Math. Sog: primary 54A20, 54E70.
Keywords and phrase€onvergence space, probabilistic convergence sffacegular space.

1. Introduction

Menger [11] suggested that due to inherent uncertainties of measurements in physical
situations, the distanad( p, q) should be reced by a probality distribution func-

tion Fyq(X), where the latter is interpreted as ‘the probability that the distance between
p andq is less thanx’. This led to the development of the area now called ‘proba-
bilistic metric s@aces’. An excellent reference on the development of this subject can
be found in Schweizer and Sklar [14]. Floresque [7] aepld the probalistic metric
concept by assigning a probability that a given net converges to a given element of
the space. Replacing nets by filters permits a more manageable theory and has re-
sulted in the study of probabilistic convergencasgs by Richardson and Kent [13].
Connections between probabilistic convergen@eep and generalized metric spaces
introduced by E. Lowen and R. Lowen [9], and R. Lowen [10], have been given by
Brock and Kent [2].
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[2] T-regular probabilistic convergence spaces 211

A t-norm, denoted byl', permits one to define a triangle-type inequality in the
probabilistic metric space setting. Also, th@orm has been the fundamental tool
used in defining ‘diagonal’ and ‘regular’ probabilistic convergenaesg. The former
was investigated in [13] and the latter was studied by Brock and Kent [3]. Both of
the above notions have their origins in definitions given by Cook and Fisher [6] in
the convergence space setting. Theorm permits one to extend these ideas to the
probabilistic convergence space setting where there is a collection of convergence
spaces which approximates (in the proliatic sense) the true state.

Basic definitions and notations pertaining to convergence and probabilistic con-
vergence spaces are given in Section 2. In Section 3T thegular sequence for a
given probabilistic convergence space is defined and is shown to terminate with the
T-regular modification of the given space. The behavior oftheegular sequence
with regard to various-norms is investigated. An example illustrating fheegular
moadification is given in Section 4, and it shows the importance of selecting an appro-
priatet-norm. Given the-norm T, function space structures defined in termd of
and possessing desirable properties are considered in Section 5.

2. Preliminaries

The aim of the theory of convergence spaces is to generalizéidreed general
topology to include convergences one often encounters in analysis without the ‘local
coherence condition’ required of topologies. This represents a point of view of
analysis rather than geometry. Intuitively, a convergence structure on a set is merely
a rule indicating which filters converge to which points. More precisel¥; (K)
denotes the set of all filters (proper) & a convergence structui@n X is a function
q: F(X) — 2% satisfying:

(CS) x e q(x) for eachx € X, wherex denotes the ultrafilter containirig}

(CS)y Z < ¥ (thatis,# C ¢)impliesq(%#) C q(¥9)

(CSk a(F)Na@) Ca(F NnY).

The pair(X, ) is called a convergence space afds said tog-converge tax when

X € q(&#) and is denoted by? 2 x Let C(X) denote the set of all convergence
structures orX and define a partial order iy < q if and only if # 2 x implies

z 2 x Then(C(X), <) is a complete lattice whose largest (smallest) member is
the discrete (indiscrete) topology, respectively.

Given a convergence spack, q) and A C X, theclosure(interior) operator is
definedby gJA={xe X : # 2, x for someZ containingA} (I;A = {x € X :

Z L5 ximpliesA € .Z}), respectively. 1f# € F(X), then ¢y ¢ denotesthe filter on
X whose base ifcl, A: A € 4}. Moreover,(X, q) is calledregular when.Z 2 x
implies cl, Z — x. Fix x € X; then¥(x) = {V € X : x € IV} is called theg-
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neighborhood filteatx and A C X is said to bey-openif A € 7;(x) for eachx € A.
The convergence structugidor X is called gpseudo-topologgpretopology, topology
if Z —> x when each ultrafilter containing g-converges tox (7 (x) —> x for
eachx € X, g is a pretopology and;(x) has a base of-open subsets oK),
respectively. A magf : (X, q) — (Y, p) between two convergence spaces is said to
be continuousf .Z - x implies f.Z - f(x), where f.Z denotes the filter on
Y whose base i$f (F) : F € #}. Let CONV denote the category whose objects
are the collection of convergence spaces and whose morphisms are thmeicasti
functions. The collection of objects @O NV is denoted byC ON V.

Denotel = [0,1]. A probabilistic convergence structurg for X is a map
g: F(X) x | — 2Xsatisfying:
(PCS) G(F,1) =q.(F), where(X,q,) € [ICONV]
(PCS) q, <qg.whenu <A,u,rel.

The pair (X, q) is called aprobabilistic convergence spa@nd, more intuitively,

X € ,(.Z) is denoted byZ —%> x, where the latter is interpreted as ‘the probability
that # g-converges tx is at leastA’. The probability that# §-converges tx is
defined to be su+k el 72 x} and{qg, : » € |} can be viewed as a collection
of convergence structures approximatopg A map f : (X,§) — (Y, p) between
two probabilistic convergence apes is calle@¢ontinuousf f : (X, q) — (Y, p,)

is a morphism inCONYV, for eachl € |I. The category whose objects consist
of the collection of probabilistic convergenceasgs and whose morphisms are the
continuous maps is denoted BYC ONV. The collection of objects iIPCONVis
designated byPCONV|. Let PC(X) be the set of all probabilistic convergence
structures on seX, and define the partial ordgr< pif and only if g, < p, for each

A € |; then PC(X) is a complete lattice. Als§q € PC(X) is said to beconstant
whengq, = p € C(X) for each 0< A < 1. Indeed, this correspondence shows that
C ONVis isomorphic to a subcategory BfC ONV. Itis known thatPC ONV has
initial and final structures (topological category) and suitable function space structures
(Cartesian closed); in particular, products and coproducts exBO®O NV as will

be needed later.

A t-norm (triangle norm) is a binary operatioh : 12 — | which is associative,
commutative, increasing in each variable, and satisfigs 1) = a foralla € |I.
Givent-normsT, andT,, defineT, < T, by T.(a, b) < T»(a, b) for eacha,b € I.
There exist a smallest and a largéstorm, and the latter is given by (a, b) =
min{a, b}. Let T be at-norm. Then(X,q§) € |PCONYV is calledT-regular if
Z 25 x implies cl, Z# 2w, x. Brock and Kent [3] defined the notion of a
T-regular space and proved it was equivalent to the above simpler condition. Note
that if g is a constant probabilistic convergence structureXorthen(X, q) is T-
regular if and only if(X, g,) is a regular convergence space, whgre (g,), A € |.



[4] T-regular probabilistic convergence spaces 213

Moreover, Brock and Kent [3] proved that wh&n= Ty, (X, §) is T-regular if and
only if (X, q,) is a regular convergence space, for eaehl. They also showed that
‘T-regular’ is an initial property, and thus for any givéX, ) € |[PCONV there
exists a finesT -regular object i PC O NV| which is coarser thatX, ().

3. T-regular sequences

Without further mention, all results will be relative to an assuitredrmT. Quite
oftenitis convenient to denofie(i, i) by A x . Given(X, §) € [PCONV|; assume
that (X, p) € |PCONV] is T-regular andp < §. Observe that if¢ — x, then

Prosge

cly, ¥ —— x, and thus ¢ ¢ 2, x whens < i % . The latter follows since

Ps < P Whend < A x . More generally, ¢l cly,  ...cly, ¥ 2, x when
8 < Ak upx ok % u,. The preceding is motivation for the following defion of
a sequence of objects jRC ON V| beginning with(X, §) and terminating with the
finestT-regular object which is coarser thaX, §).

Fix (X,§) € |[PCONW, whereg = (g,), » € |. The T-regular sequence
{(X, Gy)}, whereq, = (Qys), 8 € |, is defined recursively as follows:

(1) Gy =g (thatis,qos = q; foreachs € I)

(2) if g has been defined for each originakOp < «, thend, = (q,;) is defined

by # ., x ifand only if there exist an integer > 1, 8 < o and¥ —*, x for

which# > cly, Cly,,  ...Cly, 9 ands < A py* puo % -« * iy,

In orderto condense the notationin (2),¢lcly, ... cly,, % andixpg*uox- - %,
are denoted by gl ¢ andT (A; u1 — i), respectively.

ProPOSITION3.1. Assume thaf(X, q,)} is the T-regular sequence foX, ) <
[PCONW. Then

@ (X,0,) € |[PCONV.

(b) G, < g whena > B.

(©) Q.1 = q, impliesthat(X, g,) is the finesT -regular objectin P C O N V| which
is coarser than(X, §).

ProOF Verification of (a) and (b) is straightforward. Assume tfat; = q,. First,

Jox. Qe

consider the case when= 0. Observe tha?? — x implies that ¢}, # —— X

Qo

and since ., = Oy, Cly,, F — X. Hence(X, Gp) is T-regular. Next, assume
thate > 0 and.Z —*> x; it must be shown that g| Z —> x. SinceZ —> x,
there exisff —- x,n > 1,8 < aforwhich# > clqﬂ:}wn G andr < T(\; sy —ptn).

Cu+1r4s

4 —— xsinceT(r,s) < T(A;S, w1 — in) and,

Oor+s

according to théaypothesis, ¢l. . # —— x. Therefore(X, §,) is T-regular.

It follows that cl, . # > cl

Ou;s,q—pn
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Suppose thatX, p) is T-regular andp < q; it must be shown thap < q,.
Transfinite induction is used to verify this result. Note that above is valid wherD
sincep < g = Go. Assume thap < g, for eachp < « and that# 2, x. Then

Z >cly, . % forsomep <a,n> 1 and¥ —> x, wheres < T(A; 1 — in)-

ThenZ -2 x follows from the induction hypothesis and tferegularity ofp, and
thusp < q,. Henceq, is the finesfT -regular object i PC O NV which is coarser
thang.

The least original numberfor which Proposition 3.1(c) is valid is called tlength
of theT -regular sequencand is denoted byr. (§) = «. Given a convergence space
(X, 0); aregular sequencf X, r,o0)} for (X, o) was defined by Richardson and Kent
[12] as follows:
1) reoo =0
(2) If rgo has been defined for eagh < «, then # %5 x if and only if
F >clf ¥, forsome# — x,n > 1,andg < a.

Assume thatX, §) € |[PCONV is constantwithy, = o forO < A < 1. Then(X, §)

is T-regular if and only if(X, o) is regular and, moreover, each term in Theegular
sequencd(X, g,)} of (X, ) is constant; indeedy,; = r,o0 when0< § < 1. It
follows thatér.(§) = £r(0), where the latter denotes the length of the regular series
for the convergence spac¢&, o). Recall thatTy(a, b) = min{a, b} is the largest
possiblet-norm.

PrOPOSITION3.2. Suppose that X, §) has aT(T,)-regular sequencg(X, q,)}
({(X, P)}), respectively. Then
(@ T <T,impliesq, > p..
(b) T = T, impliesq, = r,q and £r.(q) = supfr(d;) : 0 < § < 1}, where
reg:= (ryQos), 0 <8 < 1.
(©) Qu =r.0.
(d) G, = r,g whenq is constant, where, = o, 0 < A < 1, and, moreover,
lr, (q) = Lr(0).

ProOOF Transfinite induction is used to verify (a)—(b).

(a): Assume thadl; > p, for eachg < o, wherex > 0, and let# %, x. Then

F >cly,,. .. ¢ for some¥ e, x,n>1 B < a,whered < T(A; uy — un). Since
T < T, 8§ < Ti(h; w1 — uy) and the induction hypothesis implies thét BN
Henceq, > p,.

(b): Assume thatr > 0 andds = r,q for eachf < a. If Z -5 x, then
Z > cl ¢ for some? - X, n>1p8 < a,whered§ < Ty(h; 1 — o). It

I Qs

followsthats < Aands < u;, 1 <i <n,andthusZ > cl' = ¥. HenceZ —— X.

I'sCos

1-H

Up:ug—nn
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The converse is proved similarly because of the special natdng @hd thusj, =r,q
is valid. The second assertion of (b) clearly follows from the first part.

(c): SinceT < Ty, (a) implies thafy, > p,, where{(X, p,)} is the Ty-regular
sequence fofX, q). However (b) implies thap, = r.q and thusj, > r.q.

(d): Validity of this result follows by the remarks made preceding thigopsition.

Recall that(C(X), <) and (PC(X), <) are complete lattices. Indeed, jif =
sup., g in C(X), thenZ > x ifand only if # —% x for eachj € J. Likewise,
P = sup.; q; in PC(X) if and only if p, = sup.; g;, in C(X), for each corponent
A € |. Moreover(X, g) € [PCONV is calledeft-continuouprovided sup_, g, =
g, in C(X), foreachO< A < 1. LetLCPCONV(R, PCONYV, R LCPCONV
denote the full subcategory &C O N Vwhose objects are left-continuous-(egular,
T-regular and left-continuous), respectively. GiveX, q) € |[PCONV, define
o = cq as follows:

(1) o0, =supg,,0<r =<1

H<i

(2) o0y = indiscrete topology.

ProPOSITION3.3. Suppose thatX, §) € [PCONV and lete = ¢ be as defined
above. Then

(@ (X, cq) is the finest object ihLC PC O NV which is coarser thar X, q).

(b)) (X,§) € IRRPCONV| implies (X,cq) € |[RrPCONV| whenT is a left-
continuoug-norm.

() RyPCONYV, LCPCONV(R,LCPCONV) is a bireflective subcategory of
PCONYV (providedT is left-continuouy respectively. More generally, continuity is
preserved under the correspondifigregular series as well as with respect to taking
left-continuous modifications.

PrROOE (a): It follows easily that X, cq) € [LCPCONM. Assume thatX, q) €
ILCPCONMandp < q. Then, for0< A <1, p, =sup,_, P, <Sup,_, g, =0,
and thusp < c. Hence (a) is valid.

(b): Suppose tha# -2 x; it is shown that o, Z# 2, . The latter clearly holds

wheni x u = 0. Assume thak * i > 0; it suffices to show that g7 % X for
eachO0< B < A x u. Fix0 < B < A x u, then sinceT is left-continuous, there exists
§ > 0forwhichg < (A — &) * (u — 8). However,.#Z —— x, cl,, Z >cly, , Z,
and (X,q) € |[RrPCONV| implies that ¢}, # — x in (X, Qu-ssu-s)- Since
B < (h—8)%(u—3),cl, F — xandthusX, cd) € [RrPCONM.

(c): Letf : (X,§) — (Y, p) be acontinuous map between two objectHiC ON V.
Itisshownthatf : (X, cq) — (Y, cp)andf : (X, q,) — (Y, p,) arealso continuous,
where{(X, G,)} and{(Y, p,)} denote theT -regular sequences foX, ) and(Y, p).
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The first part is easily verified; transfinite induction is used to prove the second
assertion. The hypothesis guarantees the result is valid whkef. Assume thaf :

(X, Gs) — (Y, Bs) is continuous foeachg < « and suppose tha® —> x. Then

ZF > clqﬁwun% forsomen > 1, 8 < «, and¥ o X, wheres < T(A; w1 — un).

The induction hypothesis implies th&tZ > cl,, . %, {4 2> f(x), and thus

fz 2 f(x). Hencef : (X,q4, — (Y, p,) is a continuous and the second
assertion is valid. These results combined with (b) give the desired conclusion.

The behavior of thél' -regular sequence relative to the basic constructions of re-
tractions, products, and coproducts is listed below. The proofs are similar to those
given in [12] for the regular sequence of a convergence space and are omitted.

PropPOSITION3.4. (a) The property off : (X, ) — (Y, p) being a retraction is
preserved under the correspondifigregular sequences.
(0 (X,4) = [ljes(Xj, Gy Where(X,q) = [];.,(X,q)), and {(X,d,)} and
{(X, G;)} denote thd -regular sequences f@iX, ) and(X;, ¢;), respectivelyj € J.
Moreover/tg, (G) > €g, (G;) for eachj € J.
© (X,0) = [je3(Xj, Gio)y Where(X, §) = [];.,(X;, G;) denotes the coproduct
(disjoint union of (X, §j), j € J, and{g, () = Supllg, (G;) : j € J}.

4. Example

A probabilistic convergence space describing convergence with probabiiity
considered below. The example fails tog-regular but isT -regular for an appro-
priately choseril. The T-regular modification is found for both = T, and the
productT-norm, defined byl s r(a, b) = ab.

Let| = [0, 1], P denote Lebesgue measurelgrand letX be the set of all real-
valued, Lebesgue measurable functions definedl.obefineq = (g,) as follows:
0o is the indiscrete topology and, forQ A < 1, ¢ 2, fifand only if for each
0 < § < Aanda > 0, there exist® € ¢ forwhichg € AimpliesP{|g— f| < a} > 4.
Then(X, q) € [PCONV| and it is shown in [13] thatX, () is a pretopology with
neighborhood filter’y, (f) generated by7;,(f) : 0 < 6 < A,a > 0}, where
Tu(f)={ge X:P{lg— f|<a} >4},0< A < 1.

LEMmMA 4.1. Letu, L el and f € X. Then

(@ A+ p < limpliescl, 7, (f) = X = {X}.
(b) A+ > limpliescly, 75, (f) =7, ().

ProOOE (@): Observe that (a) is valid when eithee= 0 orix = 0 sinceqy is the
indiscrete topology. Assume thatOu, A <1 andletO< § < A, a > 0. It suffices
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to show that ¢, Vsa(f) = X. Suppose thag € X and letA be any subset of for

which P(A) = §. Defineh = f - 15+ g- 14, whereA® = | — A and 1, denotes the
indicator (characteristic) function fok. ThenP{lh— f| < a} > P(A) = § and, for

b>0P{lh—g <bl>PA)=1-68§>1-1> pusincer+ u < 1. It follows

thath € V;a(f) NV,,(g) for each O< p < p and thusg € cly, Vsa(f). The desired
conclusion follows sincg is any element irX.

(b): Assume that + n > 1; it must be shown that ¢l7g, (f) = 75, ().
A typical base member ofg, (f) (7., (1)) is Vsa(f) (Vuis-1a(F)), respectively,
where 0< § < A anda > 0. It suffices to show that ¢IVsa(f) = V,s5-1a(F).
Suppose thag € cly, Vsa(f) and 0 < p < n andb > 0. Then there exists
h € V,,(9) N Vsa( ), whereh depends o andb; henceP{|h — g| < b} > p and
P{lh — f| < a} > §. Without loss of generality, assume that- § — 1 > 0, and
thus—b < h—g <band—a < f — h < a on a set of probability measures at least
o+ 38— 1. Itfollows thatP{|f —g| <a+Db}>p+8—1, foreachb > 0. Since
{If—gl<a+b} | {If —gl<alasb|0,P{|f —g/<a}>p+d—1,foreach
0 <p < p. HenceP{|f —g| <a} > u+48—1andthusg € cly, V,is5-1a(F);
therefore ¢, Vsa(f) € V,ys5-1a(f).

Conversely, suppose thgte V,.;_1.(f) and let us show thag € cly, Via(f).
It must be shown thaV,,(g) N Vsa(f) # ¢ for each 0< p < p andb > 0.
SinceV,,(9) S V,u(0), it suffices to show tha¥,,(g) N Vsa(f) # ¢ whenb > 0.
Now g € V, s 14(f) implies thatP{|g— f| <a} > u+5§ —-1=«a > 0and let
A = {|g—f| < a}. ThereexisB c AforwhichP(B) = « and disjoint subsets and
D suchthat —B =CUD, P(C) = u—«a,andP(D) = § —«. Notetha{B, C, D} is
a partition ofl . Defineh = f-15+9g-1gc. ThenP{|lh—f| <a} > P(B)+P(D) =
a+ (@ —a)=8andP{{h—g| <b} > P(B)+ P(C) =a + (u —a) = u. Hence
h € V,5(9) N Vsa(f) and thusg e cly, Vsa(9); therefore ¢f, Vsa(f) = Vis-1a(f)
and the desired result follows.

Define thet-norm Tp(a,b) = maxa + b — 1,0} and recallTpr(a, b) = ab,
a,bel.

ProPOSITION4.2. Let (X, §) be the example described above, wh@gre- (q;).
Then
@ (X, q)is Te-regular.
(b) the Ty-regular modification of X, ) is (X, p), wherep = (p,) is defined by
p, = o, wheni = 1; otherwisep, is the indiscrete topology. Moreovég(q) = 1.
() (X, o) is the finest left-continuoudp g-regular object in|PC ONV| which is
coarser than(X, d), wheres = (o;) is defined by, = qi,,, wheni € [e7%, 1];
otherwise, it is the indiscrete topology.
(d) the topological modification afX, §) is also(X, p).
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ProOOE (@): Thisresulthasbeen proveddirectly by Brock and Kent ([3, Example
3.6]) but it is also follows from Lemma 4.1 above.

(b): SinceT = Ty, the T-regular modification reduces to finding the regular
modification component-wise farach convergence space. <0 < 1 then by
Lemma 4.1(a) gl 7, (f) = X. Next, assume thagt< A < 1;thenby Lemma4 1(b),
Clg, 74, (f) = 74, ,(f) and, in particular, gl 75, (f) = 74, (f) wheni = 1. Suppose
that; < 1 < 1. If 32 —1 < 1, then ¢ 7, (f) = cly, %,_,(f) = X by Lemma
4. 1(a) otherwise, él Yo (F) = 74, ,(f) according to Lemma 4.1(b). Ltktdenote
the smallest positive integer for whick + 1)1 — (k — 1) < 1; then c'(] Yo (F) =
It follows that (X, gy,) is the indiscrete topology whe§1< A < 1. Hence theTM
regular sequence @, §) terminates with(X, §;) (one iteration), wher§; = (qu.)
andqgy, = g, wheni = 1 and, otherwisey,, is the indiscrete topology. Indeed, it is
well-known that(X, g,) is metrizable when one identifies elements edqRralmost
surely ([4, p. 67]).

(c): Observe that foé € I, X &, f if and only if for somen > 1, there exist
A, i € 1,1 <i <n, such that the following are satisfied:

() Avi=Apapla---pn =6

(i) Byi=A+ur+pz+---+ua—n=<0.
Indeed, in this case, gl , 74, (f) = X > f sinceA, > § andB, < 0. If
conditions (i)—(ii) are valid, then

Atpmatpet - Fia N

81/(n+1) < Aﬁ/(n"'l) <
- - n+1 “n+1

since the geometric mean is no larger than the arithmetic mean. Hende/(n +
)™t 4 elasn — oco. Fix § € [0,e}) and choose. = u; = n/(n + 1),
1 <i < n. Itfollows from the above result that conditions (i)—(ii) are satisfied
whenn is sufficiently large, and thug; is the indiscrete topology whene [0, e71).
Also, this implies thataq; is the indiscrete topology wheh= e*; henceo; = coy;
provideds < [0, e7Y].

Fix § € (e, 1]. First, it is shown that; > cays. Letp €[0,6),e =1+1Iné, and
chooser = u; = (n+¢)/(n+1),1<i <n. Since

n n+1 1— n+1
te —(1-==% re =8 as n— oo,
n+1 n+1

it follows that cl, , 7, (f) = 7, (f), Ay > p for n sufficiently large, and thus
7, (f) —=> f. This shows that/,(f) —= f for each 0< p < & and thus

7, (f) =25 f. It follows thato; > cay whens e (e7%,1]. Next, it is shown
that (X, o) is Tegr-regular; thatis, ¢l 7, (f) > 7, (f). Sinceo;,, is the indiscrete
topology whenmu < e, assume thatu > e *. Recall thats,, = 014y, @and a
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typical base member of;, (f)isV,.(f) ={g e X: P{|g— f| <a} > y} forsome
a> 0andO< y < 1+In(Au). Chooseb > 0 for whichb < 1+ In(Au) — y and let
pbesuchthat - InA —b/2 < p <1+ Ini. ThenV,,,(f) € 7, () and it can be
verified that ¢}, V,a2(f) € V,a(f) and thus ¢l 77, (f) > 7, (). Hence(X, o) is

Ter-regular.

Fix A € (e74,1]. Since 14+Inx < A, 05, = Qi < O, and thuss < §. The
T-regularity of(X, &) implies thatc < §;. Moreover is defined in terms of and
hence the left-continuity af follows from that ofg. Therefores < c¢g; and from the
earlier resultg = cq;.

(d): As mentioned aboveéX, g,) is pseudo-metrizable when= 1. The details
are deleted here but it can be verified that when 8 < 1, X is the only nonempty
closed subset and thag is the indiscrete topology in this case.

The examplé€ X, §) above is also dp-probabilistic convergence vector space over
R in the sense that for each fixed .« € |, addition is a continuous operation from
(X,0,) x (X,q,) — (X, 0., and scalar multiplication is a continuous map from
R x (X,q) — (X,q.). Furthermore, Proposition 4.2(c) can be improved at the
expense of a slightly more technical argument. The results are listed below.

REMARK 4.3. Suppose thatX, g) is the same space as in the example above and
let {(X, q,)} be itsTpr-regular sequence. They; is the indiscrete topology when
8§ €[0,e™h), qi = g whens = 1, and¢ &, fifand only if¢p > 7., () for
someu > § whens € [e, 1). Moreover,ds # 0is whens < [e71, 1) and thus

ERT(q) > 1 whenT = TPR-

5. Function space structures

A fundamental paper in the search for suitable topologies for functacesgs due
to Arens[1]. Cook and Fisher [5] showed that more satisfactory results can be obtained
in the larger category of convergence spaces. Given@amT, appropriate function
space structures in the category of probabilistic convergeramsesmre considered in
this section.

Assume(X, §), (Y, p) € |IPCONV,; define Hong X, Y) to be the set of all contin-
uous maps frongX, §) into (Y, p). If (Z,7) € [IPCONVWV, then amapf : (X, q) x
(Y, p) — (Z,F)is T-continuougorovided f (Z x4) > f(x, y) whenZ —% x
andy - y. Observe that -continuity of f reducesto continuity wheh = Ty,. A
probabilistic convergence structuddor Hom(X, Y) is calledT -splitting if for every
(Z,7) € |IPCONV|, T-continuity of f : (X, ) x(Z,7) — (Y, p) implies continuity
of f*:(Z,F) - (Hom(X,Y),0), wheref*(2)(x) = f(x,z). Moreoverg is said
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to be T-admissibleif the evaluation mage : (X, ) x (Hom(X,Y),0) — (Y, p),
defined bye(x, f) = f(x), is T-continuous

PROPOSITIONS.1. Let (X, ), (Y, p) € [PCONV; then there existd which is
both the finesT -splitting and coarsest -admissible probabilistic convergence struc-
ture forHom(X, Y).

PROOF Defined = (6,), » € I, as follows: ¢ — f if and only if when
Z X x, el o(F) 2 §(x), wheregp (Z) has a base of subsets of the form
A(F) ={g(z:gec A zc F}, Ac ¢, F € Z. ltis straightforward to show that
(Hom(X,Y),6) € [PCONV| andd has the desired properties.

Given thet-norm T; let us conclude by giving some basic propertieq\af p)
which are inherited byHom(X, Y), 6).

PROPOSITIONS.2. () (Hom(X,Y),#8) is T-regular (left-continuous, pseudo-to-
pological) when (Y, p) is T-regular (left-continuous, pseudo-topologigakespec-
tively.

(b) (Hom(X,Y),0) is constant wherY, p) is constant, providedb > 0 implies
T(a,b) > 0.

PROOF (a) Suppose that —> f;itmust be shown thatgl¢ D, f. Assume

Prxs

that.# — x for somes € |; theng (%) —— f(x) and sincqY, p) is T-regular,
clp, ¢(F) P £ (x). It is shown thatcly, $)(Z) > cl,, ¢(F). Indeed, ifg €

cly, A, thenthere existg N gwith A € v. Howeverx —=» x and thugy (X) —
g(x); it follows thatg(x) < cl,, A(x) andg(F) < cl,, A(F). Hence(cl,, A)(F) €

Prosgas

cl,, A(F) and thus(cly, )(#) > cl,, (F). Therefore(cl, $)(F) —— f(X)
andc), ¢ D g hence(Hom(X, Y), 6) is T-regular.
Assume that(Y, p) is left-continuous. It is shown that syp 6, = 6, when

0 < A < 1. Suppose thap 2t for eachy < » andZ 2> x. Then

¢ (F) LN f(x) for eachu < X and the left-continuity of(Y, p) implies that

#(F) 225 £(x). Hencep 2> f and it follows that(Hom(X, Y), §) is also left-
continuous. Proof of the last part of (a) is deleted since it closely resembles that given
in the convergence space setting [8].

(b) Suppose thad = (p,) is constant. It must be shownthatikOu < A < 1, then

9, = 0,. Assume thap —— fandZ 25 x,5 € 1. If § = 0, thenp(Z) 2> (x)

sincepy is the indiscrete topology. Suppose that 0; theng (%) BN f(x) and,

Prxs

by hypothesisu * § > 0 and thusp(#) —— f(X) since p is constant. Hence
¢ = f and therefor@ is constant.
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