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Abstract

Chen and Gu [1] have given some results relating to normal families, and, in this paper, we give versions
of these results valid for normal functions. In the process, we improve some of our previous results
involving products of certain spherical derivatives as they relate to normal functions. Some examples are
given to show the sharpness of our results.

1991Mathematics subject classification(Amer. Math. Soc.): primary 30D05; secondary 30D35.

1. Introduction

LetC denote the complex plane. In [1], the first author and Y. Gu proved the following
results about families of meromorphic functions.

THEOREM CG1. [1, Theorem 1, page 677]Letk be a positive integer and letF be
a family of functions meromorphic on a domainG ² C, where each function inF
has only zeros of multiplicity at leastk. If for each compact subsetK of G there exist
positive numbersŽ;M; Þ1; þ1; : : : ; Þk�1; þk�1 such thatÞj Cþj D 1 for 1< j < k�1
andj f .k/.z/j < M whenever bothf 2 F and

z 2 K D
(
w 2 K :

k�1X
jD1

þþ f . j /.w/
þþ C k�1X

jD1

þþ f . j /.w/
þþÞj
þþ f .k/.w/

þþþ j
< Ž

)
;

thenF is a normal family.

COROLLARY 1. [1, Corollary 2, page 677]Let k be a positive integer and letF be
a family of functions meromorphic in a domainG ² C, where each function inF has
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232 Chen Huaihui and Peter Lappan [2]

only zeros of multiplicity at leastk. If for each compact subsetK of G there exist
positive numbersÞ; Ž, andM such thatj f .k/.z/j � M wheneverf 2 F and

z 2 K f D
ý
w 2 K : j f .w/jÞ þþ f .k/.w/

þþ � Ž	 ;
thenF is a normal family.

THEOREM CG2. [1, Theorem 2, page 677]Letk be a positive integer and letF be a
family of functions meromorphic in a domainG ² C such that each function inF has
only zeros of multiplicity at leastk. If F is not a normal family in some neighborhood
of the pointz0 2 G then, for each positive numberÞ < k, there exists a sequence
of pointsfzng in G such thatzn ! z0, a sequence of positive numbersf²ng such that
²n ! 0, and a sequenceof functionsf fng in F such that, ifgn.� / D .²n/

�Þ f .znC²n� /,
then the sequencefgng converges spherically and locally uniformly to a non-constant
function meromorphic in the� -plane.

Theorem CG2 is a generalization of results of Zalcman [5] and Pang [4].
Let D D fz : jzj < 1g denote the unit disk in the complex plane, and let Aut.D/

denote the collection of all conformal automorphisms ofD onto itself. A function f
meromorphic inD is a normal function if the familyF D f f Ž g : g 2 Aut.D/g is
a normal family onD. Since the results mentioned above are results about normal
families and families which are not normal, it seems natural to expect that there would
be corresponding results about normal functions and functions which are not normal
functions. We show below that this is the case.

Let f j .z/ denote the j-th derivative off , that is, f j .z/ D f . j /.z/, j D 0;1;2; : : : .
We use

f #.z/ D j f 0.z/j= �1C j f .z/j2Ð
to denote the spherical derivative off at z. In [3], the second author proved the
following results about normal functions and normal families.

THEOREM L1. If f is a normal function inD then for each integerp ½ 1 there
exists a constantMp. f / such that

�
1� jzj2Ðp

pY
jD1

f #
j�1.z/ � Mp. f /:

THEOREM L2. If F is a normal family of functions meromorphic in a domain
G ² C, then for each integerp > 1 and each compact subsetK of G there exists a
constantMp.K / such that

pY
jD1

f #
j�1.z/ � Mp.K ; F/
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for each functionf 2 F andz 2 K .

A partial converse, for functions with no simple zeros, of Theorem L2 was proved
by the authors in [2, Theorem 6], as follows.

THEOREM CL. Let k be a positive integer withk ½ 3, and let F be a family of
functions meromorphic in a domainG ² C such that each function has only zeros
of multiplicity at leastk. If for each compact subsetK of G there exists a positive
numberM such that

f #
k�1.z/ f #

k�2.z/ f #
k�3.z/ � M(Ł)

for f 2 F and z 2 K , then F is a normal family. The conclusion remains true
if we assume instead thatk ½ 2 and we replace condition.Ł/ by the condition
f #

k�1.z/ f #
k�2.z/ � M. The conclusion is also true if we assume only thatk ½ 1 and

we replace condition.Ł/ by the conditionf #
k�1.z/ � M.

In this paper we give a corresponding partial converse to Theorem L1.
The rest of the paper is organized as follows. Our Theorem 1, a version of

Theorem CG1 which is valid for normal functions, is given in Section 2. In Section 3,
we present a version of Theorem CG2 valid for normal functions, which is our
Theorem 2. In Section 4, our Theorem 3 is a version of Theorem CL valid for normal
functions. Finally, in Section 5, we give some examples relating to the sharpness of
Theorem L1 and our Theorem 3.

2. Sufficient conditions for a normal function

LEMMA 1. Let f .z/ be a function meromorphic inD. If 
 2 Aut.D/ and g.z/ D
f .
 .z//, then, fork ½ 2, we haveþþþ�1� jzj2Ðk þþg.k/.z/þþ � �1� j
 .z/j2Ð þþ f .k/.
 .z//

þþþþþ
� Ck

k�1X
jD1

�
1� j
 .z/j2Ð þþ f .k/.
 .z//

þþ ;(1)

whereCk is a constant depending only onk.

PROOF. Letting
 .z/ D ei �.z� z0/=.1� Nz0z/, we have both

j
 0.z/j D �1� j
 .z/j2Ð Ž �1� jzj2Ð
and þþ
 . j /.z/=
 0.z/

þþ � 1=.1� jzj/ j�1 for j ½ 2:
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For k ½ 2, we have

g.k/.z/ D f .k/.
 .z//.
 0.z//k

C
k�1X
jD1

X
n1;::: ;nk

Ck; j ;n1;::: ;nk
f . j /.
 .z//.
 0.z//n1 Ð Ð Ð .
 .k/.z//nk ;

wheren1;n2; : : : ;nk satisfy the conditionsn1 C n2 C Ð Ð Ð C nk D j andn1 C 2n2 C
Ð Ð Ð C knk D k in each term of the sum. Thus,þþþ�1� jzj2Ðk þþg.k/.z/þþ � �1� j
 .z/j2Ðk þþ f .k/.
 .z//

þþþþþ
� �1� jzj2Ðk þþg.k/.z/ � f .k/.
 .z//.
 0.z//k

þþ
�

k�1X
jD1

X
n1;ÐÐÐ ;nk

Ck; j ;n1;ÐÐÐ ;nk

þþ f . j /.
 .z//
þþ j
 0.z/j j

ð j
 00.z/=
 0.z/jn2 Ð Ð Ð j
 .k/.z/=
 0.z/jnk
�
1� jzj2Ðk

:

Since
j
 0.z/j j D ��1� j
 .z/j2Ð Ž �1� jzj2ÐÐ j

and

j
 00.z/=
 0.z/jn2 Ð Ð Ð þþ
 .k/.z/=
 0.z/þþnk � .1=.1� jzj//n2C2n3CÐÐÐC.k�1/nk

D .1=.1� jzj//k� j ;

we have þþþ�1� jzj2Ðk þþg.k/.z/þþ � �1� j
 .z/j2Ðk þþ f .k/.
 .z//
þþþþþ

� �1� jzj2Ðk
nX

jD1

X
n1;:::nk

Ck; j ;n1;:::;nk

þþ f . j /.
 .z//
þþ

ð ��1� j
 .z/j2Ð = �1� jzj2ÐÐ j
.1=.1� jzj//k� j

D
k�1X
jD1

X
n1;::: ;nk

Ck; j ;n1;:::;nk

þþ f . j /.
 .z//
þþ

ð �1� jzj2Ðk� j �
1� j
 .z/j2Ð j

� Ck

nX
jD1

�
1� j
 .z/j2Ð j þþ f . j /.
 .z//

þþ :
This completes the proof of the lemma.
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The inequality (1) implies�
1� jzj2Ðk þþg.k/.z/þþ
� �1� j
 .z/j2Ðk þþ f .k/.
 .z//

þþ C Ck

k�1X
jD1

�
1� j
 .z/j2Ð j þþ f . j /.
 .z//

þþ :(2)

If we replacef; g; 
 , andz by g; f; 
 �1, and
 .z/, respectively, (2) becomes�
1� j
 .z/j2Ðk þþ f .k/.
 .z//

þþ
� �1� jzj2Ðk þþg.k/.z/þþ C Ck

k�1X
jD1

�
1� jzj2Ð j þþg. j /.z/

þþ :(3)

By using the inequalities (2) and (3), we can modify Theorem CG1 into a result
about a single function as follows.

THEOREM 1. Let k be a positive integer and letf be a function meromorphic
in D such that f has only zeros of multiplicity at leastk. If there exist positive
numbersŽ;M; Þ1; þ1; : : : Þk�1; þk�1 such thatÞj C þj D 1 for 1 � j � k � 1 and
.1� jzj2/kj f .k/.z/j � M whenever

z2 K D
(
w2 D :

k�1X
jD1

�
1� jwj2Ð j þþ f . j /.w/

þþC k�1X
jD1

�
1� jwj2Ð jÞjCkþ j

þþ f .k/.w/
þþþ j �Ž

)
;

then f is a normal function.

PROOF. It suffices to prove that the familyF D f f .
 .z//: 
 2 Aut.D/g is a normal
family in D. First, letg
 .z/ D f .
 .z// 2 F . For z 2 D, define�
 .z/ by

�
 .z/ D
k�1X
jD1

�
1� jzj2Ð j þþg. j /


 .z/
þþ C k�1X

jD1

�
1� jzj2Ð jÞCkþ þþg. j /


 .z/
þþÞ þþg.k/.z/þþþ ;

whereÞ C þ D 1 andÞ=þ D minfÞj=þ j ;1� j � k� 1g. We claim that there exists
a Ž0 > 0 such that�
 .z/ � Ž0 implies that
 .z/ 2 K . To show this, letf
ng be a
sequence in Aut.D/ and letfzng be a sequence of points inD such that�
n.zn/! 0,
and letg
n.z/ D f .
n.z//. Now�
n.z/! 0 means that�

1� jznj2
Ð j þþg. j /.zn/

þþ! 0; 1� j � k� 1;(4)

and �
1� jznj2

Ð jÞCkþ þþg. j /

n
.zn/

þþÞ þþg.k/
n
.zn/

þþþ ! 0; 1 � j � k� 1:(5)
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By takingþ-th roots, (5) becomes�
1� jznj2

Ð. jÞCkþ/=þ þþg
n
.zn/

þþÞ=þ þþg.k/
n
.zn/

þþ! 0; 1� j � k� 1:(6)

Now, using (3), we see that (4) implies�
1� j
n.zn/j2

Ð j þþ f . j / .
 .zn//
þþ! 0; 1� j � k� 1;(7)

and using (3) again, we get�
1� j
n.zn/j2

Ð jÞjCkþ j
þþ f . j /.
n.zn//

þþÞj
þþ f .k/.
n.zn//

þþþ j

�
 �

1� jznj2
Ð j þþg. j /


n
.zn/

þþC Cj

j�1X
pD1

�
1� jznj2

Ðp þþg.p/
n
.zn/

þþÞj

!

ð
 �

1� jznj2
Ðk þþg.k/
n

.zn/
þþ CCk

k�1X
pD1

�
1� jznj2

Ð þþg.p/
n
.zn/

þþ!þ j

:

Let

Bn D max
0� j�k�1

ý�
1� jznj j

Ð jg. j /

n
.zn/j

	
D �1� jznj2

Ð jn þþg. jn/

n
.zn/

þþ ;
where jn is defined by this last expression. Then�

1� j
n.zn/j2
Ð jÞjCkþ j

þþ f . j /.
n.zn//
þþÞj
þþ f .k/.
n.zn//

þþþ j

� kÞj CÞj

k BÞj
n

��
1� jznj2

Ðk þþg.k/
n
.zn/

þþ C kCk Bn

�þ j

D kÞj C
Þj

k

��
1� jznj2

Ðk þþg.k/
n
.zn/

þþ BÞj =þj
n C kCk Bn1CÞj =þj

�þ j

:

From (4), we haveBn! 0, and, from (6), we have�
1� jznj2

Ðk þþg.k/
n
.zn/

þþ BÞj =þj
n

� �1� jznj2
Ð jn jg. jn/


n
.znj/Þ=þ

�
1� jznj2

Ðk þþg.k/
n
.zn/

þþ
D �1� jznj2

ÐkC jnÞ=þ þþg. jn/

n
.zn/

þþÞ=þ þþg.k/
n
.zn/

þþ! 0:

Combining these inequalities, we have�
1� j
n.zn/j2

ÐÞjCkþ j
þþ f . j /.
n.zn//

þþÞj
þþ f .k/.
n.zn//

þþþ j ! 0; 0� j � k� 1:(8)

It now follows from (7) and (8) that
n.zn/ 2 K for n sufficiently large or, in other
words, that there exists aŽ0 > 0 such that�
 .z/ < Ž0 implies that
 .z/ 2 K , which
establishes our claim.
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Now let Ž0 be the number described above, let
 2 Aut.D/, let g
 D f Ž g, and let
z 2 D be such that�
 .z/ < Ž0. Then
 .z/ 2 K which means

k�1X
jD1

�
1� jzj2Ð j þþ f . j /.
 .z//

þþ � Ž:
Also, since
 .z/ 2 K , we have.1� j
 .z/j2/kj f .k/.
 .z//j � M . Thus, from (2), we
have �

1� jzj2Ðk þþg.k/.z/þþ � M CCkŽ:

Let 0< r < 1 andDr D fw : jw � zj � r g ² D. Then, forw 2 D and�
 .w/ � Ž0,
we have þþg.k/
 .w/þþ � .M CCkŽ/

Ž�
1� r 2

Ðk D M 0:

Thus, we can chooser and apply Theorem CG1—usingD as the compact set,F D
f
 2 Aut.D/g, andM 0 as the bound—to conclude thatF is locally a normal family
on D. But this means thatF is a normal family onD, and consequently thatf is a
normal function. This completes the proof.

The following is an immediate corollary of Theorem 1.

COROLLARY 2. Let k be a positive integer and letf be a function meromorphic in
D, such thatf has only zeros of multiplicity at leastk. If there exist positive numbers
Þ; Ž, andM such that.1� jzj2/kj f .k/.z/j � M for

z 2 K D
n
w 2 D :

�
1� jwj2Ðk þþ f .w/

þþÞ þþ f .k/.w/
þþ � Žo ;

then f is a normal function.

3. A behavior of non-normal functions

We now prove a version of Theorem CG2 for normal functions.

THEOREM 2. Let k be a positive integer and letf be a function meromorphic inD
such thatf has only zeros of multiplicity at leastk. If f is not a normal function, then,
for each positive numberÞ < k, there exist a sequence of pointsfzng in D such that
jznj ! 1 and a sequence of positive numbersf²ng and such that²n=.1� jzj2/ ! 0
for which the sequenceý

gn.� / D
�
1� jznj2

ÐÞ
.²n/

�Þ f .zn C ²n� /
	

converges spherically and locally uniformly to a non-constant meromorphic function
in the� -plane.
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PROOF. If f is not a normal function, then, by Corollary 2, there exists a sequence
of pointsfz0ng such that both

z0n 2 K D
n
w 2 D :

�
1� jwj2Ðk þþ f .w/

þþ½ þþ f .k/.w/
þþ � 1

o
;

where½ D .k� Þ/=Þ, and

M 0n D
�
1� jz0nj2

Ðk þþ f .k/.z0n/
þþ!1:

For eachn, there exists a positive numberrn, with jz0nj < rn < 1, such that�
.rn/

2 � jz0nj2
Ðk þþ f .k/.z0n/

þþ ½ M 0n=2:

If Dn D fz 2 D : jzj < rng and if zn 2 Dn \ K is such that

Mn D
�
.rn/

2 � jznj2
Ðk þþ f .k/.zn/

þþ D max
z2Dn\K

�
.rn/

2 � jzj2Ð þþ f .k/.z/
þþ ;

thenMn!1. Define

²n D
��

1� jznj2
ÐÞ þþ f .k/.z/

þþÐ�1=.k�Þ/
;

and
gn.� / D

�
1� jznj2

ÐÞ
.²n/

�Þ f .zn C ²n� /:

Then þþg.k/.0/þþ D �1� jznj2
ÐÞ
.²n/

k�Þ þþ f .k/.z/
þþ D 1;

and þþgn.� /
þþ½ þþg.k/n .� /

þþ D �1� jznj2
Ðk þþ f .zn C ²n� /

þþ½ þþ f .k/.zn C ²n� /
þþ ;

so that þþgn.0/
þþ½ D þþgn.0/

þþ½ þþg.k/.0/þþ D �1� jznj2
Ðk þþ f .zn/

þþ½ þþ f .k/.zn/
þþ � 1

becausezn 2 K . Thus,jgn.0/j � 1 for eachn. We note that

²n D
��

1� jznj2
ÐÞ þþ f .k/.zn/

þþÐ�1=.k�Þ/

D
��

1� jznj2
ÐÞ

Mn

�
.rn/

2 � jz� nj2Ð�k
��1=.k�Þ/

� �1� jznj2
Ð

M�1=.k�Þ/
n ;

which means that forR> 0 andn sufficiently large,

²n R< .1� jznj/M1=.k�Þ/
n R< .1� jznj/=2:
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Thus, if R is a fixed positive number,j� j � R, andn is sufficiently large, we have

jgn.� /j½
þþg.k/n .� /

þþ
D ý�1�jznj2

ÐŽ�
1�jznC²n� j2

Ð	k �
1�jzC²n� j2

Ðk þþ f .znC²n� /
þþ½ þþ f .k/.znC²n� /

þþ
½ � 2

3

Ðk �
1�jznC²n� j2

Ðk þþ f .znC²n� /
þþ½ þþ f .k/.znC²n� /

þþ :
If jgn.� /j½jg.k/n .� /j � .2=3/k, thenzn C ²n� 2 K by the definition ofK , andþþg.k/n .� /

þþ D þþg.k/n .� /
þþ Ž þþg.k/n .0/

þþ D þþ f .k/.zn C ²n� /
þþ Ž þþ f .k/.zn/

þþ
� ��r 2

n � jznj2
Ð Ž �

r 2
n � jzn C ²n� j2

ÐÐk

� ..rn C jznj/=.rn C jznj � j²n� j//k ..rn � jznj/=.rn � jznj � j²n� j//k
< 4n

for n sufficiently large. Thus,fgng is a normal family in the� -plane by Corollary 1.
By taking a subsequence, if necessary, we may assume thatfgng converges spherically
and locally uniformly to a functiong in the � -plane. The inequalities above imply
that jg.0/j � 1 andjg.k/.0/j D 1. Thus,g is a non-constant meromorphic function in
the� -plane, and the theorem is proved.

4. Normal functions and products of spherical derivatives

Theorem CL has a version valid for normal functions.

THEOREM 3. Let f be a function meromorphic inD such that all the zeros off are
of multiplicity at least3. If there exist positive numbersŽ and M such that

f #.z/ f #
1 .z/ f #

2 .z/ � M(9)

wheneverz 2 D is such that bothj f .z/j � Ž and .1� jzj/j f 0.z/j � Ž, then f is a
normal function. The conclusion remains true if all the zeros off are multiple zeros
and condition.9/ is replaced by either

.1� jzj2/ f #.z/ f #
1 .z/ � M or f #

1 .z/ � M

wheneverz 2 D is such that bothj f .z/j � Ž and.1� jzj2/j f 0.z/j � Ž.
PROOF. We will give a proof only for the first statement in the theorem. The other

statements can be obtained by obvious modifications of the proof of the first statement.
Suppose that (9) holds and thatf is not a normal function. If we letÞ be such

that 1< Þ < 2, then there exist sequencesfzng andf²ng which satisfy the conditions
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of Theorem 2, so that the sequencefgn.� / D .1� jznj2/Þ²�Þn f .zn C ²nz/g converges
spherically and uniformly on compact sets to a non-constant meromorphic function
g on the� -plane. Since each functiong has only zeros of multiplicity at least 3, it
follows that the limit functiong cannot be a polynomial of degree less than 3. Hence,
there exists a point� and a positive numberA such thatA�1 � jg. j /.z/j < A for
0 < j < 3. Thus, forn sufficiently large,.2A/�1 � jg. j /

n .z/j � 2A for 0< j < 3. It
follows that

.2A/�3 � þþg.3/n .� /g
00
n.z/g

0
n.z/

þþ
� �²n

Ž �
1� jznj2

ÐÐ�3Þ
²6

n

3Y
jD1

þþ f . j /.zn C ²n� /
þþ

D �²n

Ž �
1� jznj2

ÐÐ�3Þ
²6

n

2Y
jD0

f #
j .zn C ²n� /

2Y
jD0

�
1C þþ f . j /.zn C ²n�

þþ2� :
SinceÞ > 1, for j D 0;1;2, we have

þþ f . j /.zn C ²n� /
þþ D �²n

Ž �
1� jznj2

ÐÐÞ
²� j

n

þþg. j /
n .� /

þþ
� 2A

�
²n

Ž �
1� jznj2

ÐÐÞ� j �
1� jznj2

Ð� j
:

Thus, for n sufficiently large, we have bothj f .zn C ²n� /j � Ž and .1 � jzn C
²n� j2/j f 0.znC²n� /j � Ž. By the assumptions given, we have

Q2
jD0 f #

j .znC²n� / � M .
Combining the above and lettingM 0 D M.1C Ž2/, we get

.2A/�3 � þþg.3/n .� /g
00
n.� /g

0
n.� /

þþ
� M.1CŽ2/

�
²n

Ž �
1�jznj2

ÐÐ�3Þ
²6

n ð
2Y

jD1

�
1C4A2

�
²n

Ž �
1�jznj2

ÐÐ2Þ
²�2 j

n

�
� M 0²6

n

�
²n

Ž �
1�jznj2

ÐÐ�3ÞC4M 0
�
²n

Ž �
1�jznj2

ÐÐ�Þ
²4

n A2

C4M 0
�
²n

Ž �
1�jznj2

ÐÐ�Þ
²4

n A2C16M 0A4
�
²n

Ž �
1�jznj2

ÐÐÞ
D M 0

�
²n

Ž �
1�jznj2

ÐÐ6�3Þ �
1�jznj2

Ð6C4
�
²n

Ž �
1�jznj2

ÐÐ2�Þ
A2
�
1�jznj2

Ð4

C4M
�
²n

Ž �
1�jznj2

ÐÐ2�Þ
A2
�
1�jznj2/2C16

�
²n

Ž
.1�jznj2

ÐÐÞ
A4/

! 0

since²n=.1� jznj2/ ! 0. But .2A/�3 > 0, so we have arrived at a contradiction.
This proves the first statement of the theorem.
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5. Some examples

By Theorem L1, if f is a normal function then

f #.z/ f #
1 .z/ f #

2 .z/ < Mp. f /=.1� jzj2/3:

In Theorem 3 above, we showed that iff is meromorphic with all its zeros of order
at least 3, and iff #.z/ f #

1 .z/ f #
2 .z/ < M then f is a normal function. This calls

into question the sharpness of Theorem 3 and Theorem L1. We give some examples
dealing with the sharpness of these results. The first example shows that Theorem L1
is sharp forp D 2.

EXAMPLE 1. There exists a normal functionf such that.1� jzj2/2 f #.z/ f #
1 .z/ is

bounded, but.1� jzj2/2�ž f #.z/ f #
1 .z/ is not bounded for any choice ofž > 0.

PROOF. Let B.z/ be a Blaschke product whose zerosfzng are positive, real, and
form an interpolating sequence, and let

f .z/ D zC
Z z

0

B.z/=.1�w/dw:

Then f 0.z/ D 1C B.z/=.1� z/ and f 00.z/ D B0.z/=.1� z/C B.z/=.1� z/2. Since

.1� jzj2/j f 0.z/j � 2.1� jzj/ j1C B.z/=.1� z/j � 4;

we have thatf is a Bloch function, and hence it is a normal function. Further,

f #.z/ D þþ f 0.z/
þþŽ �1C j f .z/j2Ð D j1C B.z/=.1� z/j �1C j f .z/j2Ð�1

;

and

f #
1 .z/ D

þþB0.z/=.1� z/C B.z/=.1� z/2/
þþ ý1C j1C B.z/=.1� z/j2	�1

:

Since B.z/ is a Blaschke product, andfzng is an interpolating sequence, we have
B.zn/ D 0 and there exists a numberŽ > 0 such thatjB0.zn/j ½ Ž=.1� jzn/j for each
n. Thus, f #.zn/ D 1=.1C j f .zn/j2/ and

f #
1 .zn/ D jB0.zn/j=.2.1� zn// ½ Ž

Ž�
2.1� jznj/2

Ð
;

so that f #.z/ f #
1 .z/.1� jznj/2 ½ Ž=2. It follows that f #.zn/ f #

1 .zn/.1� jzj/2�ž ! 1
for eachž > 0. However, sincef is a normal function, Theorem L1 says that
f #.z/ f #

1 .z/.1� jzj/2 is uniformly bounded. This proves the result.
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By a similar example, we can show that Theorem L1 is sharp for allp ½ 3.

EXAMPLE 2. Let p be a positive integer,p ½ 3. There exists a normal function
f such that.1� jzj2/p

Qp
jD1 f #

j�1.z/ is bounded, but.1� jzj2/p�žQp
jD1 f #

j�1.z/ is not
bounded for anyž > 0.

PROOF. Again, let B.z/ be a Blaschke product with zerosfzng of order p � 1 at
each point of the interpolating sequencefzng, where the pointszn are real and positive
and

f .z/ D P.z/C
Z z

0
B.w/

Ž ý
.1�w/.ln.e=1� w//2	 dw;

where

P.z/ D 1C
p�1X
jD1

zj=. j !2 j�1/:

It is easy to verify that
2� j � þþP. j /.z/

þþ � 2

for eachj ½ 1. Also, f 0.z/ D P0.z/CB.z/=f.1�z/.ln.e=.1�z///2g so.1�jzj/j f 0.z/j
is uniformly bounded inD, and sof is a Bloch function and hence a normal function.
Further,B. j /.zn/ D 0 for 0� j � p� 2 sincez is a zero of orderp� 1, and since
B.z/ is the.p � 1/–th power of a Blaschke productBŁ.z/ with simple zeros which
form an interpolating sequence, we haveB.z/ D .BŁ.z//p�1,

B.p�1/.zn/ D .p� 1/!
�
.BŁ/

0.zn/
Ðp�1

;

and.1� jzj/j.BŁ/0.z/j � 1 for jzj < 1. So, as in Example 1, there exists aŽ > 0 such
that .1� jznj/p�1jB.p�1/.zn/j ½ Ž. Using these results about derivatives ofB at the
pointszn, we have

2� j � f . j /.zn/ D ½n < 2 for 1� j � p� 1;

and
f .p/.zn/ D B.p�1/.zn/=

ý
.1� zn/.ln.e=.1� zn///

2
	
;

so .1� jznj/pj f .p/.zn/j ! 0, but .1� jznj/p�žj f .p/.zn/j ! 1 for eachž > 0. But
f . j /.zn/, 0� j � p, is bounded and non-zero by construction (recall thatB. j /.zn/ D 0
for 0 � j � p� 1 ) so f #

j .zn/ is bounded and non-zero for 0� j � p� 1. Thus,
.1� jzj2/p�žQp

jD1 f #
j�1.z/ is unbounded foreachž > 0, but, by Theorem L1, sincef

is a bounded function, and thus a normal function,.1�jzj2/p
Qp

jD1 f #
j�1.z/ is bounded.

This completes the proof.
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In Examples 1 and 2 there is no attempt to control the multiplicity of the zeros,
and thus these examples may not relate well to Theorem 3. To address the sharpness
of Theorem 3, we have following example in which the functionf .z/ is a bounded
function, but f does not satisfy the sufficiency conditions for normality given in
Theorem 3.

EXAMPLE 3. The functionf .z/ D exp..zC 1/=.z� 1// is a bounded function for
which .1� jzj/ f #.z/ f #

1 .z/ f #
2 .z/ is unbounded inD but .1� jzj/1Cž f #.z/ f #

1 .z/ f #
2 .z/

is bounded inD for eachž > 0 and f omits the value zero (and hence, for each
positive integerk, f has all its zeros of order at leastk). Further,.1�jzj2/ f #.z/ f #

1 .z/
is unbounded but.1� jzj2/1Cž f #.z/ f #

1 .z/ is bounded foreachž > 0.

PROOF. As z! 1, we havej f . j /.z/j ³ 2j j f .z/j=jz� 1j2 j
for j ½ 1. Thus,

f #.z/ f #
1 .z/ f #

2 .z/ ³
2Y

jD0

�
2 jC1jz� 1j�2. jC1/j f .z/jÐ Ž �1C 4 j jz� 1j�4 j j f .z/j2Ð

D �2jz� 1j�2j f .z/jÐ Ž �1C j f .z/j2Ð
ð �4jz� 1j�4j f .z/jÐ Ž �1C 4jz� 1j�4j f .z/j2Ð
ð �8jz� 1j�6j f .z/jÐ Ž �1C 16jz� 1j�8j f .z/j2Ð
D 64

Ž
.jz� 1j2/ð 1

Ž
.1C j f .z/j2/

ð jz� 1j�2j f .z/jŽ �1C 4jz� 1j�4j f .z/j2Ð
ð jz� 1j�8j f .z/j2Ž �1C 16jz� 1j�8j f .z/j2Ð :

Denote this last product by�.z/. We note for future reference that each of the last three
factors of�.z/ is less than 1, so, as a crude estimate,�.z/ � 64=jz�1j2 for all z 2 D.
For Ž > 0 andŽ sufficiently small, there exists a pointzŽ 2 D such thatjzŽ � 1j D Ž
and.1�jzŽ j2/=jzŽ�1j2 D 2 ln 1=jzŽ�1j, which means thatj f .zŽ/j D jzŽ�1j2. Then�

1� jzŽj2
Ð
�.zŽ/ D 128.ln.1=jzŽ � 1j//ð 1

Ž �
1C jzŽ � 1j4Ð

ð 1=5ð jzŽ � 1j�4
Ž �

1C 16jzŽ � 1j�4
Ð

³ 8=5 ln.1=jzŽ � 1j/!1 asŽ! 0:

Thus.1� jzj2/ f #.z/ f #
1 .z/ f #

2 .z/ is unbounded inD. However, the definition of�.z/
gives the estimate

�.z/ � 64j f .z/j3=jz� 1j12;

so, if j f .z/j � jz� 1j4 then�.z/ � 64 and

.1� jzj/1Cž f #.z/ f #
1 .z/ f #

2 .z/ ³ .1� jzj/1Cž�.z/
� 64.1� jzj/1Cž ! 0 asz! 1:
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If we takez such thatj f .z/j > j1� zj4 , then we have

j f .z/j D exp
ý�jzj2� 1

Ð Žj1� zj2	 > jz� 1j4;
which implies

.1� jzj2/=jz� 1j2 < 4 ln.1=jz� 1j/:
We again use the estimate that�.z/ � 64=jz� 1j2 to obtain.1 � jzj2/1Cž�.z/ �
256.1� jzj2/ž ln.1=jz� 1j/! 0 asz! 1 for eachž > 0. Thus, we have shown that
.1� jzj/1Cž f #.z/ f #

1 .z/ f #
2 .z/ is bounded inD. (Here, f .z/ and all its derivatives are

analytic forz 6D 1, so the only concern is with the behavior off .z/ asz! 1.)
For the second statement, we have that

�.z/ D f #.z/ f #
1 .z/

³ 8=jz� 1j2ð 1
Ž �

1C j f .z/j2Ðð jz� 1j�4j f .z/j2Ž�1C 4jz� 1j�4j f .z/j2Ð ;
and reasoning very similar to the above gives the desired results.

This example shows that the hypotheses of Theorem 3, in particular condition (9),
cannot be relaxed very much, if at all.

We now show that the second statement in Theorem 3 is sharp.

EXAMPLE 4. Letg.z/ D .1=.z� 1/þ/expf.zC 1/=.z� 1/g, þ > 0 . Theng is not
a normal function,g omits the value zero, and.1� jzj/g#.z/g#

1.z/ is unbounded but
.1� jzj/1Cžg#.z/g#

1.z/ is bounded foreachž > 0.

PROOF. Let f .z/ D expf.zC 1/=.z� 1/g so thatg.z/ D f .z/=.z� 1/þ . Then
jg. j /.z/j ³ 2j jz� 1j�2 jCþj f .z/j , and we may define a function�.z/ by

g#.z/g#
1.z/ ³ �.z/ D 2jz� 1j�.2Cþj f .z/jŽ �1C jz� 1j�2þj f .z/jÐ

ð �4jz� 1j�4�þj f .z/jÐ Ž �1C 4jz� 1j�2þ�4j f .z/j2Ð :
If we let fzng be a sequence of points inD satisfying bothjzn � 1j D 1=n and
.1� jznj2/=jzn � 1j2 D þ ln.1=jzn � 1j/, thenj f .zn/j D jzn � 1jþ sojg.zn/j D 1 and�

1� jznj2
Ð

g#.z/ ³ þ ln.1=jzn � 1j/!1;
sog is not a normal function. Also, since bothj f .zn/j D jzn�1jþ and.1�jznj2/=jzn�
1j2 D þ ln.1=jzn � 1j/, we have�

1� jznj2
Ð

g#.z/g#
1.z/ ³ 2

�
1� jznj2

Ð Žjzn � 1j2ð 1
Ž�

1C jzn � 1j�2þj f .zn/j2
Ð

ð 4jzn � 1j�2þ�4j f .zn/j2
Ž �

1C 4jzn � 1j�2þ�4j f .zn/j2
Ð

D 2þ ln.1=jzn�1j/ð 1=2ð �4jzn�1j�4
Ð Ž �

1C4jzn�1j�4
Ð

³ þ ln.1=jzn � 1j/!1:
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This shows that.1� jzj2/g#.z/g#
1.z/ is unbounded.

Now letž > 0. If j f .z/j � jz� 1jþC3, then we have

�.z/ < 8jz� 1j�.6C2þ/j f .z/j2 � 8:

If j f .z/j > jz� 1jþC3, then.1� jzj2/=jz� 1j2 � .þ C 3/ ln.1=jz� 1j/. Let j f .z/j D
jz� 1jþC3jh.z/j, wherejh.z/j > 1. Then, using the definition off .z/ and ignoring
the denominator in the first factor, we have the estimate

�.z/ � 2jz� 1jjh.z/j ð 4jz� 1j�1jh.z/jŽ �1C 4jz� 1j2jh.z/j2Ð
D 8jz� 1j�2jz� 1j2jh.z/j2Ž �1C 4jz� 1j2jh.z/j2Ð < 2jz� 1j�2:

Hence, �
1� jzj2Ð1Cž

�.z/ � 2
�
1� jzj2Ðž �1� jzj2Ð Žjz� 1j2

< 2
�
1� jzj2Ðž .þ C 3/ ln.1=jz� 1j/! 0

asjzj ! 1. Thus, forjzj < 1, we have.1� jzj2/1Cžg#.z/g#
1.z/ is bounded foreach

choice ofž > 0.

Finally, we give an example showing that condition (9) of Theorem 3 cannot be
relaxed by very much.

EXAMPLE 5. The non-normal function

h.z/ D .1� z/þ expf.1C z/=.1� z/g ; þ > 0

satisfies the condition.1�jzj2/žh#.z/h#
1.z/h

#
2.z/ is bounded forž > þ=2, andh omits

the value zero.

PROOF. Let F.z/ D expf.1C z/=.1� z/g . Thenjh. j /.z/j ³ 2j j1� zjþ�2 j jF.z/j
for j ½ 0. We note thatjF.z/j ½ 1 for z 2 D. Further,h.z/ is easily seen to have the
two asymptotic values 0 and1 at zD 1, soh.z/ is not a normal function. Then

h#.z/h#
1.z/h

#
2.z/ ³ 2j1� zjþ�2jF.z/jŽ�1C j1� zj2þjF.z/j2Ð

ð 4j1� zjþ�4jF.z/jŽ �1C 4j1� zj2þ�4jF.z/j2Ð
ð 8j1� zjþ�6jF.z/jŽ �1C 16j1� zj2þ�2jF.z/j2Ð
D j1� zj�þjF.z/j�1

Ž �
1C j1� zj2þ jF.z/j2Ð

ð 4j1� zj2þ�4jF.z/j2Ž �1C 4j1� zj2þ�4jF.z/j2Ð
ð 16j1� zj2þ�8jF.z/j2Ž �1C 16j1� zj2þ�8jF.z/j2Ð
� 1

Ž �j1� zjþjF.z/jÐ ; z 2 D:
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If jF.z/j ½ j1�zj�þ, thenh#.z/h#
1.z/h

#
2.z/ is bounded. However, ifjF.z/j < j1�zj�þ,

then.1�jzj2/=j1� zj2 < þ ln.1=j1� zj/, which means thatf.1�jzj2/=j1� zj2gþ=2 <
.þ ln.1=j1� zj//þ=2 and thus�

1� jzj2Ðž h#.z/h#
1.z/h

#
2.z/ ³

�
1� jzj2Ðž�þ=2 .þ ln.1=j1� zj//þ=2 =jF.z/j ! 0

asjzj ! 1 wheneverž > þ=2. Thus, in all cases, we have.1� jzj2/žh#.z/h#
1.z/h

#
2.z/

is bounded in D forž > þ=2.

From Example 5, we see that the first statement of Theorem 3 is sharp, in the sense
that the hypothesis

f #.z/ f #
1 .z/ f #

2 .z/ is bounded

cannot be replaced by

.1� jzj/ž f #.z/ f #
1 .z/ f #

2 .z/ is bounded for fixedž > 0:

(For a givenž > 0, we can takeþ so small thatž > þ=2 and use the construction in
Example 5 to show that Theorem 3 is is not valid for that choice ofž.)
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