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Abstract

Chen and Gu [1] have given some results relating to normal families, and, in this paper, we give versions
of these results valid for normal functions. In the process, we improve some of our previous results
involving products of certain spherical derivatives as they relate to normal functions. Some examples are
given to show the sharpness of our results.

1991Mathematics subject classificatigamer. Math. Sog: primary 30D05; secondary 30D35.

1. Introduction

Let C denote the complex plane. In [1], the first author and Y. Gu proved the following
results about families of meromorphic functions.

THEOREMCGL1. [1, Theorem 1, page 67§tk be a positive integer and |t be
a family of functions meromorphic on a doma&nc C, where each function i
has only zeros of multiplicity at leakt If for each compact subsét of G there exist
positive numbers, M, a1, Bi, . .., ax_1, Pror Suchthaty; + g = 1forl < j < k-1

and| f®(z)| < M whenever bothf € F and
k-1 ) k—1 _
ze K= {w eK: |f<l>(w)| +Z|f(l)(w)|°‘1 |f(k>(w)|ﬂj < 5}’
i= =

1 1
thenF is a normal family.

COROLLARY 1. [1, Corollary 2, page 671]etk be a positive integer and lét be
a family of functions meromorphic in a domanc C, where each function i has
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232 Chen Huaihui and Peter Lappan [2]

only zeros of multiplicity at leadt. If for each compact subsét of G there exist
positive numbers, §, andM such that f ¥ (z)| < M wheneverf € F and

zeKi={weK:[fw|f¥w)]| <5},
thenF is a normal family.

THEOREMCG2. [1, Theorem 2, page 6717¢tk be a positive integer and |1€t be a
family of functions meromorphic in a domahc C such that each function iR has
only zeros of multiplicity at least If F is not a normal family in some neighborhood
of the pointzy € G then, for each positive number < k, there exists a sequence
of points{z,} in G such thatz, — z, a sequence of positive numbépg} such that
on — 0, and asequence of functiop,} in F such that, ig, (&) = (0,) ™ f (z,+0n8),
then the sequendeg,} converges spherically and locally uniformly to a non-constant
function meromorphic in the-plane.

Theorem CG2 is a generalization of results of Zalcman [5] and Pang [4].

Let D = {z: |z|] < 1} denote the unit disk in the complex plane, and let(®&)t
denote the collection of all conformal automorphism$obnto itself. A functionf
meromorphic inD is a normal function if the familfF = {f o g : g € Aut(D)} is
a normal family onD. Since the results mentioned above are results about normal
families and families which are not normal, it seems natural to expect that there would
be corresponding results about normal functions and functions which are not normal
functions. We show below that this is the case.

Let f;(2) denote the j-th derivative of, that s, fj(z) = fV(2), ] =0,1,2,....

We use
2 =1t/ (1+1f@)

to denote the spherical derivative éfat z. In [3], the second author proved the
following results about normal functions and normal families.

THEOREMLI1. If f is a normal function inD then for each integep > 1 there
exists a constarl, () such that

p
(1—12°)° [T 7@ < Mp(f).
j=1

THEOREML2. If F is a normal family of functions meromorphic in a domain
G c ¢, then for each integep > 1 and each compact subsktof G there exists a
constantM, (K) such that

P
[1f1@ <MK, F)
j=1
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for each functionf € F andz € K.

A partial converse, for functions with no simple zeros, of Theorem L2 was proved
by the authors in [2, Theorem 6], as follows.

THEOREMCL. Letk be a positive integer witlk > 3, and letF be a family of
functions meromorphic in a domaf@ c € such that each function has only zeros
of multiplicity at leastk. If for each compact subsé&t of G there exists a positive
numberM such that

(%) f 1@ @ 5@ < M

for f € Fandz € K, thenF is a normal family. The conclusion remains true
if we assume instead th&t > 2 and we replace conditiorix) by the condition
f# (2 7 (22 < M. The conclusion is also true if we assume only that 1 and
we replace conditiorix) by the conditionf? ,(z) < M.

In this paper we give a corresponding partial converse to Theorem L1.

The rest of the paper is organized as follows. Our Theorem 1, a version of
Theorem CG1 which is valid for normal functions, is given in Section 2. In Section 3,
we present a version of Theorem CG2 valid for normal functions, which is our
Theorem 2. In Section 4, our Theorem 3 is a version of Theorem CL valid for normal
functions. Finally, in Section 5, we give some examples relating to the sharpness of
Theorem L1 and our Theorem 3.

2. Sufficient conditions for a normal function

LEMMA 1. Let f(2) be a function meromorphic iD. If y € Aut(D) andg(z) =
f(y(2)), then, fork > 2, we have

(1=12)"[g" @] - (1= Iy @) [ > @)
1

k—1
<Gy (1-Iy@P) [t @),
j=1
whereC, is a constant depending only &n
PrROOF. Lettingy (2) = €°(z — z)/(1 — %z), we have both
Y@l =1-ly@P)/(@1-1z?

and
|y(j)(Z)/V/(Z)| <1/(1- |Z|)J—l forj > 2
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Fork > 2, we have
9@ = Yy @) (/@)

k-1
+>° Y ComafP0@@ @ Y@,

j=1n,...,ng

whereng, n,, ..., n, satisfy the conditions; + n, + --- +n, = j andn; + 2n, +
-« + kn, = k in each term of the sum. Thus,

(@=12R) g @] - (1 - Iy @P) [{“ @)
<(1-129)"g“@ - 1Yo @) @)

k—1
<> Cjmen [ TP @) 1y @)

j=1 ng,--,ng

< V' @)y @I lyY@ /Y @ (1- 127"

Since _
Y@l =(1-1y@P) /(1-1z?)
and
V' @y @1 [y©@/y @™ < (1)1 — |z]))r 2t
= (1/(1 - |Z))* T,
we have

\(1— |z|2)k 9°@| - (1~ Iy @R [1¥ @)

—|2P%) Z > Cjmn | TP (v (@)

j=1 ng,..ng

1-1y@P)/(1-12?) a/a-izy<’

x (
-1
Z Z Cuimen | TV )]

j=1ny,.

x (1- |z|) "1-ly@P)

n

<G Y (1-1y@P) [P0 @).

=1

This completes the proof of the lemma.



[5] Products of spherical derivatives and normal functions 235

The inequality (1) implies

(1-12%)"|g% 2|

2 k-1 ) )
@ <(L-ly@P) 0@ +C > 1-1r@P) {2 @)

j=1
If we replacef, g, y, andz by g, f, y %, andy(2), respectively, (2) becomes

(1-ly@P) | f°y @)

3 = -
© < (1129 99| + G 5 (L— 127) [gPca].

=1

By using the inequalities (2) and (3), we can modify Theorem CG1 into a result
about a single function as follows.

THEOREM 1. Let k be a positive integer and lef be a function meromorphic
in D such thatf has only zeros of multiplicity at leagt If there exist positive
numberss, M, ay, Bi, ... ak_1, Pc1 SUch thaty; + g = 1forl < j <k—1and
(1 —1z»¥ f®(2)] < M whenever

ZeK:{weD Z |w| |f(1)(w)|+z |w| Ja1+kﬂ1 |f(k)(w)|ﬂ’<8}

then f is a normal function.

PrOOF It suffices to prove that the family = {f (v (2)): y € Aut(D)}isanormal
family in D. First, letg, (z2) = f(y(2)) € F. Forz € D, defineg, (2) by

k—

¢,(2) =Z — [2?) g(”(z)|+z —12)%) JD[Jrkﬂ|g;i)(z)|”|g(k)(2)|ﬁ,

j=1

wherex + g = 1 anda/B = min{a;/Bj, 1 < j < k—1}. We claim that there exists
aé" > 0 such thaip,(z) < & implies thaty(z) € K. To show this, let{y,} be a
sequence in AUD) and let{z,} be a sequence of points b such thatp,, (z,) — 0,
and letg, (z) = f(y(2)). Now¢,,(2) — 0 means that

4) 1-1z2) |g7@) -0  1<j<k-1,
and

(5) 112" gV @) [g¥@)|" -0, 1<j<k-1
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By taking 8-th roots, (5) becomes

©  (1-1z2”"""" g,@)[" ¥ @)| >0  1<j<k-1
Now, using (3), we see that (4) implies

(7) (1= Im@P) [P y@) >0,  1<j<k-1,
and using (3) again, we get

(L= @)™ 1D @] [ 9 Gnz)|”

S j-1 .
< ((1— 129" 00|+ C D (1— 127" [oP ()] )
p=1

k-1 Bi
X ((1— 1z:%)" |9 (2| +C Y (1- 1z Ig;:’>(zn>|> :

p=1
Let
B = o???@fl{(l_ 1Zl") 19,7 (z0)1}
= (1-12)" g @),

wherej, is defined by this last expression. Then
(1= 17 @) D @) |9 nz)]”
Bi
< kiCy BY ((1-12,)" 9% 20)] +KCiBy)
Bi
= kG (1= 1) |9z By + kGBnt/) ™.
From (4), we haveB, — 0, and, from (6), we have
(1—12%)" g @) By /”
< (1- 127" 190 @D (1 - |zl?)" |9 @]
= (1= 12" g @[ g @] — 0.

Combining these inequalities, we have

©® (1 @) T P0n@)]" [T P0n@)]" =0, 0<j<k-L1

(6]

It now follows from (7) and (8) that;,(z,) € K for n sufficiently large or, in other

words, that there exists& > 0 such thatp, (z) < &' implies thaty (z) € K, which

establishes our claim.
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Now lets’ be the number described above, et Aut(D), letg, = f o g, and let
z € D be such thap, (z2) < §'. Theny(z) € K which means

=

-1

(1- 129 [TV @) <.

Il
N

i
Also, sincey (2) € K, we have(1 — |y (2)»)¥| f®(y(2))| < M. Thus, from (2), we

have
(1—12%)“|g% @] < M + Ci.

LetO<r <landD, = {w:|w—2zl <r}C D. Then, forw € D and¢, (w) < ¢,
we have

g% w)| < (M +Cd) /(1 -r?) =M.
Thus, we can chooseand apply Theorem CG1—usirlg as the compact sek, =
{y € Aut(D)}, andM’ as the bound—to conclude thitis locally a normal family
on D. But this means that is a normal family onD, and consequently thdt is a
normal function. This completes the proof.

The following is an immediate corollary of Theorem 1.

COROLLARY 2. Letk be a positive integer and left be a function meromorphic in
D, such thatf has only zeros of multiplicity at leakt If there exist positive numbers
«, 8, andM such that(1 — |z|9¥| f®(z)| < M for

zeK = {we D: (1— [wP)|[f )" |f®w)| 58},

then f is a normal function.

3. A behavior of non-normal functions

We now prove a version of Theorem CG2 for normal functions.

THEOREM 2. Letk be a positive integer and Idt be a function meromorphic iD
such thatf has only zeros of multiplicity at leakt If f is not a normal function, then,
for each positive number < Kk, there exist a sequence of poifig} in D such that
|z,| — 1 and a sequence of positive numbgss} and such thap, /(1 — |z|?) — 0
for which the sequence

{9:0) = (1= 121%)" (o)™ f (Z0 + pnd)}

converges spherically and locally uniformly to a non-constant meromorphic function
in thez-plane.
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ProOE If f is not a normal function, then, by Corollary 2, there exists a sequence
of points{z,} such that both

zeK={weD: (L wp)|fw| 9w =1},
wherex = (k — «)/a, and
My = (1-1ZP) [ f©Z)| — oo.
For eacn, there exists a positive numbgy, with |z,| < r, < 1, such that
()2 = 1Z2) [ F9z)] = Mi/2.
If D,={ze D:|z] <r,}andifz, € D, N K is such that
M = () = 120?)° [ £ (20| = max () — 12P) [f*(2)].
thenM, — oo. Define

—1/(k—a)

o= ((1=1z19)" | f®@)])

and
(@) = (1= 12%)" (o)™ (Z0 + pud).
Then
19%©0)| = (1-1z%)" (o) [ {¥(2)| = 1.
and
0. a0 @) = (1= 12D | f @ + peD)[* | £ 9@ + o)),
so that

10.0[" = 8.0 [g% ()] = (1 - 1z | f )| | F®(@)| < 1

because, € K. Thus,|g,(0)| < 1 for eacm. We note that

pn = (1= 122" | F9z)])

= (2= 12P)" Mq ()7 = 12— ) )
< (1—z*) M, Y,

—1/(k—a)

which means that foR > 0 andn sufficiently large,

PR < L= 1zDM/“R < Q- |z)/2
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Thus, if Ris a fixed positive numbef; | < R, andn is sufficiently large, we have

G (O 9P )]
= {1—12:) / (1~ 1z + 2 D)} (L= 124 2ot 1) | £ @ 00| | £9 @0+ o) |
> (3) (L= 1204008 )" | F Gt oaD)[" | £ 9 @0 4008))| -

If 19.(2)1*19¥(2)| < (2/3)%, thenz, + pp¢ € K by the definition ofK, and

9@ =18°®)| / [g O] = [1¥ @ +mm)] / [19@)]
<((r2=12P) / (2 =1z + puP))"
< ((Tn + 12D /0 + 1Zal = 1oaZ I ((Cn = 12D/ (0 = 1Za] = |paZ )
<4

for n sufficiently large. Thus{g,} is a normal family in the -plane by Corollary 1.
By taking a subsequence, if necessary, we may assumi@ihabnverges spherically
and locally uniformly to a functiorg in the ¢-plane. The inequalities above imply
that|g(0)| < 1 and|g®(0)| = 1. Thus,g is a non-constant meromorphic function in
theg-plane, and the theorem is proved.

4. Normal functions and products of spherical derivatives

Theorem CL has a version valid for normal functions.

THEOREM 3. Let f be a function meromorphic iB such that all the zeros df are
of multiplicity at leasB. If there exist positive numbessand M such that

9 @@ @ <M

wheneverz € D is such that both f ()| < § and (1 — |z])| f'(2)| < §, thenf is a
normal function. The conclusion remains true if all the zero$ afre multiple zeros
and condition(9) is replaced by either

L-1zHf"@ff@d <M o f(2<M
whenever € D is such that both f (z)| < § and(1 — |z]»)|f'(2)| < 6.

ProoFE We will give a proof only for the first statement in the theorem. The other
statements can be obtained by obvious modifications of the proof of the first statement.
Suppose that (9) holds and thhtis not a normal function. If we let be such
that 1< o < 2, then there exist sequendgg and{p,} which satisfy the conditions
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of Theorem 2, so that the sequerigg(¢) = (1 — |z,|»)“p;“ f (z, + pn2)} converges
spherically and uniformly on compact sets to a non-constant meromorphic function
g on thez-plane. Since each functiagnhas only zeros of multiplicity at least 3, it
follows that the limit functiorg cannot be a polynomial of degree less than 3. Hence,
there exists a poing and a positive numbeA such thatA™! < |g¥(z)| < A for

0 < j < 3. Thus, fom sufficiently large(2A)~* < |g{’(2)] < 2AforO< j < 3. It
follows that

A < |g<3><¢)gx(z)g;(z)|

< (pn/ (1= 12%) 1"[|f“>(zn+pnz>|

= (po/ (1~ 1z:P) Hf (zn+pnz>1"[(1+|f“>(zn+pz|)

=0

Sincea > 1, for j =0, 1, 2, we have

[ £ @+ pad)| = (0n/ (1= 121%)" 077 |0 (@)
<2A(on/ (1= 12%))"" (1= 122)
Thus, forn sufficiently large, we have bothf (z, + p,¢)] < § and (1 — |z, +

& 19| T (Za+pag)| < 8. By the assumptions given, we haﬂézo f#(Za+pns) < M.
Combining the above and letting’ = M (1 + §2), we get

2A)7° < 9@ ()98 ()]
2

M(L+89) (pn/ (1=120%) ™ 08 [T (1+4A% (0n/ (1-12%)" 03?)
j=1

M08 (on/ (1=12a%) " +4M’ (pn/ (1=1z:l?)) ™ i A2

+4M' (pn/ (1=120%)) " oy A>+16M'A* (pn/ (1—24|%))"

=M (pn/ (1=121%) "™ (1~12:/7)°+4 (pn/ (1~ 121?))" A2 (1~ |2,/?)*
+4M (pn/ (1—1z:/%))"" A2 (1—120/2)%+16 (o0 / (1~ |2:[?))" A®)

-0

IA

IA

sincep,/(1 — |z,|?) — 0. But(2A)~2 > 0, so we have arrived at a contradiction.
This proves the first statement of the theorem.
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5. Some examples

By Theorem L1, iff is a normal function then
2 12 ]2 < Mp(f)/ 1 - 1z1°.

In Theorem 3 above, we showed thaffifis meromorphic with all its zeros of order

at least 3, and iff#*(z) ff(2) {/(z) < M then f is a normal function. This calls

into question the sharpness of Theorem 3 and Theorem L1. We give some examples
dealing with the sharpness of these results. The first example shows that Theorem L1
is sharp forp = 2.

ExamPLE 1. There exists a normal functioh such that(1 — |z|%)? f#(2) f(2) is
bounded, butl — |z|?)* < f*(2) f*(2) is not bounded for any choice ef> 0.

PrROOF Let B(2) be a Blaschke product whose zelag} are positive, real, and
form an interpolating sequence, and let

f(z2) = Z+/ B(2)/(1— w)dw.
0

Thenf'(z) =1+ B(2)/(1—2 andf”(z) = B'(2)/(1 — 2) + B(2)/(1 — z)?. Since
1L—1zPf'(@ <21 -1z 11+ B@)/1-2)| <4,
we have thatf is a Bloch function, and hence it is a normal function. Further,
2 =[f'@|/1+1f@°) =11+ B@/1-2)|(1+] f(Z)IZ)_l,
and
ff(2=|B@/1-2+B@/1-2)|{1+1+B@/1- Z)IZ}_l-

Since B(2) is a Blaschke product, an,} is an interpolating sequence, we have
B(z,) = 0 and there exists a numbg&e- 0 such thatB'(z,)| > §/(1 — |z,)| for each
n. Thus, f#(z) =1/(1+ | f(z)|? and

fi(z) =B (z)1/ (21— z))) = 8/ (2(1 — |z])?)

so thatf*(2) £ (2)(1 — |z,])? > §/2. It follows that f*(z,) f{(z,)(1 — |2]))* ¢ — oo
for eache > 0. However, sincef is a normal function, Theorem L1 says that
f#(2) 1/(2)(1 — |z|)? is uniformly bounded. This proves the result.
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By a similar example, we can show that Theorem L1 is sharp fqu all3.

ExAMPLE 2. Let p be a positive integemp > 3. There exists a normal function
f such thatl — |z]*)P[]", f/*,(2) is bounded, butl — [z/»)P~ ], f/*,(2) is not
bounded for any > 0.

PrROOE Again, letB(z) be a Blaschke product with zer¢z,} of orderp — 1 at
each point of the interpolating sequerizg, where the pointg, are real and positive
and

f@=P@+ / B(w)/ {(1— w)(In(e/1 — w))*} dw,
0
where

p-1
P(z2)=1+ Z Z/(j12i Y.
j=1

It is easy to verify that
27 <|PV ()| <2

foreachj > 1. Also, f'(2) = P'(2)+B(2)/{(1—2)(In(e/(1—2)))*} so(1—|z))| f'(2)|

is uniformly bounded irD, and sof is a Bloch function and hence a normal function.
Further,BY(z,) =0for0< j < p — 2 sincez is a zero of ordep — 1, and since
B(2) is the(p — 1)-th power of a Blaschke produ&,(z) with simple zeros which
form an interpolating sequence, we hd&&) = (B.(2))" 1,

B®*Y(z) = (p—1)! ((B)(2))" ",

and(1— |z)|(B,)(2)] < 1for|z| < 1. So, as in Example 1, there exists & 0 such
that (1 — |z,|)P~B®Y(z,)| > §. Using these results about derivativesift the
pointsz,, we have

2 < f0(z)=r<2 forl<j<p-1,

and
fP(z,) = BP(z)/ {(1 —z,)(In(e/(1 - Zn)))z} ,

so (1 — |z)P|fP(z)| — O, but(l — |z,])P~| fP(z,)| — oo for eache > 0. But

f1(z,),0< j < p, isbounded and non-zero by constructicecéll thaB!’ (z,) = 0

forO<j<p-1)so fj#(zn) is bounded and non-zero for€ j < p— 1. Thus,
1 —|z»)P ]_[j”:l f/*,(2) is unbounded foeache > 0, but, by Theorem L1, sincé

is a bounded function, and thus a normal functidn; |z|?)? j”:l f1(2) is bounded.
This completes the proof.



[13] Products of spherical derivatives and normal functions 243

In Examples 1 and 2 there is no attempt to control the multiplicity of the zeros,
and thus these examples may not relate well to Theorem 3. To address the sharpnes
of Theorem 3, we have following example in which the functibfz) is a bounded
function, but f does not satisfy the sufficiency conditions for normality given in
Theorem 3.

ExampLE 3. The functionf (z) = exp((z + 1)/(z — 1)) is a bounded function for
which (1 — |z|) f%(2) f/(2) f}(2) is unbounded irD but (1 — |z|)** f#(2) f}(2) f}(2)
is bounded inD for eache > 0 and f omits the value zero (and hence, for each
positive integek, f has all its zeros of order at ledgt Further,(1— |z|?) f#(z) f/(2)
is unbounded butl — |z|?)**< f#(2) f*(2) is bounded foeache > 0.

PROOF Asz — 1, we haveg fV(z)| ~ 21| f(2)|/|]z— 1% for j > 1. Thus,

2

taotf@ @ ~[]@Mz— Ut @I) / (1+4 12— U f2P)

j=0
=Q2z-172f@l)/1+1f@P)
x (4z=1f@)) /(1+4z-1f @)
x (8lz—1°f(2)) / (1+16z— 1% f (27
=64/(1z—- 1% x1/A+[f@
x|z— 172 f@|/ (1+4z- 1 f@P)
x|z—= 1% f@?/ (1+16)z— 1% f(2)°) .

Denote this last product liy(z). We note for future reference that each of the last three
factors of¢ (z) is less than 1, so, as a crude estimai@) < 64/|z— 1/2forall z € D.
Foré > 0 ands sufficiently small, there exists a point€ D suchthatz — 1] = §
and(1—|z|?/|zs — 1/ = 2In1/|z — 1|, which means thatf (z;)| = |z —1/%. Then

(1—-1z?) ¢(z) =128(In(1/|z — 1)) x 1/ (1 + |z — 1)
x1/5x 1z — 17"/ (1+16z; — 1]7%)
~ 8/5In(1/|z; — 1|) — oo ass — 0.
Thus(1 — |z?) f#(2) ff(z) f}(2) is unbounded irD. However, the definition of (2)

gives the estimate
(2 <64 f(2/1z— 1"

so, if| f(2)| < |z— 1/*then¢(z) < 64 and

A-1z2h"* '@ i@ )2 ~ 1 -12)" (2
<641 - |z))*" - 0asz— 1.
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If we takez such that f (2)| > |1 — z|*, then we have

1@ =exp{(12”—-1) /11— 2} > |z— 1,
which implies

1—-12%/1z— 1> < 4In(1/|z — 1)).

We again use the estimate th@atz) < 64/|z — 1|2 to obtain(1 — [z2»)¥*¢(2) <
256(1 —|z/?¢In(1/|z— 1]) — 0 asz — 1 for eache > 0. Thus, we have shown that
(1—|z))** f*(2) f(2) £} (2) is bounded iD. (Here,f(z) and all its derivatives are

analytic forz # 1, so the only concern is with the behaviorfofz) asz — 1.)
For the second statement, we have that

(2 = (2t (2
~8/1z—1°x 1/ (1+f@) x lz— U f@1?/ (1+4z- 1" f@),

and reasoning very similar to the above gives the desired results.

This example shows that the hypotheses of Theorem 3, in particular condition (9),
cannot be relaxed very much, if at all.
We now show that the second statement in Theorem 3 is sharp.

EXAMPLE 4. Letg(2) = (1/(z— 1D#)exp{(z+1)/(z— 1)}, B > 0. Theng is not
a normal functiong omits the value zero, and — |z|)g*(2)g} (2) is unbounded but
(1—1z))**“g*(2)g}(2) is bounded foeache > 0.

PrOOF. Let f(z) = exp{(z+ 1)/(z — 1)} so thatg(z) = f(2)/(z— 1. Then
gV (2)| ~ 21|z — 1|721*F| f (2)| , and we may define a functiafn(z) by
@92 ~ ¢ =2z-1"*|f@|/(1+ 12— 17|f (D))
x (Qlz—1*"1f @)/ (1+4z- 1" f@)?).

If we let {z,} be a sequence of points iD satisfying both|z, — 1| = 1/n and
(1 —=1z/»/1z. — 12 = BIn(1/|z, — 1)), then| f(z,)| = |z, — 1/ so|g(z,)| = 1 and

(1-1z%) g*@ = BIn(1/|z, — 1) — oo,
sogis not a normal function. Also, since bath(z,)| = |z,—1|# and(1—1z,|?)/|z, —
11> = BIn(1/|z, — 1), we have
(1-1z) @9 @ ~ 2(1—|z%) /12 — 1 x 1/ (14 |z — 17| f(z))1?)
x 4zy— 171z (1+ 4z, — 1777 f(z))

=26In(1/12— 1)) x 1/2 x (412 —11~*) / (1+412,— 1)
~ BIn(1/|z, — 1)) > oo.
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This shows thatl — |z|?)g*(2)g{ (2) is unbounded.
Now lete > 0. If | f(2)| < |z— 1/#*3, then we have

¢ <8z— 1P |f(2) <8

If | f(2)| > |z— 13, then(1 — |23 /|z— 1> < (B+3)In(1/|z— 1)). Let|f(2)| =
|z — 1|#*3|h(2)|, where|h(z)| > 1. Then, using the definition of (z) and ignoring
the denominator in the first factor, we have the estimate

¢(2) < 2|1z—1]|h(2)| x 4z— 1Y h(2)|/ (14 41z— 1°h(2) %)
=8|z— 1 %z—1*h@I?/ (L +4lz— 1h@)I?) < 2/1z— 12

Hence,

1-129)" 9@ <2(1— 12 (1127 /1z— 12
<2(1—-1z® (B +3In/]z—1) -~ 0

as|z| — 1. Thus, for|z| < 1, we have(l — |z|?)**“g*(2)g}(2) is bounded foeach
choice ofe > 0.

Finally, we give an example showing that condition (9) of Theorem 3 cannot be
relaxed by very much.

ExamMPLE 5. The non-normal function
h(2 = 1 -2 exp{(1+2)/1 - 2}, >0

satisfies the conditioflL — |z|?)h*(z)h#(z)h%(2) is bounded foe > B8/2, andh omits
the value zero.

PROOF. Let F(2) = exp{(1+ 2)/(1 — 2)} . Then|hV(2)| ~ 21|1 — z|#7?I|F(2)|
for j > 0. We note thatF(z)| > 1 forz € D. Furtherh(z) is easily seen to have the
two asymptotic values 0 angb atz = 1, soh(z) is not a normal function. Then

h*(2)hi(2)h5(2) = 211 - 2/’ ?|F ()| / (1 + 11— Z¥|F (2)?)
x 41— 2" F(2)|/ (L+ 41— 2% *F(2)]?)
x 81— 2" °|F(2)|/ (1 + 1611 — /% 2|F (2)|?)
=11-2PIF@I/ (1 + 11— 2¥|F (@)
x 41— 2P F @)1/ (1+ 41— 2> F (2)P)
x 16/1 — Z¥*|F (2)2/ (1 + 16/1 — 2% *|F (2) )
<1/(1-2’IF®Il), zeD.
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If |F(2)| > |1—2|7#, thenh*(2)h%(2)h}(2) is bounded. However, [F (z)| < |1—2z|7#,
then(1—z?)/|1—z|?> < BIn(1/|1 - z|), which means thdi(1 — |z?) /|1 — z|?}#/? <
(BIn(1/|1 — z|))#/2 and thus

(1- 123 W@ @hi@ ~ (11232 BIne/11-2)"? /IF@] - 0

as|z| — 1 whenever > B/2. Thus, in all cases, we have— |z|?)*h*(z)h%(z)hi(2)
is bounded in D foe > g/2.

From Example 5, we see that the first statement of Theorem 3 is sharp, in the sense
that the hypothesis
f#(2) /(2 f}(2) is bounded

cannot be replced by
(1— |2 f%(2) f](2) £} (2) is bounded for fixed > 0.

(For a givene > 0, we can take8 so small that > /2 and use the construction in
Example 5 to show that Theorem 3 is is not valid for that choice )of
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