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Abstract

The theory of isogeny estimates for Abelian varieties provides ‘additive bounds’ of theddsmat most

B’ for the degreesl of certain isogenies. We investigate whether these can be improved to ‘multiplicative
bounds’ of the formd dividesB’. We find thatin general the answer is no (Theorem 1), but that sometimes
the answer is yes (Theorem 2). Further we apply the affirmative result to the study of exceptionalprimes
in connexion with modular Galois representations coming from elliptic curves: we prove that the additive
bounds for¢ of Masser and Wstholz (1993) can be improved to multiplicative bounds (Theorem 3).

1991Mathematics subject classificatigamer. Math. Sog: primary 11G10 (14K02), 11GO05.

1. Introduction

Let k be a number field, and lek be an Abelian variety defined ov&r Since the
ground-breaking work [F] of Faltings, it is known that there exists a quabtiky A)
with the following property. Supposé* is another Abelian variety defined ovkr
which is isogenous overto A. Then there is an isogeny frof to A, defined over
k, whose degree does not excd®l, A). In particular there are only finitely many
Abelian varieties, up to isomorphism overwhich are defined oveée and isogenous
overk to A.

In [MW3] (see Theorem Il, p. 6 and the last paragraph of p. 23) we obtained an
upper bound fob(k, A) of the form

1.1 c(max[k : Q], h(A)h)~,

whereh(A) is the logarithmic absolute semistable Faltings heightApfand the
constantg, « depend only on the dimension éf
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In [MW2] we applied this bound to obtain similar results relating to Tate’'s Conjec-
ture. For example, we proved (see Corollary 2, p. 213 and the last paragraph of p. 222)
that for every Abelian variety as above, there exish, also bounded by something
like (1.1), such that whenevéris a prime number not dividin$yl, the kernelA, of
multiplication by¢ is a semisimple module over the absolute Galois grougkzk).

Sointhis application the ordinary upper bound or ‘additive upper bound'’ for degrees
of isogenies leads to a similar ‘multiplicative upper bound’ for the exceptional primes
£; namely? divides M. It is perhaps natural to ask whether one may obtain such
multiplicative upper bounds for degrees of isogenies themselves; these bounds are
referred to in our title as ‘multiplicative isogeny estimates’.

In general, if we have a set of quantitiesgch with an additiveipper boundB,
then we may obtain in a trivial way a multiplicative upper bouByd For example,
we can take the product, or, slightly better, the lowest common multiple of all positive
integers up tdB. But both of these grow at least exponentiallyBn Therefore ifB
has the form (1.1), the new bourd will not have this form.

In the present note we shall show indeed that there do not exist multiplicative
isogeny estimates of the form (1.1) for arbitrary Abelian variefie8ut on the other
hand we shall show that such estimates do exist in a number of significant special
cases. These have applications to Galois groups for elliptic curves, in the style of
[MW1]; we shall in fact improve all the results of [MW1].

Our negative result is as follows.

THEOREM1. Let n be a positive integer. Then there do not exist constants
depending only om, with the following property. For an Abelian variet of
dimensiom over a number fiel#t, there is a positive integer

bo(k, A) = c(max[k : Q], h(A)h*

such that ifA* is an Abelian variety ovet which is isogenous ovérto A, there is an
isogeny ovek from A* to A whose degree dividdg(k, A).

In other words, multiplicative isogeny estimates do not always exist, at least with
the ‘polynomial’ bounds (1.1).

Our positive result is as follows. Let us say that the Abelian varketg a TM-
product overk (standing for Trivial Multiplication) if it is isomorphic ovek to a
productAT x --- x A3, whereA, ... , A are simple ovek, mutually non-isogenous
overk, with trivial endomorphism rings ovéde. Apart from the field of definition, this
is the condition that appears in [MW1, p. 248, Lemma 2.2].

THEOREM 2. Letn be a positive integer. Then there exist constants depending
only onn, with the following property. Suppos&is a TM-product of dimensiom
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over a number fiel#. Then there is a positive integer
bo(k, A) < c(max[k : @], h(A)H)*

such that ifA* is an Abelian variety ovek that is isogenous ovésto A, there is an
isogeny ovek from A* to A whose degree dividdg(k, A).

In other words, multiplicative isogeny estimates exist for TM-products, with the
polynomial bounds (1.1).

This fact enables all of the additive upper bounds of [MW1] for elliptic curves to
be improved to multiplicative ones of the same order of magnitude. For example, let
E be an elliptic curve defined over a number fik|dand for a prime numbef let p,
be the standard representatioiof Gal(k/k) in the general linear group GE,) as
in [MW1]. A fundamental result of Serre in [Se2] (see also [Sel]) says tHathids
no complex multiplication thep, is surjective for alk sufficiently large; this is more
or less equivalent to the assertion thatl") contains the special linear group &)
for all ¢ sufficiently large.

THEOREM 3. There exist absolute constarsc with the following property. Sup-
poseE is an elliptic curve defined over a number fik]avith no complex multiplication
overk. Then there is a positive integer

M < c(max[k : @], h(E)H*

such thatp, (") containsSL(E,) wheneve¥ does not divideM .

The main result of [MW1] implies this for all ‘largel > M. As pointed out in
[MW2, p. 213], the multiplicative version allows us to extend this both to certain ‘very
small’ primes¢ (of order logM) and to ‘almost all’ primeg < M (the number of
exceptions is of ordeflog M)/(loglogM)). But we are still far from any uniform
results: for example it is asked in [Se3, p. 199J)if> 37 suffices fork = Q
independently of the elliptic curve.

Actually one can define the representatignof I in GL(E,,) for any positive
integerm. Then Theorem 3 implies (see Section 9) that

(1.2) [SL(Em) : SL(Em) N pn(I)] < M3

for all square-freen. It would be interesting to have an estimate for arbitrargot
necessarily square-free; this would quantify the most general assertion (1) of [Se2,
p. 259].

The arrangement of this paper is as follows: We start with the proof of Theorem 2.
This requires some additional properties of the class index introduced in [MW3],
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which we record in Section 2. Next in Section 3 we eliminate the second Abelian
variety A* by considering instead Galois submodules of the first Abelian vafiety
This enables us to decompose everything into primary factors. Then in Section 4 we
prove Theorem 2 by re-introducingy.

The proof of Theorem 1 is given in Section 6, using counterexamples that are
essentially elliptic curves. Theegessary preparations are carried out in Section 5.

The proof of Theorem 3 requires an elementary number-theoretic lemma that we
give in Section 7. This is used in Section 8 to establish Theorem D, which is a
uniform generalization of Theorem 2 to field extensions of bounded degree. Finally
in Section 9 we give the proof of Theorem 3. We also prove multiplicative versions
of all the other results of [MW1].

2. Class index

Let & be an order as in [MW2]. Thug is a ring, containing a multiplicative
identity, which is torsiorfree and finitely generated as an additive group. Tensoring
overZ, we obtain an algebre = Q ® ¢ over@Q. WhenE is semisimple, we define
the class index() as the smallest positive integemith the following property. If
. is any leftd-module contained iik, also finitely generated as an Abelian group
with the same rank ag, then there ig. in .# such that the index§/ : du] of o
in .# is at mostl .

In [MW?2, p. 214, Lemma 2.1] we noted that the class index behaves nicely with
respect to products. Namely

(2.1) (01 x 0,) <1(01)i(0))

for orderso,, @, in semisimple algebras. For the present note we need an analogous
result for matrix rings. Leé be a positive integer. An ordér in an algebreE then

gives rise to an ordeW (&) in the algebravl.(E) of matrices of ordee with entries

in E.

LEMMA 2.1. SupposeZ is an order in a division algebra. Then(M.(2)) <
(i(0)F.

PrOOE Write D = Q ® ¢ for the division algebra. Let,... , 7. denote the
additive group homomorphisms frolh.(D) to D€ obtained by taking the 1st. . , eth
rows of a matrix respectively. Le# be an arbitrary lefiM.(£)-module contained in
Mc(D), finitely generated as an additive group, with the same ra4¢). Then
T = (7, ..., Te) gives an additive group monomorphism fro#ito, (#) x - - - x
me(.#). Butifuy, ..., Ue are the diagonal matrices M.(©) with zero entries except
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for the entry 1 in the 1st.. , eth rows respectively, we have an identity

(T (Xy), ..., Te(Xe)) = T (U Xy + - -+ + UeXe)

for x4, ..., X in M¢(D). This shows thatr is actually surjective, and therefore an
isomorphism.

Furthermore, since row interchanges can be effected by left multiplication by
elements oM.(0), we see thatr;(A) = -+ = a.(#) = A, say. This.4" is a
finitely generated additive subgroup Bf, with the same rank ag®.

But ./ is also a lefty-module, as we see by considering the action of diagonal
elements oM¢(&) on.# . So its rank over/’ must bee.

For this situation we defined in [MWS3, p. 8] the generalized class ingdex). It
shows that 4" contains a fre&’-submodule #; of index | < i(&), which we can
write as a directsum¥ i, @ --- ® G e for wy, ..., pein DE.

It follows that.# = n~'(_4"®) contains.#, = =~*(.4;®) of index I°. Further
Mo = Me(O)pfor =, ..., pe).

Since.# was arbitrary, we conclude that

i (Me(0)) < (ie(0))°

However, [MW3, p. 10, Lemma 2.2] implies thiat&) < (i (¢))¢, and the inequality
of the present lemma follows at once. This completes the proof.

3. Galois modules

Let A be an Abelian variety defined over a fildd For each positive integen the
kernel A, of multiplication bym is a Galois module over Gé/ k).

LEmmA 3.1. Suppose ands are coprime positive integers. Then for every Galois
submoduleG of A there are Galois submodulgd of A, and J of A; such that
G=HeaJ.

PrOOF ltis clearthatAs = A @ A. LetH andJ be the images of the projections
from G in A to the factorsh, andAs respectively. These are Galois modules. We get
in the usual way (Goursat's Lemma) a group isomorphism betweenH /(G N A)
andY = J/(G N As). But X is killed byr, andY is killed by s. Sincer ands are
coprime it follows thatX = Y = 0, which leadstds = H & J in the usual way. This
completes the proof.
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Let EndA denote the ring of endomorphisms Afdefined ovek. For¢ in EndA
and a positive integan write ker, ¢ for the intersection ofA,, with the kernel kep
of ¢. For a Galois submodulé of A,, we define

fn(G) = min[ker, ¢ : G]

where the minimum is taken over &lin EndA with G C ker,¢. This is a better
version of the definition in [MW2, p. 222].

LEMMA 3.2. Supposea and s are coprime positive integers, and and J are
Galois submodules o4, A respectively. Then

frs(H @ J) = fr(H)fs(J)-
PrROOF There are), x in End A with

H C ker v, J C kers x
and

f.(H) = [ker, ¢ : H], fs(J) = [kers x : J].

Using the Chinese Remainder Theorem we can easilyfindEndA such thaty — v,
¢ — x areinr. EndA, s. EndA respectively. It follows that

H C ker y = ker, ¢ C ket ¢,
J Ckers x = kers ¢ C kers ¢.

ThereforeG = H @& J C kers ¢, and
fis(G) < [kers ¢ : G] = [ker, p ke g : G] = i (H) fs(J).

To get the opposite inequality we note that there’ign End A with G C kers ¢’
and f.s(G) = [kers ¢’ : G]. So

H C ker, ¢, J C kerg ¢’
and
fr(H) < [ker, ¢" 1 H], fs(J) < [kers ¢’ : J].
Therefore

fis(G) = [ker ¢’ ® ker,¢' : G] = [ker, ¢ : H][kers ¢’ : J]

which is at leastf, (H) f;(J). This completes the proof.
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Now assume thak is a number field, so that the quantityk, A) of Section 1
exists.

LemmA 3.3. For any positive integem and any Galois submodul@ of A, we
have f,,(G) < b(k, A).

PrROOE This is by now very standard. Sindé = A/G is defined ovek, there is
anisogenys from A/ G to A, also defined ovek, of degreeb < b(k, A). Composing
with the canonical map fromh to A/G we obtaing in End A with G C ker, ¢. Also
kerg = (kerg)/G, so

fn(G) < [ker,p : G] < [kergp : G] =b < bk, A).

This completes the proof.

We can now define
by(k, A) = max f,(G)

where the maximum is over all positive integensand all Galois submodules of
An. Thanks to Lemma 3.3 we have

(3.1) bo(k, A) < b(k, A).

The following is the crucial step from ‘additive upper bounds’ to ‘multiplicative
upper bounds'.

LEmMmA 3.4. Supposen is a positive integer an is a Galois submodule oA,.
Thenf,(G) divideshy(k, A).

PrROOF (compare [MW2p. 222]). Fix a primef and consider thé,(G,) asq runs
over all powers of andG, runs over all Galois submodules 8§. It is clear that
these are all powers @f Hence each one divides their maximum; call this maximum
b,.

We now show that the infinite produff b,, taken over all primeg, converges to
by = by(k, A). It suffices to prove

(i) Every finite produc{ | b, is at mosto,

(i) Some finite produdf] by is divisible byby.

For (i) we note that every finite product has the fdrfnf,(G,). But by Lemma 3.2
this has the fornt,,(G) < by.

For (ii) we note thab, is somef,,(G). By Lemma 3.1 we can writ& as a direct
sum of G,, and then once again from Lemma 3.2 we see })a6G) = [] f4(G,).
And this latter product divides the corresponding prodyd,.
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Therefore (i) and (ii) are true, and the infinite prodfifb, does indeed converge
to by.

Finally choose anyf,,(G). The argument used in (ii) shows th&t(G) divides
some finite producf] b,. This in turn dividedy,, and the proof is complete.

4. Proof of Theorem 2

Let A be an Abelian variety defined over a number fikJédind letd = EndA be
the ring of endomorphisms defined okerThis is an order in a semisimple algebra,
and therefore has a class indé€¥’) in the sense of Section 2. Lbg(k, A) be as in
the previous section.

LEMMA 4.1. Supposé (&) = 1. Then if A* is an Abelian variety defined ov&r
which is isogenous ovérto A, there is an isogeny ovérfrom A* to A whose degree
dividesby(k, A).

PrROOE There is an isogenyg over k from A to A*; let m be its degree. Then
G = kera is a Galois submodule of\,. So there isp in & with G C ker, ¢ and
fn(G) = [ker, ¢ : G].

Consider the lefv'-module.# = &m+ 0. Sincei () = 1, there isp in & with
A = 0¢. It follows immediately that kgreo = kerg.

We can now reverse the arguments of the proof of Lemma 3.3. Wethavéery,
and sop factorizes through the canonical quotient map frAnto A/G. We get an
isogenyp from A/G to Awith ker = (ker@)/G. Thusp has degree [keF : G] =
fm(G). Finally f..(G) divideshy(k, A) by Lemma 3.4, so the isogepydoes what is
required, sincéd/G andA* are isomorphic ovek. This proves the present lemma.

Itis now an easy matter to deduce Theorem Aiga TM-productthe® = End A
is a product of matrix ring$1.(Z). By Lemma 2.1 each of these has class index 1, so
i(0) =1hby (2.1). And by (3.1)(k, A) is bounded above by an expression of the
form (1.1). This completes the proof of Theorem 2.

5. Elliptic curves

Let p be a prime congruent to 1 modulo 4, lgt= Q(,/—p), and let& be the
ring of integers ok,. There is a complex number # 0 such that the elliptic curve
E = E(p) = C/w0 is defined over the fiel@(j) for the valuej = j(,/—p) of the
modular function. Thew is the ring of all endomorphisms EndE of E.
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Let.# be any non-zero ideal ier, and writeE_,, for the finite subgroup of in E
such thajux = 0 for all w in .# . Define the elliptic curvé&E? = E/E_,; itis clearly
isogenous tde.

LEMMA 5.1. Let 8 be any isogeny frork-? to E. Then there is an ideal?’ in 0,
belonging to the ideal class inverse to that4f, such that the degree gfis the norm
N(#") of 4.

ProOOF The mapB composes with the canonical map frdinto E-“ to give ¢ in
0. So as usudt_, C kerp and ke = (kerg)/E_,. The first inclusion leads easily
to ().t C O for the principal idealy). It follows that(¢) = .#.#" for some
ideal.#’. Now the degree of is the cardinality of¢)~1/.# 1, or justN(.#"). This
completes the proof.

For a positive integenm let 7 (n) be the number of positive integer divisorsofFor
anye > 0 it is well known (see for example [HW, p. 260, Theorem 315]) that there
existsc, depending only om, such that

(5.1) T(n) <cnf

for all n. Henceforth we usey, c,, ... also for positive constants depending only on
€.

LEMMA 5.2. For any ¢ > 0 and any positive integeN there are at most, N¢
ideals.# in & with N(#) = N.

PrOOF This is also well known, but we give a short proof in order to clinch the
uniformity in the quadratic field,. Let N = pf* --- p? be the prime factorization.
Since every prime i@ has at most two prime ideal divisorsdn it follows easily that
the principal idealN) has at moste, + 1)2--- (g + 1)2 = (r(N))? ideal divisors.
SinceN(.#) = N, the ideal.# must be one of these, and the lemma now follows
from (5.1). This completes the proof.

We now regard the elliptic curvé above as defined over the fidtd= ky(j).

LEMMA 5.3.For any e > 0 we havelk : Q] < c,p¥?** andh(E) < czp*e.
Further the class number af is at leastc; * p¥/2—<.

PrOOF It is well known (see for example [Si2, p. 122, Theorem 4.3(b)]) that the
class number isK : ky]. Siegel's Theorem (see for example [L, p. 328, Corollary])
now gives the required field estimates (with ineffective
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Next j satisfies the non-trivial equatidfy,(j, j) = O for the modular polynomial
Fo(X,Y) of degreep + 1. According to [C, p. 390, Corollary] this polynomial
has rational integer coefficients of absolute values at &8t Therefore so has
Fo(X, X), and by standard estimates (see for example [W, p. 21, Lemme 1.1.12]) so
has any irreducible factor. It follows from equally standard estimates ([W, p. 20])
that the logarithmic absolute Weil heightj) is at mostcgplog p. Finally from
[Si1, p. 258, Proposition 2.1] we see thgE) < c;plog p as well (recall thah(E)
is defined with reference to a field with respect to whiehis semistable). This
completes the proof.

Presumably we even hat¢E) < c;p¥2*<, but we do not need this.

6. Proof of Theorem 1

We start with the case = 1. We shall assume Theorem 1 false and obtain a
contradiction. Thus there are absolute constentswith the following property. For
an elliptic curveE defined over a number fiek] there is a positive integer

bo(k, E) = c(max{[k : @], h(E)})*

such that ifE* is an elliptic curve ovek which is isogenous ovésto E, there is an
isogeny ovek from E* to E whose degree dividds (k, E).

We chooses > 0 sufficiently small, and again we use, c,, ... for positive
constants depending only en To get our contradiction we také = E(p) for a
large primep as in Section 5, with field of definitioh = Q(,/—p, j (v/—p)). Itthen
follows from Lemma 5.3 that

(6.1) B = by(k, E) < c,p*.

We consideE* = E-# as.# runs over a complete set of ideal class representatives
of 0. Clearly each suck-“ is isogenous td overk, so we obtain for each such’
an isogenys from E- to E whose degree divideB. By Lemma 5.1 we know that
this degree has the fortd(.#") for some ideal#" in the inverse class. So we end

up with differentideals#, ... , .#,, whereh s the class number @f, such that the
norms

(6.2) N(2)), ..., N(4)

all divide B.

Now these norms might not be all different. But from Lemma 5.2 there are at least
h/(c,B¢) different numbers among them. We therefore ha¢8) > h/(c,B€). On
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the other hand (5.1) gives(B) < c¢;B¢, and therefore (6.1) and Lemma 5.3 lead to
p¥2-¢ < c,p*<. Fore small enough and themlarge enough this is impossible. Such
a contradiction establishes Theorem 1, at leashferl.

These arguments may easily be extended to arbitmtagy 1. For example, we
can findn — 1 elliptic curvesE®@, ... , E™, defined overQ, mutually non-isogenous
over Q, and with trivial endomorphism rings ov&. We then consider the Abelian
varietiesA = E x A'andA* = E“ x A for A = E@ x ... x E™, noting that
h(A) = h(E) + h(A) and that every isogeny from A* to A comes from an isogeny
from E“ to E whose degree divides the degreexof This completes the proof of
Theorem 1.

Underlying these arguments is the following algebraic fact. Since the group-
theoretic index is multiplicative, it might have seemed slightly more natural in Section 2
to define the class index as the smallest positive intédger which all the indices
[.# : ou] divide |. However, this ‘multiplicative class index’, in contrastit@”?)
itself, cannot be estimated polynomially in the discriminanfofs in the Class Index
Lemma of [MW3, p. 8]. Indeed the ordefsabove provide counterexamples, as the
argument following (6.2) easily shows.

7. Lowest common multiples

Suppose we have a set of quantities together with additive upper bounsksctor
member, of similar orders of magnitude. Then we may obtain a comparable ‘simulta-
neous’ bound simply by taking the maximum.

Of course this procedure fails for multiplicative upper bounds. We can rescue it in
our particular circumstances by using the following elementary result.

LEMMA 7.1.Let B > 1, C > 1 be real numbers, and le® be a set of positive
integers. Suppose that for each integer 1, anyt elements of#Z have lowest
common multiple at mo&€'B. Then the lowest common multiple of all elements of
4 is finite, and does not excedtf B1+°9¢,

ProOOF For each prime numberlet B(¢) be the largest power df dividing any
element of#. Takingt = 1 in our hypothesis, we see th& is a finite set and
thereforeB(¢) is finite. Now lett > 1 be arbitrary, and let,, ... , ¢, be different
primes. TherB(¢,), ... , B(¢) all divide elements o2, and so the lowest common
multiple of these elements is at led&i?,) - - - B(¢;). So our hypothesis implies

(7.1) B(¢y)--- B(¢) < C'B.
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SinceB(¢) = 1 or B(¢) > ¢, there are only finitely manB(¢) > 1; suppose there
are exactlys of these, and list them in order of size as

1<B <B<---<B.

Write b for the integer part [lod]. Suppose first thag < b. Then by (7.1) the
lowest common multiple of all elements &f is

Bl"' Bs < CSB < Bl—HOgC

and our lemma is proved.
Otherwise, suppose> b. Then (7.1) gives not only

(7-2) Bs—b+1' .. Bs < CbB < Bl—HogC
but also

(Bs_p)*™ < Bgp--- B < C*™'B.
Therefore

Bsp < [C Bl/(b+l)] <N

for N = [eC]. ThusB; - -- Bs_ is at most the lowest common multiple af.1. , N.

This latter is well known not to exceed 4see for example [RS, p. 71, Theorem 12],
or the less computational [N, p. 128, Corollary]) and so from (7.2) the lowest common
multiple of all elements ofZ is at most 4 B9 as claimed. This completes the
proof.

For applications it is important that the dependence on the paramBeiterthe
conclusion of the above result should be polynomial. This does not hold under
slightly weaker hypotheses. For example#fis the set of positive integers up to
N = exp(2,/log B), the lowest common multiple of artyelements is at mos\l*,
which is itself at mose”B. But the lowest common multiple of all elements grows
exponentially inN, and so cannot be polynomial B

8. Extensions of bounded degree

Let Abe an Abelian variety defined over a number fieldVe define as in Section 3

bo(k, A) = max f,(G)
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where the maximum is over all positive integensand all Galois submodules of
An. By Lemma 3.4 we know that everfy,(G) actually divided(k, A).

Now let K be a finite extension dk. Since every Gak/k)-module is also a
Gal(K /K)-module, it follows that

(8.1) bo(k, A) divides by(K, A).

The following result provides a simultaneous multiplicative upper bound for the
bo(K, A) asK runs over all extensions d&f of bounded degree, at leastAfis a
TM-product in the sense of Section 1. For better comparison with Theorem 2 we state
it in terms of isogenies.

THEOREMD. Let n and D be positive integers. Then there exist constaxi3),
« (D), depending only om and D, with the following property. Supposk is an
Abelian variety of dimension over a number field, and suppose also th& is a
TM-product over every finite extensionkofThen there is a positive integer

bo(k, A; D) < c(D)(max{[k : @], h(A)}®

such that ifA* is an Abelian variety, defined over an extenskrof k of relative
degree at mosbD, that is isogenous ovef to A, there is an isogeny ové¢ from A*
to A whose degree dividdg(k, A; D).

PrOOFR Let.Z be the set oby(K, A) asK runs over all extensions &fof relative
degree at mosD. We are going to apply Lemma 7.1. Consider therefore tany
elementshy(Ky, A), ..., by(K;, A) of Z. Then by (8.1) they all dividdo,(L, A)
for the compositunlL of K4, ..., K. This latter field has degree at mdstd for
d = [k : Q], and so Theorem 2 provides the estimate

bo(L, A) < c(maxD'd, h)“ < C'B
for

(8.2) h =h(A), C = D", B = c(maxd, h})*

and constants, « depending only om. Thus we can indeed apply Lemma 7.1, and
we find that every elemely (K, A) of £ divides some

bo(k, A; D) < 4°¢B**°9¢,

In view of (8.2) this completes the proof of Theorem D. Note that the dependence on
the parameteD is not polynomial, although this will not matter for our applications,
becauseéD will be absolutely bounded (by 60).
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9. Proof of Theorem 3

We will follow the proof in [MW1], and we will end up with the numbéd =
2M;M,, where

M; = by(k, E)by(k, E; 2)by(k, E; 60)
and

M, = by(k, E x E)bg(k, E x E; 2)by(k, E x E; 60).

More careful arguments would probably give = 2by(k, E x E; 60) by itself.

To begin with, sinceE is a TM-product, our Theorem 2 shows that the intdyier
the proof of [MW1, p. 249, Lemma 3.1] must dividig(k, E). It follows that if the
prime ¢ does not dividdoy(k, E), then the group, (") (which in [MW1] we called
¢,(G)) does not fix any one-dimensional subspacé&of

Similarly sinceE x E is a TM-product, the integds dividesby(k, E x E) in the
proof of [MW1, p. 249, Lemma 3.2]. It follows that ifdoes not dividdy(k, E x E)
andp,(I") is commutative then it is contained in the multiplicative grdiip

As in the first paragraph of Section 4 of [MW1] we may assume thétdbes
not divide by(k, E) then£ does not divide the order gf,(I"). This yields the three
possibilities (i), (i), (iii).

Case (i) is eliminated againéfdoes not dividdoy(k, E) orby(k, E x E). If £ does
not divide 2 then we reduce case (ii) to case (i) over an extetsitwhich in [MW1]
we calledk,) of k of relative degree at most 2. So this is eliminated does not
divide by(k, E; 2) orby(k, E x E; 2). Finally we reduce case (iii) to case (i) over an
extension fieldK of k of relative degree at most 60, which is eliminated does not
divide by(k, E; 60) or by(k, E x E; 60).

So we see precisely the above factor/bfurning up, and now Theorem 3 follows
from the estimates in Theorem D. This completes the proof.

Actually, if k and E are given, there are only finitely many possibilities for the
guadratic extensiof of k occurring above. For by [Se2, p. 295, Lemme 2], the
extension is unramified. However, this observation does not seem to be very helpful
in our context; the number of possible such extensions would seem to depend on the
discriminant ofk and not just on its degree.

The upper bound (1.2) of Section 1 follows easily by breaking the left-hand side
into factors

fo = [SL(E,) : SL(E,) N p ()]

for each prime divisor of the square-free integen. Clearly f, is at most the
cardinality¢(¢2 — 1) < 3 of SL(E,), and by Theorem 3 we havke = 1 if £ does not



192 David Masser [15]

divide M. SoJ] f, is at most the produdf] £* over all¢ dividing M, which is at most
M3,

In a similar way we can establish a multiplicative version of [MW1, p. 251, Propo-
sition 1(a)]. We omit the details of the proofs, and give only the results. Denoting
the numberM above byb;,(k, E), we find for two elliptic curvesE and E’ the
multiplicative upper bound

b,(k, E, E") = 6by(k, E)by(k, E"bo(k, E x E")bg(k, E x E'; 2)

(note thatE x E’ is a TM-product, and that the arguments of Section 5 of [MW1]
require¢ not to divide 6). Then fon elliptic curves®, ..., E™ we find the
multiplicative bound

(9.1) M(n) = ]_[b2 (k, EV, ED)

where the product is taken over allj with 1 <i < j < n. Thus the conclusion in
Proposition 1(a) is valid whenevédoes not divideM (n), and thisM (n) is bounded
above by an expression of the form (1.1), with for examfsle E® x ... x E™,
Thus the new constantsk may depend on, thanks to (9.1); whereas in Proposition
1(a) the analogous constats were absolute.

Finally we can establish a multiplicative version of [MW1, p. 253, Proposition 2].
If P, ..., Psarelinearly independent points of the grdk) of points ofE defined
overk, we find the bound

(9.2) Mp = 6bby(k, E)

whereb = b(k, E; Py, ..., Py is the product of all primeg for which Py, ... , Ps
become linearly dependent moduldE (k). Thus the conclusion in Proposition 2
holds for all¢ not dividing Mp. Of courseMp now depends also on theskbn-Tate
heightsq(P,), ... , q(Ps). To estimate it efficiently we use the following result.

LEMMA 9.1.We haveb(k, E; P, ..., Ps) < (5°Q/qp)%2, whereQ = max{q(P,),
..., q(Ps)} andqp is the smallest non-zero valueabn E (k).

ProOF The same bound for the individual primés well known (see for example
the reference on [MW1, p. 254]), and a simple modification of the standard argument
extends this to their product. For we can use the Chinese Remainder Theorem to
combine the linear relations modulanto a single linear relatioa, P, + - - - +asPs =
bP, forintegersa,, ... ,as andb = b(k, E; Py, ... , Ps) with highest common factor

(9.3) (ag,...,a5,b) =1,
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and someP in E(k). Then the Box Principle provides in the usual way an inteéger
with

(9.4) O<t<b
together with integers, . .. , t; such that the
a=ta—bt (1=<i=<y
satisfy|a/| < b®™Y/s, Thus
aP 4---+aP,=bP

again for someP’ in E(k). Now if b > (s2Q/q,)%? comparison of heights force®
to be torsion and therefoeg = - -- = a, = 0. But this latter is ruled out by (9.3) and
(9.4); and so the proof is complete.

It follows easily from the discussion in [MW1, p. 254] that the quankity in (9.2)
satisfiesMp < (s2M Q)*2, whereM is bounded above by an expression of the form
(1.1) with A = E. Notice the extra factos?, which we mistakenly omitted from
[MW1, Proposition 2].
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