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Abstract

Existence results are presented for second order discrete boundary value problems in abstract spaces. Ou
analysis uses only Sadovskii’s fixed point theorem.
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1. Introduction

This paper discusses the abstract discrete boundary value problem

2\(i . - — .
(1.1) {Ay(' D+ fl,yi)=0  ieN

y(0) =0, y(T+1) =0.

HereT € {1,2,...}, N={1,2,... ,T}, Nt ={0,1,... , T+1}, EisarealBanach
space with nornjl.||, andy : N* — E. We will assume throughout this paper that

(1.2) f : N x E — E is continuous.

ReMARK. Recallamapf : N x E — E is continuous if it is continuous as a map
of the topological spacl x E into the topological spack (the topology orN will
be the discrete topology).

LetC(N*, E) denote the class of mapscontinuous orN™ (discrete topology),
with norm||w|lo = MaX%en+ |w(K)||, that is,C(N*, E) = {w; w : N* — E}, which
is a Banach space.
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REMARK. SinceNt is a discrete space then any mapping\of to a topological
space (in this cask) is continuous.

By a solution to (1.1) we mean@a € C(NT, E) such thatw satisfies (1.1) for
i € N andw satisfies the boundary (Dirichlet) conditions. It is worth remarking
here that in fact the Dirichlet boundary data could be aeptl by Sturm lduville
boundary data and the results of this paper are again guaranteed; however since only
minor adjustments are needed in the analysis we will as a result omit the details.
Agarwal in [1, 2] showed ifE = R and ifa € C(N*,E),8 € C(N*,E) are
respectively lower and upper solutions of (1.1) witfi) < B(i) fori € N then (1.1)
has a solutiory with a(i) < y(i) < B(i) fori € N. In this paper by imposing a
condition which coincides with the existence of lower and upper solutions in the scalar
case we will show that the classical result in [1] can be extended to the Banach space
setting. In fact our result will be new even in the finite dimensional setting, that is,
whenE = R", n > 1. Some of the ideas in this paper were motivated by the papers of
Frigon and O’Regan [5, 6] concerning initial value problems in the continuous case.
We now gather together some preliminaries which will be needed in Section 2. Let
E be a Banach space aft the bounded subsets &f Let X € Q. Thediameter
of X is defined by

diam(X) = sug||x — y|l : X, y € X}; here||.| is the norm inE.

The Kuratowskii measure of non-compactnésthe mapx : Q¢ — [0, oo] defined
by

n

a(X) =inffe > 0: X < J X and diantX;) < €}; hereX € Q.

i=1
Let E; and E, be two Banach spaces and ket Y € E; — E, be continuous and
map bounded sets into bounded sets. We call suck am «-Lipschitzian magf
there is a constarikt > 0 with a(F (X)) < ka(X) for all bounded setX C Y. We
also sayF is aDarbomap if F is a-Lipschitzian withk < 1. Next we state a fixed
point result due to Sadovskii [4].

THEOREM1.1. Let G be a closed convex subset of a Banach sp&cand let
F : G — G be a bounded Darbo map. Thénhas a fixed point irG.

In [3] we proved the following result which will be needed in Section 2.
THEOREM1.2. Let A C C(N*, E) be bounded. Then

() a(A) =a(ANT));
(it) a(A(NT)) = sup y: a(A(i))
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where

Al)={p@):pec A and ANT) =[] 1{s(j):¢ecA.

jeN+

The semi-inner products da are defined by

X, = |IX]| lim
(. y)+ = Ix]) lim

w and (X,y)_ = |IX| t|in(;

X 4 tyll — [IX|
: .

The following properties are well known [7].

THEOREM 1.3. Let E be a Banach space. Then

@ [ Yl = XY
B (y. x+ay); =y, X); +allyl|*forall « € R;

(C) (y’ X)— S <y7 X>+'

Finally we prove a very simple result which will be needed in Section 2.

THEOREM1.4. Letx € C(N*, E) andi € {O,... , T —1}. Then
X + DA% XD = (X[ + 1), AX({))4.
PrROOFE Now

IX( +DIAZIXOI = (X( + 1), A%X(1))4
= (IX( + 2| = 2 + DI + [IxOID IX0 + D
— (x(i + 1), x( +2) —2x(i +1) +x(1))+
= [IX( + 2 [IXA + DI + [xO XA + D
— (x(i + D, X[ +2) +x(D)+
> IX( + 2[Hx + DI+ IXONIXA + Dl
— XA + DI XA + 21 + X)) = 0.

2. Existence theory

In this section we use Theorem 1.1 to establish two existence results for the discrete
boundary value problem (1.1).

THEOREM 2.1. Supposé€l1.2) holds. In addition assume
there existe € C(N*, E) andM < C(N™, (0, o0)) with
(2.1) (y —v(i), —f(i,y) — A%(i — D)y = MHA*M(i — 1)
foralli e Nandally € E with ||y —v(i)|| = M(i);



280 Ravi P. Agarwal and Donal O’Regan [4]

(2.2) [vO)| < M(0) and|v(T + D[ < M(T +1);

a(f(N x A)) < ka(A) for all bounded subseta of E;
(2.3) :

wherek > 0is a constant
(2.4) rTk < 1; herer = supr; andr; = m%xG(i, ;

ieN+ Ie
and
( for eachb > 0, there exists a constait, > O with || f(j, u)| < K,
' forall j € N andu € E with |ju| <b

are satisfied. The(ll.1)has a solutiony € C(N™, E) with ||y(i) —v(i)| < M(i) for
i € N.

REMARKS. (1) If E is finite dimensional the(2.3) (with k = 0), (2.4) and(2.5)
are automatically satisfied.
(2 If E=Randifa, B8 € C(N*, R) are respectively lower and upper solutions of
(1.1) (that is,A%a(i — 1) + f(i,a()) > 0fori € N,a(0) <0,a(T +1) < 0and
A?B(i — 1)+ f(i,B()) <0fori e N,B(0) >0,8(T +1) <0)anda() < B(i)
fori € N thenits easy to check that= (« + 8)/2 andM = (8 — «)/2 satisfy (2.1)
and(2.2) in Theorem 2.1.

ProOF Consider the discrete boundary value problem

2.6) A?y(i — 1) + f(, pG, y@))) =0, ieN
' yoO =0 yT+1)=0
where
) . M) M) .
y) = 1, ——2 1 {1, ———2 ,
P(.y) m'n{ ||y—v(|)||}y+( { ||y—v(|)||})v(')
that is,
iy [y, _ if ly — (i)l < M)
pd,y) = o y—v@) . . . .
M(')m‘ﬂ)('), if ly—v@)| > M(@)

is the radial retraction o onto{y : ||y — v(i)|| < M(i)}.
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REMARK. Itis wellknown that]| p(i, y1) — p(i, Vo) || < 2||y.— V.| forall y;, y, € E
and 2 may be replaced by 1H is a Hilbert space.

We will now use Theorem 1.1 to show that (2.6) has a solution. Solving (2.6) is
equivalent to finding € C(N*, E) which satisfies

)
2.7) y) =Y GG, (. p(j.y(i)).i e N*
j=1
where Tl
o= —i(T+l_j) i<ji<T+1
T+1 =1= '

Define the operatd®: C(N*, E) — C(N™, E) by setting

]
Syi) =Y Ga. ) (. p(j, y(i)).

=1

Now (2.7) is equivalentto the fixed point problgm= Sy. We claimS: C(N*, E) —
C(N*, E) is a Darbo map. To see this I2tbe a bounded subset 6 N*, E). Fix
i € NT. Then

]
a(SQ () =« ({ZG(L DEG, PG, YN 1y € Q})
j=1

=a (TCo{G(, ), p(J.y(})) :yeQ,j €N}
=Ta ({GG, DT, p(j,y(])) 1y e, j eNp
=[Trila (£, p(J,y(1)) :y e Q, ] € N}

<[0Tl (1 (N x 2o (0 o))

since ify € Q andj € N we have
Pi, (1)) = 1Y) + @ = 2)w()) eTo(2N) | v(N))
where
Ap =min{1, M())/lIly()) —v(DII} .
This together with (2.3) implies

@(SQ () < [rTKa (E(Q(N)U v(N))) — [ TKa (Q(N)U v(N))
=[rTKa(Q(N) < [rTKla(Q(NT)) =[rTKla (Q).
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Now Theorem 1.2 implies

a(SQ) = _supa(SQ(i)) < [rTK]a(R).

ieN+

SincerkT < 1thenS: C(NT, E) — C(NT, E) is a Darbo map. Also (2.5) implies
Sis a bounded map. Sadovskii's fixed point theorem (Theorem 1.1) guarantees that
Shas a fixed point. Consequently (2.6) has a soluiagnC(N*, E).

It remains to showly(i) — v(i)|| < M(i) fori € N. Ifthis is not true then

r) =1y — vl — M)

attains a positive global maximum at saye N, and we may assume without loss
of generality that (m) > r(m — 1). Thusr(m) > r(m — 1) andr(m) >r(m+ 1)
implies

rm+1) —2r(my+r(m—1) <O0.

Consequently
(2.8) Ar(m—1) < 0.
On the other hand sinegém) > 0 we have, using Theorem 1.4 and assumption (2.1),

Ar(m—1) = A?ly(m—1) —v(m —1)|| — A°M(m — 1)
. y(m) —v(m), A2(y(m—1) —v(m— D),

> — A’M(m—1)
lym) — v(m)l|
2 2
_ (P y(m) —v(m), Ay =) = A% = D)y o g
M (m)
_ {P(m,y(m) — v(m), —f(m. pm, y@m)) = £vM =D oy )
= M (m)

> A’M(m—1) — A’M(m—-1) =0.

This contradicts (2.8). Thupy(i) — v(i)|| < M(i) fori € N and we are finished.

In fact it is also possible to discuss the case whk), in (2.1), may take on the
value zero.

THEOREM 2.2. Supposé€1.2) holds. In addition assume
there existe € C(N*, E) andM € C(N™, [0, c0)) with

(29) {(y—v@), —fd,y)—2%(>( — 1), = M{HAM( — 1)
foralli e Nandally € Ewith ||y —v(i)|| = M(@)andM(i) £ 0
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and

there existe andM as in(2.9)with

(y—v(i), —fd,v@)) — A%(i — 1),
Iy — vl

foralli e Nandally € E with ||y —v(i)| > M(@i)andM(i) =0

(2.10) > A’M(@ — 1)

are satisfied. Also suppoé2 2), (2.3), (2.4and(2.5)hold. Then1.1)has a solution
y € C(NT, E) with |y(i) — v(i)|| < M()fori € N.

REMARK. If E = R and ifa, 8 € C(N*, R) are respectively lower and upper
solutions of (1.1) withx (i) < B(i) fori € N then its easy to check that= (« +8)/2
andM = (B8 — «)/2 satisfy (2.9) and (2.10) in Theorem 2.2. Consequently a special
case of Theorem 2.2 is the classical result of Agarwal in [1].

PrROOE As in Theorem 2.1, (2.6) has a solutigne C(N*, E). Letr (i) andm
be as in Theorem 2.1 and once agér8) is true. On the other hand M(m) > 0
then exactly the same argument as in Theorem 2.1 establishes a contradiction. Next
if M(m) = 0 then Theorem 1.4 and assumpti@il0) yield

(y(m) —v(m), A%y(m — 1) — A%v(m - 1)),

Ar(m-1) = —AM(m -1
ly(m) —v(m)]|
_ {ym—v(m), —f(m. pmm. ym) — 2Lom =D o0 g
[ly(m) —v(m)|
_ ymm —vm). —fm um) - Lvm-D)e oy g
ly(m) —v(m)|
> 0.

In both cases we contradict (2.8) and so the proof is complete.

References

[1] R. P. Agarwal, ‘On boundary value problems for second order discrete systapg’, Anal.20
(1985), 1-17.

[2] —, Difference equations and inequaliti@darcel Dekker, New York, 1992).

[3] R. P. Agarwal and D. O’'Regan, ‘A fixed point approach for nonlinear discrete boundary value
problems’ Comput. Math. Applto appear.

[4] J. Dugundji and A. Granasjxed point theoryMonografie Mat. (PWN, Warsaw, 1982).

[5] M. Frigon and D. O’Regan, ‘Nonlinear first order initial and periodic problems in Banach spaces’,
Appl. Math. Lett10(1997), 41-46.



284 Ravi P. Agarwal and Donal O’Regan [8]

, ‘Existence results for initial value problems in Banach spacBsferential Equations
Dynamical Systens(1994), 41-48.

[7] V. Lakshmikantham and S. Leel&lonlinear differential equations in abstract spad@&rgamon
Press, New York, 1981).

[8] A.Lasota, ‘A discrete boundary value problerAnn. Polon. Math20 (1968), 183-190.

[9] W.Zhuang, Y.ChenandS. S. Cheng, ‘Monotone methods for a discrete boundary pr@dempit.
Math. Appl.32(1996), 41-49.

(6]

Department of Mathematics Department of Mathematics
National University of Singapore University College Galway
Kent Ridge Galway

Singapore 119260 Ireland



