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Abstract

Existence results are presented for second order discrete boundary value problems in abstract spaces. Our
analysis uses only Sadovskii’s fixed point theorem.
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1. Introduction

This paper discusses the abstract discrete boundary value problem(
42y.i � 1/C f .i; y.i // D 0; i 2 N

y.0/ D 0; y.T C 1/ D 0:
(1.1)

HereT 2 f1;2; : : : g; N D f1;2; : : : ;Tg; NC D f0;1; : : : ;TC1g; E is a real Banach
space with normk:k, andy : NC ! E. We will assume throughout this paper that

f : N ð E! E is continuous.(1.2)

REMARK. Recall a mapf : N ð E! E is continuous if it is continuous as a map
of the topological spaceN ð E into the topological spaceE (the topology onN will
be the discrete topology).

Let C.NC; E/ denote the class of mapsw continuous onNC (discrete topology),
with normkwk0 D maxk2NC kw.k/k, that is,C.NC; E/ D fwIw : NC ! Eg, which
is a Banach space.
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REMARK. SinceNC is a discrete space then any mapping ofNC to a topological
space (in this caseE) is continuous.

By a solution to (1.1) we mean aw 2 C.NC; E/ such thatw satisfies (1.1) for
i 2 N andw satisfies the boundary (Dirichlet) conditions. It is worth remarking
here that in fact the Dirichlet boundary data could be replaced by Sturm Liouville
boundary data and the results of this paper are again guaranteed; however since only
minor adjustments are needed in the analysis we will as a result omit the details.

Agarwal in [1, 2] showed ifE D R and if Þ 2 C.NC; E/; þ 2 C.NC; E/ are
respectively lower and upper solutions of (1.1) withÞ.i / � þ.i / for i 2 N then (1.1)
has a solutiony with Þ.i / � y.i / � þ.i / for i 2 N. In this paper by imposing a
condition which coincides with the existence of lower and upper solutions in the scalar
case we will show that the classical result in [1] can be extended to the Banach space
setting. In fact our result will be new even in the finite dimensional setting, that is,
whenE D Rn;n > 1. Some of the ideas in this paper were motivated by the papers of
Frigon and O’Regan [5, 6] concerning initial value problems in the continuous case.

We now gather together some preliminaries which will be needed in Section 2. Let
E be a Banach space and�E the bounded subsets ofE. Let X 2 �E. Thediameter
of X is defined by

diam.X/ D supfkx � yk : x; y 2 XgI herek:k is the norm inE:

TheKuratowskii measure of non-compactnessis the mapÞ : �E ! [0;1] defined
by

Þ.X/ D inffž > 0 : X �
n[

iD1

Xi and diam.Xi / � žgI hereX 2 �E:

Let E1 and E2 be two Banach spaces and letF : Y � E1 ! E2 be continuous and
map bounded sets into bounded sets. We call such anF anÞ-Lipschitzian mapif
there is a constantk ½ 0 with Þ.F.X// � kÞ.X/ for all bounded setsX � Y. We
also sayF is aDarbo map if F is Þ-Lipschitzian withk < 1. Next we state a fixed
point result due to Sadovskii [4].

THEOREM 1.1. Let G be a closed convex subset of a Banach spaceE and let
F : G! G be a bounded Darbo map. ThenF has a fixed point inG.

In [3] we proved the following result which will be needed in Section 2.

THEOREM 1.2. Let A � C.NC; E/ be bounded. Then

.i/ Þ.A/ D Þ.A.NC//;
.ii/ Þ.A.NC// D supi2NC Þ.A.i //
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where

A.i / D f�.i / : � 2 Ag and A.NC/ D
[
j2NC
f�. j / : � 2 Ag :

The semi-inner products onE are defined by

hx; yiC D kxk lim
t!0C

kx C tyk � kxk
t

and hx; yi� D kxk lim
t!0�

kx C tyk � kxk
t

:

The following properties are well known [7].

THEOREM 1.3. Let E be a Banach space. Then

.a/ jhx; yiCj � kxkkyk;

.b/ hy; x C ÞyiC D hy; xiC C Þkyk2 for all Þ 2 R;

.c/ hy; xi� � hy; xiC.

Finally we prove a very simple result which will be needed in Section 2.

THEOREM 1.4. Let x 2 C.NC; E/ andi 2 f0; : : : ;T � 1g. Then

kx.i C 1/k42kx.i /k ½ hx.i C 1/;42x.i /iC:
PROOF. Now

kx.i C 1/k42kx.i /k � hx.i C 1/;42x.i /iC
D .kx.i C 2/k � 2kx.i C 1/k C kx.i /k/ kx.i C 1/k
� hx.i C 1/; x.i C 2/� 2x.i C 1/ C x.i /iC
D kx.i C 2/kkx.i C 1/k C kx.i /kkx.i C 1/k
� hx.i C 1/; x.i C 2/C x.i /iC
½ kx.i C 2/kkx.i C 1/k C kx.i /kkx.i C 1/k
� kx.i C 1/k .kx.i C 2/k C kx.i /k/ D 0:

2. Existence theory

In this section we use Theorem 1.1 to establish two existence results for the discrete
boundary value problem (1.1).

THEOREM 2.1. Suppose(1.2)holds. In addition assume8><>:
there existsv 2 C.NC; E/ and M 2 C.NC; .0;1// with

hy� v.i /;� f .i; y/�42v.i � 1/iC ½ M.i /42M.i � 1/

for all i 2 N and all y 2 E with ky� v.i /k D M.i /I
(2.1)
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kv.0/k � M.0/ andkv.T C 1/k � M.T C 1/I(2.2)

(
Þ. f .N ð A// � kÞ.A/ for all bounded subsetsA of EI
wherek ½ 0 is a constantI(2.3)

r T k < 1I herer D sup
i2NC

ri andri D max
j2N

G.i; j /I(2.4)

and (
for eachb > 0; there exists a constantKb ½ 0 with k f . j;u/k � Kb;

for all j 2 N andu 2 E with kuk � b
(2.5)

are satisfied. Then(1.1)has a solutiony 2 C.NC; E/ with ky.i /� v.i /k � M.i / for
i 2 N.

REMARKS. .1/ If E is finite dimensional then.2:3/ (with k D 0), .2:4/ and.2:5/
are automatically satisfied.
.2/ If E D R and ifÞ; þ 2 C.NC;R/ are respectively lower and upper solutions of
(1.1) (that is,42Þ.i � 1/ C f .i; Þ.i // ½ 0 for i 2 N; Þ.0/ � 0; Þ.T C 1/ � 0 and
42þ.i � 1/ C f .i; þ.i // � 0 for i 2 N; þ.0/ ½ 0; þ.T C 1/ � 0) andÞ.i / < þ.i /
for i 2 N then its easy to check thatv D .Þ C þ/=2 andM D .þ � Þ/=2 satisfy (2.1)
and.2:2/ in Theorem 2.1.

PROOF. Consider the discrete boundary value problem(
42y.i � 1/C f .i; p.i; y.i /// D 0; i 2 N

y.0/ D 0; y.T C 1/ D 0
(2.6)

where

p.i; y/ D min
²

1;
M.i /

ky� v.i /k
¦

yC
�

1�
²

1;
M.i /

ky� v.i /k
¦�

v.i /;

that is,

p.i; y/ D
8<:y; if ky� v.i /k � M.i /

M.i /
y� v.i /
ky� v.i /k C v.i /; if ky� v.i /k > M.i /

is the radial retraction ofE ontofy : ky� v.i /k � M.i /g.
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REMARK. It is well known thatkp.i; y1/� p.i; y2/k � 2ky1�y2k for all y1; y2 2 E
and 2 may be replaced by 1 ifE is a Hilbert space.

We will now use Theorem 1.1 to show that (2.6) has a solution. Solving (2.6) is
equivalent to finding ay 2 C.NC; E/ which satisfies

y.i / D
TX

jD1

G.i; j / f . j; p. j; y. j ///; i 2 NC(2.7)

where

G.i; j / D

8>><>>:
j .T C 1� i /

T C 1
; 0� j � i � 1

i .T C 1� j /

T C 1
; i � j � T C 1:

Define the operatorS : C.NC; E/! C.NC; E/ by setting

Sy.i / D
TX

jD1

G.i; j / f . j; p. j; y. j ///:

Now (2.7) is equivalent to the fixed point problemy D Sy. We claimS : C.NC; E/!
C.NC; E/ is a Darbo map. To see this let� be a bounded subset ofC.NC; E/. Fix
i 2 NC. Then

Þ.S�.i // D Þ
 (

TX
jD1

G.i; j / f . j; p. j; y. j /// : y 2 �
)!

D Þ .TcofG.i; j / f . j; p. j; y. j /// : y 2 �; j 2 Ng/
D TÞ .fG.i; j / f . j; p. j; y. j /// : y 2 �; j 2 Ng/
D [Tri ]Þ .f f . j; p. j; y. j /// : y 2 �; j 2 Ng/
� [ri T ]Þ

�
f
�

N ð co
�
�.N/

[
v.N/

���
since if y 2 � and j 2 N we have

p. j; y. j // D ½j y. j /C .1� ½j /v. j / 2 co
�
�.N/

[
v.N/

�
where

½j D min f1;M. j /=ky. j /� v. j /kg :
This together with (2.3) implies

Þ.S�.i // � [ri T k]Þ
�
co
�
�.N/

[
v.N/

��
D [ri T k]Þ

�
�.N/

[
v.N/

�
D [ri T k]Þ.�.N// � [r T k]Þ

�
�.NC/

Ð D [r T k]Þ .�/ :
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Now Theorem 1.2 implies

Þ.S�/ D sup
i2NC

Þ.S�.i // � [r Tk]Þ.�/:

SincerkT < 1 thenS : C.NC; E/! C.NC; E/ is a Darbo map. Also (2.5) implies
S is a bounded map. Sadovskii’s fixed point theorem (Theorem 1.1) guarantees that
S has a fixed point. Consequently (2.6) has a solutiony 2 C.NC; E/.

It remains to showky.i /� v.i /k � M.i / for i 2 N. If this is not true then

r .i / D ky.i /� v.i /k � M.i /

attains a positive global maximum at saym 2 N, and we may assume without loss
of generality thatr .m/ > r .m� 1/. Thusr .m/ > r .m� 1/ andr .m/ ½ r .mC 1/
implies

r .mC 1/� 2r .m/ C r .m� 1/ < 0:

Consequently

42r .m� 1/ < 0:(2.8)

On the other hand sincer .m/ > 0 we have, using Theorem 1.4 and assumption (2.1),

42r .m� 1/ D 42ky.m� 1/ � v.m� 1/k � 42M.m� 1/

½ hy.m/ � v.m/;4
2.y.m� 1/� v.m� 1/iC

ky.m/� v.m/k � 42M.m� 1/

D hp.m; y.m// � v.m/;42 y.m� 1/�42v.m� 1/iC
M.m/

�42M.m� 1/

D hp.m; y.m// � v.m/;� f .m; p.m; y.m/// �42v.m� 1/iC
M.m/

�42M.m� 1/

½ 42M.m� 1/�42M.m� 1/ D 0:

This contradicts (2.8). Thusky.i /� v.i /k � M.i / for i 2 N and we are finished.

In fact it is also possible to discuss the case whenM.i /, in (2.1), may take on the
value zero.

THEOREM 2.2. Suppose(1.2)holds. In addition assume8><>:
there existsv 2 C.NC; E/ and M 2 C.NC; [0;1// with

hy� v.i /;� f .i; y/�42v.i � 1/iC ½ M.i /42M.i � 1/

for all i 2 N and all y 2 E with ky� v.i /k D M.i / and M.i / 6D 0

(2.9)
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and 8>>><>>>:
there existsv and M as in (2.9)with

hy� v.i /;� f .i; v.i // �42v.i � 1/iC
ky� v.i /k ½ 42M.i � 1/

for all i 2 N and all y 2 E with ky� v.i /k > M.i / and M.i / D 0

(2.10)

are satisfied. Also suppose(2.2), (2.3), (2.4)and(2.5)hold. Then(1.1)has a solution
y 2 C.NC; E/ with ky.i /� v.i /k � M.i / for i 2 N.

REMARK. If E D R and if Þ; þ 2 C.NC;R/ are respectively lower and upper
solutions of (1.1) withÞ.i / � þ.i / for i 2 N then its easy to check thatv D .ÞCþ/=2
andM D .þ � Þ/=2 satisfy (2.9) and (2.10) in Theorem 2.2. Consequently a special
case of Theorem 2.2 is the classical result of Agarwal in [1].

PROOF. As in Theorem 2.1, (2.6) has a solutiony 2 C.NC; E/. Let r .i / andm
be as in Theorem 2.1 and once again.2:8/ is true. On the other hand ifM.m/ > 0
then exactly the same argument as in Theorem 2.1 establishes a contradiction. Next
if M.m/ D 0 then Theorem 1.4 and assumption.2:10/ yield

42r .m� 1/ ½ hy.m/ � v.m/;4
2 y.m� 1/�42v.m� 1/iC
ky.m/� v.m/k � 42M.m� 1/

D hy.m/�v.m/;� f .m; p.m; y.m// �42v.m� 1/iC
ky.m/�v.m/k �42M.m�1/

D hy.m/ � v.m/;� f .m; v.m// �42v.m� 1/iC
ky.m/ � v.m/k � 42M.m� 1/

½ 0:

In both cases we contradict (2.8) and so the proof is complete.
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