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Abstract

This paper is concerned with the question of whether n-Engel groupsare locally nilpotent. Although this
seems unlikely in general, it is shown here that it is the case for the groupsin alarge class ¥ including
al residualy soluble and residually finite groups (in fact all groups considered in traditional textbooks
on group theory). This follows from the main result that there exist integers c(n), e(n) depending only
on n, such that every finitely generated n-Engel group in the class ¥ is both finite-of-exponent-e(n)—by—
nilpotent-of-class< c(n) and nilpotent-of-class< c(n)—by—finite-of-exponent-e(n). Crucial in the proof
isthe fact that afinitely generated Engel group has finitely generated commutator subgroup.

1991 Mathematics subject classification (Amer. Math. Soc.): 20F45, 20F19, 20E10.

1. Introduction

A group is called Engel if for each ordered pair (g, h) of elements of the group there
isarelation of the form

(@D} [...[[g,h],h],...,h] =1,

where [x, y] := x~ty~xy, the commutator of x and y. Following the usual ‘left-
normed’ convention, we write the left-hand side of (1) as[g, h, ..., h], or even more
briefly as[g, »h], wheren denotesthe number of entriesof h. The Engel condition (1)
represents a generalization of local nilpotence: alocally nilpotent group is (clearly)
Engel. Essentially the only known examples of non-locally nilpotent Engel groups
are those of Golod (see [8, p. 132]): for each d > 2 there is a d-generator non-
nilpotent group G4 each of whose (d — 1)-generator subgroups is nilpotent (and Gq
isin addition residually finite and a p-group). Itisinteresting to contrast with this the
known positiveresults: of Wilsonand Zelmanov [12, Theorem 5] that aprofinite Engel
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group is locally nilpotent, of Baer (see [10, p. 360]) that an Engel group satisfying
the maximal condition is nilpotent, and of Gruenberg [3] that a soluble Engel group
islocally nilpotent.

However it is unknown whether or not n-Engel groups, that is, those satisfying
the law [X, ,y] = 1 for some fixed n, must be locally nilpotent (although this seems
unlikely). This has been established for n < 3 (see [6]), and, for general n, for the
class of residually finite n-Engel groups [11]. (Note that there are relatively easy
examples of non-nilpotent n-Engel groups; see, for example, [8, p. 132] or [10, p.
362, Ex. 1].)

In the present note we call attention to a simple general fact about Engel groups
which has apparently hitherto gone unnoticed, and from it infer firstly the local nil-
potence of Engel * SB-groups’ (these are defined bel ow; they include soluble groups),
and then a quite specific global description of the n-Engel groups in alarge class %
of groups (including soluble and residually finite groups), yielding in particular their
local nilpotence.

The‘simplefact’ in questionis asfollows:

ProOPOSITION. A finitely generated Engel group G has finitely generated commut-
ator subgroup [G, G]. Moreover if G is d-generator and n-Engel, then the rank of
[G, G] isbounded in terms of d and n.

It is immediate that a finitely generated soluble Engel group is polycyclic, and
therefore, in view of Baer’s result mentioned above, nilpotent. In fact this argument
applies to the larger class of ‘ SB-groups’, defined as follows. An SB-group G is a
group with asubnormal series

C=G >G> G={1},

each of whosefactors G; /G, ; iseither solubleor locally finite of finite exponent, that
is, G liesinaproduct &,,B,, - - - 6;, B, oOf varieties, where &, denotesthe variety of all
soluble groups of length < | and 8B, the variety consisting of all locally finite groups
of exponent dividing e. (That the class B, is actually a variety is a consequence of
Zelmanov’s solution of the restricted Burnside problem.) Thus we have the

COROLLARY 1 (Cf. Gruenberg [3]). An Engel SB-group (in particular a soluble
Engel group) is locally nilpotent.

The above-mentioned class %, originaly introduced in [1], is obtained from the
classof all SB-groups by closing under the operations L and R, wherefor any group-
theoretical class .2, L 2" denotesthe class of all groupslocaly in .27, and R.Z" the
classof all groupsresidualy in 2.

Our main theorem is then as follows:



94 R. G. Burnsand Yuri Medvedev [3]

THEOREM. Thereexistintegersc(n), e(n) depending onn only suchthat all n-Engel
groups contained in the class %" are actually contained in the variety

(2) %n = mc(n)%e(n)m%e(n)mc(n) y

where 91, denotes the variety of all groups nilpotent of class < c.

Note however that there are Engel (as opposed to n-Engel) groups in the class
% which are not locally nilpotent, asis shown by the above-mentioned examples of
Golod.

This theorem includes, in particular, the result of Gruenberg [4] that an n-Engel
solublegroup of derived length d must belong to B e a.n) fOr Some positiveintegers
é(n) and €(d, n). Note also that aresult of Groves[2, Theorem C] implies a similar
conclusion to that of our theoremfor n-Engel groupslying in aproduct of asuccession
of soluble or Cross varieties. The most significant improvement, in our theorem, over
these results consists in the dependence of the nilpotency class c(n) and the exponent
e(n) exclusively on the Engel classn. (Comparetheresult of Heineken [6] and Gupta
and Newman [5] that every 3-Engel group belongs to %B,,91s. No such precise facts
appear to beknown for 4-Engel groups, not evenwhether they areall locally nilpotent.)
Our theorem also generalizes[1, Corollary 2] stating in part that a residually finite,
torsion-free, n-Engel groupisnilpotent of classbounded in termsof n: by the theorem
any n-Engel group fromthe class %', and so in particular any residually finite n-Engel
group, is nilpotent of class bounded in terms of n, modulo a normal subgroup of finite
exponent.

The local nilpotence of n-Engel groupsin % follows easily from the theorem; we
leave the details to the reader:

COROLLARY 2. The n-Engel groupsin the class % are locally nilpotent.

The proof of the above theorem is given in Section 2, and of the proposition in
Section 3.

REMARK. Asnotedin[1], it seemsreasonableto suggest the class %" as comprising
just those groups accessible to analysis using what might be called the ‘classical’
methods of group theory (such asthose used in the textbooks [10] and [8]), in contrast
with those outside %" which, one may conjecture, requirethe quite distinct ‘ industrial’
techniques of, most notably, Adjan-Novikov and OI’ shanskiT, used in connection with
the negative solution of the general Burnside problem and related problems, and
involving the construction of * monsters'.
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2. Proof of the Theorem

Let G be an n-Engel group in the class ¥". We wish to show that G liesin the
intersection (2), that is, in the variety 23,.

Wefirstly provethat G belongs to 91, ) Be,m) fOr some c,(n), e(n) depending on
n only. If we can provethisfor an arbitrary finitely generated n-Engel SB-group then
it will follow for every n-Engel group in % in view of this exclusive dependence on
n. Hence we may assume without loss of generality that G is a finitely generated
SB-group. Then by Corollary 1 above G must be nilpotent, and therefore certainly
residually finite. Now it follows from atheorem of Wilson [11, Theorem 2] that every
2-generator subgroup of aresidually finite n-Engel group is nilpotent of class bounded
in terms of n alone, and hence, according to Mal’ cev [9], such a group satisfies a (2-
variable) semigroup law of degree depending only on n. Hence our group G satisfies
such a semigroup law, whence by [1, Theorem A], we have

(3) G € mcl(n)%el(n) )

for some c;(n), e;(n) depending only on n, as required.
We now complete the proof of our theorem by deducing from (3), just established,
together with the assumption that G isfinitely generated and n-Engel, that

(4) G € %ez(n)mcz(n) )
for some e,(n), ¢,(n) depending on n only. We proceed by induction on the parameter

¢, in(3). Theinitial casec, = 0 (that is, G € B,,) istrivial; suppose that ¢, > 0 and
inductively that a containment of the form (4) holds for classes < ¢;. Set

H =y, (G%) :=[G%,...,G*] < G.
———

C1

By (3) H is contained in the centre of G*, so that H is certainly abelian. Since
G/H e M, 1%, We may assume by the inductive hypothesis that G/H € B¢,
for some functions e; = e3(n), ¢z = c3(n) of n only.

The next step in the proof requiresthe following

LEMMA 1. For each x € G, h € H, and positive integer k, we have
©) [, X% =[h, (,x]* - [h,  x]*

forsomet > 1, iy, ..., I > k.
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PrOOF. It sufficesto show that for everyi > 1,
(6) [h, ix]® = [h, j,x]**- - [h,  x]*

for somet > 1, ji,..., j; > i + 1. The equation (5) follows from this by means of
an easy induction on k, using the factsthat H isnormal in G and abelian.
Fori =1, (6) hastheform

(7) [h,x]% = [h, j X]* - [hy XI5 o o= 2

> h
Thisfollowsby repeated application of thegroup identity [a, bc|=[a, c][a, b][a, b, c],
invoking the abelian-nessand normality in G of H: thus
[h? X2] = [h? X]z[h9 Xa X]a
[h, x®] = [h, x][h, X][h, x, x7 = [h, x]3[h, x, X]*[h, x, X, X],

and so on, whence, eventually,

[h.x®] =[h. x]%[h, ,x]---[h, ;x],

> h

where jq, ..., j; > 2. Sincex® commuteswith h, an equation of theform (7) follows.
Now supposethati > 1 and inductively that (6) holdswithi — 1in placeof i. We
have

[h, ix]® = [h, X, i_aX]* = [hy, i_2X]*,
where h; := [h, x] € H. Theinductive hypothesis then gives
[hl7 iflx]e1 = [hl7 |1X]il T [hl7 |rx]j:l’

wherer > 1, I4,...,I; >i. Sinceh,; = [h, X], the desired conclusion (6) follows for
i

Returning to the proof of the theorem, we conclude from this lemma and the
assumption that G isn-Engel, that [G, H]® = {1}. Since this exponent depends only
on n, we may work modulo [G, H], that is, we may assume without |oss of generality
that H is central in G. Thusto summarize, we are now in the situation of afinitely
generated n-Engel group G with a central subgroup H such that

G/H € My 1B N BN,

and we seek to establish (4) for such agroup G. As noted before, we also have by [11,
Theorem 2] that every 2-generator subgroup of G is nilpotent of class < c, for some
¢, depending only on n.

To conclude the proof we shall need the following
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LEMMA 2. Let G be as above. Then for any x € y.,(G), g € G, the commutator
subgroup [(x, @), (x, g)] of (x, g), has exponent dividing e5* ™.

PrOOF. Since by [11, Theorem 2] the 2-generator subgroup (X, g) is nilpotent of
class < ¢, it sufficesto show that for eachi > 2 the quotient y; ((X, 9))/vi+1({X, )
has exponent dividing e;. Now by definition y; ((X, g)) is generated by the commut-
atorsof theform [Xq, g1], X1 € ¥_1({X, @), 01 € (X, g). One has

[X1, 01]® = [x7°, 1] mod yi41((X, 9)),

and then since x; € y,,(G), which has exponent dividing e; modulo the centre of G,
we havethat [x;*, g;] = 1, whence the lemma.

Using this lemma we shall now show that
8) Verra(G)*'S = 1.

From this the desired conclusion (4) follows, with ¢c; = ¢; + 1, and e, some more
complicated function of e;, n, es, ¢4, and so ultimately of n alone.

Writee, := c,!€}'. By definition of y,,,1(G) each element of that groupisaproduct
a, - - - & of commutators g of the form [x, g]*%, x € y,(G), g € G. We prove by
induction on t that every such product has order dividing &, that is,

9) (---a)* =1

For t = 1 this follows from Lemma 2, since by that lemma any element of the form
[X, 9], X € y,(G), g € G, hasorder dividing €', which in turn divides e,. Suppose
that t > 1 and inductively that the analogue of (9) holds for such products of length
< t. Writea := a;, b := a,--- &. By the Hall-Petrescu identity (see, for example,
[7,p. 317, Satz 9.4])

a*b® = (ab)*w,(a, b) - - - we, (@, b),
€
where w;(a, b) € y((a, b))(i) foreachi = 2,...,e,. Wehavea® = 1 by Lemma
2, and b* = 1 by the inductive hypothesis. If i > ¢, then y;((a, b)) = {1} since, as
noted earlier, every 2-generator subgroup of G has class < ¢,;. On the other hand if
2 <i <cy thenitiseasy toseethat (%) isdivisible by €, so that for thesei we have
yi(@ b)) = {1}, by Lemma2. Thusforali =2, ..., e, wehavew;(a,b) = 1.
Hence (ab)® = 1, completing the induction, and thence the proof of the theorem.
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3. Proof of the Proposition

We firstly show that if G isany Engel group, then for any x, y € G, the subgroup
(x)¥ isfinitely generated. (This appears as Exercise 6 on p. 362 of [10]; weinclude
a proof for completeness, since the proposition is crucial in the above argument.)

Write x; := y'xy~' for eachinteger i . We show by induction on n that [x, ,y] has
theform

(10) [X, nY] = UnXOilanfr},

for some words Uy, v, iN X_g, ..., X__1). FOr n = 1wehave[x, y] = x"ly Ixy =
Xo 'X_1, Which has the right form with u; = v; = 1. Assuming inductively that (10)
holds, we have

[X, naY] = [[X, n¥] Y1 = (UnXg M onXED) "y U X5 unX Y
= O, G U TN X .
Since u¥ (:= y'u,y), and v! are expressions in X_,, ..., X_, only, we see that
[X, ny1Y] hasthe appropriate form, completing the induction.
From (10) it followsthat if [x, ,y] = 1, then

(11) X_n € (X0, X_1, ++«» Xenon))s
and
(12) Xo € (X_1, X_2, ..., X_p).

Successive conjugations of (11) by y yields
X_i € {Xg, X_1,..., %) fordl i>n,
and successive conjugations of (12) by y~* yields
X € (X_q,...,%X_,) foral i>0.
Hence
)Y = (X_g, ... X)),

showing that (x)® is indeed finitely generated. It follows that if H is any finitely
generated subgroup of G and g € G, then

(13) H @ isfinitely generated.
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Theremainder of the proof, that is, theargument deducing fromthisthat any finitely
generated subgroup of G hasfinitely generated commutator subgroup, isidentical with
that of the proposition of [1]; we reproducethe proof here since, as already noted, the
present proposition is crucial to the theorem.

One first shows that given any two elementsa, b € G, the commutator subgroup
(a, by isfinitely generated. The crucial fact allowing thisis that (a, b)’ is generated
by the elements of the form [a, b]®™" where m and n are integers. This follows in
turn from the well-known fact that (a, b)’ is generated by all commutators of the form
[@", b%], r and s integers, via repeated application of the identities

afi[ar, bS]ai — [ar+i, bs][bs, ai],
bfi[ar’ bS]bi — [bl , ar][ar, bs+i]’

starting withr = s = 1. Now ([a, b])®@ isfinitely generated by the first part of the
proof, whence by (13) (([a, b])®)® isfinitely generated, as required.

This establishes the 2-generator case. Now assume inductively that the claim is
valid for subgroups of G which can be generated by < k elements, and suppose that
H < G requiresk 4+ 1 > 2 generators, say hy, ..., hn,;. Write H; for the subgroup
generated by

the, ... hea\h),  i=1,... k+1

Then by theinductive hypothesis[H;, H;] isfinitely generated, whencesois[H;, H;] ™.
The conclusion now follows from the fact that [H, H] is generated by the set-
theoretical union of the [H;, H;]™. For this it suffices to show that the subgroup
generated by this union, that is, by U := [ J,[H;, H;]™, isnormal in H. For instance

([Hy, Hl]hl)hz =[Hy, Hl]hzhl[hl,hz] =[Hy, Hl]hl[hlshZ]’

and since [Hy, Hy]™ € U and [hy, hy] € [Hs, Hs], we have [H,, H,]™" < (U).
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