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Abstract

We present the definition of crossed products of Hilbert CŁ-bimodules by Hilbert bundles with commuting
finite group actions and finite dimensional fibers. This is a general construction containing the bundle
construction and crossed products of Hilbert CŁ-bimodule by finite groups. We also study the structure of
endomorphism algebras of the tensor products of bimodules. We also define the multiple crossed products
using three bimodules containing more than 2 bundles and show the associativity law. Moreover, we
present some examples of crossed product bimodules easily computed by our method.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 46L35,46L55.

1. Introduction

Jones [J] initiated the index theory of subfactors. The notion of bimodules in subfactor
theory was introduced by Ocneanu [O], and is a very powerful tool for studying index
theory of WŁ-algebras. Following Ocneanu, Yamagami developed the study of the
categorical structure of WŁ-bimodules ([Y1, Y2, Y3]). The notion of Hilbert bundle
over a countable discrete group with two-sided commuting finite group actions and
finite dimensional fibers was introduced by Kosaki and Yamagami [KoY], and is a
very convenient tool for constructing many examples of bimodules of finite index with
various combinatorial structures. In [KaY], the first named author and Yamagami
extended this construction to the case of compact group actions on von Neumann
algebras.

On the other hand, the second named author [W] initiated index theory in CŁ-
algebras. In [KW1], we define the notion of Hilbert CŁ-bimodules of finite type for
studying CŁ-index theory using bimodules and K-theory. Hilbert CŁ-bimodules of
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finite type are considered the CŁ-version of WŁ-bimodules with finite index.
We also give in [KW1] the bundle construction of a Hilbert CŁ-bimodule corres-

ponding to the WŁ situation [KoY]. In [KW2],we give the crossed product construction
of Hilbert CŁ-bimodules by countable discrete groups, and present some examples.
This is also considered to be a generalization of the notion of crossed product imprim-
itivity bimodules given by [CMW, Co, K].

In this paper, we give a construction simultaneously generalizing the above two
ones. We give the crossed product construction of a Hilbert CŁ-bimodule by a bundle
with commuting finite groups, and present some examples which are computed easily
using our method of multiple crossed products.

In Section 2, we record the definitions and fundamental matters concerning Hilbert
CŁ-bimodule of finite type, and define the crossed products of Hilbert CŁ-bimodules
by bundles. We also study categorical structures of crossed product bimodules.

In Section 3, we define the crossed products of bundles by a bundle by the method
similar to that of Section 2. We also define a crossed product construction for three
objects, and show the associativity law of crossed products. It is natural to call this
construction ‘multiple crossed products’. Using this associativity law, we may make
computations for many bimodules in the simplest settings.

In Section 4, we present some examples for which we may use the technique in
Section 3 for the computation. In Example 2, we consider a generalization of duality
between type A and type D presented in [KW2] and calculate generators of bimodules
appearing in each floor and their inclusions explicitly. In Example 3, we present a
construction of bimodules which generate Kac algebras naturally using our method.

The authors express their hearty thanks to S. Yamagami for several discussions and
sending us new preprints about these matters, and the referee for careful reading and
many valuable comments.

2. Crossed products by bundles

We review the definition of Hilbert CŁ-bimodules of finite type following [KW1].
We refer to [B] for the definition of Hilbert CŁ-module. Let A and B be unital
CŁ-algebras. Let X be a C-vector space.

DEFINITION 1 ([KW1]). X is called a Hilbert CŁ-bimodule (or Hilbert A-B bimod-
ule) if the following conditions hold.

.1/ X is a left Hilbert A-module.

.2/ X is a right Hilbert B-module.

.3/ Left A action and right B action commute with each other.

.4/ Let ½.a/x D ax, ².b/x D xb for a 2 A, b 2 B and x 2 X. Then ½.a/ is
bounded and has an adjoint with respect to h ; iB, and ².b/ is bounded and has an
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adjoint with respect to Ah ; i.
.5/ The two norms on X given by Akxk D kAhx; xik1=2 and kxkB D khx; xiBk1=2

are equivalent (Pimsner-Popa type inequality).

DEFINITION 2 ([KW1]). A Hilbert A-B bimodule X is said to be of finite type if the
following two conditions hold.

.1/ There exists a finite subset fui gi in X such that
P

i ui hui ; xiB D x for all x 2 X.
.2/ There exists a finite subset fvj gj in X such that

P
j Ahx; vj ivj D x for all x 2 X.

We call this finite subset fui gi a right B-basis of X and fvj gj a left A-basis of X.
Moreover we denote the right index and left index of X by r-Ind[X] DPi Ahui ;ui i
and l-Ind[X] DPj hvj ; vj iB.

The following lemma is convenient for verifying the axioms of Hilbert CŁ-bimod-
ules, because analytic properties follow from purely algebraic properties under the
existence of bases.

LEMMA 3 ([KW1]). Let a complex vector space X satisfy the following (1)-(10).

.1/ X is a left A-module.

.2/ X has a left self-adjoint (not necessarily positive) A-inner product AhÐ; Ði.

.3/ Ahax; yi D aAhx; yi.

.4/ X is a right B-module.

.5/ X has a right self-adjoint (not necessarily positive) B-inner product hÐ; ÐiB.

.6/ hx; ybiB D hx; yiBb.

.7/ The left A action and right B action commute with each other.

.8/ hax; yiB D hx;aŁyiB and Ahx; ybi D AhxbŁ; yi.

.9/ There exists a finite subset fui gi in X such that
P

i ui hui ; xiB D x for all x 2 X.
.10/ There exists a finite subset fvj gj in X such that

P
j Ahx; vj ivj D x for all x 2 X.

Then the other properties in Definition 1.1 are automatically satisfied, and X
becomes a Hilbert CŁ-bimodule of finite type.

We denote by A EndB.X/ the elements in C EndC.X/ which commute with left A,
right B actions. When X is of finite type T 2 A EndB.X/ has adjoints with respect to
both inner products and is bounded [KW1].

Let G be a countable discrete group, H and K finite subgroups of G. We recall the
definition of H -K bundle from [KoY].

DEFINITION 4 ([KoY]). A finite-dimensional Hilbert space V admitting a left H -
right K action is called an H-K bundle over G if the following are satisfied.

.1/ V DLg2G Vg, where Vg is also a finite dimensional Hilbert space.

.2/ For h 2 H and k 2 K , hh Ð x;h Ð yi D hx; yi and hx Ð k; y Ð ki D hx; yi for x,
y 2 V.
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.3/ For h 2 H , h Ð Vg ² Vhg and for k 2 K , Vg Ð k ² Vgk.

We call fg 2 G : Vg 6D 0g the support of V. We denote by EndV.V/ (more
precisely H EndVK .V/) the elements in C EndC.V/ which commute with left H , right
K actions and the diagonal representation of C.G/.

DEFINITION 5 ([KoY]). The conjugate bundle V of V is defined as follows.

.1/ As a space, V is the direct sum of finite-dimensional Hilbert spaces Vg�1, where
each V g�1 is the conjugate Hilbert space of Vg. We use the notation vg�1 when vg is
considered as an element of V g�1.
.2/ V is a left K -right H bundle, where the two actions are defined as follows:
v Ð h D h�1 Ð v, k Ð v D v Ð k�1, where v is v considered as an element in V .

Let X be a Hilbert A-B bimodule of finite type, Þ be an action of G on A, þ be an
action of G on B and 
 be a homomorphism from G to the isometry group of X.

DEFINITION 6 ([KW2]). The system .X; A; B; 
 ; Þ; þ;G/ is called a G-equivariant
system of bimodules if the following are satisfied for each g 2 G.

Þg.Ahx; yi/ D Ah
g.x/; 
g.y/i; 
g.ax/ D Þg.a/
g.x/;

þg.hx; yiB/ D h
g.x/; 
g.y/iB; 
g.xb/ D 
g.x/þg.b/;

for x, y 2 X, a 2 A, b 2 B.

DEFINITION 7. Let V be an H -K bundle over 0. .X;V / is called a covariant
system of bimodules if .X; A; B; 
 ; Þ; þ; 0/ is a 0-equivariant system of bimodules.

We denote by OV the tensor product X 
 V considered as only a vector space. We
write a monomial element of OV in the form x 
 vg½g .x 2 X; vg 2 Vg/, where ½g is
only a symbol representing the position of vg in V. When X D A AA and V D GC.G/G ,
we denote a
1½g by a½g, adapting to the convention of crossed product CŁ-algebras.

We define two-sided actions of AoÞ H and Boþ K on OV as follows.

a.x 
 vg½g/ D .ax/
 vg½g; h.x 
 vg½g/ D 
h.x/
 h.vg/½hg;

.x 
 vg½g/b D xþg.b/ 
 vg½g; .x 
 vg½g/k D x 
 .vg/k½gk:

We remark that A.X
Vg/B is isomorphic to dim.Vg/A.Xg/B where Xg is the A-B
bimodule twisting the right B action by þg.

We define two-sided inner products as follows.
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AoÞH hx 
 vg½g; x0 
 v0g0½g0 i

D
(

Ahx; 
h.x0/ihvg;h.v0g0/i½h if gg0�1 D h 2 H

0 otherwise;

hx 
 vg½g; x0 
 v0g0½g0 iBoþ K

D
(
þg�1.hx; x0iB/hvg; .v

0
g0/k

�1/i½k if g�1g0 D k 2 K

0 otherwise.

When X D A D B D C, these formulas give left CŁ.H /-right CŁ.K / inner
products.

PROPOSITION 8. This system satisfies the conditions (1)–(8) in Lemma 3.

PROOF. We prove only (2), (3), (6) and (8).
We show (2). The range of the inner product is clearly total in A. We assume

gg0�1 D h 2 H .�
AoÞ Hhx 
 vg½g; x0 
 vg0½g0 i

ÐŁ D �Ahx; 
h.x
0/ihvg;h.v0g0/½h

ÐŁ
D ½h�1 Ah
h.x

0/; xihvg;h.v0g0/i
D Ahx0; 
h�1.x/ihv0g0 ;h�1.vg/i½h�1

D AoÞHhx0 
 v0g0½g0; x 
 vg½gi:
We show (3). We assume g�1g0 D h 2 H .

AoÞ Hha.x 
 vg½g/; x0 
 v0g0½g0 i D Ahax; 
h.x
0/ihvg;h.v0g0/i½h

D aAhx 
 vg½g; x0 
 v0g0½g0 i
AoÞ Hhh0.x 
 vg½g/; x0 
 v0g0½g0 i D AoÞH h
h0.x/
 h0.vg/½h0g; x0 
 v0g0½g0 i

D Ah
h0.x/; 
h0h.x
0/ihh0.vg/;h0h.v0g0/i½h0h

D Þh0.Ahx; 
h.x
0/i/hvg;h.v0g0/i½h0h

D ½h0.AoÞ Hhx 
 vg½g; x0 
 v0g0½g0 i/:
We show (6). We assume g�1g0 D k 2 K .

hx 
 vg½g; .x
0 
 v0g0½g0/k

0iBoþK D hx 
 vg½g; x0 
 .v0g0/k0½g0k0 iBoþK

D þg�1.hx; x0iB/hvg; .v
0
g0/k

0k0�1k�1i½kk0

D þg�1.hx; x0iB/hvg; .v
0
g0/k

�1i½k½k0

D .hx 
 vg½g; x0 
 v0g0½g0 iBoþ K /½k0 :
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We assume g�1g0 D k 2 K .

hx 
 vg½g; .x
0 
 v0g0½g0/biBoþ K D hx 
 vg½g; x0þg0.b/
 v0g0½g0 iBoþ K

D þg�1.hx; x0þg0.b/iB/hvg; .v
0
g0/k

�1i½k

D þg�1.hx; x0iBþg0.b//ihvg; .v
0
g0/k

�1i½k

D þg�1.hx; x0iB/þk.b/hv; .v0g0 /k�1i½k

D hx 
 vg½g; x0 
 v0g0½g0 iBoþ K b

when g�1g0 D k 2 K and is otherwise zero.
We show (8). We assume g�1g0 D k 2 K .

ha.x 
 vg½g/; x0 
 v0g0½g0 iBoþK D þg�1.hax; x0iB/.hvg; .v
0
g0/k

�1i½k

D þg�1.hx;aŁx0iB/hvg; .v
0
g0/k

�1i½k

D hx 
 vg½g;a
Ł.x0 
 v0g0½g/iBoþ K :

We assume .hg/�1g0 D k 2 K :

hh.x 
 vg½g/; x0 
 v0g0½g0 iBoþ K D h
h.x/ 
 h.vg/½hg; x0 
 v0g0½g0 iBoþ K

D þg�1h�1.h
h.x/; xiB/hh.vg/; .v
0
g0/k

�1i½k

D þg�1.hx; 
h�1.x0/iB/hh.vg/; .v
0
g0/k

�1i½k

D þg�1.hx; 
h�1.x0/iB/hvg;h�1.v0g0/k
�1i½k

D hx 
 vg½g; 
h�1.x0/
 h�1.v0g0/½h�1g0 iBoþ K

D hx 
 vg½g;h�1.x0 
 v0g0½g0/iBoþ K

and is otherwise equal to 0.
Other properties are proved similarly.

Let 6 be the support of V , f¦mgm be a subset of 6 which meets each K -orbit
only once, and fvm

l gl be a complete orthonormal system (CONS) in V¦m. We put
qm;l D vm

l ½¦m . Similarly, let f−ngn be a similar subset concerning H -action on 6, and
fvn

k gk;n be a CONS in V−n . We put pn;k D vn
k½−n .

Let fui gi be a right B-basis of X and fvj gj be a left A-basis of X.

PROPOSITION 9. The family fui 
 qm;l gi;m;l constitutes a right B oþ K -basis for OV
and fvj 
 pn;kgj ;n;k constitutes a left AoÞ H-basis for OV.

PROOF. Let ¦m0 D g0, with g0 in the same right K coset as g, and let k be g0�1g.
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X
i;m:l

ui 
 qm;l hui 
 qm;l ; x 
 vg½giBoþ K

D
X

i;l

.ui 
 vm0
l ½¦m0 /þg0�1.hui ; xiB/hvm0

l ; .vg/k
�1i½k

D
X

i

ui hui ; xiB 

 X

l

.vm0
l /khvm0

l ; .vg/k
�1i
!
½g0k

D
X

i

ui hui ; xiB 

X

l

�
vm0

l hvm0
l ; .vg/k

�1iÐ k

D x 
 vg½g:

We have used the properties of bases and CONS in Hilbert spaces.
The proof is similar for the left basis.

PROPOSITION 10. OV is made into a Hilbert CŁ-bimodule of finite type, and we have
r-Ind[ OV]D r-Ind[X]

�P
m dim.V¦m/

Ð
, l-Ind[ OV]D l-Ind[X]

�P
m dim.V−n/

Ð
. Moreover,

we have Ind[X o
 V] D Ind[X]
�P

m dim.V¦m/
Ð �P

n dim.V−n/
Ð
.

PROOF. The first statement follows from Proposition 9 and Lemma 3.
We prove the second statement only for the right index. We take a right basis

fui 
 qm;l gi;m;l as in Proposition 9.

r-Ind[X o
 V] D
X
i;m;l

AoÞH hui 
 qm;l ;ui 
 qm;l i

D
X
i;m;l

Ahui ;ui ihvm
l ; v

m
l i½e

D
X

i

Ahui ;ui i
X

m

 X
l

hvm
l ; v

m
l i
!
½e

D r-Ind[X]

 X
m

dim.V¦m/½e

!
:

The second statement follows similarly.

We denote by X o
 V the bimodule OV . We call this the crossed product bimodule
by bundle V .

As in the case of actions on algebras, we need the definition of free actions on
bimodules.
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DEFINITION 11 ([KW2]). Let .X; A; B; 
 ; Þ; þ;G/ be a G-equivariant system of
bimodules. The action 
 is called free if for g 2 G, g 6D e, the following holds:
For T 2 C EndC.X/, if

T.ax/ D aT.x/; T.xb/ D T.x/þg.b/

for all x 2 X, a 2 A and b 2 B, then T D 0.

We remark that an action 
 is free if and only if A XB and A.Xg/B have no intertwiner
for g 6D e.

PROPOSITION 12. We assume that the action 
 of G is free. Then AoÞ H EndBoþ K

.X o
 V/ is isomorphic to elements in A EndB.X/ 

�L

g2G C EndC.Vg/
Ð

satisfying
h Ð T.x
 vg½g/ D T.h.x
 vg½g// and .T.x
 vg½g// Ð k D T..x 
 vg/k/ for h 2 H,
k 2 K , x 2 X, g 2 G and vg 2 Vg.

Moreover, if X is irreducible as an A-B bimodule, the above fixed point subalgebras
are isomorphic to H EndVK .V/; if V D GC.G/G, the above algebra is isomorphic to
End.X/G; and if V D fegC.G/G, isomorphic to End.X/.

PROOF. For g 2 G, let fvg
i gi be a CONS in Vg. We take the base such that

.v
g
i /g

0 D vgg0
i . Let T be in AoÞ H EndBoþK .X o
 V/. We define Tg;g0

i; j 2 C EndC.X/ as
follows.

T.x 
 vg
j ½g/ D

X
g0;i

T g;g0
i; j .x/
 vg0

i ½g0

for x 2 X and g 2 G. By the A-B intertwining property of T , we have

T g;g0
i; j .ax/ D aTg;g0

i; j .x/; Tg;g0
i; j .xþg.b// D Tg;g0

i; j .x/þg0.b/:

Since 
 is free, if g 6D g0, we have T g;g0
i; j D 0. For g 2 G, we have Tg;g

i; j 2 A EndB.X/.
This shows that T 2 A EndB.X/ 


�L
g2G C EndC.Vg/

Ð
.

When X is irreducible A EndB.X/ is isomorphic to C, and T can be considered as
an element in H EndVK .V/. When V D fegC.G/G , each Vg is 1-dimensional. We
denote T g by T g;g

1;1 . By T.x 
 ½g/ D .T.x 
 ½e//g, we have Tg D Te for all g 2 G.
Then T is considered as an element in A End.X/B . When V D GC.G/G, by the left
intertwining property under G of T , T is contained in A EndB.X/G .

We state the following categorical structure.

PROPOSITION 13. Let H, K and L be finite subgroups of G, and V D H VK , W D
K WL be bundles over G. Let X D AXB and Y D BYC be two Hilbert CŁ-bimodules
of finite type. Moreover, let .X; A; B; 
 X; Þ; þ;G/ and .Y; B;C; 
 Y; þ; Ž;G/ be
G-equivariant systems of bimodules. Then we have

.X o
 X V/
Boþ K .Y o
Y W/ ' .X 
B Y/o
 X
Y .V 
K W/
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PROOF. The map ' from .X o V/
BoþK .Y oW/ to .X 
B Y/o
 X
Y .V 
K W/

given by

'..x 
 vg½g/
 .y
wg0¼g0// D .x 
 
Y
g .y// 
 .vg½g 
wg0¼g0/

gives the desired isomorphism. Left and right actions are shown to be conserved by
computations.

We only show that the left inner products coincide. We compute the left in-
ner product of the left-hand side as follows. We assume g2g02

�1 D k 2 K and
g1g2g02

�1g01
�1 D h 2 H .

AoÞ H h.x 
 vg1½g1/
 .y
wg2¼g2/; .x
0 
 v0g01½g01/ 
 .y0 
wg02¼g02/i

D AoÞ Hh.x 
 vg1½g1 Boþ K hy
wg2¼g2; y0 
w0g02¼g02i; x0 
 v0g01½g01i
D AoÞ Hh.x 
 vg1½g1/Bhy; 
 Y

k .y
0/ihwg2 ; k.w0g02 /i½k; x0 
 v0g01½g01i

D hwg2 ; k.w0g02/iAoÞ Hhxþg1.Bhy; 
 Y
k .y

0/i/ 
 .vg1/k½g1k; x0 
 v0g01½g01i
D hwg2 ; k.w0g02/iAhxþg1.Bhy; 
 Y

k .y
0/i/; 
 X

h .x
0/ih.vg1 /k;h.v0g01 /i½hI

otherwise this is equal to zero.
We compute the left inner product of the right-hand side:

AoÞH h.x 
 
 Y
g1
.y// 
 .vg1½g1 
wg2¼g2/; .x

0 
 
 Y
g01
.y01// 
 .v0g01½g01 
w0g02¼g02/i:

We compute the bimodule parts and the bundle parts separately.
At first we compute the bundle part. If g2g02

�1 is not contained in K the above is
zero. We assume g2g02

�1 D k 2 K .

Hh.vg1½g1/
 .wg2¼g2/; .v
0
g01
½g01/
 .w0g02¼g02/i D H h.vg1½g1 K hwg2½g2;w

0
g02
¼g02i; v0g01½g01/i

D H h.vg1½g1/hwg2; k.w0g02 /i¼k; v
0
g01
½g01i

D hwg2; k.w0g02 /iH h.vg1/k½g1 k; v
0
g01
½g01i

D hwg2; k.w0g02 /ih.vg1 /k;h.v0g01/i½h:

Next, we compute the bimodule part. We put h D g1g2.g01g02/
�1. If h 62 H ,

the above is zero. We assume that h 2 H . When g2g02
�1 D k 2 K , we have

g�1
1 hg01 D k 2 K .

Ahx 
 
 Y
g1
.y/; 
 X
Y

h .x0 
 
 Y
g01
.y0//i D Ahx 
 
 Y

g1
.y/; 
 X

h .x
0/
 
 Y

hg01
.y0//i

D AhxBh
 Y
g1
.y/; 
hg01.y

0/i; 
 X
h .x

0/i
D Ahxþg1.Bhy; 
g�1

1 hg01.y
0/i/; 
 X

h .x
0/i:

If g2g�1
2 2 K , g1g2.g1

0g2
0/�1 2 H , both sides coincide by the above calculation;

otherwise both sides are zero.
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LEMMA 14. The conjugate bundle X o
 V of X o
 V is isomorphic to X o
 V as
Hilbert B oþ K -AoÞ H bimodule, where the conjugate action 
 of 
 is defined by

 g.x/ D 
g.x/ for x 2 X.

PROOF. We define a map  from X o
 V to X o
 V by

 .x 
 vg½g/ D 
 g�1.x/
 vg�1½g�1:

Then the two bimodules are isomorphic by  .

3. Multiple crossed products

In this section, we consider a ‘crossed product construction’ using more than three
objects. Let 0 be a finite group, H and K be two subgroups of 0. Let V be an H -K
bundle over 0, and G be another finite group.

DEFINITION 15. The pair .V;G/ is called a G-equivariant system of bundles if the
following hold.

.1/ .V;G/ is a G-equivariant system of bimodules when V is considered only as a
Hilbert CŁ.H /-CŁ.K / bimodule.

.2/ G acts on 0 as an automorphism group and preserves H and K globally.

.3/ The following hold.

.a/ g Ð .h Ð v/ D .g Ð h/ Ð .g Ð v/, for g 2 G, h 2 H , k 2 K and v 2 V , and
g Ð .v Ð k/ D .g Ð v/ Ð .g Ð k/.

.b/ g Ð V
 ² VgÐ
 for g 2 G and 
 2 0.

The G action is automatically unitary from (1).
Let P, Q be two finite subgroups of G, and W be a P-Q bundle over G.

DEFINITION 16. .V;W/ is called a covariant system of bundles if .V;G/ is a G-
equivariant system of bundles.

Let H , K be subgroups of 0, let P, Q be subgroups of G, V an H -K bundle over
0, and W be a P-Q bundle over G. Let .V;W/ be a covariant system of bundles. We
define the crossed product bundle V oW.

We view V only as a Hilbert CŁ.H /-CŁ.K / bimodule and construct the crossed
product bimodule V o W. We introduce the bundle structure as follows. The
base space is the semi-direct product group 0 o G. The fiber space of .
; g/ is
given by .V o W/.
;g/ D V
 
 Wg. Left .H o P/-right .K o Q/ actions are
defined by tensor product actions, that is, h.v
 ½
 
wg½g/ D ..hv
 /½h
 
wg½g/ and
p.v
 ½
 
wg½g/ D pv
 ½p
 
 pwg½pg. Right actions are defined similarly. We have
proven the following lemma.
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LEMMA 17. In this way, Vo
 W is made into an Ho P-KoQ bundle over0oG.

Let U D VoW, where V is an H -K bundle over0 and W is a P-Q bundle over G.
Let T 2 HoP EndVKoQ.U /. Since T commutes with the diagonal algebra l1.0oG/,
T is expressed as T DP
20;g2G f .
; g/, where f .
; g/ 2 C EndC.V
 /
C EndC.Wg/.
EndV.U / is the set of such T ’s which are H o P-K o K invariant. We only list the
simple cases for the use in Section 4 without proof.

LEMMA 18. .1/ Let .V;G/ be a G-equivariant system of bundles. Then
EndV.V o G/ ' EndV.V/G.
.2/ If V D 0Vfeg and W D fegC.G/G, or V D fegV0 and W D GC.G/feg, then
EndV.V oW/ ' EndV.V/.
.3/ Let 6 be a G-orbit in 0. We take 
0 2 6, and G
0 to be the stabilizer group at

0. Let V D fegC.6/feg, W D GWG. We define the unitary representation ³ of G on
We by ³.g/we D gweg�1. Then EndV.V oW/ ' ³.G
0 /

0 .

PROPOSITION 19. Let H, K , L be subgroups of 0 and P, Q and R be subgroups of
G, V1 be an H-K bundle over0, V2 be a K -L bundle over0, W1 be a P-Q bundle over
G and W2 be a Q-R bundle over G such that .V1;W1/ and .V2;W2/ be two covariant
pairs. Then the two bundles .V1 oW1/
 .V2 oW2/ and .V1 
 V2/o .W1 
W2/ are
isomorphic.

PROOF. This is the bundle version of Proposition 13. This is already proved at the
level of Hilbert CŁ.H /oP-CŁ.K /oQ-bimodules. The fiber of .
; g/ in the right-hand
side is the direct sum of .V1


1

V 2


2
/
.W1

g1

W2

g2
/ such that 
1
2 D 
 and g1g2 D g. The

fiber of .
; g/ in the left-hand side is the direct sum of ..V1

1

W1

g1
/
..V 2

g�1
1 Ð
2

/
W2
g2
/’s.

They are combined by the map which gives the isomorphism in Proposition 13.

Let X D AXB be a Hilbert CŁ-bimodule of finite type, V be a bundle over 0,
and let .X;V/ be a covariant system of bimodules, where .X; A; B; "; Þ; þ; 0/ is the
associated 0-equivariant system of bimodules.

DEFINITION 20. We say that G conserves the covariant system .X;V/ of bimodules
if the following are satisfied.

.1/ There exists an action Ž of G on X, an action � of G on A and an action ! on B
such that .X; A; B; Ž; �; !;G/ is a G-equivariant system of bimodules.
.2/ .V;G/ is a G-equivariant system of bundles.
.3/ G actions on X and V satisfy the following: Žg."
 .x// D "g
 Žg.x/ for g 2 G,

 2 0 and x 2 X, and �g.Þ
 .a// D Þg
 .�g.a// for g 2 G, 
 2 0 and a 2 A and
!g.þ
 .a// D þg
 .!g.a// for g 2 G, 
 2 0 and b 2 B.
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PROPOSITION 21. Suppose W is a P-Q bundle over G such that G conserves the
covariant system .X;V / of bimodules. Then there exist actions �, � and ¾ of G on the
crossed-product bimodule X o
 V such that .X o
 V; AoÞ H; B oþ K ; �; �; ¾;G/
is also a G-equivariant system of bimodules. There exists an action .
; �/ of 0 o G
on X such that .X o
 V/ o� W and X o.
;�/ .V o� W/ are isomorphic as Hilbert
.AoÞ 0/o� P- .Boþ 0/o¾ Q-bimodules. Moreover, if the action of 0 oG on X is
free, the action of G on X o V is also free.

PROOF. The first assertion is proved by formal calculations.

.x 
 v
 ½
 /
wg¼g! x 
 .v
 ½
 
wg¼g/:

The second assertion is proved as follows. If the action of 0 o G is free,
X.
; g/ and X.
 0; g0/ have no intertwiner 
 6D 
 0 or g 6D g0. Since A..X o

V/g/B '
P


20 dim.V
 /A.X..
; g///B , if g 6D e, A..X o V/g/B and A.X o V/B

have no intertwiner. Then AoÞ H.X o V/Boþ K and AoÞH..X o V/g/Boþ K have no
intertwiner. This shows that the action of G on X o V is free.

This proposition can be considered as the associativity law of crossed products of
a bimodule and two bundles.

REMARK. We may state the similar associativity law of crossed products of three
bundles.

Let .X; A; B; 
 ; Þ; þ; 0/ be a 0-equivariant system of bimodules, and suppose G
conserves this system. Let V be an H -K bundle over 0. We assume that the action
of 0 o G on X is free, and X is irreducible. We may construct the crossed product
bimodule .X o V/ o G. Since G acts on V, G also acts on End.V/ by adjoining 
 .

LEMMA 22. End..X o
 V/o� G/ is isomorphic to EndV.V/G.

PROOF. .X o V/o G and X o .V o G/ are isomorphic as bimodules. Since X is
irreducible, End.X o .V o G// and EndV.V o G/ are isomorphic. By Lemma 18,
EndV.V o G/ is isomorphic to EndV.V/G.

4. Examples

EXAMPLE 1. Let G be a finite group, and .A; X; B;G; Þ; 
; þ;G/ a G-equivariant
system of bimodules. Let V be a finite-dimensional Hilbert space, and ³ a unitary
representation of G on V . We make two Hilbert CŁ-bimodules from this data using
different methods.
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Let V 
C.G/ 'Lg2G V be a G-G bundle given as follows.

g.vg0 
 ½g0/ D ³g.vg/
 ½gg0 I
.vg0 
 ½g0/g D vg0 
 ½g0g:

This definition is given in [KoY]. Here X 
 V means an A-B bimodule given from
the outer tensor product of AXB and CVC [KW1]. Then we may construct the crossed
product bimodule .X 
 V/ o

³ G by a group and the crossed product bimodule
X oÞ .V 
 C.G// by a bundle. The former is defined in [KW2], and the latter is
defined in this paper.

PROPOSITION 23. .X 
 V/ o

³ G and X o
 .V 
 C.G// are isomorphic as
AoÞ G-B oþ G bimodules.

PROOF. V can be considered as the bundle over the trivial group, and X 
 V
is a trivial example of a crossed product by a bundle. Moreover, G conserves the
feg-equivariant system .X; A; B; id; id; id; feg/. V 
C.G/ can be considered as the
crossed product bundle of V by C.G/ over G. Then X o
 .V 
C.G// is the crossed
product bimodule by a bundle. These are isomorphic by Proposition 21.

EXAMPLE 2. Let P D 0 o G be a semi-direct product group, where 0 and G are
finite groups. Let A be a unital simple CŁ-algebra and Þ a properly outer action of 0
on A. Put V D fegC.0/0 . We construct a crossed product bundle V o G, which is
a G-P bundle over P. This is the bundle given by the inclusion G ² P. We may
compute the structure of the tensor powers of X D Ao .V o G/ and X easily using
the theory in Section 3.

PROPOSITION 24. The X 
 X 
 X 
 Ð Ð Ð ’s are isomorphic to .Ao .V 
 V 
 V 

Ð Ð Ð // o G. Moreover the endomorphism algebras End.X/, End.X 
 X/, End.X 

X 
 X/ and End.X 
 X 
 X 
 X/ are isomorphic to EndV.V/G, EndV.V 
 V/G,
EndV.V 
 V 
 V/G and EndV.V 
 V 
 V 
 V/G respectively.

PROOF. This follows from Proposition 21 and Lemma 22.

The above action of G on Ao V is strongly outer in the sense of [CK, KW2].
For g 2 G we define a unitary operator³.g/ on l2.0/ by .³.g/¾/.
 / D ¾.g�1 Ð 
 /.

³ is a unitary representation of G on l2.0/. Let f61 D feg;62; : : : ;6pg be the family
of G-orbits in 0, f¦1 D e; ¦2; : : : ; ¦pg be a representative set of each G-orbit, G¦i be
the stabilizing subgroup at ¦i and ³¦i be the restriction of ³ to G¦i . Let m be the first
integer such that ³
m

¦i
does not generate any new representation for each i .
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LEMMA 25. The bimodule X is of depth 2m.

PROOF. We compute the action of G on the end-algebras of the tensor powers
V 
 V , V 
 V 
 V , : : : etcetera explicitly. For f 2 C.0/ and for an integer n, we
define operators Mn

f by

Mn
f ¾.
1; 
2; : : : ; 
n/ D f .
1
2 : : : 
n/¾.
1; 
2; : : : ; 
n/

for ¾ 2 l 2.0/
n.
We have feg.V 
0 V/feg '

L

20 C½
 , EndV.feg.V 
0 V/feg/ ' l1.0/. We have

also feg.V 
0 V 
feg V/0 ' feg.C.0/
fegC.0//0 . The Endomorphism algebra of this
bimodule consists of operators on B.l 2.0/
 l2.0// which commute with all M2

f ’s and
right translations on the right component. This shows that EndV.fegV
0 V
fegV0/ '
B.l 2.0// 
 Il 2.G/. The isomorphism is given by the Kac-Takesaki operator.

Put l D 2k. For the l -th tensor power V 
0 V 
 : : : 
0 V , we have

EndV.feg.V 
0 V 
 : : : 
0 V/feg/ ' B.l2.0//
k�1 
 l1.G/:

Put l D 2kC 1. For the l -th tensor power V 
0 V 
 : : : 
feg V, we have

EndV.feg.V 
0 V 
 : : :
feg V/0/ ' B.l2.0//
k :

These isomorphisms are given by the following n-times Kac-Takesaki operators Wn:

Wn¾.
1; 
2; : : : ; 
n/ D ¾.
1; 
1
2; : : : ; 
1
2 Ð Ð Ð 
n/:

The tensor power of ³ commute with the n-times Kac-Takesaki operator. For l D
2kC 1, we have

EndV.feg.V 
0 : : : 
feg V/0/
G ' .B.l2.G//
k/ad.³
k/:

The right-hand side is decomposed by the irreducible decomposition of ³
k. For
l D 2k, we have

EndV.feg.V 
0 
 : : : 
0 V/feg/
ad.³
k/ '

M
i

.B.l2.0//
k�1/ad.³¦i

k�1/:

This algebra is decomposed by the irreducible decompositions of the ad.³
k
¦i
/’s. Since

¦1 D e, the depth of this bimodule is necessarily even.

In the simplest case, we can write down the inclusions of bimodules more explicitly.
We denote by S3 the symmetric group of order 3. This is a semi-direct product of
0 D Z3 by G D Z2. Put X D A o .fegC.0/0 o G/. Then the depth of X is 4 by
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Lemma 25. Then the endomorphism algebras End.X/, End.X
X/, End.X
X
X/
and End.X 
 X 
 X 
 X/ are C, Cý C, Cý M2.C/ and Cý M2.C/ý M3.C/.

We describe the embeddings. We denote Žg by the Dirac delta function at g 2 0 in
C.0/. The generator is V D fegC.0/0 . The 0th floor consists only of C. The 1st floor
isC
fegV D fegC.0/0 . The 2nd floor is as follows. C.0/
0 V ' CŽeý.CŽaýCŽa2 /.
The right-hand side is the G-irreducible decomposition. The 3rd floor is as follows.
.CŽa ý CŽa2/ 
feg V ' .Ža C Ža2/ 
 C.0/0 ý .Ža2 � Ža/ 
 C.0/0 The first term is
isomorphic to V . The second term in the right-hand side appears for the first time at
this floor. We call such an irreducible component ‘new stuff’ ([GDJ]). The 4th floor is
as follows. V
0V ' CŽeý.CŽaýCŽa2/. On the other hand,C.Ža�Ža2 /C.0/
0 V '
C.Ža � Ža2/
 Žeý .C.Ža � Ža2/
 Žaý C.Ža2 � Ža/
 Ža2/ The first term is new stuff.
The second term C.Ža2 � Ža/ 
 Ža2/ is identical to the second term .CŽa ý CŽa2 / in
V
0 V . All irreducible representations of Z2 have appeared. We may draw the graph
of derived tower from the above information.

On the other hand the derived tower of the crossed product inclusion A ² Ao 0
is known to be of depth 2. The graph of this inclusion is of type A. This is the crossed
product duality stated in [KW2].

EXAMPLE 3. We compute the special case of the Kac algebra construction by bundle
([KoY, Y2]) using our theory. Let P, G and 0 be as in Example 2. Let V D feg00 and
W D GGfeg. Let A be a simple CŁ-algebra and Þ be a properly outer action of P on A.
We put X D .Ao V/oW. This is a non-trivial example of the crossed product of a
bimodule by a bundle. We construct a crossed product bundle U D V oW. This U is
actually 0PG and is shown to be irreducible in [KoY]. By Proposition 21 X ' AoU .
X is an AoÞ 0-AoÞ G bimodule.

PROPOSITION 26. The bimodule X is of depth 2.

PROOF. By Proposition 13, X 
 X is isomorphic to Ao ..V 
 V/o .W 
W//,
X 
 X 
 X is isomorphic to Ao ..V 
 V 
 V/ o .W 
W 
W//. V 
 V 
 V
is isomorphic to

L

20 feg.½
 V/0 ' j0j Ð fegV0, and W 
 W 
 W is isomorphic to

jGjÐGWfeg. Then ..V
V
V /o.W
W
W// is of the form jGjÐLi;
26i
.½
 V/oW.

Since W D GC.G/feg, by Lemma 18,
L


26i
.½
 V/ o W is isomorphic to the direct

sum j6i j Ð .V oW/. This shows that X 
 X 
 X is isomorphic to jPj-times V oW.
Since V oW is irreducible, X is of depth 2.

The Kac algebra appears at 2nd floor. We compute .V 
 V/ o .W 
 W/ and
.V 
 V/o .W
W/.
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V 
 V D L

20 C½
 On the other hand, W 
 W D L

¦2 OG;1� j�d¦
W¦

j , where

W¦
j D

L
1�i�d¦

C.G/
P

g2G ¦i; j .g/.½g 
 ½g/. From these, we have

.V 
 V/ o .W
W/ '
 M

20

C½


!
o

 M
¦2 OG

 M
1� j�d¦

W¦
j

!!

'
M

¦2 OG;1� j�d¦ ;i

 M

26i

.C½
 oW¦
j /

!
:

The bundle
L


26
�
C½
 oW¦

j

Ð
is decomposed according to the decomposition of

the restriction of ¦ to G¦ by Lemma 18. The equivalences are described by the
representation theory of groups.

On the other hand,

.V 
 V/ o .W
W/ '
0@ M
³2 O0;1� j�d³

V³
j

1Ao  M
g2G

C½g

!

'
M

g2G;³2 O0

 M
1� j�d³

�
V³

j o ½g

Ð!
:

Two bimodules V³
j o½g and V³ 0

k o½
0
g are isomorphic if and only if ³ D ³ 0 and g D g0.

If 0 is not commutative, these Kac algebras are neither commutative nor cocom-
mutative.
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