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Abstract

We present the definition of crossed products of Hilbert C*-bimodulesby Hilbert bundleswith commuting
finite group actions and finite dimensional fibers. Thisis a general construction containing the bundle
construction and crossed products of Hilbert C*-bimodule by finite groups. We also study the structure of
endomorphism a gebras of thetensor products of bimodules. We al so define the multiple crossed products
using three bimodules containing more than 2 bundles and show the associativity law. Moreover, we
present some examples of crossed product bimodules easily computed by our method.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 46L 35,46L55.

1. Introduction

Jones|[J] initiated theindex theory of subfactors. The notion of bimodulesin subfactor
theory wasintroduced by Ocneanu [O], and isavery powerful tool for studying index
theory of W*-algebras. Following Ocneanu, Yamagami developed the study of the
categorical structure of W*-bimodules ([Y 1, Y2, Y3]). The notion of Hilbert bundle
over a countable discrete group with two-sided commuting finite group actions and
finite dimensional fibers was introduced by Kosaki and Yamagami [KoY], and is a
very convenient tool for constructing many examplesof bimodules of finite index with
various combinatorial structures. In [KaY], the first named author and Yamagami
extended this construction to the case of compact group actions on von Neumann
algebras.

On the other hand, the second named author [W] initiated index theory in C*-
algebras. In [KW1], we define the notion of Hilbert C*-bimodules of finite type for
studying C*-index theory using bimodules and K-theory. Hilbert C*-bimodules of
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finite type are considered the C*-version of W*-bimodules with finite index.

We also give in [KW1] the bundle construction of a Hilbert C*-bimodule corres-
pondingtothe W* situation [KoY]. In[KW2], we givethe crossed product construction
of Hilbert C*-bimodules by countable discrete groups, and present some examples.
Thisisalso considered to be a generalization of the notion of crossed product imprim-
itivity bimodules given by [CMW, Co, K].

In this paper, we give a construction simultaneously generalizing the above two
ones. We give the crossed product construction of a Hilbert C*-bimodule by abundle
with commuting finite groups, and present some exampleswhich are computed easily
using our method of multiple crossed products.

In Section 2, we record the definitions and fundamental matters concerning Hilbert
C*-bimodule of finite type, and define the crossed products of Hilbert C*-bimodules
by bundles. We also study categorical structures of crossed product bimodules.

In Section 3, we define the crossed products of bundles by abundle by the method
similar to that of Section 2. We also define a crossed product construction for three
objects, and show the associativity law of crossed products. It is natural to call this
construction * multiple crossed products . Using this associativity law, we may make
computations for many bimodulesin the simplest settings.

In Section 4, we present some examples for which we may use the technique in
Section 3 for the computation. In Example 2, we consider a generalization of duality
betweentype A and type D presented in [KW?2] and cal culate generators of bimodules
appearing in each floor and their inclusions explicitly. In Example 3, we present a
construction of bimodules which generate Kac algebras naturally using our method.

The authors expresstheir hearty thanksto S. Yamagami for several discussionsand
sending us new preprints about these matters, and the refereefor careful reading and
many valuable comments.

2. Crossed products by bundles

We review the definition of Hilbert C*-bimodules of finite type following [KW1].
We refer to [B] for the definition of Hilbert C*-module. Let A and B be unital
C*-algebras. Let X be a C-vector space.

DEFINITION 1 ([KW1]). X iscalled aHilbert C*-bimodule (or Hilbert A-B bimod-
ule) if the following conditions hold.

(1) X isaleft Hilbert A-module.

(2) Xisaright Hilbert B-module.

(3) Left A action and right B action commute with each other.

(4) Let M(a)x = ax, p(b)x = xbforae A/b e Bandx € X. Then A(a) is
bounded and has an adjoint with respect to (, )g, and p(b) is bounded and has an



[3] Crossed products of Hilbert C*-bimodules by bundles 121

adjoint with respectto A(, ).
(5) The two norms on X given by llx|l = [la{x, x) I and [IXlls = [I(X, X)slI*?
are equivalent (Pimsner-Popa type inequality).

DEFINITION 2 ([KW1]). A Hilbert A-B bimodule X issaid to be of finite typeif the
following two conditions hold.

(1) Thereexistsafinite subset {u;}; in X suchthat ), u; (u;, X)g = x forall x € X.
(2) Thereexistsafinite subset {v;}; in X suchthat } ; a(X, vj)v; = x foral x € X.

We call this finite subset {u; }; aright B-basis of X and {v;}; aleft A-basis of X.
Moreover we denote the right index and left index of X by r-Ind[X] = ), a(u;, u;)
and I-lnd[X] = Zi <Uj s Uj )B-

Thefollowing lemmais convenient for verifying the axioms of Hilbert C*-bimod-
ules, because analytic properties follow from purely algebraic properties under the
existence of bases.

LEMMA 3 ([KW1]). Let a complex vector space X satisfy the following (1)-(10).

(1) X isaleft A-module.

(2) X hasaleft self-adjoint (not necessarily positive) A-inner product A(-, -).

(3) A<axv y> = aA<Xa y>

(4) Xisaright B-module.

(5 X hasaright self-adjoint (not necessarily positive) B-inner product (-, -)g.

(6) <Xa yb>B = <Xa Y>Bb

(7) Theleft A action and right B action commute with each other.

(8) (ax,y)s = (X,a*y)s and (X, yb) = a(xb*, y).

(9) Thereexistsafinite subset {u; }; in X suchthat ), u;(u;, x)g = x for all x € X.
(10) Thereexistsafinitesubset {v;}; in X suchthat } , (X, vj)v; = x for all x € X.

Then the other properties in Definition 1.1 are automatically satisfied, and X
becomes a Hilbert C*-bimodule of finite type.

We denote by 4 Endg(X) the elementsin ¢ Endc (X) which commute with left A,
right B actions. When X isof finitetype T € 4 Endg(X) has adjoints with respect to
both inner products and is bounded [KW1].

Let G be acountable discrete group, H and K finite subgroups of G. Werecall the
definition of H-K bundle from [KoY].

DEFINITION 4 ([KOY]). A finite-dimensional Hilbert space V admitting a left H-
right K actioniscaled an H-K bundle over G if the following are satisfied.
(1) V =Dy Vg, Where Vg isalso afinite dimensional Hilbert space.
(20 Forhe Handk e K, (h-x,h-y) = (x,y)and (x-k,y-k) = (x,y) for x,
yeV.
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(3) Forhe H,h-V, C Vigandfork e K, Vg -k C V.

We call {g € G : V; # 0} the support of V. We denote by EndV (V) (more
precisely 4 EndV (V)) the elementsin ¢ Endc (V) which commute with left H, right
K actions and the diagonal representation of C(G).

DErFINITION 5 ([KoY]). The conjugate bundle V of V is defined as follows.

(1) Asaspace, V isthedirect sum of finite-dimensional Hilbert spacengfl, where
each V41 is the conjugate Hilbert space of V. We use the notation vy when vy is
considered as an element of V..

(2) V isaleft K-right H bundle, where the two actions are defined as follows:
T-h=h"1.v,k-7=v- k1, wherevisv considered asan elementinV.

Let X be aHilbert A-B bimodule of finite type, « bean action of G on A, 8 bean
action of G on B and y be a homomorphism from G to the isometry group of X.

DEFINITION 6 ([KW?2]). Thesystem (X, A, B, y, «, 8, G) iscalledaG-equivariant
system of bimodules if the following are satisfied for eachg € G.

ag(alX, ¥) = alyg(X), vg(¥)), Yo(@X) = ag(@)yy(X),
By (X, ¥)B) = (Yg(X), ¥5(¥))Bs Ye(Xb) = y4(X)By(b),

forx,ye X,ae A be B.

DEFINITION 7. Let V be an H-K bundle over I'. (X, V) is caled a covariant
system of bimodulesif (X, A, B, y, «, 8, I') isaT"-equivariant system of bimodules.

We denote by V the tensor product X ® V considered as only a vector space. We
write amonomial element of V in theform x ® vghg (X € X, vy € V), where iy is
only asymbol representing the position of vg inV. When X = jApandV = sC(G)g,
wedenotea ® 114 by a4, adapting to the convention of crossed product C*-algebras.

We define two-sided actions of A x, H and B x4 K on V asfollows.

a(X ® vghg) = (aX) ® vghg, h(X ® vghg) = ¥n(X) ® h(vg)Ang,
(X ® vgrg)b = XBy(0) ® vgrg, (X ® vgrg)K = X ® (vg)KAgk.

We remark that (X ® Vy)g isisomorphic to dim(Vy) (X g)g Where Xgisthe A-B
bimodule twisting theright B action by f,.
We define two-sided inner products as follows.
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At H (X ® Vghg, X' ® vy Ag)
_ A{X, Vh(x/»(vg, h(Ué,)))»h if gg/’l =heH
0 otherwise;
(X ® vgrg, X' ® vy Ag)ex,k
_ By ((X, X/>B)(Ug, (Ué/)kil)w»k if gflg/ =keK
0 otherwise.

When X = A = B = (, these formulas give left C*(H)-right C*(K) inner
products.

PROPOSITION 8. This system satisfies the conditions (1)—(8) in Lemma 3.

PrOOF. We prove only (2), (3), (6) and (8).
We show (2). The range of the inner product is clearly total in A. We assume
gg ' =heH.
(Anott (X ® Vghg, X' ® vghg))” = (a(X, ¥h(X))(vg, h(v)An)"
= )\'h’lA<yh(X/)a X)(”ga h(Ué;))
= a(X, Yh-1(0) (v, K™ (vg) ) A1
= Ax,H <X/ ® Ué,)\,g/, X® Ug)\,g).

We show (3). Weassumeg g =h e H.

An H (BX ® Vghg), X' ® vy dg) = al@X, yh(X))(vg, h(vg))An
= aa(X ® vghg, X' @ vyAg)

Aot H N (X ® vghg), X' ® vyhg) = as,n (Vi (X) @ N (Vg)Ang, X' ® vy Ag)
= Ay (X), Yvn (X)) (N’ (vg), 'h(vg ) Ann
= o (afX, (X)) (vg, N(vg))An
= A (s, 1 (X ® vghg, X' ® vy rg)).

We show (6). Weassumeg~lg =k € K.
(X ® vghg, (X' ® vyAg)K e,k = (X ® vghg, X' ® (vy)K Agk ) B,k
= By1((%, X)8) (vg, (vg)KK ™K e
= Bg1({X, X)) (vg, (Ué/)kilwhk)hk’
= ((X® vgrg, X' ® vé,)ug/)BMK))»k/.



124 Tsuyoshi Kgjiwaraand Yasuo Watatani [6]

We assumeg—'g =k € K.

(X ® vghg, (X' ® vy Ag)D)Bu,k = (X ® Vghg, X'By (D) ® vy Ag)ew,K
= Bg1((X, X' By (b)) (vg, (v )k H)A
= Bg1((X, X') By (D)) (vg, (V )K ) Ak
= Bg+((X, X)8) Bk (D) (v, (v k™) A
= (X ® vghg, X' ® VyAg)pu,k b

when g~1g’ = k € K and is otherwise zero.
We show (8). Weassumeg~1g' =k € K.

(ax ® Ug)hg)a X' ® vé/)Vg’>B><15K = ﬂg*l((axv X/>B)(<vga (vé/)kilek
= Bg1((X, @X)8) (vg, (Vg )K") Ak
= (X ® vghg, A" (X' ® Vg rg))px kK-

We assume (hg) g’ =k € K:

(h(X ® vghg), X' ® vyrg)Busk = (Yh(X) @ h(vg)Ang, X' ® Vg dg) B,k
= Byt (1 (X), X)g) (h(vg), (W )k ) Ak
= By ((X, ¥h-1(X))8) (N (vg), (Vg )K ) Ak
= Bg-1((X, ¥h-1(X))8) (vg, h (v )K™H) 1
= (X ® vghg, Y1 (X) ® hil(vé/))\hflg»Bx}gK
= (X ® vgrg, NI (X' ® Vghg)) By

)
)

and is otherwise equal to 0.
Other properties are proved similarly.

Let X be the support of V, {om}m be a subset of X which meets each K-orhit
only once, and {y"}, be a complete orthonormal system (CONS) in V, . We put
Omi = Y ", SiMilarly, let {z,}, be asimilar subset concerning H-actionon %, and
{vgtkn be@aCONSINn V, . Weput pnx = vehs,.

Let {u;}; bearight B-basisof X and {v;}; be aleft A-basisof X.

PrROPOSITION 9. The family {u; ® O, }i.mi constitutesa right B x4 K-basis for V
and {v; ® pn«}jnk condtitutesa left A x, H-basisfor V.

PROOF. Let oy = ¢/, with g’ inthe sameright K coset asg, and letk be g ~*g.
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Z Ui & Om,1 (Ui @ Om,1, X ® Ug)Vg>B><1,gK

i,ml

= "W ® 0" ) By (Ui X)e) (", (vg)K )
il

= Z Ui <Ui ) X>B ® (Z(U{n/)k(v{n/, (Ug)kl>) )“g’k
i |

=Y U x)e® Y (UM (", (vk )k
i |

= X ® vghg.

We have used the properties of bases and CONS in Hilbert spaces.
The proof is similar for the left basis.

ProPOSITION 10. V is madeinto a Hilbert C*-bimodule of finite type, and we have
r-Ind[V] = r-Ind[ X] (3, dim(V,,.)), I-Ind[V] = I-Ind[ X] (3, dim(V,,)). Moreover,
we have Ind[ X x, V] = Ind[X] (3_, dim(V,,)) (3=, dim(V,,)).

PrOOF. Thefirst statement follows from Proposition 9 and Lemma 3.
We prove the second statement only for the right index. We take a right basis
{u; ® Qm,}i.m) 8sin Proposition 9.

r-Ind[ X x, V] = Z AxigH (Ui & Omyis Ui ® Omy1)

i,m,|l

= Al U (", oM

i,m,|l

=D altiw) ) (Zw.m, v.““>) he

|
=r-Ind[X] (Z dim(ng)ke) :

The second statement follows similarly.

We denote by X x, V the bimodule V. We call this the crossed product bimodule
by bundle V.

As in the case of actions on algebras, we need the definition of free actions on
bimodules.
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DEFINITION 11 ([KW2]). Let (X, A, B, v, «, B, G) be a G-equivariant system of
bimodules. The action y iscalled freeif for g € G, g # e, the following holds:
For T € ¢ Endc(X), if

T(ax) =aT(x), T(xb) = T(X)By(b)
fordlx e X,ae Aandbe B,thenT = 0.

We remark that an action y isfreeif and only if ,Xg and A(XQg)g have no intertwiner
forg #£e.

PROPOSITION 12. e assume that the action y of G is free. Then a,, 1 Ends,,k
(X %, V) isisomorphic to elementsin 5 Endg(X) ® (EBgeG c Endc(Vy)) satisfying
h-T(X®vgrg) = T(N(X® vgrg)) and (T (X ® vgrg)) - K = T((X @ vg)K) for h € H,
ke K,xe X,geGandy, € V.

Moreover, if X isirreducibleasan A-B bimodule, the abovefixed point subalgebras
are isomorphic to y EndV (V); if V = cC(G)g, the above algebra is isomorphic to
End(X)®; andif V = 4, C(G)g, isomorphic to End(X).

PROOF. For g € G, let {v}; be a CONS in V,. We take the base such that
(g = v, Let T bein a.,n Endg,,,« (X x, V). We define T%% € ¢ Endc(X) as
follows.

Tx@ i) =D T3 @1’ Ag
g,

for x € X and g € G. By the A-B intertwining property of T, we have
T @0 =aTs? 00, T (xBe(b) = TS (0 By (B).

Since y isfree,if g # @, Wehave'l'i,j'g’ = 0. For g € G, wehave T,%¢ € ,Endg(X).
Thisshowsthat T € A Endg(X) ® (Pgyec c Ende(Vy)).

When X isirreducible , Endg (X) isisomorphic to C, and T can be considered as
an element in 4 EndV (V). WhenV = C(G)g, each V, is 1-dimensional. We
denote T9 by T2 By T(X ® A¢) = (T(X ® Xe))g, Wehave T9 = Teforall g € G.
Then T is considered as an element in , End(X)g. WhenV = ¢C(G)g, by the left
intertwining property under G of T, T is contained in , Endg(X)®.

We state the following categorical structure.

ProOPOSITION 13. Let H, K and L be finite subgroups of G, and V. = Vi, W =
kW, bebundlesover G. Let X = ,Xg and Y = zY¢ betwo Hilbert C*-bimodules
of finite type. Moreover, let (X, A, B, y*,a, 8,G) and (Y, B,C, yY, 8,8, G) be
G-equivariant systems of bimodules. Then we have

(X XX V) ®B><1,3K (Y Xy W) ~ (X (00 Y) Xy xey (V Rk W)
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PROOF. Themap ¢ from (X x V) ®g,k (Y x W) 10 (X ®g Y) xyxer (V @k W)
given by
(X ® vg)bg) ®(Y® wg’Mg’)) =(X® J/gY(Y)) ® (vg)Vg ® wg’/f‘g’)

gives the desired isomorphism. Left and right actions are shown to be conserved by
computations.

We only show that the left inner products coincide. We compute the left in-
ner product of the left-hand side as follows. We assume g,g,™* = k € K and

%90, ‘g ' =heH.
A (X ® Vg gy) ® (Y ® Wo, hg,)s (X' @ Vg Ag) ® (Y ® Wy, ihey))
= AuoH{(X ® Vg Ag B,k (Y ® W, gy, Y ® wéé/"gé)a X' ® Uéﬁgi)
= Ao (X ® Vg, 2B (Y, 1 (YD) (W, k(W) A, X' ® v Agy)
= (W, , K(wg)) w1 (XBa, (8(Y, 7 (V) ® (vg,)KhAgs X' ® vy hgy)
= (wg,, K(wg,)) a{XBa (Y ' (YD) T (X)) (v, DK, h(vg ) Ans

otherwisethisis equal to zero.
We compute the left inner product of the right-hand side:

A H((X® J/gt(Y)) b2 (vglkgl ® wgzﬂgz)a xX'® VgE(YD) ® (vé’lkg’1 ® wéé/"gé))

We compute the bimodule parts and the bundle parts separately.

At first we compute the bundle part. If gzgé’l is not contained in K the aboveis
zero. We assume g,g, " =k € K.

H <(Ug1)Vg1) ® (wgzﬂgz)a (Uéflkg’l) ® (wé’zﬂg’zn =H <(Ug1)Vg1K <wg2)Vg2a wéé“gé)v Ué«l)»g;))
=H <(Uglkg1)(wg2a k(wé’z»:uka Uéfl)Vg’J

W, K(wiy )k (Vg Khgyer VG M)
wg,, KW, )) ((vg, DK, NG ))hn.

Next, we compute the bimodule part. We put h = g,9»(g;0,)*. If h & H,
the above is zero. We assume that h € H. When gzgé’l = k € K, we have
0.'hg, =k e K.

=
=

AX® Vo (V) 1 (X ® v (YD) = alX ® v (V), 1 (X) ® ¥, (¥)))
AlXs (Vg (V) Yhg (YD), v (X))
A(XBa, (8(Y: Vgring (YD, ¥ (X)),

If 9.0," € K, 0192(01'92)~* € H, both sides coincide by the above calculation;
otherwise both sides are zero.
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LEMMA 14. The conjugate bundle X x,, V of X x,, V isisomorphicto X x5 V as
Hilbert B x4z K-A x, H bimodule, where the conjugate action 7 of y is defined by
Vg(X) = y5(X) for x e X.

PrROOF. We define amap v from X x, V to X x5 V by
Y(X® Ug)bg) = 7g*1(7) ® Vg-1Ag1.

Then the two bimodules are isomorphic by .

3. Multiple crossed products

In this section, we consider a‘ crossed product construction’ using more than three
objects. Let I" be afinite group, H and K be two subgroupsof I'. Let V bean H-K
bundle over ', and G be another finite group.

DEFINITION 15. Thepair (V, G) is called a G-equivariant system of bundlesif the
following hold.

(1) (V,G) isaG-equivariant system of bimodules when V is considered only as a
Hilbert C*(H)-C*(K) bimodule.

(2) G actson T asan automorphism group and preserves H and K globally.

(3) Thefollowing hold.

@ g-(h-v)y=(-h)-(g-v),forge G,he H, ke Kandv € V, and

g-(-kK=(g-v)-(g-k.
by g-V,CVy, forgeGandy eT.

The G action is automatically unitary from (1).
Let P, Q betwo finite subgroups of G, and W be a P-Q bundle over G.

DEFINITION 16. (V, W) is called a covariant system of bundles if (V, G) isa G-
equivariant system of bundles.

Let H, K besubgroupsof T, let P, Q be subgroups of G, V an H-K bundle over
', and W bea P-Q bundle over G. Let (V, W) be acovariant system of bundles. We
define the crossed product bundle V x W.

We view V only as a Hilbert C*(H)-C*(K) bimodule and construct the crossed
product bimodule V x W. We introduce the bundle structure as follows. The
base space is the semi-direct product group I' x G. The fiber space of (y, Q) is
given by (V x W), =V, @ W,. Left (H x P)-right (K x Q) actions are
defined by tensor product actions, that is, h(v, 1, ® wyig) = ((hv, )AL, ® wyrg) and
P(v, Ay, ® wyhg) = PV, Ap, ® Pwyipg. Right actions are defined similarly. We have
proven the following lemma.
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LEMMA 17. Inthisway, V <, Wismadeintoan H x P-K x Q bundleover I' x G.

LetU =V xW,whereV isan H-K bundleover I and Wisa P-Q bundleover G.
LetT € yyp ENdVi,q(U). Since T commuteswith the diagonal algebral > (I" x G),
T isexpressedasT = Zyer’gee f(y,9),where f(y,g) € c Endc(V,)®c Endc (Wy).
EndV (U) isthe set of such T'swhichare H x P-K x K invariant. We only list the
simple casesfor the use in Section 4 without proof.

LEMMA 18. (1) Let (V,G) be a G-equivariant system of bundles. Then
EndV(V x G) ~ EndV (V)C.
2 IfV =1V andW = C(G)g, or V = Vr and W = gC(G), then
EndV(V x W) >~ EndV (V).
(3) Let X beaG-orbitinI". Wetake y, € X, and G,, to be the stabilizer group at
Yo. L&tV = C(X), W = cWs. We define the unitary representation = of G on
W, by 7 (g)we = gweg ™. Then EndV(V x W) ~ 7(G,,)'.

ProOPOSITION 19. Let H, K, L be subgroupsof I" and P, Q and R be subgroups of
G, V; bean H-K bundleover I', V, bea K -L bundleover I, W, bea P-Q bundle over
G and W, bea Q-R bundle over G suchthat (V;, W;) and (V,, W,) be two covariant
pairs. Then thetwo bundles (V; x W;) ® (V> x W,) and (V; ® Vo) x (W, @ W,) are
isomor phic.

PrOOF. Thisisthe bundle version of Proposition 13. Thisis already proved at the
level of Hilbert C*(H ) x P-C*(K) x Q-bimodules. Thefiber of (y, g) intheright-hand
sideisthedirect sum of (V1<§§>V2)®(Wl ®W2)suchthat ny, =yandgig, = g. The
fiber of (v, g) intheleft- handsdelsthedwectsum of ((V1<§§>W1)®((V21 )®W2) S.
They are combined by the map which givesthe |somorph|sm in Propostlon 13.

Let X = AXg be a Hilbert C*-bimodule of finite type, V be a bundle over T,
and let (X, V) beacovariant system of bimodules, where (X, A, B, ¢, «, 8, I') isthe
associated I'-equivariant system of bimodules.

DEFINITION 20. We say that G conservesthe covariant system (X, V) of bimodules
if the following are satisfied.

(1) Thereexistsanaction§ of G on X, an action « of G on A and an action w on B
suchthat (X, A, B, §, k, w, G) isa G-equivariant system of bimodules,

(2) (V,G) isaG-equivariant system of bundles.

(3) G actionson X and V satisfy the following: d4(e, (X)) = &4,84(X) for g € G,
y e Mand x € X, and ky(e, (8)) = ag, (kg(@)) forge G,y e I'anda € A and
wy(B, (@) = By, (wg(@)) forge G,y e"'andb € B.
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PROPOSITION 21. Suppose W isa P-Q bundle over G such that G conservesthe
covariant system (X, V) of bimodules. Then there exist actionsn, ¢ and & of G onthe
crossed-product bimodule X x, V suchthat (X x, V, Ax, H, B x5 K, n,¢.&,G)
is also a G-equivariant system of bimodules. There exists an action (v, n) of I' x G
on X such that (X », V) x, Wand X X, (V x, W) are isomorphic as Hilbert
(A Xy M) X, P-(B x4 ') 3¢ Q-bimodules. Moreover, if theaction of I x G on X is
free, the action of G on X x V isalso free.

PrROOF. Thefirst assertionis proved by formal calculations.
X® vy i) ® wyitg — X (v, A, ® Wgllg).

The second assertion is proved as follows. If the action of ' x G is free,
X(y,9) and X(y',g) have no intertwiner y # ¢’ or g # g. Since (X x
Ve =) - diM(V,)a(X((y, 9)e, if g # € a((X x V)@)s and a(X x V)g
have no intertwiner. Then a, 1 (X % V)g,,k and a.,n((X 3 V)Qe.,« have no
intertwiner. This shows that the action of G on X x V isfree.

This proposition can be considered as the associativity law of crossed products of
a bimodule and two bundles.

REMARK. We may state the similar associativity law of crossed products of three
bundles.

Let (X, A, B, y,a, 8,T") beaT-equivariant system of bimodules, and suppose G
conservesthis system. Let V bean H-K bundle over I". We assume that the action
of ' x G on X isfree, and X isirreducible. We may construct the crossed product
bimodule (X x V) x G. Since G actson V, G also actson End(V) by adjoining v .

LEMMA 22. End((X %, V) x, G) isisomorphic to EndV (V)C.

PROOF. (X x V) x G and X x (V x G) areisomorphic as bimodules. Since X is
irreducible, End(X x (V x G)) and EndV (V x G) areisomorphic. By Lemma 18,
EndV (V x G) isisomorphic to EndV (V)°®.

4. Examples

ExAMPLE 1. Let G beafinitegroup, and (A, X, B, G, «, v, 8, G) aG-equivariant
system of bimodules. Let V be afinite-dimensional Hilbert space, and = a unitary
representation of G on V. We make two Hilbert C*-bimodules from this data using
different methods.
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LetV ® C(G) ~ P, V beaG-G bundle given asfollows.

Q(Ug/ ® )Vg’) = ng(vg) ® }\gg’;
(Vg ® Ag)g = vy ® Agg-

This definition is given in [KoY]. Here X ® V means an A-B bimodule given from
the outer tensor product of ,Xg and ¢V [KW1]. Then we may construct the crossed
product bimodule (X ® V) x,s, G by a group and the crossed product bimodule
X x4, (V ® C(G)) by abundle. The former is defined in [KWZ2], and the latter is
defined in this paper.

PROPOSITION 23. (X ® V) X,s, G and X x, (V ® C(G)) are isomorphic as
A x, G-B x4 G bimodules.

PrROOF. V can be considered as the bundle over the trivial group, and X ® V
isatrivial example of a crossed product by a bundle. Moreover, G conserves the
{e}-equivariant system (X, A, B, id, id, id, {e}). V ® C(G) can be considered as the
crossed product bundle of V by C(G) over G. Then X X, (V ® C(G)) isthe crossed
product bimodule by a bundle. These areisomorphic by Proposition 21.

EXAMPLE 2. Let P = T" x G be a semi-direct product group, whereT" and G are
finite groups. Let A be aunital smple C*-algebraand o a properly outer action of I”
on A. PutV = C(I")r. We construct a crossed product bundle V x G, which is
a G-P bundle over P. Thisisthe bundle given by theinclusion G ¢ P. We may
compute the structure of the tensor powersof X = A x (V x G) and X easily using
the theory in Section 3.

PROPOSITION 24. The X @ X ® X ® - - - 'sareisomorphicto (Ax (V®V ®V ®
.-+)) x G. Moreover the endomorphism algebras End(X), End(X ® X), End(X ®
X ® X) and End(X ® X ® X ® X) areisomorphic to EndV(V)¢, EndV(V ® V)¢,
EndV(V @ V@ V)¢ andEndV(V @ V ® V ® V)C respectively.

PrOOF. Thisfollowsfrom Proposition 21 and Lemma 22.

The above action of G on A x V isstrongly outer in the sense of [CK, KW2].

For g € G wedefineaunitary operator 7 (g) onl?(I") by ((9)€)(y) = (gt y).
7 isaunitary representationof G onl(I"). Let {Z; = {e}, =, ..., £} bethefamily
of G-orbitsin T, {01 = €, 05, ..., 0,} bearepresentative set of each G-orbit, G,, be
the stabilizing subgroup at o; and r,, be the restriction of 7 to G,,. Let m be the first
integer such that 7™ does not generate any new representation for eachi.
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LEMMA 25. The bimodule X is of depth 2m.

PrOOF. We compute the action of G on the end-algebras of the tensor powers
VeV,VeV®eV,...eceeraexplicitly. For f € C(I') and for an integer n, we
define operators M{' by

MPE(yL, Vo, oo v0) = TOAY2 - v)E(VL Vas - -5 Vi)

for& e 12(I)®".

We have ¢ (V ®r V)i =~ @, Ch,, ENAV (ig(V ®r V)e) = I(I"). We have
aso g (V ®r V®{e} V)r = (C(I') ®g C(I'))r. The Endomorphism algebraof this
bimodule consists of operatorson B(1?(I") ® 1?(I")) which commute with all M?'sand
right translations on the right component. Thisshowsthat EndV (i, V ®FV®{G} Vr) >~
B(I2(I')) ® ljz). Theisomorphism is given by the Kac-Takesaki operator.

Put | = 2k. For the|-th tensor power V @ V ® ... ®r V, we have

EndV ((V &V ®... & V)i = BI* (M) @1%°(G).
Put| = 2k + 1. For thel-th tensor power V @r V ® ... ® V, we have
EndV (i (V @r V ® ... ®¢ V)r) = BIA(I))%.
These isomorphisms are given by the following n-times Kac-Takesaki operators W":

W (v, ¥ou oo V) =6, VaVas - VAV2 - Vo) -

The tensor power of = commute with the n-times Kac-Takesaki operator. For | =
2k 4+ 1, we have

EndV({e}(v Rr ... ®{e} V)F)G ~ (B(IZ(G))QZ)k)a:I(”@k).

The right-hand side is decomposed by the irreducible decomposition of 7®<. For
| = 2k, we have

EndV({e} (V ®I‘ Q... ®I‘ V){e})aj(”®k> ~ @(B(IZ(F))Q@kfl)aﬁ(nﬁi ®k—1>.

Thisalgebrais decomposed by the irreducible decompositions of the ad(nf’k)’s Since
o1 = €, the depth of this bimodule is necessarily even.

Inthesimplest case, we can write down theinclusionsof bimodulesmoreexplicitly.
We denote by S; the symmetric group of order 3. This is a semi-direct product of
' =7Z3by G =17, Put X = Ax (gC(I")r x G). Then the depth of X is 4 by
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Lemma25. Then the endomorphism algebrasEnd(X), End(X ® X), End(X @ X ® X)
andEnd( X @ X ® X ® X) are C, C® C, C ® My(C) and C & M,(C) & M3(C).

We describe the embeddings. We denote 4 by the Dirac deltafunctionat g € I'" in
C(T"). ThegeneratorisV = ,C(I")r. TheOth floor consistsonly of C. The 1st floor
iISC®gV = C(I")r. The2ndfloorisasfollows. C(IN) ® V =~ C8® (C8,® Coz2).
The right-hand side is the G-irreducible decomposition. The 3rd floor is as follows.
(Coy @ Co2) ey V 22 (82 + 822) @ C(I)r @ (822 — 82) ® C(I')r Thefirst termis
isomorphic to V. The second term in the right-hand side appearsfor the first time at
thisfloor. We call such anirreducible component ‘ new stuff’ ([GDJ]). The4thfloor is
asfollows. V®rV ~ C8.®(C8,DCs,2). Ontheother hand, C(8,—38,)C (M) @V ~
C(83 —822) ® 86 D (C(83 — 82) ® 83 B C(852 — 85) ® 852) Thefirst termis new stuff.
The second term C(8,2 — 8,) ® 842) isidentical to the second term (Cé, @ Cé,2) in
V ®r V. All irreducible representations of Z, have appeared. We may draw the graph
of derived tower from the above information.

On the other hand the derived tower of the crossed product inclusion A Cc A x T
isknown to be of depth 2. The graph of thisinclusion is of type A. Thisisthe crossed
product duality stated in [KW2].

ExamPLE 3. Wecomputethe special case of the Kac algebraconstruction by bundle
([KoY, Y2]) using our theory. Let P, G andI" beasin Example2. LetV = ' and
W = 5Gq. Let Abeasimple C*-algebraand o be aproperly outer action of P on A.
Weput X = (A x V) x W. Thisisanon-trivial example of the crossed product of a
bimodule by abundle. We construct a crossed product bundleU =V x W. ThisU is
actually - P and isshownto beirreduciblein [KoY]. By Proposition 21 X >~ A x U.
Xisan A x, I'-A x, G bimodule.

PROPOSITION 26. The bimodule X is of depth 2.

PROOF. By Proposition 13, X ® X isisomorphicto A x (V ® V) x (W ® W)),
X® X ® Xisisomorphicto Ax (V@VEV)x ( WeWW). VeaVvVeV
isisomorphic to P, .1 (A, V)r = [T'| - gVr, and W ® W ® W is isomorphic to
|G|-cWig. Then((V @V @V) x (WRW®W)) isof theform |G-, .5, (A, V) xW.
Since W = gC(G),q, by Lemma 18, @yezi (A, V) x W is isomorphic to the direct
sum | Xi| - (V x W). Thisshowsthat X ® X ® X isisomorphicto |P|-timesV x W.
SinceV x W isirreducible, X is of depth 2.

The Kac algebra appears at 2nd floor. We compute (V ® V) x (W ® W) and
VoV)x(WaeW).
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VoV =@, Cr Ontheother hand, W @ W = @, 41-;-q W', Where
WP =@, C(G) des 07,;(9)(Ag ® Ag). From these, we have

VeV)x(WeW)~ (EBQV) “ <€B<€B ng))

ver oe6 \1<j<d,
= @ (@ w)
oceB1<j<d,,i \VeZi

The bundle @, .5 (Ci, % W) is decomposed according to the decomposition of
the restriction of o to G, by Lemma 18. The equivalences are described by the
representation theory of groups.

On the other hand,

VoV)x(WeW)

12

® v} (@e)

el 1<j<d, geG

S (EB(VM)).

geG, el 1<j=<d,

[

Two bimodules V™ x Aq and V7 x A,y areisomorphicif andonly if 7 = 7’ andg = g'.
If " is not commutative, these Kac algebras are neither commutative nor cocom-
mutative.
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