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Abstract

If P isapartialy ordered set and R is a commutative ring, then a certain differential graded R-algebra
A.(P) is defined from the order relation on P. The algebra A, () corresponding to the empty poset is
always contained in A,(P) so that A,(P) can be regarded as an A, (¥))-algebra. The main result of this
paper shows that if R isanintegral domain and P and P’ are finite posets such that A,(P) = A,(P’) as
differential graded A, (9)-algebras, then P and P’ areisomorphic.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 06A06.

1. Introduction

A common way to study partially ordered sets involves associating certain algebraic
objectswith aposet and then trying to gain new insights by considering these associ ated
objects. For example, the concept of a Cohen—-Macaulay poset arises naturally from
the study of Stanley—Reisner rings[1, 3]. On the other hand, algebraic constructions
associated with partially ordered setshave a so proven to havewidespread applicability
within algebraitself, particularly in the area of representation theory [2].

The current work, which grew out of an interest in posets that arise in group
representation theory, is based upon this interplay between partially ordered sets and
algebra. If P isapartially ordered set and R is an integral domain, then we define a
graded R-algebra A, (P). Thedefinition involvesforming anew poset P, by adjoining
aminimum element O to the poset P. For any n > 0 the component A,(P) of degree
n isthe free R-module on the symbols[x; < --- < X,] whenever x; < --- < X, isa
chainin P,. Using the order relation on P,, one can defineamultiplication on A, (P),
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and it also hasan R-endomorphism of degree —1 that makes A, (P) into adifferential
graded R-algebra. Thealgebra A, (¢) corresponding to the empty poset is necessarily
contained in A,(P) sothat A,(P) isinfactan A, (¥)-algebra.

Now suppose that P and P’ are finite posets and f, : A, (P) — A,(P’) isan
isomorphism of differential graded A, (9)-algebras. If f, mapsthe distinguished basis
of A,(P) tothat of A,(P’), then the definition of the multiplication in A,(P) makes
it easy to seethat P and P’ areisomorphic. The main result of this paper shows that
thisconclusionisvalid evenif f, does not preserve the distinguished basis. Thusone
can recover the poset P from the algebra A, (P) with no additional information.

Section 2 of the paper contains the definition of A,(P) and a proof that it is a
differential graded A, ()-algebra.The proof that the algebra A,(P) determines the
poset P is given in Section 3. Finally, Section 4 gives a description of the graded
center in terms of certain annihilatorsin A, (P). Although we have chosen to assume
throughout the paper that the coefficient ring R is an integral domain, it should be
noted that this assumption is often not necessary. In particular, all of the results of
Section 2 hold over an arbitrary commutative ring.

2. Thedefinition and basic propertiesof the algebra

If P isapartialy ordered set and R is an integral domain, then we will define a
differential graded R-algebra A, (P) fromthe poset P. Thefirst step isto defineanew
poset P, in which the points consist of the pointsin P, together with one additional
point called 0. The order < on P, isgiven by taking x < yin P, if either x = 0 and
yePorx,ye Pandx < yinP.

For each n > 0 the component A,(P) is defined to be the free R-module on the
symbols[X; < X < -+ < X,] Whenever X; < X, < -+ < X, isastrictly increasing
chainin Py. For conveniencewe will also use the symbol [X; < X, < --- < X,] even
when Xy, Xs, ..., X, do not form a strictly increasing chain in Py, but in this case we
set[X; < X < -+ < X,] equal to 0in A,(P). Notethat Ay(P) isafree R-module of
rank one, generated by the symbol [ ].

Define amultiplication on the (non-zero) basis elements of A, (P) by setting

[X0 < < XallYs < - < ¥il
[[X1<~‘<Xm<yl<~‘<yn] if Xm < V1
=1(=D™MH0 <X < < Xpa < Vi <o < W
F(DMO < Xy < o < X < Vo < -+ < Vil if Xm £ Y1,

and extend this multiplication to all of A,(P) by linearity. In the proofs of the
following propositions it is important to bear in mind that the equation defining this
multiplication applies only to products of non-zero generatorsof A,(P).
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PROPOSITION 2.1. Let P be a partially ordered set. Then A,(P) is a graded
associative algebra with 1.

PrROOF. The identity element of A,(P) isgivenby [ ], and it is clear from the
definition of the product that A,,(P)A.(P) = Ann(P). Thusit isonly necessary to
show that A, (P) isassociative.

Leta, b, c € A,(P) be homogeneous elements. We will prove that (ab)yc = a(bc)
by induction on deg b. The equality clearly holds if dega = 0, degb = 0, or
degc =0, soassumethat degb = 1, dega > 1, and deg c > 1. To prove that
(ab)c = a(bo), it suffices to consider the case in which a, b, and ¢ are non-zero
homogeneous generators. Suppose, then, that a = [x; < --- < Xn], b = [y4], and
c=[z < - <Z]. IfXn < Y1 < 7, thenit iseasy to see that (ab)c = a(bc), so
suppose that x,, £ y; but y; < z;. Then

@e= ([ < - < Xallyi)[z < - < 3]

=(—1)m71[0< Xg <o <Xpe1 < Yillz < -0 < 2]
+(-D"0<x < <Xnl[za < -+ < 2]

==D"0<X < -  <Xp1<Y1<Z <--- < 2]
+(ED"0< X< <Km<Z < <Z)

=[X1<“‘<Xm][Y1<Zl<“‘<Zp]

—[xa < < Xl (Il < - < 3))

= a(bc).

Similar computations show that (ab)c = a(bc) whenx,, < y; andy; # z, and aso
whenxy £ yrandy, £ z.

Itfollowsthat if a, b, and c are any homogeneous elementsof A, (P) withdeg b =
1, then (ab)c = a(bc). Assume by induction that n > 1 and that if a, b, and c are
homogeneous with deg b < n, then (ab)c = a(bc). Then

(@ly1 < -+ < Youal)e = (@llyr < -+ < YallynsaD)c
(@lyr < -+ < YaD[¥nsal)C
= (alyr < -+ < Yal)([Ynslc)
a(lyr < -+ < Yal([Yns1l©)
a(([yr < -+ < Yall¥ns1D)C)
a([Yl <--- < Yn+1]C)-

Hence (ab)c = a(bc) whenever a, b, and ¢ are homogeneous with deg b < n + 1,
and it followsthat A, (P) isassociative. This completesthe proof.
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Ifl<i<n,thenwewrite[x; <--- <% <--- < X]for[x; <--- <X_1 <
Xiy1 < -+ < X]. Define a sequence of R-linear mapsd : A,(P) — A,_1(P) by
setting

d[X1<---<Xn]=Z(—l)i71[Xl<~‘ <K< < Xl
i=1

on al non-zero homogeneous generators [X; < --- < X,]. It is easy to verify that
d?=0.

PROPOSITION 2.2. Let P be a partially ordered set, and suppose that a € Ay (P)
andb € A,(P). Then

d(ab) = (da)b + (—1)Ma(db),
and (A, (P), d) isadifferential graded R-algebra.

ProoF. We will provethat d(ab) = (da)b + (—1)™a(db) by inductiononm. Itis
clear that the equation holdsif m = 0orn =0, soassumethat m = 1land n > 1.
To prove that the equation holds in this case, it suffices to consider the situation in
which a and b are non-zero homogeneous generators. Suppose, then, that a = [Xx4]
andb=1[y; <--- <V,]. If Xy < vy, then

(dayb + (—=D)Ma(db)

=[yi<-- <yn]_2(_l)i71[xl<)/l<“‘ <¥ <<Vl

i=1

=d[X; <y <--- <V, =d(@b).
Now suppose that x; # y;. Then one can check that

(dayb + (—=D)Ma(db)

=[y<- <Yn]—2(—1)i71[xl][Y1<‘~ <9 <. <Vl

i=1

=[yi < <Yl =[xdly2< - < Wl
D (Y T0<y < <G << vl
i=2

+ (D 0<x <Y< <P <<Vl
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:[yl<...<yn]+Z(_l)i[0<yl<... <% <<V

i=1

=Xy < - <] +[0<y: < < V]
—Y D0 <xg<Yo<<F <o <Yl
i=2

=d0<yi<--<y]-dl0<xy <y < < W]
=d([x][y2 < -~ < ya]) = d(@b).
It now follows that if a and b are any homogeneous elements of A,(P) with
deg a = 1, thend(ab) = (da)b — a(db). Assume by induction that m > 1 and that

if a and b are homogeneous with deg a < m, then d(ab) = (da)b + (—1)* 2a(dby).
Then

(dixe < -+ < Xmeal )b+ (=D)™x; < -+ < Xmya]db
=d([x[X <+ < Xt )P+ (D™ Xy < -+ < Xpya]db
=[X < < Xnu]b—[x4] (d[xz <. < Xm+l])b
+ (=)™ X, < -+ < Xmya]db
=[X < -+ < Xpga]b
— [xJ(d[X2 < -+ < XD+ (=D™[X2 < - -+ < Xm41]db)
= (d[xDxe < - < Xmpa]b = [x]d([X < -+ < Xmy1]b)
= d([Xl <Xp < - < Xm+l]b).

Hence d(ab) = (da)b + (—1)*¥ 2a(db) whenever a and b are homogeneous with
deg a < m+ 1, andit followsthat A,(P) is adifferential graded R-algebra.

If P isany poset, then the algebra A, (¥) corresponding to the empty poset is just
the subalgebraof A, (P) spannedby [ ] and[0]. Thus A, (P) isactually adifferential
graded A, (¥)-algebra. Unless otherwise specified, therefore, any homomorphism
g. : A.(P) — A,(P’) that we consider will be assumed to be a homomorphism of
differential graded A, (¥)-algebras so that g,([0]) = [0]. For simplicity of notation
wegenerally write g,[X; < --- < X,] instead of g,([X; < -+ < X,]).

Let P and P’ be partially ordered sets, andlet f; : Aj(P) — A (P’) bean R-linear
map given by

fi[x] = Zx’ePé Cux[X]]

for someelementsc,, € R. Wewant to explorethe conditionsunder which f; extends
toahomomorphism f, : A,(P) — A,(P’) of differential graded A, (¥)-algebras. The
matrix C = (c,x) will bereferredto asthe matrix of f;.
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Let fo: Ay(P) — Ag(P’) bethe unique R-linear map satisfying fo[ ] =[ ], and
forn > 2let f, : Ay(P) - A,(P’) bethe unique R-linear map defined on basis
elements of A,(P) by

falyr < -+ < Wl = falya] - -~ fulWil.

In thisway we associate an R-linear map f, : A,(P) — A,(P’) to each R-linear map
fl . Al(P) —> A]_(P/)

LEMMA 2.3. Let P and P’ be posets, and let f; : Ai(P) — A(P’) bean R-linear
map with matrix C = (cx). Then the R-linear map f, : A,(P) — A,(P’) satisfies
df, = fod if and only if Zx,epé Cwx = 1for all x € P,.

PROOF. Let X € Po. Then dfi[x] = d}  p Cox[X] = D ycp Cex[ 1, and
fod[X] = fol ] = [ ]. Hencedfy[x] = fod[x] if and only if Zx,epé Cuox = 1,
asdesired.

LEMMA 2.4. Let P and P’ be posets, and let f; : Ai(P) — A(P’) bean R-linear
map with matrix C = (). Supposethat fi[0] = [0] and that df, = fod. Then the
following conditions are equivalent:

(D Ifx,y e Prandx £ vy, then[0] fi[x] fi[y] = 0.
(2 Ifa,be A, (P), then f,(ab) = f,(a) f,(b).
3 Ifx £yinPyand0 # x’ < y'in Py, thenc,cyy = 0.

PrOOF. Letx,y € Pywithx £ y. Then

[0 00 2y = [01 Y 6anXT Y eyl = 3 GoxCyyl0 < X < 1,

x'ePy y'ePR) 0#X' <y’

and it follows that (1) and (3) are equivalent.
Now suppose that (2) holds. If X,y € Poand x #£ vy, then

[0 falx] faly] = f5([O][x][y]) = f3([01[0 < y] —[0][0 < X]) = O.

Thus we seethat (2) implies (1).

Finally, we show that (3) implies (2). To prove that f,(ab) = f,(a) f,(b) for all
a, b e A,(P), it sufficesto consider the case in which a and b are homogeneous basis
elements. Infact, it is enough to prove that

fn+1([x][Y1 <. < Yn]) = fa[x] falyr < -+~ < ¥l
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whenever x € Ppandy; < --- < Y, in Py. The result is immediate if n = 0, so

assumethatn > 1. If X < vy, then

fora((XIlyr < -~ < Wnl) = faalX <1 < -+ < i
= fa[x] falya] - -+ falyal
= fi[X] falyr < --- < Wil

asdesired. Thuswe may assume that X #£ ;.

We now prove that if n > 1 and x £ y;, then fo ([X][ys < -+ < W) =

fi[X] falyr < - -+ < Vu]. First supposethat n = 1. Then (3) implies that
BlX] iyl = D CoxCyy[XTY]

X', y'ePy
=3 ) CuCylX < Y1+ D coCyy[0< Y]
y'eP’ 0#xX' <y’ y'eP’
=) CuCoul0 < XT+ D> Y CuxCyy ([0 < y] — [0 < XT])
x'eP’ y'eP’ 0#X' £y
= Z (COXCy’y1 — CyxCoy, + Z CxxCyy, — Z Cy’xcx’y1> [0< y/]
y'eP’ 0#£X' 2y’ 0AX' 2y
-y (Z Gy — 3 cy,xcx%)[o <yl
y'eP’ \x'eP x'ePy

Sincedf, = fod, Lemma2.3 implies that
fi[x] falya] = Z(Cy’yl —Cy)[0 < Y]

y'eP’
=Y ¢y [0ly]1— > cyul0lly]
(25) y'eP§ y'ePy

= [0] fa[ya] — [O] fa[x]
= f[0 < y1] — f[0 < x]

= H([X][yil).-
Now suppose that n > 2. Using (2.5) and (1), we see that

filX] falyr < --- < Yol = fa[X] fa[ya] - - faynl
= [0] fa[ya] - - - fa[ya] — [O] fa[X] falya] - - - fa[yn]

=ful0<yi < < W]l = fhul0<x<y<-- <yl

= fn+1([x][Y1 < < Yn])-

Thus (2) follows, and this completes the proof.
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PROPOSITION 2.6. Let P and P’ be partially ordered sets, and let f; : Aj(P) —
A;(P’) bean R-linear map with matrix C = (c,4). Then f; extendsto a homomor ph-
ism f, : A,(P) — A,(P’) of differential graded A, (¥)-algebras if and only if the
following conditions are satisfied.

(1) cog=1landc,o=0forall x e P
(2) Dwep Crx = 1foral x e R
3 Ifx £yinPyand0 # x’ <y in P, thenc,.Cyy = 0.

PrOOF. Notethat f; extendsto a homomorphism f, of differential graded A, (9)-

algebrasif and only if the following conditions are satisfied:

(T) fol 1 =1 land f,[0] = [O].

(2) df,= fdforaln=>0.

(3) f.(ab) = f,(@)f,(b)forala,be A (P).

Thusit sufficesto show that conditions (1), (2), and (3) areequivalent to conditions(1'),
(2),and (3). We have defined fosothat fo[ ] =[ ], and f[0] = [Q] precisely when
Coo = landcyo = Oforal x’ € P'. Thus (1) isequivalent to (1').

Suppose that (1), (2), and (3) hold. Then Lemma 2.3 implies that (2) holds, and
Lemma 2.4 impliesthat (3) holds.

Conversely, suppose that f, satisfies (1), (2), and (3). Then f, also satisfies (1),
and LemmaZ2.3impliesthatdf, = fod. By LemmaZ2.4itfollowsthat f, satisfies(3),
so it only remainsto show that df,.; = f,dforn > 1. If [y; < --- < Y1) iSany
basis element of A,.1(P), then by induction it follows that

dfiialyr < < Yoyl
= d(fn[)h <o < Yl fl[Yn+1])
= (dfilys < -+ < Yol) falYnead + (D" fulys < -+ < Yald fi[Ynid]
= (foo2dlys < -+ < Yal) fulYosa] + (D" fulyr < -+ < Yol fod[Yna]
= fo(@lyr < -+ < YoD[VYnsal + (=D"[y1 < -+ < Yald[Ynya])
= fadlys <+ < Yoyl
This completes the proof.

COROLLARY 2.7. Let f : P — P’ bea map of posets. Then the following condi-
tions are equivalent.

(1) Thereisahomomorphism f, : A,(P) — A,(P’) of differential graded A, (¥)-
algebras satisfying f,[x] = [ f (x)] for all x € P.

(2) Thereisahomomorphism f, : A,(P) — A,(P’) of differential graded A, (¥)-
algebras such that f,, satisfies

falxo < <Xl =[f(x) <+ < f(x)] forall n>1.
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3 If f(x) < f(y),thenx < yforall x,y e P.

PrROOF. First suppose that (1) holds. We will prove by induction on n that f, is
given by
falxe < <Xl =[f(x) < < F(x)]
forall n > 1. Thisequationistrue for n = 1 by assumption. Let [X; < -+ < Xo41]

be a non-zero homogeneous generator. Because X, < X,,1 and f isamap of posets,
it followsthat f(x,) < f(X,11). Thus

[f(xl) <0< f(Xn)][f(Xn+1)] = [f(xl) << f(Xn+1)]
evenif f(x,) = f(X,.1). Hence

fopa[X < -+ < Xpa] = fn+1([xl <-- < Xn][xn+1])
falxe < -+ < Xa] fa[Xnsd]
=[fow) <+ < FO][f )]
= [f(xl) <-- < f(Xn+1)],

and (2) follows.

It is trivial that (2) implies (1), so assume that (1) holds. If x € P, then the
matrix C = (Cyy) Of f; satisfiesc,, = 1if X' = f(X) and ¢y = Oif X' #£ f(X).
Proposition 2.6 showsthat if x £ yin Pyand0 # x’ < y'in Py, thenc,c,, = 0. But
if X,y € P areelementssuchthat f(x) < f(y), then ¢« xCr(y.y = 1, S0 it follows
that x < y. Hence (1) implies (3).

Finally, suppose that (3) holds. Extend f toamap f : P, — P by defining
f(0) =0, andlet f; : Ai(P) — Ai(P’") be the R-linear map satisfying fi[x] =
[ f(x)] forall x € P,. Thenall of the conditions of Proposition 2.6 are satisfied, and
it follows that f; extendsto a homomorphism f, : A,(P) — A,(P’) of differential
graded A, (¥))-algebras, as desired.

Finally, we end this section with the following simple but useful observation.

PrROPOSITION 2.8. If P is a poset, then A,(P) is contractible. In fact, if s, :
A.(P) — A,(P) isthe map of degree one satisfying s,(x) = [O]x for every homo-
geneouselement x € A,(P), then s, isa contracting homotopy.

PrOOF. Let x € A,(P) be homogeneous. Becaused is aderivation, it followsthat
ds(x) + sd(x) = d([0]x) + [0](dx) = X, asdesired.
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3. Isomorphic algebras

In this section our goal is to show that if P and P’ are finite posets such that
A.(P) = A,(P’) asdifferential graded A, (¥)-algebras, then P = P’. Whilethis fact
is obvious if there is an isomorphism from A,(P) to A,(P’) that maps each basis
element [X; < --- < X,] of A,(P) to abasiselement of A, (P’), not all isomorphisms
arise in this way. Nevertheless, it is easy to see that certain invariants associated
with the posets are the same. For example, the rank of A;(P) isjust the cardinality
|Pol = |P|+ 1, soitfollowsthat |P| = |P'|.

Another invariant that can easily berecoveredfrom the algebra A, (P) isthe height
of the poset. Recall that an element x € P issaid to have height hp(x) = nif nisthe
largest number such that thereisachainx; < --- < X, = x in P. The height h(P)
of the poset P is defined to be the supremum of the heights of its elements. If P is
finitewith h(P) = n, thenh(Py) = n+ 1sothat A,,1(P) ## 0but A,,(P) = Ofor all
m > n+1. Thush(P) = h(P’)if P and P’ arefiniteposetssuchthat A,(P) = A,(P’).
A connection between A, (P) and the heights of individual elementsin P is given by
the following lemma.

LEMMA 3.1. Let P bea poset, and let x € P. If thereisan elementa € A,_1(P)
such that [0]a[x] # O, then hp(X) > n.

PrOOF. It sufficesto consider the casein whichn > 2. Supposethat a € A,_1(P)
isanelement suchthat [O]a[x] # 0. Thenthereisabasiselement[y; < --- < Y¥,_4] €
An-1(P) suchthat [O][y1 < - -+ < Yo_4][X] # O, so the product [y, < --- < yn_4][X]
does not lie in the ideal [0] A,(P) generated by [0]. Hencey, = Oand y,,_1 < X SO
thaty; <--- < y,_1 < Xxisachanin P. Thushp(x) > n, asdesired.

PrOPOSITION 3.2. Suppose that P and P’ are finite posets and f, : A,(P) —
A, (P") is an isomorphism such that C = (c,y) isthe matrix of f;. Let H € P and
H’ C P’ be the subposets consisting of all elementsthat are not of maximum height,
andletx’ € P’. Thenx’ € H' ifand only if ¢, # Ofor somex € H.

PrOOF. Supposethatx’ € P’isanelement suchthatc,, = Oforall x € H. Because
f, isanisomorphism, therearedistinct elementsmy, ..., mg € P—H andby, ..., bs €
R — {0} suchthat [X] = by fy[my] + --- + b fi[mg]. Let0 < X3 < -+ < X1 < My
be a chain of maximum length in P,, and set a = by[m;] + --- + bs[ms] € Ai(P).
Then[0 < X; < --- < X,_1]a # 0,0
0# fra([0< X1 < -+ < X a]a) = [0] foalda < -+ < % a][X].
It follows by Lemma 3.1 that

hp (X)) > n =hp(m) = h(P) = h(P").
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Hencex’ ¢ H’, asdesired.

Conversely, supposethat X’ € P’ — H’ and x € P are elements such that ¢, # 0.
Let 0 < x{ < --- < X,_; < X' be achain of maximum length in P, and let
b e A,_1(P) betheelement with f,_;(b) =[X; < --- < X/_,]. Then

fara([OID[X]) = [0 < X| < --- < X_4] Zy,epé CylY]

is non-zero because ¢, [0 < X] < -+ < X _; < X] # 0. Hence [0]b[x] # O, and
Lemma 3.1 implies that

hp(X) > n = hp(x") = h(P") = h(P).

Thusx ¢ H, and this completes the proof.

COROLLARY 3.3. Supposethat P and P’ arefiniteposetsand f, : A,(P) — A,(P’)
is an isomorphism. Let H € P and H’ € P’ be the subposets consisting of all
elements that are not of maximum height. Then f, restricts to an isomorphism

h.: A.(H) — A(H").

PrROPOSITION 3.4. Let P and P’ befinite posets, and let f, : A,(P) — A,(P’) be
an isomorphism such that C = (c,y) isthe matrix of f;. If x € P and x’ € P’ are
elementswith ¢, # 0, then hp (X") < hp(X).

PrOOF. The proof proceedsby induction on h(P). Theresultisobviousif h(P) =
1, so assumethat h(P) > 1. Let H € P and H' € P’ be the subposets consisting
of all elements that are not of maximum height. Corollary 3.3 impliesthat if x € H
and X’ € P’ areelements such that ¢, # 0, thenx’ € H’. Then hy.(X’) < hy(X) by
induction, and the result follows in this case. On the other hand, if x € P — H, then

he(x) = h(P) = h(P") = hp.(X)

forall x’ € P/, asdesired.

DEFINITION 3.5. Let P beafiniteposet, andleta € A (P). Writea = erpo a[X].
Theset supp a = {x € P | a, # 0} will be called the support of ain P.

Let P’ be another poset, and let f, : A, (P) — A,(P’") be an A, (%)-isomorphism.
Two elements x € P and x’ € P’ will be called mutually f,-supportive (or simply
mutually supportive when f, is understood) provided that x’ € supp fi[x] and x €

supp f, X
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Note that the support of an element a € A;(P) is defined to be a subset of P, not
of P,; we do not consider O to lie in the support of a evenif ag # 0.

It will be important to observe that if f, : A,(P) — A,(P’) is anisomorphism
and x € P, then there is always an element X’ € P’ such that x and x’ are mutually
supportive. Indeed, suppose that C is the matrix of f; and D is the matrix of ™.
Then 1 = Zx,epé dixCxx, and there is an element x' € P{ such that dy.Cyex # O.
Because f; is an isomorphism with fi[0] = [0], it is easy to see that x’ # 0. Then
x € P and x’ € P’ aremutually supportive. Moreover, any two mutually supportive
elements must have the same height by Proposition 3.4.

If P isafinite partially ordered set, then it will sometimes be useful to consider
total orders on P, in addition to the original partial order. For convenience we will
generally specify atotal orderingon P, simply by listing all of the elementsx,, ..., X,
of P, inincreasing order. The symbol < will still be reserved for the partial order on
Po.

DEFINITION 3.6. Let P be a partially ordered set with |P| = n, and write P, =
{Xg, X1, ..., Xn}. Wewill say that Xo, X4, ..., X, isatall order on Py ifi < j whenever
hp, () < hg(X)).

Suppose that X, X1, . .., X, isatall order on Py, and suppose that x; < x; for some
i and j. Thenhp (X)) < hp,(X),s01 < j. Thusthetotal ordering on P, specified by
Xo, X1, . . . , X IS CcOmpatible with the original partial ordering. In particular, X, = 0.

Now supposethat P and P’ arefinite partially ordered sets, andlet f, : A,(P) —
A,(P’) be an A, (?)-isomorphism. Suppose that X, ..., X, is a tal order on P,
and Xg, ..., X, isatal order on Pj. If C isthe matrix of f;, then for simplicity
write ¢; for c,,. For any integer m with 1 < m < n let P(m) be the subposet
of P given by P(m) = {X, ..., X}, and let P’(m) be the subposet of P’ given by
P/(m) = {X,...,x}. Let f{™ : Aj(P(m)) — A (P'(m)) be the R-linear map

satisfying
(70 = (1= Y6 )10+ Y1)
=1

i=1

for 0 < i < m. Then Proposition 2.6 shows that fl(m) extends to a homomorphism
fM™ o A(P(m)) — A (P'(m)) of differential graded A, (¥)-algebras. We will say
that the orderings o, . . ., X, of Ppand x;, ..., X/ of Pjare f,-compatibleif f™ isan
isomorphism such that x,, and x/, are mutually f™-supportivefor 1 < m < n. Note
that this condition impliesthat x/, € supp fi[xn,] for all m.

PrOPOSITION 3.7. Assumethat Risafield. Let P and P’ befinite posets of height
one, and let f, : A,(P) — A,(P’) bean A, (#)-isomorphism. Let 0 = Xg, X, ..., Xn
be any ordering of P,. Then there existsan f,-compatible ordering x;, . .., X, of P{.



[13] Posets and differential graded algebras 13

PrROOF. The proof proceedsby inductiononn = |P|. Ifn = 1,then P = {x;}. Let
X, = 0, and let x; be the unique element of P’. Because x, and x; must be mutually
f.-supportive, the orderings X,, X; and X;, x; are f,-compatible.

Now supposethat n > 1. Let x = x, € P, and let X' € P’ be an element such
that x and X’ are mutually f,-supportive. Let C be the matrix of f;, and let D be the
matrix of f; ' sothat ¢,y # Oanddy #0. St Q = P — {x} and Q' = P’ — {x'},
andlet g; : A1(Q) = A (Q') bethe R-linear map satisfying

Gyl = (Coy + Cey)[0] + D yyly]

y/eQ/

for al y € Qq. By Proposition 2.6 the map g, extends to an A, (¥)-homomorphism
0. : A.(Q) — A.(Q), and wewill show that g, is an isomorphism.

Let B be the matrix of g, and let B, be the submatrix obtained by deleting the row
and column corresponding to the basis element [0]. Because g;[0] = [0], expanding
by minors along the column corresponding to [0] shows that det B = det By,. But By
isalso the submatrix of C obtained by deleting the rows corresponding to [0] and [x]
and the columns corresponding to [0] and [x]. Because D = Ctand f,[0] = [0], it
follows that d,,, = det By/ detC. But dy, # 0, sodet B = det B, # 0. Henceg, is
an isomorphism.

It now follows by induction that there exists an ordering x;, . . . , X;,_; of Qg that is
g.-compatiblewith theorderingXo, . . . , X,_1 of Qo. Setx, = x’. Becauseg, = f"?,
theorderingsxo, ..., X, of Ppand xg, ..., X of Pjare f,-compatible. Thiscompletes
the proof.

The next result is essentially a convenient restatement of Proposition 2.6(3).

LEMMA 3.8. Suppose that P and P’ are finite posets and f, : A, (P) — A.(P)
is an A,(¥)-isomorphism. Let x,y € P and X',y € P’ be elements such that
X esupp fi[x]andy € supp fi[y]. If X' <y, thenx < y.

PROOF. Let C be the matrix of f;. Thenc,, # 0and ¢y, # 0, SO CixCyy # 0. If
X" <y, then Proposition 2.6(3) impliesthat x < .

Suppose that P isaposet, Sisasubset of P,andy € P. Wewill write S < y
if x < yforal x e S. Recall that P., denotes the subposet of P consisting of all
elementsx suchthat x < y. ThusS < yifandonly if SC P_,.

LEMMA 3.9. Assumethat P and P’ are finite posetsand f, : A,(P) — A, (P) is
anisomorphism. Let H € P and H’ C P’ bethe subposets consisting of all elements
that are not of maximum height, and let h, : A,(H) — A,(H’) be the isomorphism
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obtained by restricting f, to A,(H). Suppose that there exist isomor phisms of posets
¥v:H — Handy' :H — H andtall orders xo, ..., Xn on Hp and X, ..., X/, on
Hg such that Xo, . . . , Xy, is h,-compatible with 0, ¥ (Xy), ..., ¥ (Xm) and Xg, ..., X/, IS
h;*-compatible with 0, ¥/ (X)), ..., ¥'(x,). If SC H, let e(S) denote the number of
y € P—Hsuchthat S= P_,; if S C H’, let€(S) denotethenumber of y' € P’'—H’
suchthat S = P;y,. Thene(S) =€y (S) forall SC H,and €(S) = e(y/'(S)) for
al S c H'.

ProoF. If S C H, let g(S) denote the number of elementsy € P — H such that
S < y; define g'(S) similarly forany S € H'.

Fix S € H, and suppose that thereis an element y' € P’ — H’ such that ¥ (S) <
y'. Lety be an element of P such that y' € supp fi[y]. Theny € P — H by
Proposition 3.4. Let x be an element of S, and let i be the index such that x = ;.
Then x; and (%) are mutually h{"-supportive, and the definition of hf) shows that
(%) € supp fi[x]. But ¥ (x) < Yy, so Lemma 3.8 impliesthat x = X < Vy
and hence S < y. Because this holds for every y such that y' € supp fi[y], the
element a € A;(P) suchthat f;(a) = [y] isan R-linear combination of an element
of A;(H) and elements[y] suchthat S < y. It followsthat g(S) > g (¥ (S)) for al
S C H. Smilarly, g'(S) > g(¥'(S)) foral S C H’. Inparticular, if SC H, then
g(S) = g (9) = g'v(9). By induction it follows that

9(S) = g () = g((W'¥)'(S)

foralt > 1. Buty'y : H — H isabijection, so it permutes the subsetsof H. Thus
thereisanintegert > 1suchthat (v/v)'(S) = Sforall SC H,andg(S) = g (¥ (9))
forall SC H.

We now use induction on |H — S] to show that e(S) = € (¥ (S)) foral SC H. If
[H—-S =0,thenS=H and ¥ (S) = H". Bute(H) = g(H) = g'(H") = €(H"),
so the result holds in this case.

Now assumethat SC Hand |[H — S| > 0. Let S, ..., S beall of the distinct
subsets of H that contain S properly. Then ¢ (S), ..., ¥ (S) aredl of the distinct
subsets of H' that contain ¢ (S) properly. By induction it follows that e(S) =
e (S)) forali, so

r r

e(S) =9(9~ ) &S) =gW(9) — ) €W(S) =W (®).

i=1 i=1

Similarly, €(S) = e(y'(S)) for dl S € H’, and this completes the proof.

THEOREM 3.10. Assume that R is a field. Let P and P’ be finite posets, and let
fo o AJ(P) — A,(P’) be anisomorphism. Then there exist isomorphisms of posets
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¢ P— P and¢ : PP — P andtall ordersxo,..., X, on Py and x;, ..., X/, on
Pg such that o, ..., X, is f,-compatible with 0, ¢ (X;), ..., ¢ (X,) and x;, ..., X/, is
f 1-compatiblewith 0, ¢’ (X)), ..., ¢'(X)).

PrOOF. The proof proceeds by induction on h(P). First suppose that h(P) = 1.
By Proposition 3.7 there are f,-compatible orderingsXo, ..., X, of Poand yg, ..., Y,
of P;. Define¢ : P — P’ by setting ¢(x) = y/ for 1 <i < n. Then ¢ is an
isomorphism of posets having the desired properties. The same argument applied to
f ! givestheisomorphism ¢’ : P’ — P.

Now supposethat h(P) > 1. Let H € P and H’ C P’ be the subposets consisting
of all elementsthat arenot of maximum height. Thenh(H) = h(P)—1, and f, restricts
to an isomorphism h, : A,(H) — A,(H’). By induction there are isomorphisms of
posetsy : H — H'andy’ : H' — H andtall ordersxo, ..., XnonHoandxg, ..., X/,
on H{ suchthat X, . . . , Xy ish,-compatiblewith O, ¥ (x,), ..., ¥ (Xn) and Xy, . .., X/,
ish;*-compatible with 0, ¥'(X}), ..., ¥'(X).

Write the power set #2(H) of H as #2(H) = {S, ..., Sn}, where the subsets
S,...,Swareindexed sothat |S)| <--- < |Sm|. For1 <i < 2™ set

Ti={yeP-H|S=P,) ad T'={yeP —H[y(S) =P}

Then P — H isthedigoint unionof Ty, ..., Ton, and P’ — H' isthe digoint union of
T,,..., T;n. Moreover, |Ti| = |T/| for al i by Lemma3.9.

Choose an ordering Xmi1, ..., X%, on P — H such that if x; € T, X, € T;, and
I < j,thens < t. Similarly, choose an ordering y;,,,, ..., Yy, on P’ — H’ such that
ify;e T,y €T, ,andi < j, thens < t. Let C denote the matrix of f;, and
assumethat C iswritten with respect to the ordered bases[Xo], . . . , [X,] of A.(P) and
(O], [V (XD, ... [ X)), [Yingals - - -5 [Yn] Of A(P). Then C isablock upper trian-
gular matrix: the first diagonal block C; has columnsindexed by [X], ..., [Xn] and
rowsindexed by [Q], [V (X0)], ..., [V (Xn)]; the other diagonal block C, has columns
indexed by [Xmi4], ..., [X,] and rows indexed by [y, .4],...,[y.]. In particular,
detC = (det C,)(det C,).

Suppose that y' € T/ and y e T, are elements with c,, # 0. If x € §, then
¥ (X) < Y. BecauseXy, ..., Xy ish,-compatiblewith 0, ¥ (Xy), ..., ¥ (Xy), it follows
that v (x) € supp hy[X] = supp fi[x] andhencex < yby Lemma3.8. Then§ <y
sothat § € P,y = §. Hencei < j, and the submatrix C; is itself block upper
triangular: the i" diagonal block of C, has columns indexed by elementsin T, and
rowsindexed by elementsin T;.

Letx € Ppand X' € P". If X € Hp, set Cyx = Cyy; iIf X € Ty and X' € T/, set
Cox = Cyy;andif x e Trand X’ € P’ — T/, set €y« = 0. Finally, set

COle_ZCx’x

X' eP’
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for al x € Py. By Proposition 2.6 the matrix C = (&,4) determi nes a homomorphism
f.: A.(P) — A.(P"). Because C is ablock upper triangular matrix with the same
diagonal blocks as C, it follows that det C = detC # 0. Thus f, is an isomorphism.
Moreover, f, redricts to an isomorphism f, : A(T) — A(T/) for al i. Let
0 = t, ti1, ..., tim, betheordering on (T;), obtained by regarding T; asasubset of the
ordered set P — H = {Xm.1, ..., X,}. By Proposition 3.7 thereis an f,-compatible
ordering t/y, ..., ti, of (T)o. Thenthe functionv; : T; — T/ given by v (t;;) = ti/j
forl < j < m isabijection.

Because P — H isthedigointunionof Ty, ..., T, itispossibleto defineafunction
¢ . P — P’ by setting

50 = {w(x) ff xeH
vix)  ifxeT,

and it is clear that ¢ is a bijection. Suppose that X < yin P. If X,y € H, then
¢ (X) < ¢(y) because y is an isomorphism of posets. If x and y are not both in H,
thenx e Sandy e T forsomei. Theno(y) = ¢i(y) € T/, 0¥ (S) < ¢(y). But
d(X) = P (X) € ¥(S), 0 ¢ (X) < ¢(y). Hence ¢ isan isomorphism of posets.

Finally, the ordering Xo, ..., X, Of Ho is h,-compatible with 0, ¢ (Xy), ..., ¢ (Xn),
and for eachi the orderingstio, . .., tim, Of (Ti)o@and 0, ¢ (ti1), ..., ¢ (tim) of (T)o are
f.-compatible. It follows that the ordering Xo, . . . , X, of Py is f,-compatible with the
ordering 0, ¢ (X1), ..., ¢ (X,) of Py.

The same argument shows that there exist an isomorphism of posets¢’ : P’ — P
andatall order x;, ..., X/, on P;thatis f_~*-compatiblewiththeordering0, ¢'(x)), . ..,
@' (x},), and this compl etes the proof.

CoRroLLARY 3.11. If P and P’ arefinite partially ordered sets such that A,(P) =
A (P),thenP = P'.

PrOOF. By working over the quotient field of R, we may assume that R isitself a
field. Then the result follows immediately from Theorem 3.10.

4. Annihilators and the graded center

The purpose of this section isto give a description of the graded center of A,(P)
in terms of the elements that annihilate all homogeneous elements of positive degree
in A,(P). Recall that the graded center Z,(P) is defined to be the R-submodule
generated by all homogeneous elementsz € A,(P) suchthat az = (—1)@9 @@ 2z
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for all homogeneouselementsa € A,(P). Notethatif z € Z,,(P) anda € A,(P) are
any two homogeneous elements, then

(dayz+ (—1)"a(dz) =d(az
= (=1)™"d(za)
= (-1)™d2a + (-1)""Pzda)
= (=1D)™(d2)a + (da)z

Hencea(dz) = (—1)™P"(d2a, andit followsthat dz € Z,_,(P). Thus Z,(P) isa
differential graded A, (¥)-subalgebra of A,(P).

If Sisany subset of A,(P), then Ann S will denote the ideal consisting of all
two-sided annihilators of S; in other words,

Ann S={x € A,(P) | xs=sx=0foralse S}.

Let A_(P) denotetheideal of A,(P) generated by all homogeneous elements of pos-
itive degree. Thenthe annihilator Ann A, (P) = Ann A;(P) isahomogeneousideal
of A,(P). Let I,(P) denote the differential graded ideal generated by Ann A, (P).
Thefirst result of this section gives an explicit description of Ann A, (P).

PrROPOSITION 4.1. Let P be afinite non-empty poset. Then Ann A, (P) isthe span
of all elements of the foom[0 < m < --- < M], where m is minimal and M is
maximal in P. In particular, if P contains no connected components of height one,
then I,(P) = 0.

ProoF. If mis minimal and M is maximal in P, then the definition of the mul-
tiplication in A,(P) showsthat [0 < m < --- < M] € Ann A_(P). Conversely,
supposethat X = > 7_ Gi[Xg < -+ < X, ] isahomogeneous element of Ann A, (P)
withg # 0forl <i < s. Because [0]x = O, it follows that x4 = O for al i. If
n = 0, thenitiseasy to seethat P is empty, so we may assumethat n > 0. Let m be
aminimal element of P. Then

O=[mx==> Gl0<m<xy < <X
i=1
and it follows that m # xy; for al i. Because this relation holds for every minimal
element m of P, we concludethat x;; isminimal for al i. Similarly, if M isamaximal
element of P, then the fact that 0 = x[M] implies that x,; is maximal for al i. This
provesthe first statement, and the second follows easily.

PROPOSITION 4.2. Let P be afinite non-empty poset. If a and b are homogeneous
elementsof I,(P), thenab = 0.
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PrROOF. Becausea, b € I,(P), itispossbletowritea=a +da’andb = b’ +db’
for some homogeneous elementsa’, a”, b’, b” € Ann A, (P) € A.(P). Then

ab= (@ + da’) (b + db") = (da’)(db’) = d(a’(db")) = 0,

asdesired.

PROPOSITION 4.3. Let P be a finite poset. Then Z,(P) is the differential graded
A, (#)-algebra generated by Ann A, (P). Moreover, if P isnon-empty, then Z,(P) =
A, (%) @ I,(P) asgraded R-modules.

PrROOF. We begin by showingthat Z,(P) = A, (@) + 1. (P). Itisclear that A, (?) +
I.(P) € Z,(P), andwewill provethat Z,(P) = A,(@)+1,(P) for al n by downward
induction on n. If N is the largest degree such that Ay(P) # 0, then certainly
Z,(P) =A@ +1,(P)=0foraln> N,and Zy(P) = Ay(P) = Ay(®) + In(P).

Now suppose that 1 < n < N and that Z,,1(P) = An1(®) + I (P). Let
X € Zy(P). Then x = [0](dx) + d([0]x), and by induction [0]x € Z,.1(P) =
Ani1(9) + 1h11(P) = lo1(P). Henced([0]x) € I,(P), and it suffices to show that
[01(dXx) € A(@)+1,(P). Ifn =1, then[0](dx) isamultipleof [O], soitliesin A (9).
Thuswe may assumethat 2 < n < N. Writedx = Zle GlXy < -+ < Xy_1], and
lety € Py. Then

Z(—l)nflci[o < Xgj <o < Xnopi < Y] = Zci[xli < <X%-1i][0< Y]
=1 =1
= (dx)[0][y] = [O][y](dx)

= Zci[0< YI[Xi < -+ < Xn_1i]-
i=1

If any term in this last sum is non-zero, then it follows that ¢;[0 < y < X;; <

-+ < Xn1j] # 0 for some j with1 < j < s. But such aterm cannot occur
in the sum >, (=)™ '¢[0 < X < --- < Xo_1; < Y] becausen > 2. Thus
[yl[O](dx) = (—=D"[0](dx)[y] = —[0][y](dx) = O, and it follows that [0](dx) €
A,(P)NAnn A(P) C I,(P). Hence Z,(P) = A,(¥) + I,(P) foral n > 1. But
Zo(P) = Ao(P) = As(¥) + 10(P), s0 Z.(P) = A.(#) + |.(P), asdesired.

To show that the sum A, (%) + 1,(P) is direct when P is non-empty, it suffices to
show that [o(P) = 0 and R[0] N I,(P) = 0. Both of these facts follow easily from
Proposition 4.1.

If P isafinite non-empty poset, let P* denote the dual of P. By Proposition 4.1
thereisan R-linear map f, : Ann A (P) — Ann A_(P*) satisfying

fJO<m<.---<M]=[0<M<--- <m],
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and f, extends uniquely to an isomorphism of differential graded A, (#)-algebras
fo: Z,(P) — Z,(P*) by Proposition 4.3. Thus we obtain the following result.

COROLLARY 4.4. If P isafinite poset, then Z,(P) = Z,(P*).

It often happens, however, that two posets P and Q satisfy Z,(P) = Z,(Q) even
when Q Z P and Q Z P*. Such an example is given by the following posets P

Indeed, Ann A_(P) isgiven by thespanof {{0 <a < b] |1 <i < 4}, whereas
Ann A, (Q) isgiven by the span of {[0 < u < vy] | 1 <i,j < 2}. If fis
any bijection between these sets, then it is easy to see that f extends uniquely to a
differential graded A, (¢)-isomorphism between Z,(P) and Z,(Q).

U1 U2

Uz Uz,
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