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Abstract

In this paper certain injectivity conditions in terms of extensions of monomorphisms are considered. In
particular, it is proved that a ringR is a quasi-Frobenius ring if and only if every monomorphism from
any essential right ideal ofR into R.N/

R can be extended toRR. Also, known results on pseudo-injective
modules are extended. Dinh raised the question if a pseudo-injective CS module is quasi-injective. The
following results are obtained:M is quasi-injective if and only ifM is pseudo-injective andM2 is CS.
Furthermore, ifM is a direct sum of uniform modules, thenM is quasi-injective if and only ifM is
pseudo-injective. As a consequence of this it is shown that over a right Noetherian ringR, quasi-injective
modules are precisely pseudo-injective CS modules.

2000Mathematics subject classification: primary 16D50, 16D70.

1. Introduction

Throughout the paper rings are associative with identity and modules are unitary (right)
modules. LetM andN be two rightR-modules over a ringR. M is called (pseudo-)N-
injective if, for any submoduleA of N, every homomorphism (monomorphism) in
HomR.A;M/ can be extended to an element of HomR.N;M/. M is calledquasi-
injective(pseudo-injective) if it is (pseudo-)M-injective. M andN are called relatively
injective if M is N-injective andN is M-injective. A submoduleK of M is said to
be a complement inM of a submoduleB if K is a maximal submodule among those
that have zero intersection withB. Complement submodules ofM coincide with the
submodules ofM which do not have any proper essential extension inM . Also, if A
is a complement inM and B is a complement inA, then B is a complement inM .
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A CS module is one in which complement submodules are direct summands.M is
called a continuous module if it is a CS module and submodules ofM isomorphic to
direct summands ofM are again direct summands. IfM is continuous andA andB
are two direct summands ofM with A ∩ B = 0, thenA ⊕ B is also a direct summand
of M . The hierarchy is as follows:

Injective H⇒ quasi-injectiveH⇒ continuousH⇒ CS:

For other properties of complements and CS/continuous modules and the proofs of
the above mentioned properties, the reader is referred to [3] and [10].

In this paper, a weaker form of pseudo-N-injectivity is considered, and it is proved,
in particular, that a ringR is quasi-Frobenius if and only if monomorphisms from
essential right ideals ofR into R.N/ can be extended toRR. Also it is shown that a
moduleM is invariant under monomorphisms of its injective hull if and only if every
monomorphism from any essential submodule ofM can be extended toM . This
extension property is used to characterize when semi-prime/right nonsingular rings
are SI (see [6]).

Pseudo-injectivity has been studied by several authors such as Dinh, Jain, Singh,
Teply, Tuganbaev and others (see [2, 8, 9, 13, 14, 15]). It was first introduced by
Jain and Singh [8]. Teply [14] constructed examples of pseudo-injective modules
which are not quasi-injective. In [2] Dinh raised the question if a pseudo-injective
CS module is quasi-injective. He stated in [2] that the answer is affirmative if we
assume further thatM is nonsingular. In this paper we prove the following:M is
quasi-injective if and only ifM is pseudo-injective andM2 is CS. Every uniform
pseudo-injective module is quasi-injective. Consequently, over a right Noetherian
ring R, quasi-injective modules are precisely pseudo-injective CS modules.

2. Essentially pseudo-N-injectivity

In this section we consider a weaker form of pseudo-N-injectivity.

DEFINITION 2.1. Let M andN be two modules.M is said to beessentially pseudo-
N-injectiveif for any essential submoduleA of N, any monomorphismf : A → M
can be extended to someg ∈ Hom.N;M/. M is calledessentially pseudo-injective
if M is essentially pseudo-M-injective.

Obviously any pseudo-N-injective module is essentially pseudo-N-injective, but
the converse is not true in general.

EXAMPLE 1. Let p be a prime. TheZ-moduleZ=p2Z is not pseudo-(Z ⊕ Z=p3Z)-
injective since the obvious isomorphism� : pZ=p3Z → Z=p2Z can not be extended
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to any element of Hom.Z⊕Z=p3Z;Z=p2Z/, but it is essentially pseudo-(Z⊕Z=p3Z)-
injective.

The following proposition provides a characterization of essentially pseudo-N-
injectivity.

PROPOSITION2.2. Let M and N be two modules andX = M ⊕ N. The following
conditions are equivalent:

(i) M is essentially pseudo-N-injective.
(ii) For any complementK in X of M with K ∩ N = 0, M ⊕ K = X.

PROOF. (i) ⇒ (ii) Let K be a complement inX of M with K ∩ N = 0, and
³M : M ⊕ N → M and³N : M ⊕ N → N be the obvious projections. Note that
M ⊕ K = M ⊕ ³N.K / so that³N.K / is essential inN.

Now define� : ³N.K / → ³M.K / as follows: Fork ∈ K with k = m + n
(m ∈ M; n ∈ N), �.n/ = m. Then � is a monomorphism by theK ∩ N = 0
assumption. Hence� can be extended to someg : N → M , sinceM is essentially
pseudo-N-injective. Now letT = {n+g.n/ : n ∈ N}. It is easy to see thatM⊕T = X.
Also, T containsK essentially by modularity. SinceK is a complement, this implies
T = K . Now the conclusion follows.

(ii) ⇒ (i) Assume (ii). LetA be an essential submodule ofN and f : A → M
be a monomorphism. LetH = {a − f .a/ : a ∈ A}. Obviously,H ∩ N = 0. Also
note thatM ⊕ H = M ⊕ ³N.H/ = M ⊕ A, which is essential inX. Let K be a
complement inX of M containingH . By the previous argument and modularityH
is essential inK , so thatK ∩ N = 0. By assumption we haveM ⊕ K = X. Now let
� : M ⊕ K → M be the obvious projection. Then the restriction�|N is the desired
extension off . The proof is now complete.

PROPOSITION2.3. If M is essentially pseudo-N-injective, every direct summand of
M is essentially pseudo-N-injective.

PROOF. Let X = M ⊕ N and assumeM = M0 ⊕ A. Let K be a complement
in M0 ⊕ N of M0 with K ∩ N = 0. ThenM ⊕ K is essential inX. SinceK is a
complement submodule, the preceding argument implies thatK is also a complement
in X of M . Now by Proposition2.2 M ⊕ K = X. ThenM0 ⊕ K = M0 ⊕ N, which
yields the conclusion again by Proposition2.2.

The next example shows that essentially pseudo-N-injectivity is not inherited by
direct sums.
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EXAMPLE 2. Let F be a field and

R =
(

F F ⊕ F
0 F

)
:

Consider theR-modules

N =
(

F F ⊕ F
0 0

)
; S1 =

(
0 0⊕ F
0 0

)
; S2 =

(
0 F ⊕ 0
0 0

)
:

ThenS1 andS2 are both essentially pseudo-N-injective. But since the identity map
of S1 ⊕ S2 obviously can not be extended to an element of Hom.N; S1 ⊕ S2/, S1 ⊕ S2

is not essentially pseudo-N-injective.

PROPOSITION2.4. Let M and N be two modules. Then the following conditions
are equivalent:

(i) M is N-injective.
(ii) M is essentially pseudo-N=L-injective for every submoduleL of N.

PROOF. (i) ⇒ (ii) follows from [10, Proposition 1.3].
(ii) ⇒ (i) AssumeM is essentially pseudo-N=L-injective for every submoduleL

of N. Let X = M ⊕ N, A ⊆ X with A ∩ M = 0 andK be a complement inX of M
containingA. Also let T = K ∩ N. Since.M ⊕ K /=K is essential inX=K , then
.M ⊕K /=T is essential inX=T , andK=T ∩N=T = 0. Thus it is easy to see thatK=T
is a complement inX=T of .M ⊕ T/=T . Now by assumption and Proposition2.2we
have.M ⊕ T/=T ⊕ K=T = X=T . HenceM ⊕ K = X. Then by [3, Lemma 7.5]M
is N-injective.

COROLLARY 2.5. M is injective if and only ifM is essentially pseudo-N-injective
for any cyclic moduleN.

COROLLARY 2.6. A nonsingular moduleM is injective if and only if it is essentially
pseudo-N-injective for any nonsingular cyclic moduleN.

PROOF. Let A be any cyclic module andB be an essential submodule ofA. Let
f : B → M be a monomorphism. ThenA is obviously nonsingular, so thatf
can be extended to someg : A → M by assumption. Now the result follows by
Corollary2.5.

The following result generalizes [2, Theorem 2.2] and [9, Theorem 1].

THEOREM2.7. If M ⊕ N is essentially pseudo-N-injective, thenM is N-injective.
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PROOF. Call X = M ⊕ N. Let A andK be as in the proof of Proposition2.4. Let
³ : M ⊕ N → N be the obvious projection. ThenM ⊕ K = M ⊕ ³.K / and thus
³.K / essential inN. Note thatK ∼= ³.K /. Pick any isomorphismf : ³.K / → K .
By assumption f can be extended to some monomorphismg : N → X. Then
g.³.K // = K is essential ing.N/. But sinceK is a complement inX, we must have
K = g.N/, whence³.K / = N. ThusM ⊕ K = X. Now the result follows by [3,
Lemma 7.5].

COROLLARY 2.8. M is quasi-injective if and only ifM2 is essentially pseudo-M-
injective.

Osofsky proved in [12] that a ringR is semisimple Artinian if and only if every
cyclic right (left) R-module is injective.

COROLLARY 2.9. A ring R is semisimple Artinian if and only if every countably
generated rightR-module is essentially pseudo-injective.

PROOF. Let M be a cyclic rightR-module. Then.M ⊕ R/.N/ ∼= .M ⊕ R/.N/ ⊕
.M ⊕ R/.N/, which is countably generated, whence essentially pseudo-injective. Thus
.M ⊕ R.N//2 is essentially pseudo-.M ⊕ R.N//-injective. Then by Theorem2.7,
.M ⊕ R.N// is quasi-injective, whenceRR-injective. ThereforeM is injective. Now
the conclusion follows by Osofsky’s theorem.

COROLLARY 2.10 ([2, Theorem 2.2]).If M ⊕ N is pseudo-injective, thenM andN
are relatively injective.

In what followsE.M/ stands for the injective hull ofM and we will considerM
as a submodule ofE.M/. We will also use the notationEN.M/ for the submodule
of E.M/ generated by all the isomorphic copies ofN. Note thatEN.M/ is invariant
under monomorphisms of End.E.M// and thatERR.M/ contains all elements ofM
with zero right annihilator inR.

PROPOSITION2.11. M is essentially pseudo-N-injective if and only ifEN.M/ ⊆ M .

PROOF. AssumeEN.M/ ⊆ M and let B be an essential submodule ofN, and
f : B → M be a monomorphism. There exists some monomorphismg : N → E.M/
such thatg|B = f . By assumptiong.N/ ⊆ M . Thusg is the desired extension off ,
whenceM is essentially pseudo-N-injective.

Conversely assume thatM is essentially pseudo-N-injective. We will use the same
argument as in [10, Lemma 1.13]: Leth : N → E.M/ be a monomorphism. Let
A = h−1.M/. Then A is essential inN. Thus, by assumption, the restrictionh|A
extends to some� : N → M . Now assumeh.n/ 6= �.n/ for somen ∈ N. Then
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x = h.n/ − �.n/ 6= 0. SinceM is essential inE.M/, there exists somer ∈ R such
that 0 6= xr = h.nr/ − �.nr/ ∈ M . But thenh.nr/ ∈ M so thatnr ∈ A. This is a
contradiction since�|A = h|A. Now the conclusion follows.

COROLLARY 2.12. M is essentially pseudo-injective if and only if it is invariant
under monomorphisms inEnd.E.M//.

COROLLARY 2.13. Let {Ai } be a family of submodules of a moduleN, B = 6Ai

and assumeM is essentially pseudo-Ai -injective for eachi . ThenM is essentially
pseudo-B-injective.

PROOF. Let f : B → E.M/ be a monomorphism. Thenf .B/ = 6 f .Ai /. By
assumption and Proposition2.11, f .B/ is contained inM . Now the conclusion
follows again by Proposition2.11.

The converse of the Corollary2.13does not hold in general.

EXAMPLE 3. Let p be a prime. It is easy to see that theZ-moduleZ=p2Z is not
essentially pseudo-Z=p3Z-injective, but it is trivially essentially pseudo-(Z⊕Z=p3Z)-
injective.

COROLLARY 2.14. Let E be an injective module andA be any submodule ofE.
ThenX = 6{C | C ≤ E;C ∼= A} is essentially pseudo-injective.

PROOF. First note thatE.X/ is a summand ofE. As in the proof of Corollary2.13,
for any monomorphismf : X → E.X/, f .X/ is contained inX. The conclusion
follows by Proposition2.11.

Goodearl defined a right SI-ring to be one over which every singular right module
is injective ([6]). Such rings are precisely right nonsingular rings over which singular
right modules are semi-simple (see [3]).

THEOREM 2.15. Let R be a ring which is either right nonsingular or semi-prime.
The following conditions are equivalent:

(i) R is a right SI-ring.
(ii) Any two cyclic singular rightR-modules are relatively essentially pseudo-

injective.
(iii) For any two cyclic singular rightR-modulesB andC, EB.C/ ⊆ C.

PROOF. (i) ⇒ (ii) Trivial.
(ii) ⇔ (iii) The statement follows from Proposition2.11.
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(ii) ⇒ (i) Assume (ii). Then cyclic singular rightR-modules are relatively injective
by Proposition2.4. So if C andM are singular rightR-modules andC is cyclic, then
C is M-injective by the above argument and [10, Proposition 1.4]. This implies, by
[3, Corollary 7.14], that all singular rightR-modules are semi-simple.

Now, if R is right nonsingular, the conclusion immediately follows by the preceding
remark and the above argument. Else, assume thatR is semi-prime. Since singular
modules are semi-simple,Z.RR/

2 = 0, whenceZ.RR/ = 0. Now the conclusion
follows by the above argument.

3. Pseudo-injectivity

PROPOSITION3.1 ([16, Corollary 2.9]).Let M and N be two modules andX =
M ⊕ N. The following conditions are equivalent:

(i) M is pseudo-N-injective.
(ii) For any submoduleA of X with A∩ M = A∩ N = 0, there exists a submodule

T of X containingA with M ⊕ T = X.

PROOF. (i) ⇒ (ii) Assume (i) and letA satisfy the assumptions of (ii). Also
let ³M and³N be as in the Proposition2.2, and define� : ³N.A/ → ³M.A/ as
follows: �.³N.a// = ³M.a/, for a ∈ A. Then, by assumption,� extends to some
g ∈ Hom.N;M/. Let T = {n + �.n/ | n ∈ N}. Then we haveM ⊕ T = X and
A ⊆ T , as required.

(ii) ⇒ (i) Assume (ii). Let B be a submodule ofN and f : B → M be a
monomorphism. CallA = {b − f .b/ | b ∈ B}. ThenA ∩ M = A ∩ N = 0. Now,
by assumption, there exists a submoduleT of X containingA with M ⊕ T = X. Let
³ : M ⊕ T → M be the obvious projection. Then the restriction³|N is the desired
extension off .

Jain and Singh proved in [8, Theorem 3.7] that for a nonsingular moduleM
with finite uniform dimension, the following conditions are equivalent: (i)M is
pseudo-injective; (ii)M is invariant under any monomorphism (isomorphism in the
terminology of [8]) of End.E.M// (that is, M is essentially pseudo-injective by
Corollary 2.12). The following result extends it to any module with finite uniform
dimension.

THEOREM3.2. Let M be a module with finite uniform dimension. Assume that for
any two essential submodulesD and E of M , every isomorphismh : D → E can be
extended to someg ∈ End.M/. Then every monomorphism from any submodule ofM
into M can be extended to a monomorphism ofM .
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In particular, a module with finite uniform dimension is pseudo-injective if and only
if it is essentially pseudo-injective.

PROOF. Let M be as in the former assumption,A be a submodule ofM , and
f : A → M be a monomorphism. CallB = f .A/. Pick, by Zorn’s Lemma,
two submodulesA′ and B′ of M such thatA ⊕ A′ and B ⊕ B′ are essential inM .
Now, E.M/ = E.A/ ⊕ E.A′/ = E.B/ ⊕ E.B′/ and E.A/ ∼= E.B/. Then by [10,
Theorem 1.29] and sinceM has finite uniform dimension, we haveE.A′/ ∼= E.B′/.
Thus A′ and B′ have isomorphic essential submodulesU ⊆ A′ andV ⊆ B′. Then
A⊕U andB ⊕ V are essential submodules ofM . And sinceU andV are isomorphic
to each other, there exists an isomorphism� : A ⊕ U → B ⊕ V such that�|A = f .
By assumption� extends to some monomorphismg ∈ End.M/. Obviously,g|A = f .
Therefore, the conclusion follows.

Note that, in [1, Theorem 2.1], Alamelu gives a proof thatM is pseudo-injective
if and only if M is invariant under monomorphisms of End.E.M//, where M is
an arbitrary module over a commutative ring (here the commutativity assumption is
irrelevant to the proof). However, the proof is incorrect. In summary, the proof
states that for a moduleM which is invariant under monomorphisms of its injective
hull, and for any monomorphismf : N → M where N is a submodule ofM , f
can be extended to a monomorphismf ′′ : E.M/ → E.M/. This is not correct as
the following example shows: LetM be any directly infinite injective module with
M = N ⊕ B, where M ∼= N and B is nonzero. Also letf : N → M be any
isomorphism. Obviously,f cannot be extended to a monomorphism in End.E.M//.

In [4] and [5] Er studied the modules in which isomorphic copies of complements
are again complements. These are called SICC-modules in [5]. The following result
was proved in [8] for nonsingular modules, but the proof works for an arbitrary
pseudo-injective module as well.

LEMMA 3.3 ([8, Lemma 3.1]).If M is pseudo-injective, then submodules ofM
isomorphic to complements inM are again complements.

PROOF. Let K be a complement inM and A be a submodule ofM with an
isomorphism f : A → K . Then f extends to someg ∈ End.M/ by assumption.
Pick, by Zorn’s Lemma, a complementA′ in M essentially containingA. Then the
restrictiong|A′ is obviously a monomorphism. HenceK = g.A/ is essential ing.A′/.
SinceK is a complement this impliesK = g.A′/, whenceA = A′. The conclusion
follows.

REMARK. Modules in which submodules isomorphic to complements are comple-
ments always decompose into relatively injective summands by [5, Lemma 4]. So
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Corollary2.10also follows from that result and Lemma3.3. It is proved in [2, Corol-
lary 2.8] that a pseudo-injective CS module is continuous. This result also follows
from Lemma3.3and the definition of CS.

Dinh [2] raised the question whether a CS moduleM which is pseudo-injective is
quasi-injective, and stated in [2] that the answer is affirmative whenM is furthermore
nonsingular. Now we present some partial answers to Dinh’s question.

THEOREM 3.4. M is quasi-injective if and only ifM is pseudo-injective andM2

is CS.

PROOF. AssumeM is pseudo-injective andM2 is CS. Let M1 and M2 be two
isomorphic copies ofM and X = M1 ⊕ M2. Note thatM is continuous by the
preceding remark.

First let A be any complement inX with A ∩ M1 = 0 andA ∩ M2 essential inA.
There exist submodulesV and V ′ of M2 such thatV ⊕ V ′ = M2 and V contains
A ∩ M2 essentially. Also sinceM2 is CS by assumption, we haveA ⊕ A′ = X for
some submoduleA′ of X. SinceV is a direct summand of a continuous module,V is
continuous (see [10]), whence it has exchange property by [10, Theorem 3.4]. Since
V ∩ A is essential inA, we haveV ∩ A′ = 0. Thus we must haveV ⊕ A′ = X. Hence
A is isomorphic to a summand, namelyV of M2.

Now let C be a submodule ofX such thatC ∩ M1 = 0 and pick, by Zorn’s
Lemma, a complementK in X of M1 containingC. Again by Zorn’s Lemma, choose
a complementK1 in K of K ∩ M2 and a complementK2 in K of K1 containing
K ∩ M2. Note thatK ∩ M2 is essential inK2 and thatK1 andK2 are complements in
X by [3, 1.10]. By Proposition3.1 there exists some submoduleT of X containing
K1 with M1 ⊕ T = X. ThenT ∼= M and K1 is a complement inT , whenceK1 is
isomorphic to a complement inM2. Also by the preceding paragraphK2 is isomorphic
to a complement ofM2 too. Now consider the usual projection³ : M1 ⊕ M2 → M2.
We haveM1 ⊕ .K1 ⊕ K2/ = M1 ⊕ .³.K1/⊕ ³.K2//, where³.Ki / ∼= Ki . Hence by
continuity ofM2 and the above argument,³.K1/⊕³.K2/ is a summand ofM2. Now,
sinceK is a complement ofM1, M1⊕K = M1⊕³.K / is essential inX. Then³.K / is
essential inM2. Also, by choice ofKi , K1⊕K2 is essential inK . Then³.K1/⊕³.K2/

is essential in³.K /, hence inM2. This implies thatM2 = ³.K1/⊕ ³.K2/ = ³.K /.
ThusM1 ⊕ K = X. Now it follows by [3, Lemma 7.5] thatM1 is M2-injective. The
proof is now complete.

The following is a key result.

LEMMA 3.5. Let M = ⊕
i ∈I Mi be a direct sum of uniform modulesMi . M is

quasi-injective if and only if it is pseudo-injective. In particular, any uniform pseudo-
injective module is quasi-injective.



358 A. Alahmadi, N. Er and S. K. Jain [10]

PROOF. First let M be a uniform pseudo-injective module. LetA be a submodule
of M and f : A → M be a nonzero homomorphism. If Ker. f / = 0, then f can
be extended to an element of End.M/ by assumption. So assume Ker. f / 6= 0. Let
Ž = i A − f , wherei A : A → M is the inclusion map. Since Ker. f / 6= 0 andM
is uniform, Ker.Ž/ = 0. Then by pseudo-injectivity assumptionŽ can be extended
to someg ∈ End.M/. Now 1 − g is obviously an extension off . Thus M is
quasi-injective.

Now let M = ⊕
i ∈I Mi be a direct sum of uniform modulesMi and assume that

M is pseudo-injective. Then, by Corollary2.10, M.I − i / is Mi -injective for all
i ∈ I . Now by the preceding paragraph and since direct summands of pseudo-
injectives are obviously pseudo-injective, eachMi is quasi-injective. ThereforeM is
quasi-injective.

THEOREM 3.6. Over a right Noetherian ringR, a right R-moduleM is quasi-
injective if and only ifM is a pseudo-injective CS-module.

PROOF. Let M be a pseudo-injective CS module. ThenM is a direct sum of uniform
submodules by [11]. Now the result follows by Lemma3.5.

Before proving the next result, note thatR is called a right countably6-CS ring if
R.N/

R is a CS module.

THEOREM3.7. The following conditions are equivalent for a ringR:

(i) R is a quasi-Frobenius ring.
(ii) Every projective rightR-module is essentially pseudo-RR-injective.
(iii) R.N/

R is essentially pseudo-RR-injective.
(iv) R is a right countably6-CS ring with finite uniform dimension andRR is

essentially pseudo-injective.

PROOF. The implications (i)⇒ (ii) and (ii) ⇒ (iii) are obvious, and (i)⇒ (iv)
follows from the fact that every injective module is CS, and (iii)⇒ (i) follows by
Theorem2.7.

(iv) ⇒ (i) Since RR has finite uniform dimension, thenRR is pseudo-injective by
Theorem3.2. Then by Theorem3.4 R is a right self-injective ring with finite uniform
dimension. HenceR is a semiperfect right countably6-CS ring. This implies by [7]
that R is Artinian. Now the conclusion follows.

The following results were proved in [5, Theorem 2, Corollary 4, Theorem 3,
Theorem 4] for modules in which submodules isomorphic to complements are com-
plements. Each pseudo-injective module satisfies this property by Lemma3.3, whence
we have the following corollaries.
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COROLLARY 3.8. Any decomposition of a pseudo-injective module into indecom-
posable submodules complements summands.

COROLLARY 3.9. An essentially pseudo-injective module with finite uniform dimen-
sion has the internal cancellation property.

Recall that every rightR-module over a right Noetherian ringR is locally Noethe-
rian.

COROLLARY 3.10. If M is a locally Noetherian pseudo-injective module, then
M = A⊕ B, whereA is a maximal quasi-injective summand,B has no quasi-injective
summands, andA and B have no nonzero isomorphic submodules.

COROLLARY 3.11. A locally Noetherian Dedekind-finite pseudo-injective module
has internal cancellation property.
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