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Abstract

In this paper certain injectivity conditions in terms of extensions of monomorphisms are considered. In
particular, it is proved that a rinR is a quasi-Frobenius ring if and only if every monomorphism from

any essential right ideal d® into R(RN) can be extended tBg. Also, known results on pseudo-injective
modules are extended. Dinh raised the question if a pseudo-injective CS module is quasi-injective. The
following results are obtainedy is quasi-injective if and only iM is pseudo-injective ant¥1? is CS.
Furthermore, ifM is a direct sum of uniform modules, thévi is quasi-injective if and only iM is
pseudo-injective. As a consequence of this it is shown that over a right Noetherid® gogsi-injective
modules are precisely pseudo-injective CS modules.

2000Mathematics subject classificatioprimary 16D50, 16D70.

1. Introduction

Throughoutthe paper rings are associative with identity and modules are unitary (right)
modules. LetM andN be two rightR-modules overarin®. M is called pseude)N-
injectiveif, for any submoduleA of N, every homomorphism (monomorphism) in
Homg(A, M) can be extended to an element of HgiN, M). M is calledquasi-
injective(pseudo-injectiveif itis (pseudo-M-injective. M andN are called relatively
injective if M is N-injective andN is M-injective. A submoduléK of M is said to

be a complement iiM of a submoduleB if K is a maximal submodule among those
that have zero intersection with. Complement submodules bf coincide with the
submodules oM which do not have any proper essential extensioklinAlso, if A

is a complement irM and B is a complement irA, thenB is a complement irM.
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A CS module is one in which complement submodules are direct summanhds.
called a continuous module if it is a CS module and submoduld4 somorphic to
direct summands ofl are again direct summands. M is continuous andh and B
are two direct summands & with AN B = 0, thenA @ B is also a direct summand
of M. The hierarchy is as follows:

Injective — quasi-injective— continuous— CS

For other properties of complements and CS/continuous modules and the proofs of
the above mentioned properties, the reader is referreg] smf [10].

In this paper, a weaker form of pseudlzinjectivity is considered, and it is proved,
in particular, that a ringR is quasi-Frobenius if and only if monomorphisms from
essential right ideals dR into R™ can be extended tBz. Also it is shown that a
moduleM is invariant under monomorphisms of its injective hull if and only if every
monomorphism from any essential submoduleMbfcan be extended tM. This
extension property is used to characterize when semi-prime/right nonsingular rings
are Sl (seeq)).

Pseudo-injectivity has been studied by several authors such as Dinh, Jain, Singh
Teply, Tuganbaev and others (s& 8, 9, 13, 14, 15]). It was first introduced by
Jain and Singh{]. Teply [14] constructed examples of pseudo-injective modules
which are not quasi-injective. Ir2] Dinh raised the question if a pseudo-injective
CS module is quasi-injective. He stated £j fhat the answer is affirmative if we
assume further thatl is nonsingular. In this paper we prove the followiniyt is
quasi-injective if and only ifM is pseudo-injective and1? is CS. Every uniform
pseudo-injective module is quasi-injective. Consequently, over a right Noetherian
ring R, quasi-injective modules are precisely pseudo-injective CS modules.

2. Essentially pseudoN-injectivity

In this section we consider a weaker form of pseignjectivity.

DerINITION 2.1. Let M andN be two modulesM is said to beessentially pseudo-
N-injectiveif for any essential submodul& of N, any monomorphisnf : A - M
can be extended to songee Hom(N, M). M is calledessentially pseudo-injective
if M is essentially pseudbt-injective.

Obviously any pseudd-injective module is essentially pseudbinjective, but
the converse is not true in general.

EXAMPLE 1. Let p be a prime. Th&-moduleZ/ p?Z is not pseudoZ @ 7/ p3Z)-
injective since the obvious isomorphism pzZ/p®Z — Z/p*Z can not be extended
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to any element of HoilZ ® 7/ p°Z, Z/ p?Z), but it is essentially pseud@® 7/ p3Z)-
injective.

The following proposition provides a characterization of essentially psé&udo-
injectivity.

PROPOSITION2.2. Let M and N be two modules ank = M @ N. The following
conditions are equivalent

(i) M is essentially pseudbl-injective.
(i) Forany complemerK in X of Mwith K "N =0,M & K = X.

PrROOF (i) = (ii) Let K be a complement irX of M with K " N = 0, and
v M@®N — Mandrzy : M@ N — N be the obvious projections. Note that
M@K =M ® my(K) so thatry (K) is essential irN.

Now defined : nn(K) — wm(K) as follows: Fork € K with Kk = m+n
(me M,n € N), (n) = m. Thené is a monomorphism by th& N N = 0
assumption. Hence can be extended to songe: N — M, sinceM is essentially
pseudoN-injective. Now leflT = {n+g(n) : n € N}. ItiseasytoseethdidT = X.
Also, T containsK essentially by modularity. Sindé€ is a complement, this implies
T = K. Now the conclusion follows.

(i) = (i) Assume (ii). LetA be an essential submodule Nfandf : A - M
be a monomorphism. Léd = {a— f(a) : a € A}. Obviously,H N N = 0. Also
notethatM @ H = M @ nny(H) = M @ A, which is essential irX. Let K be a
complement inX of M containingH. By the previous argument and modularky
is essential irk, so thatKk NN = 0. By assumption we havd & K = X. Now let
¢ : M@ K — M be the obvious projection. Then the restrictipq is the desired
extension off. The proof is now complete. O

ProPOSITION2.3. If M is essentially pseudbd-injective, every direct summand of
M is essentially pseudbkinjective.

PROOF. Let X = M @ N and assumeéM = My @ A. Let K be a complement
in My @ N of My with KN N = 0. ThenM @ K is essential inX. SinceK is a
complement submodule, the preceding argument impliekthaialso a complement
in X of M. Now by Propositior2.2M & K = X. ThenMg® K = My & N, which
yields the conclusion again by Propositipre. O

The next example shows that essentially pseudo-N-injectivity is not inherited by
direct sums.
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ExAMPLE 2. Let F be a field and

F FoF
L)

Consider theR-modules

_(F Fo&F _ (0 O®F _ (0 F®O
v=(o 787) 5= %07) =0 70°)
ThenS, and$S; are both essentially pseudd-injective. But since the identity map

of S & S obviously can not be extended to an element of KNS, 6 $), S & S
is not essentially pseudd-injective.

PROPOSITION2.4. Let M and N be two modules. Then the following conditions
are equivalent

(i) M is N-injective.

(i) M is essentially pseudbl/L-injective for every submodule of N.

PROOF (i) = (ii) follows from [10, Proposition 1.3].

(i) = (i) AssumeM is essentially pseudbl/L-injective for every submodule
of N. Let X =M & N, AC X with AN M = 0 andK be a complement iiX of M
containingA. Also letT = K N N. Since(M @& K)/K is essential inX/K, then
(M@ K)/Tisessential irX/T,andK/TNN/T = 0. Thusitis easy to see thigt/ T
is a complementiX/T of (M @ T)/T. Now by assumption and Propositi@r?2 we
haveM @ T)/T @ K/T = X/T. HenceM & K = X. Then by B, Lemma 7.5]M
is N-injective. O

COROLLARY 2.5. M is injective if and only ifM is essentially pseudbl-injective
for any cyclic moduleN.

COROLLARY 2.6. A nonsingular modul® is injective if and only if it is essentially
pseudoN-injective for any nonsingular cyclic modulé.

PROOF. Let A be any cyclic module an8 be an essential submodule Af Let
f : B — M be a monomorphism. TheA is obviously nonsingular, so that
can be extended to songe: A — M by assumption. Now the result follows by
Corollary2.5. O

The following result generalize®[ Theorem 2.2] and9, Theorem 1].

THEOREM2.7. If M & N is essentially pseudbl-injective, thenM is N-injective.
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PrOOF. Call X = M @ N. Let AandK be as in the proof of Propositidch4. Let
7 : M &N — N be the obvious projection. TheWl & K = M & = (K) and thus
7 (K) essential inN. Note thatk = 7 (K). Pick any isomorphisnf : 7(K) — K.
By assumptionf can be extended to some monomorphigm N — X. Then
g(r(K)) = K is essential irg(N). But sinceK is a complement irX, we must have
K = g(N), whencer(K) = N. ThusM & K = X. Now the result follows by3,
Lemma 7.5]. O

COROLLARY 2.8. M is quasi-injective if and only iM? is essentially pseudiv-
injective.

Osofsky proved in12] that a ringR is semisimple Artinian if and only if every
cyclic right (left) R-module is injective.

COROLLARY 2.9. A ring R is semisimple Artinian if and only if every countably
generated rightR-module is essentially pseudo-injective.

PrROOF. Let M be a cyclic rightR-module. ThenM & R™ = (M & R™ &
(M @ R)™, which is countably generated, whence essentially pseudo-injective. Thus
(M @ R™)? is essentially pseudoM @ R™)-injective. Then by Theorem.7,
(M @& R™) is quasi-injective, whencBg-injective. ThereforeM is injective. Now
the conclusion follows by Osofsky’s theorem. O

COROLLARY 2.10 (2, Theorem 2.2])If M & N is pseudo-injective, thel andN
are relatively injective.

In what follows E(M) stands for the injective hull of1 and we will consideiM
as a submodule dE(M). We will also use the notatiofy (M) for the submodule
of E(M) generated by all the isomorphic copieshf Note thatEy (M) is invariant
under monomorphisms of EE(M)) and thatEg, (M) contains all elements d¥l
with zero right annihilator irR.

PROPOSITION2.11. M is essentially pseudbl-injective if and only ifEy (M) C M.

PrOOF. AssumeEy(M) € M and letB be an essential submodule bf, and
f : B— M be amonomorphism. There exists some monomorpgistN — E(M)
such thaigg = f. By assumptiorg(N) € M. Thusg is the desired extension df,
whenceM is essentially pseudbl-injective.

Conversely assume thit is essentially pseudbkinjective. We will use the same
argument as in]0, Lemma 1.13]: Leh : N — E(M) be a monomorphism. Let
A = h7'(M). ThenA is essential inN. Thus, by assumption, the restrictibin,
extends to somé : N — M. Now assumeéi(n) # 6(n) for somen € N. Then
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X = h(n) — 6(n) # 0. SinceM is essential irE(M), there exists some € R such
that 0 xr = h(nr) — 0(nr) € M. But thenh(nr) € M so thatnr € A. Thisis a
contradiction sincé s = h;a. Now the conclusion follows. O

COROLLARY 2.12. M is essentially pseudo-injective if and only if it is invariant
under monomorphisms Bnd(E(M)).

COROLLARY 2.13. Let {A;} be a family of submodules of a modile B = A
and assumeM is essentially pseudé-injective for each. ThenM is essentially
pseudoB-injective.

PrROOF. Let f : B — E(M) be a monomorphism. Thef(B) = Xf(A). By
assumption and Propositich11, f(B) is contained inM. Now the conclusion
follows again by Propositio@.11 O

The converse of the Corollag/13does not hold in general.

EXAMPLE 3. Let p be a prime. It is easy to see that thenoduleZ/p?Z is not
essentially pseudd; p*Z-injective, but it is trivially essentially pseud@-6 7/ p*z)-
injective.

COROLLARY 2.14.Let E be an injective module and be any submodule .
ThenX = Z{C | C < E, C = A} is essentially pseudo-injective.

PROOF. First note thaE(X) is a summand oE. As in the proof of Corollarn?.13
for any monomorphismf : X — E(X), f(X) is contained inX. The conclusion
follows by Propositior2.11 O

Goodearl defined a right Sl-ring to be one over which every singular right module
is injective (B]). Such rings are precisely right nonsingular rings over which singular
right modules are semi-simple (se3)[

THEOREM 2.15. Let R be a ring which is either right nonsingular or semi-prime.
The following conditions are equivalent
(i) Risaright Sl-ring.
(i) Any two cyclic singular rightR-modules are relatively essentially pseudo-
injective.
(iii)  For any two cyclic singular righR-modulesB andC, Ez(C) C C.

PrROOF. (i) = (ii) Trivial.
(il) < (iii) The statement follows from Propositich11
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(il) = (i) Assume (ii). Then cyclic singular riglR-modules are relatively injective
by Propositior2.4. So if C andM are singular righR-modules andC is cyclic, then
C is M-injective by the above argument antd] Proposition 1.4]. This implies, by
[3, Corollary 7.14], that all singular riglR-modules are semi-simple.

Now, if Ris right nonsingular, the conclusion immediately follows by the preceding
remark and the above argument. Else, assumeRhatsemi-prime. Since singular
modules are semi-simpl&,(Rg)?> = 0, whenceZ(Rg) = 0. Now the conclusion
follows by the above argument. O

3. Pseudo-injectivity

ProPOSITION3.1 ([16, Corollary 2.9]).Let M and N be two modules anX =
M @& N. The following conditions are equivalent

(i) M is pseudoN-injective.

(i) Forany submodulé of X with ANM = ANN = 0, there exists a submodule
T of X containingAwithM & T = X.

PrROOF (i) = (ii) Assume (i) and letA satisfy the assumptions of (ii). Also
let my and 7y be as in the Propositio.2, and defined : ny(A) — ww(A) as
follows: 6(wn(@)) = muw(a), fora € A. Then, by assumptior, extends to some
g € Hom(N, M). LetT = {n+6(n) | n € N}. Then we haveM & T = X and
A C T, asrequired.

(i) = (i) Assume (ii). LetB be a submodule oN andf : B — M be a
monomorphism. CalA = {b— f(b) | b e B}. ThenANM = AN N = 0. Now,
by assumption, there exists a submodllef X containingAwith M @ T = X. Let
7 :M@&T — M be the obvious projection. Then the restrictioR is the desired
extension off. O

Jain and Singh proved i8] Theorem 3.7] that for a nonsingular moduié
with finite uniform dimension, the following conditions are equivalent: Ni)is
pseudo-injective; (ii)M is invariant under any monomorphism (isomorphism in the
terminology of B]) of End(E(M)) (that is, M is essentially pseudo-injective by
Corollary 2.12. The following result extends it to any module with finite uniform
dimension.

THEOREM3.2. Let M be a module with finite uniform dimension. Assume that for
any two essential submodulBsand E of M, every isomorphisrh : D — E can be
extended to songee End(M). Then every monomorphism from any submoduM of
into M can be extended to a monomorphisnivof
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In particular, a module with finite uniform dimension is pseudo-injective if and only
if it is essentially pseudo-injective.

PROOF. Let M be as in the former assumptiod be a submodule oM, and
f : A — M be a monomorphism. CaB = f(A). Pick, by Zorn’'s Lemma,
two submodules’hl and B’ of M such thatA @ A’ and B @ B’ are essential irM.
Now, E(M) = E(A) ® E(A) = E(B) ® E(B’) andE(A) = E(B). Then by [LO,
Theorem 1.29] and sinckl has finite uniform dimension, we haig A') = E(B’).
Thus A’ and B’ have isomorphic essential submodulésc A’ andV C B’. Then
AU andB @V are essential submodulesidf. And sincelJ andV are isomorphic
to each other, there exists an isomorphmA & U — B @ V such thap, = f.
By assumptior® extends to some monomorphigire End(M). Obviously,g. = f.
Therefore, the conclusion follows. O

Note that, in [, Theorem 2.1], Alamelu gives a proof thil is pseudo-injective
if and only if M is invariant under monomorphisms of Ef{M)), where M is
an arbitrary module over a commutative ring (here the commutativity assumption is
irrelevant to the proof). However, the proof is incorrect. In summary, the proof
states that for a modull®! which is invariant under monomorphisms of its injective
hull, and for any monomorphisnfi : N — M whereN is a submodule oM, f
can be extended to a monomorphidrhh: E(M) — E(M). This is not correct as
the following example shows: Lé#l be any directly infinite injective module with
M = N @& B, whereM = N and B is nonzero. Also letf : N — M be any
isomorphism. Obviouslyf cannot be extended to a monomorphism in @&@)).

In [4] and [B] Er studied the modules in which isomorphic copies of complements
are again complements. These are called SICC-modulé&$.iifle following result
was proved in §] for nonsingular modules, but the proof works for an arbitrary
pseudo-injective module as well.

LEMMA 3.3 ([8, Lemma 3.1]).If M is pseudo-injective, then submoduleshbf
isomorphic to complements M are again complements.

PrOOF. Let K be a complement irM and A be a submodule oM with an
isomorphismf : A — K. Then f extends to somg € End'M) by assumption.
Pick, by Zorn's Lemma, a complemeAt in M essentially containing\. Then the
restrictiong, » is obviously a monomorphism. Hen&e= g(A) is essential irg(A).
SinceK is a complement this implieK = g(A’), whenceA = A’. The conclusion
follows. O

REMARK. Modules in which submodules isomorphic to complements are comple-
ments always decompose into relatively injective summand$Shbidmma 4]. So
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Corollary2.10also follows from that result and Lemn3a3. It is proved in B, Corol-
lary 2.8] that a pseudo-injective CS module is continuous. This result also follows
from Lemma3.3and the definition of CS.

Dinh [2] raised the question whether a CS modMewhich is pseudo-injective is
quasi-injective, and stated ié][that the answer is affirmative whewi is furthermore
nonsingular. Now we present some partial answers to Dinh’s question.

THEOREM 3.4. M is quasi-injective if and only iM is pseudo-injective ani1?
is CS.

PrROOF. AssumeM is pseudo-injective and1? is CS. LetM; and M, be two
isomorphic copies oM and X = M; & M,. Note thatM is continuous by the
preceding remark.

First let A be any complement iX with AN M; = 0 andA N M, essential inA.
There exist submoduleg and V' of M, such thatV @ V' = M, andV contains
AN M; essentially. Also sincé? is CS by assumption, we have® A = X for
some submodulé’ of X. SinceV is a direct summand of a continuous modeis
continuous (seelf]), whence it has exchange property BY)] Theorem 3.4]. Since
V N Ais essential ilA, we haveV N A’ = 0. Thus we must havé @ A’ = X. Hence
Ais isomorphic to a summand, naméafyof M,.

Now let C be a submodule oK such thatC N M; = 0 and pick, by Zorn's
Lemma, a complement in X of M; containingC. Again by Zorn’s Lemma, choose
a complementK; in K of K N M, and a complemenK, in K of K; containing
K N M,. Note thatk N M, is essential irK, and thatk; andK, are complements in
X by [3, 1.10]. By Propositior8.1there exists some submoduleof X containing
Kywith M@ T = X. ThenT = M andK; is a complement i, whenceK; is
isomorphic to a complement M,. Also by the preceding paragraph is isomorphic
to a complement oM, too. Now consider the usual projectian: M; & My, — M.
We haveM; & (K1 @ Ky) = M3 & (m (K1) @ 7(Ky)), whererr (K;) = K;. Hence by
continuity of M, and the above argument(K;) ® 7 (K,) is a summand of,. Now,
sinceK is a complement oy, M;® K = M;®x(K) is essential irX. Thens(K) is
essential ifVl,. Also, by choice oK, K;® K, is essential irkK. Thennz (K) &7 (Ky)
is essential inr (K), hence inM,. This implies thatM, = 7 (K;) & 7(K,) = 7 (K).
ThusM; & K = X. Now it follows by [3, Lemma 7.5] thaiM; is M,-injective. The
proof is now complete. O

The following is a key result.

LEMMA 3.5.Let M = ,_, M; be a direct sum of uniform modulég;. M is
quasi-injective if and only if it is pseudo-injective. In particular, any uniform pseudo-
injective module is quasi-injective.
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PROOF. First letM be a uniform pseudo-injective module. L&tbe a submodule
of Mand f : A — M be a nonzero homomorphism. If Kdn = 0, thenf can
be extended to an element of Eil) by assumption. So assume Kéj # 0. Let
8§ =ian— f,whereip : A — M is the inclusion map. Since Kgfr) # 0 andM
is uniform, Ker§) = 0. Then by pseudo-injectivity assumptiércan be extended
to someg € EndM). Now 1— g is obviously an extension of. ThusM is
quasi-injective.

Now letM = €p,_, M; be a direct sum of uniform moduldd; and assume that
M is pseudo-injective. Then, by Corollag.10, M(l — i) is M;-injective for all
i € I. Now by the preceding paragraph and since direct summands of pseudo-
injectives are obviously pseudo-injective, eadhis quasi-injective. Therefor® is
quasi-injective. O

THEOREM 3.6. Over a right Noetherian ringR, a right R-module M is quasi-
injective if and only ifM is a pseudo-injective CS-module.

PROOF. Let M be a pseudo-injective CS module. Thdrs a direct sum of uniform
submodules byl[1]. Now the result follows by Lemma.5. O

Before proving the next result, note thRts called a right countabl-CS ring if
R is a CS module.

THEOREM 3.7. The following conditions are equivalent for a rifg)
(i) Ris aquasi-Frobenius ring.
(i) Every projective rightR-module is essentially pseudRi-injective.
(i) RY is essentially pseudBx-injective.
(iv) R is a right countablyX-CS ring with finite uniform dimension andy is
essentially pseudo-injective.

PrOOF The implications (i)= (ii) and (ii) = (iii) are obvious, and (i}= (iv)
follows from the fact that every injective module is CS, and @#) (i) follows by
Theorem2.7.

(iv) = (i) Since Ry has finite uniform dimension, thelRy is pseudo-injective by
Theorem3.2. Then by Theorer3.4 Ris a right self-injective ring with finite uniform
dimension. Henc® is a semiperfect right countab®y-CS ring. This implies byT]
that R is Artinian. Now the conclusion follows. O

The following results were proved irb,[ Theorem 2, Corollary 4, Theorem 3,
Theorem 4] for modules in which submodules isomorphic to complements are com-
plements. Each pseudo-injective module satisfies this property by L&3mehence
we have the following corollaries.
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COROLLARY 3.8. Any decomposition of a pseudo-injective module into indecom-
posable submodules complements summands.

COROLLARY 3.9. An essentially pseudo-injective module with finite uniform dimen-
sion has the internal cancellation property.

Recall that every righR-module over a right Noetherian rifgis locally Noethe-
rian.

COROLLARY 3.10.I1f M is a locally Noetherian pseudo-injective module, then
M = A@ B, whereAis a maximal quasi-injective summariglhas no quasi-injective
summands, ané and B have no nonzero isomorphic submodules.

COROLLARY 3.11. A locally Noetherian Dedekind-finite pseudo-injective module
has internal cancellation property.

References

[1] S. Alamelu, ‘On quasi-injective modules over Noetherian ringsindian Math. Soc39 (1975),
121-130.
[2] H. Q. Dinh, ‘A note on pseudo-injective module€pmm. Algebr&3 (2005), 361-369.
[3] N.V.Dung, D.V.Huynh, P. F. Smith and R. WisbauExrtending module$itman Research Notes
in Mathematics Ser. 313 (Pitman, 1994).
[4] N.Er, ‘Directsums and summands of weak-CS modules and continuous mo&deky Mountain
J. Math.29(1999), 491-503.
[5] ———, ‘When submodules isomorphic to complements are complemétast;West J. Math
(2002), 1-12.
[6] K.R. GoodearlSingular torsion and the splitting propertiedmer. Math. Soc. Mem. 124 (Amer.
Math. Soc., Providence, RI, 1972).
[7]1 D. V. Huynh, ‘A right countably sigma-CS ring with ACC or DCC on projective principal right
ideals is left artinian and QF-3Trans. Amer. Math. So847(1995), 3131-3139.
[8] S. K. Jain and S. Singh, ‘On pseudo injective modules and self pseudo injective dnly&th.
Sci.2 (1967), 23-31.
[9] ——, ‘Quasi-injective and pseudo-injective modulgdgnad. Math. Bull18 (1975), 359—-366.
[10] S. H. Mohamed and B. J. #ler, Continuous and Discrete ModuléSambridge University Press,
Cambridge, 1990).
[11] M. Okado, ‘On the decomposition of extending modul&ath. Japonica29 (1984), 939-941.
[12] B. L. Osofsky, ‘Rings all of whose finitely generated modules are injectRacjfic J. Math14
(1964), 646-650.
[13] S. Singh, ‘On pseudo-injective moduleRiv. Mat. Univ. Parma (29 (1968), 59-65.
[14] M. L. Teply, ‘Pseudo-injective modules which are not quasi-injectiPedc. Amer. Math. Soel9
(1975), 305-310.
[15] A. A. Tuganbaey, ‘Pseudo-injective modules and automorphisimsdy Sem. PetrovsK.(1978),
241-248.



360 A. Alahmadi, N. Er and S. K. Jain [12]

[16] L.Zhongkui, ‘On X-extending and X-continuous modulg&sgmm. Algebr29(2001), 2407-2418.

Department of Mathematics Department of Mathematics
Ohio University The Ohio State University-Newark
Athens, OH 45701 OH 43055
USA USA

e-mail: noyaner@yahoo.com


mailto:noyaner@yahoo.com

