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Abstract

In this paper, we give certain analytic functional relations for the double harmonic series related to
the double Euler numbers. These can be regarded as continuous generalizations of the known discret
relations obtained by the author recently.
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1. Introduction

Let N be the set of natural numbeisg = N U {0}, Z the ring of rational integer€)
the field of rational number® the field of real numbers, ardthe field of complex
numbers.

As multiple analogues of the Tornheim double series, Matsumoto defined the
Mordell-Tornheim zeta function

= 1
1) twri(s, % ....5:9) =
MT,r mlym;mr_]_ m?m?mrs (ml+ +mr)s
for complex variabless;, s,, ..., s, s, where the sum is ovar-tuples of positive

integers (seed]). He showed that this function can be continued meromorphically to
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C'™*1. In the 1950's, the values,t.2(ki, ko; k) for ki, ko, k € N were investigated by
Tornheim p] and Mordell {]. After that, various explicit evaluation formulas for them
were obtained (see, for exampl@, b, 8]). Recently, as continuous generalizations
of the discrete relations ir8], the author has given certain functional relations for
Zut.2(S1, ;' S), which essentially include both Tornheim’s and Mordell’s results (see
[7D).

More recently we considered the multiple Euler numbers and the related multiple
series, and obtained some relations for the values of them at positive integers (see
[10D).

In the present paper, we consider

e 1
2 Tan(51, 959 = ) (2m+ a)%(2n + b)=(2m + 2n + a + b)®

m,n=0

fora, b € {1, 2}. Note that¥, (s, ;) is what we considered ir9] 10]. The aim

of this paper is to give certain functional relations between these double series anc
the Riemann zeta functiaf(s) (see Theorem.7), by the same method as if][ For
example, we have

3) T11(2.5,3) + T12(2.3;9) — T12(5. 3,2
= 2 (1-2°%¢(5+3¢(@~4(1-27°)¢(s+5)

for all s € C with Re(s) > 0. In particular, putting = 2 in (3), we have a non-trivial
relation

155 127
4 2,2;3) = — 2) — —¢ (7).
4) $11(2,2;3) 64§(5)§( ) 324‘( )
Indeed, this is a concrete example derived fra® Theorem 1.1] (see als8]). Thus

we can regard our present results as analytic generalizations of our previous discreti
results in p, 10].

2. Preliminaries

We make use of the same notation asdnl0, 7]. Foru € [1, 1 + 5], we define a
set of number$c.,(u)} by

2uel = X
(5) FOGW = 7 =D &nW .
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We denotet (1) by E;, which is called thenth Euler number (se€l[ Chapter 1]).
We see that (se@®] Section 2])

(6) E2j+1(1) = E3j11=0  (j € Np),
. —-1/m
) fiminf (W) > % el 1+s)).
Fors € C with Re(s) > 0, we define
e (Cw
(8) 10(81 u) = mXZ(:) (2m + 1)5

LEMMA 2.1. Foru € [1, 1+ 8], p(s;u) is defined and holomorphic for all e C.
Letce RwithO <c < 1. Foranyy € Rwith0 < y < 7/2, there exists a constant
M = M(y) > Oindependent ofl € [1, 1+ §] such that

c—n;u M
) lo( . )IS (31/) (e No.
In particular,

o (lpc—muw "
(20) Ilmlor!f (T) > 5

PROOF. Lety € Rwith0 < y < 7/2,andC, : z= y€' for 0 <t < 27, where
i = +/—1. We can easily check that

ori)e,
_ @ ”':ﬂ W ey,

(11) / F(zuyz " 'dz
CV

Let Mi(y) = max|F(z, u)| for (z,u) € C, x [1, 1+ §]. Then we obtain

EnWI _

1 M
< —/ Fzwl 2" Ydz < M) ¢ g,
n! 2 c, ]/n

Now we use the method of contour integrals (see, for example,Hroof of The-
orem 4.2]). We consider the pagh which consists of the positive real axig, co]

(top side), a circleC, around O of radiug, and the positive real ax[$, oo] (bottom
side), where O< y < 7/2. Note that we interpref to mean exgslogt), where the
imaginary part of log varies from 0 (on the top side of the real axis) to @n the
bottom side). Let

H(S;U):f F(—t;utstdt
Q

= (e — 1)/oc F(—t;utstdt +/ F(—t;wtstdt.

Y Gy
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Note thatH (s; u) is defined and holomorphic for @le C. Fors € C with Re(s) > 1,
lettingy — 0, we have

H(s;u) = (e 1)/oo F(—t;wt>*dt
0
=2(e""* = 1) T(s)p(s; ).
Hence

(s - )
2@ -1 W Zriens

Combining @) and (L2), we see thap(s; u) is defined and holomorphic for ale C.
ForN € Ny, we have

(12) p(S;u) = H(s;u).

(13) H(c— N;u) = (e — 1)/00 F(—t;u)tCNldt+/ F(—t;wteNtdt.
14 C

Y

AssumeN > 1. For simplicity, we denote by, and |, the first and second terms on
the right-hand side, respectively. Note that

o0
/ e—(2n+1)ttC—N—l dt’ <
v

e—(2n+1)y yc— N—-1

2n+1

Hence we have
© @@ty

(14) 12l <y N e — 1 2; ST
On the other hand, by using the fact that
) 27i _ (b=-1),
fcyt dt = {yb“ <e2;'1—11> (b 1)
forb e Cand (L1), we have
(2ri)En(u) (_ )N (if ¢ = 0),

2= e EnW(=D"y"
Y (ez” —1)n2:;m (|f0<C<1).

Note that the above infinite series in the second case is convergent because of th
assumptiory < 7 /2. Hence we have

o '8':\1(‘”” (if ¢ = 0),
2= e gric &n D% if 0 1
14 ’ - Z (U)m (| <C< )

n=0
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For the first case, as we mentioned above, there exists a coNktgnt > 0 indepen-
dent ofu such that

27 M
(15) 1) < ZM).

For the second case, we b= min|c — m|forallm e Z. Fixé withO <y < & <
/2. Then we see that the second case yields that

M1 (&)
ddl—y/8)’

Hence, by combining12)—(16), there exists a constail, = M,(y) > 0 which
depends ory but is independent dil andu such that

pc—=N;w | 1 N Ma(y)
‘m—w“(c NiWT= =%

(16) 5] <y N [ — 1]

(N € Np).

Since[T'(1+ N —c¢)| < N!'|I'(1 — ¢)], we obtain the proof of9). Furthermore, we
can immediately obtainlQ) from (9). O

Fort e C,r e Rwithr > 1 andu € [1, 1+ §], we let

o o (_u)—ne(2n+l)l
F;r;u) = Z W

n=0
HereJ(t;r; u) is holomorphic fort € C with Re(t) < 0. Supposes € (1, 1+ 8],
0 e (—n/2,7/2),l e Nandc e Rwith0O <c < 1, andletr =1 + c. By (8), we
have

an Tio1 4w = Y- ol e i,
j=0 '

It follows from Lemma2.1 that the right-hand side ofiL{) is uniformly convergent
with respect ta € [1, 1+ 8] whend € (—n/2, 7/2). HenceF (i0;1 4c; 1) is defined
by the right-hand side ofl() with u = 1 for6 € (—n/2, w/2). Thus we can define

= ¢ b4
(18) 3’(t,|+c,u):jz_;p(l+c—1,u)ﬁ (|t|<5)
foru e [1, 1+ 8]. Puttingr =1 + ¢ > 1, we obtain the following.

LEMMA 2.2. Suppose € R withr > 1andu € [1,1+ §]. ThenF(t;r;u) is
holomorphic onft € C | |t| < r/2}.
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3. Some lemmas
From (), (11), (12) and (L3) with ¢ = 0, we see that
1
(19) p(—kyu) = §8k(U) (k € Np)

forue[l, 1+6].

We denote thepth derivative of sitiX) by sinf? (X). Furthermore, we denote
sinP(X)],_, by sifP(a) for « € R. Letin = {1+ (=1)™}/2 form € Z. Then we
have

p—l

(20) sm“’)(X) 2 (eIX + (=1)P 1 —|>< —jP- lz)‘p+l+1 (IX) .

Fork e N, pe No,u € [1,1+é]andd € R, we define

2”: (—w)"sin® ((2n + 1))

(21) Xpi0;k;u) = 2n T D

n=0
p—1

= —{F({0;kw+ (—DP'F(-io; ku}

and

(22) Y0 ku) = Xpi0;k;u) —iP” 1Zp(k J iU A1y ——

j=0

(i6)!

j!
fork e N, pe No,u e [1,148]andd € R. Whenu € (1, 1+ §], it follows from
17, (19-(22) that

_ i1 (io)m-
(23) Yoli0; k;u) = —ZE (U))»p+1+n+k(n+k),

From Lemma2.1, this is uniformly convergent with respect toe [1, 1 + §] when
0 € (—n/2,7/2). By (6), we have€,(1)An,1 = O forn € N. Hence we obtain the
following.

LEMMA 3.1. With the above notation and under the assumptionphatk (mod 2
ando € (—m/2,/2),

(24) Iiml‘dp(iQ;k; u) =0.
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Foru € [1, 1+ §], we define

oo

. o Z ( U) m—n
= Sl s = m.n=0 m+1)s2n 4+ D=2m+ 2n + 2)s’
nd 1) —2m-n
(26) R(s. S SU) = » =W

, 2m+ 1)s(2n + 2)%(2m + 2n + 3)s’

m,n=

By [9, Lemma 2.2], we have the following.

LEMMA 3.2. Foru € (1, 1+ 4],

(l9)N

@7  Fi6;suwIF(6;55u) = ZG(sl s —N;u)

N=0
(28) F(—i0;s;W)F(i0; ;)
(l9)N

:__Z N5 —N. U + (—D"R(s —N. W)} —
N=0
u—2m

+ 2(:) @m+ Ds+s’

Forne Z, pe Ng,ke N,r e Rwithr > 1 andu € (1, 1+ 8], we define
(29)  BP(n;k,r;u)
1 (=P n
=3 Sk, r,n;u) + 5 Rk, n,r;w) + (=D"R(r, n, k;w}
k
—n . .
- Z( J )P(k_ L WApiajp(r + ] +nju).
j=0

Note that ifn € N then we can defin&P(n;k, r; 1) by the right-hand side of20)
withu = 1.

LEMMA 3.3. With the above notation and fore (1, 1 + 6],

(30) Y0k, WF[0;r;u)

(l9) ()Pt o u=m
_ip-1 P
=i E BP(—=N;k,r;u) + > m:O(2m+1)k+f'

N=0

PROOF. We use the same method as in the prooPptlemma 2.3]. By combining
(21) and LemmaB.2, we can calculatél,(i0; k; u)JF (i0;r; u). On the other hand, by
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combining (L7) and @2) and using the binomial theorem, we have

& . i0) & i6)”
Z;p(k— J;U))\p+1+j%2;p(r —vu) L
i= v=

v!

o0 k N . | -
{Z(j )p(k— WA pragjo(r + ] — N;u)} (IN)' ‘
N=0 ‘

j=0

Hence, by 29), we obtain the assertion. O

LEMMA 3.4. Suppos&k € N, p € No, r € Rwithr > 1andu € (1, 1+ §]. For
anyy € Rwith 0 < y < 7/2, there exists a constattl = M(y) > 0 independent
ofu € (1, 1+ 8] such that

P(_nNn* k .
(31) |BP( nr;‘ Ul < M(g/) (n € No).
In particular,
o (IBPm ko w T w
2 [ fl ——M———— —.
@ it () 2
Furthermore, ifp = k (mod 2, then
(33) IimlB”(—N;k,r;u)=O (N e N),
, (—DHP & 1
PO ) —
(34) lim BPO:k.ru) = — > G

m=0

PROOF. By (21), (22) and Lemma&2.2, Y ,(t; k; u) can be defined and holomorphic
onft € C||t| < m/2} whenu € [1, 1+ §]. SoisY,(t; k;u)JF(t;r;u). In particular,
whenu € (1, 1+ 4], it follows from (30) that

(35) Yot K, WIF(L;r;u)
(_i)p—l o u—2m
2 & @m+t D

% N
= i"*lzﬁp(—N;k,r;u)% -

N=0

fort € Cwith|t| < /2. By the same method as in the proof of Lenirih we obtain
(31) and B2). Hence the right-hand side &%) is uniformly convergent with respect
tou € (1, 1+ &1, namely B5) holds foru = 1. On the other hand, by Lemn3al, we
see that the left-hand side &%) tends to 0 asl — 1, whenp = k (mod 2. Thus
we obtain 83) and 34). O
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4. Double series¥, (s, ; S)

By the same method as irV][ we aim to give some relation formulas for
Tan(S1, S;9) defined by p).

LEMMA 4.1. Suppose&k € N, p € Ng, r € Rwithr > 1,d e N, 6 € R and
ue(1,1+345]. Then

1 & (—u)"™"cog(2m+ 2n + 2)0)
(36) 2 an::o { (2m + 1)k2n + L)' (2m + 2n + 2)°
(=1)P (—u)~*™"cog((2n 4 2)0)
u 2m+ DH¥2n+2)42m+ 2n + 3)"
(—1)Ptd (—w)~*"cog(2n + 2)0)
u  @2m+Dr2n+ 2)4(2m+ 2n + )k

+

k j .
. , —-0) (d—1+j—
=3 k= D g Y D ( ) ”)
e — j—v
(—u)~™cos” ((2m + 1)0)

(2m+ 1)d+j+r—v

X

o0
m=0

(iQ)ZN
p _ . ‘u) ——
023 (d—2N:;k, r;u) 2N

I
WE

P
Il

PROOF. By (25) and £6), we have

(—w)~™"cog(2m+2n+2)0) nd IO
mzn::O @m+ e@n+ D=@m+2n+2° NX:EG(S“ %% = 2N W o
and
- (—w?™"cog@n+16) ¢ Nk
mzn::O M+ D™2n+ 2=@m+ 2n+ 3% Nz:;m(sl’ S = 2N s T

Furthermore, we recall

C

(37) Z (—0)" (a +c— v) z”: (—u)"mcos”((2m + b)h)

V! C—v (2m + b)atitetr—v

v=0 m=0

_ Z (a+ c— 2N> i (—u)y™m (i6)N
C

- £ (2m + b)a+1Her -2 (2N)]
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fora,c € Ng, b € {1, 2} andr € R withr > 1 (see 8, (3.2)]). By applying this
equation with(a, b,c) = (d — 1, 1, j), we have

i . S _
. (=0 (d—1+j—v (—u)~™cos” ((2m 4+ 1)0)
(—1)1 Z o ( J Yy > Z (2m+ 1)d+j+r—v

v=0 m=0

(2N)!°

(d — 1+jj — 2N> _ (_1)].(2Nj— d>'

By (29), we obtain the assertion. O

= /2N — i9)2N
=Z( j d)p(d+j+r—2N;U)(|9)
N=0

because

Whend > 2 andd € (—n/2, /2), it follows from (31) that there exists a constant

M > 1independent ofi € (1, 1+ 8] such that
i 1\2N _dn d d

(i9) - I\/|(2N d)! (z) - M (z)
(2N)! 2N! 2 (2N —1)2\2
for any N with 2N > d. This means that ifl > 2 then the right-hand sides &) is
uniformly convergent with respect toe (1, 1+§]. Sowe can leti — 1in both sides
of (36), namely 86) holds foru = 1 whené € (—=x/2,/2). Using Lemma3.4,
we have the following proposition. Note that each side i) (is continuous for
0 € [—-m/2, 7 /2], hence 87) holds for6 € [—x/2, 7/2].

‘B”(d—ZN;k,r;u)

PROPOSITION4.2. Suppos&k € N, p € No, r € Rwithr > 1,d € N withd > 2
andf € [-n/2,7/2]. If k= p (mod 2, then

2m+ Dk(2n + 1)"(2m + 2n + 2)d
(=D"cod(2n + 2)0)
2m 4+ Dk(2n + 2)4(2m + 2n + 3)"
+(=1)P+e (=1)"cos(2n + 2)6) }
@m+ 1 (2n 4+ 2)4(2m 4 2n 4 )k

k j .
. : (—=0)' (d—1+4+j—v
—é p(k—Ll)(—l)JApﬂﬂ-; . ( iy )

= (=DM cos”((2m + 1)0)
X ; (2m + 1)d+j+r—v

(38) % Z { (=)™ coq(2m+ 2n + 2)0)
m,n=0

+(=DP

[d/2] i 02N
(10)
_ P _ . .
= E BPd —2N;k,r; 1) 2N

N=0




[11] Double harmonic series related to the double Euler numbers 329

Whend > 3, we can differentiate3() with respect to¥ because of its uniform
convergency. Using the known relation

G+ 6)=057)

we have the following.
PROPOSITION4.3. Suppos&k € N, p € No,r € Rwithr > 1,d € Nwithd > 3
andf € [—-n/2,7/2]. If k= p (mod 2, then

2m -+ D¥2n + 1)r(2m+ 2n 4 2)9-1
(=D"sin((2n 4 2)0)
2m+ DH*2n + 2)9-1(2m+ 2n 4+ 3J)"
+(=1)Ptd (=D"sin((2n + 2)0) }
2m 4+ )" (2n + 2)4-1(2m + 2n + )k

k i ,
. - (=0)"(d=2+]—v
_Z,O(k— J;l)(_l)l)\,p+l+]z o1 ( J _]J) >
j=0 v=0 :

> (=DM cos D ((2m + 1)0)
X Z; (2m+ l)d71+j+rfu

(39) - % > { (=D)™"sin((2m + 2n + 2)0)
m,n=0

+(=DP

[d/2)
=> BP(d-2N;k.r;1)
N=1
We apply Propositiod.2 and Propositiort.3with & = /2. In particular, in 89)
we replaced — 1 withd. Lety(s) = > _,2n+1)~° = (1 —27°¢&(s). Then we
have the following relations foE, o (S1, S; S).

(_1)N92N—l
2N — 1!

COROLLARY 4.4. Suppos&k € N, p € No, r € Rwithr > 1 andd € N with
d>2 Ifk=p (mod 2, then

(40) % {=Frak rid) + (=DPPE ok, diT) + (—D)PTHIT o(r, ds k) |

k
= > pk= DD Apiay
j=0
X“’Z”/”M(d—m - 2u

n +1)! j—2u—1 )W(d+1+r—zu—1)

n=0
[d/2]
- Z%p(d —2N;k, r; 1)

N=0

(im/2)*
@2N)!
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COROLLARY 4.5. Suppos&k € N, p € No, r € Rwithr > 1 andd € N with
d>2 Ifk=p (mod 2, then

k

41) > pk— DD Ay

j=0

/2 . 5 _
(im/2)* (d—1+ ) —2u .
X ; 2w)! ( i —2u )w(d+1 +r —2w)
[(d+1)/2] | "
(=D (/2
_ b N e N
= Nz::l BP(A+1-2N;k,r; 1) 2N D)
N —1)N+1 2N+1
= 2 BP(d—1—2N;k, 1 D) D™ (w/2)
N=0 (2N + 1)!

Now we give the explicit relation formulas &, ,(s1, S; S). We make use of the
following lemma which is equivalent t&[ Lemma 4.4].

LEMMA 4.6. Let { Azn}heng, { Banthen, @nd{Canlnen, be Sequences such that

h

h . : . .
(i/2)? (im/2)2

A = Z Can-2 ; , Ba= Z Con2j—=——— (h e Ny).
= @)t = @j + 1!

Then
h
A = =223 2B, s(2h — 2v)  (h e Np).

v=0

PROOF. Putting (azj, Baj, y2i) = (2721 Agj, 272 Byj, 2721Cyj) in [7, Lemma 4.4],
we immediately obtain the assertion. O

We simply writep(s) = p(s;1). Itis well-known that

(=1)) w2t

(42) p(2]+1) = W

Ey; (j € No)

(see [, Chapter 1]). Then, from Corollarg.4, Corollary 4.5 and Lemma4.6, we
obtain the following result.
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THEOREMA4.7. Letk, | € N. Then

(43) — %11k, 52) + (=D Tk, 2;9) + Ty o(s, 2 k) )
k
=2 ) pk-DHEY
2k mod 2

LA (1) /2 (21

j—2pu—1

Cu + 1!

2372| k [i/21

R O NIk
3 p(k—l)(—l)ng

X

Y@ +j+s—2u—1)

n=0

+

j;kj(rn?)w)
| .
v+ —2u .
2% 2 1 -2 20 -2
XUZ:; ( i _ou )1//(1)+ +i+s—2wz@ —2v)
+ (D2 Y (k+9)¢(2)
and

(44) —Tiik s;2+1) + (—1)k+l {C{l,z(k, 2 +1;5) — %1082 + 1, k)}
k

=2 > pk-j(1

ik j?n?od 2 |
o -
L2 i p(k— (D) ﬁ —(_112273{2)2”
j#k (mod 2)
X XI: 2% (2‘) +jlj_2ju_ 2“)1//(21} +24]+s—2u)¢¢ 2 —2v)
v=0

hold for all s € C with both Re(s) > 0 and Re(s) > 1 — k, wherey(s) =
(1—29)¢(s).

PROOF. In Lemma4.6, let A,, be the left-hand side ofiQ) in the cased = 2h,
B, the left-hand side of41) in the cased = 2h + 1 divided by—x/2 for h € N.
Furthermore, leC,, = BX(2h;k;r; 1) forh € N and

KL o (=1)*
Ay =By =Cy=B*0;k,r;1) = > Yw(k+r)

331
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(see 84)). Then, applying Lemma4.6and puttingh = | € N, we see that43) holds
foranys =r € R withr > 1. We can easily check tha?)(is convergent absolutely
when Rés;) > 0, Rgs;) > 0, Rgs) > 0, and Re¢s; +s) > 1, Res, + ) > 1,
Re(s; + 5+ 5) > 2 (see P, 6]). Hence @3) holds for anys € C with Re(s) > 0 and

k 4+ Re(s) > 1. Similarly, let Az, be the left-hand side ofiQ) in the casel = 2h + 1

for h € N, By, the left-hand side of4l) in the cased = 2h + 2 divided by—x/2

for h € No. FurthermoreC,, = B¥(2h + 1;k;r; 1) for h € No. Then, applying
Lemma4.6, puttingh = 1 € N, and using the same consideration as above, we
obtain @4). O

ExampLE 1. Applying (44) with (k, 1) = (2, 1), we obtain 8). Applying (43) with
(k, 1) = (1, 1) and replacing with s 4+ 2, we have

(45) —T11(1,5+ 2,2 +%12(1,2;54+2) + T12(5+ 2, 2; 1)
1 —s—3 —s—5
=§(1—2 )5(s+3)¢(2) — (L—2°°)¢(s+5).

This means that the left-hand side db] can be continued meromorphically to the
whole complex plane. Combinin@)and @5), we have

(46) T11(2,83) +%12(2,3;5) —%12(s,3;2)
—4{-T01(L s+ 2,2+ T12(1. 2,5+ 2) + T12(s+ 2,2, D)}

1
=5 (1-2"9) 2+ 3.

From the functional equation f@r(s), we can trivially obtain the functional equation
for the left-hand side of46).

REMARK. From Theorend.7, we obtain the fact th&, ; (k, m; n) can be expressed
as arational linear combination of products of the Riemann zeta values kwimen <
N with n > 2 andk + m+ n is odd. Indeed, applying!@) with s = m € N such that
k £ m (mod 2, we see that

—%1ak, m; 2D) + (—DM{T12(k, 21;m) + T (M, 25 K)}

can be expressed as a rational linear combination of products of the Riemann zetz
values, by 42). Replacingk with m ands with k in (43), we also see that so is

—T11(m, k; 20) + (—1)m+1{{3:1,2(m, 2, K) + %10k, 215 my).

Hence, so is%; ;(k, m; 2). Furthermore, applyingdd) with s = m € N such that

k = m (mod 2, we see that so i€,,(k, m; 2l + 1). Thus we obtain the assertion.
This fact is a special case of known results for multiple series (s&dheorem 1.1]).

So we can regard Theorefn7 as analytic generalizations of the discrete results for
double series given ir9[ 10].
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