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Abstract

We study the distribution of principal ideals generated by irreducible elements in an algebraic number
field.
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1. Introduction

In an abstract algebra course, students learn that the concepts of prime and irreducibl
elements do not coincide in an integral domain without unique factorization. Usu-
ally, various examples are given #jv/—5], for instance, showing the existence of
irreducibles which are not prime. Of course, as every student knows any prime is
irreducible and so generally there are more irreducibles than primes.

This difference leads naturally to two questions. First, can one give a characteriza-
tion of irreducibles in familiar integral domains where unique factorization need not
hold, such as the ring of integers in an algebraic number field? Second, how are the
irreducibles distributed, again in an algebraic number field?

The problem of characterizing irreducibles involves, among many challenges, a
good characterization of all the prime ideals in any given ideal class of the ideal class
group of the field. This has a particularly nice solution when the Hilbert class field
of the number field is an abelian extension of the field of rational numBeror
class field theory shows us that the solution involves congruences, modulo certain
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integers depending on only the field, for the rational primes contained in the prime
ideals. (As a minor aside, we give a characterization of the irreducibles and primes in
two imaginary quadratic number fields of class number two in the last section of this
paper.) In other cases such a satisfactory characterization is not known and probably
even nonexistent.

In this note, we study instead the distribution of irreducibles. First, we give a little
background. LeK be an algebraic number field and denoteNdyx) the number
of nonassociate irreducible elementsvith [Nk o ()| < X. In the 1960’s, Rmond,
[11], showed that

~c 2 D-1
M (X) Clogx(loglogx) , asx — oo,

whereC is a positive constant not explicitly given afdlis the Davenport constant
which is a positive integer depending on only the structure of the ideal class griup of
Now, if we let P(x) denote the number of nonassociate primegith [Nk o (7)] < X,
then by a classical density result

1 x
P(x) ~ H@’
whereh is the class number of the field, that is, the order of the ideal class group. If
h > 1 (soD > 1, see Sectiofl), then there are ‘many more’ irreducibles than primes.
If h = 1, however, then the ring of integers is a unique factorization domain and hence
the irreducibles and primes coincide. This is consistent with the estimates above once
we observe that in this case,= 1 andD = 1; see the next section for more on these
constants.
Subsequently, Kaczorowskg]| gave a major extension oféRnond’s result, which
we state here in simplified form:

X i . X .
M(X) = ogx (; m; (log Iogx)') +0 (Iogzx(loq logx) ) ,

asx — oo, for some constant > 0 and complex numbers);. In particular,
mp_1 = C the coefficient in Rmond’s estimate. As iné&nond’s case, the constants
depend orK but are not explicitly given.

Later, Halter-Koch and Miler in joint work [5] showed, among many results, how
to determine the constafit and as a result showed that it depends on only the class
group ofK.

This result prompted us to explore the dependence of some of the other coefficients
in Kaczorowski's estimate on the arithmetickof In particular, we considenp_, and
give an explicit expression for this coefficient. We then apply this to the special case
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of a number field with cyclic class group in which case we find that, contains
explicit arithmetic information about the field and some of the subfields of its Hilbert
class field. (We chose the case of cyclic class group due to the messy combinatorica
arguments in the general case. It would still perhaps be of interest to see what
happens in general.) Finally, we compute—more precisely, approxintate—for

two imaginary quadratic number fields with class number two. Indeed, this calculation
shows that more than just properties of the class group figure into the makagpof

2. A Dirichlet series associated with irreducibles

Let K be an algebraic number field, that is, a finite extension of the rational number
field, Q, and letdk denote its ring of integers. We denote by(x) the norm of
an elemeni from K to Q. Also, we denote byNa the norm of an ideak of O.
Furthermore, let Ck= CI(K) denote the class group ¢ andh = hy the class
number, that is, the order of ).

In studying the distribution of the irreducibles, we introduce the following function.

DEFINITION 1. 14(S) = D _ o) v irea. N (@)%, Wheres is a complex number with real
part,c > 1.

The sum runs over the principal ideals generated by irreducible elemenits. of
We obviously do not wish to count all associates of an irreducible since there are
infinitely many when the unit group is infinite, that is, anytirdeis notQ or an
imaginary quadratic number field.

Ultimately, we shall be interested in the ‘summatory’ function given by

DEFINITION 2. M(X) = Y_ ) 4 irred. Ny <x 1+ WhETexX is any positive real number.

We shall first determine properties pfs) and then use a well-known Tauberian
theorem to glean information about the distributiorVbfx).
To this end, consider the following. Write & {¢; =1, ¢5, ..., ¢n}.

DEFINITION 3. For each positive integen, let

h
gm:{K:(kla-..,kh)ENgil_[cl;i ”;nl’ k1++kh:m},

j=1

where[Jc¢ ™ 1 means tha{]c¥ = 1 and if [[¢' = 1 for somel; such that
O0<ly <k fori=1,...,h,thenl; = O0foralli orl; =k; foralli. (HereN, denotes
the set of nonnegative integers.)
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Notice thaf= guarantees thata product of elements is 1 but no nontrivial subproduct
is 1. Hence the product gives a ‘minimal’ representation of 1.

Later on it will be more convenient to think of the elementsaf as functions in
the usual way; namely,

D = {K:Cl—) No ‘ Hck(‘) m g ZK(C)=m}.

ceCl ¢

DErINITION 4. The Davenport constant &fl, denoted byD or D(CI), is the largest
positive integem such that%,, is nonempty.

The Davenport constant is defined as above for any finite abelian group. In general,
the relation between the Davenport constant and the structure of the group is not
known. On the other hand, it is well known (and easy to prove) that the Davenport
constant is no larger than the order of the group.

We now have the following proposition which gives a connection between irre-
ducibles and prime ideals. First, we denote the set of nonzero prime ideéis of
by #.

PROPOSITION2.1. For any complexs with o > 1 and where)__ is defined to b&
whenevek; = 0,

u@ziifl > N@)™

m=1keP, i=1 a
3Pit,.... Pik €PN
ai =Pi1--Pik;

PROOF. Fork € %, define

Ay={a:a=a---an & =pir--Pi, SOmep;; € ZNg},

whereq; = 1, if kk = 0. Now let.&Z = [ . where the union is over allin |, Zm.
By the unigueness of the factorization of ideals into prime ideals, we see that this
union is disjoint. Moreover, by the multiplicativity of the norms, we have

> YT Net= Y Ne

m=1kePn, i=1 a ace/

whereq; are as above in the definition af,. Now notice that ifa € .«7, thena e .o
for somek € Z,,. Thus the ideal clags] containinga satisfies

h
[l =]]e" =1,
i=1
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by definition of 7,,. Hencea = («) for some nonzero, nonunit integerin K. But
notice thate must be irreducible for otherwide] = ]_[ih:1 ¢% = 1, would not be a
minimal representation of 1.

Conversely, ifx is irreducible, therfa) € .7 for somek; namely,

h K
@ =[]
i=1 j=1
for somek; € Ngandp;; € & N;. O

Next, we examine the right-hand sum in the proposition above. To this end we
define the following family of polynomials.

DEFINITION 5. Let k be a positive integer and, ..., z independent variables.
Then
Pk(Z) = PK(Z]_ Zk) = Z l Zv1 e Z;()k
= RRVIRERR AN RN ' 1 ’
(V1,y.ees vk)eNO
> jvj=k

Moreover, letPy(z) = 1.

PrROPOSITION2.2. Letk be a positive integer angy, X,, X3, ... be a sequence of

independent variables. Moreover, fpe=1, ..., k, lets; = >, xJ). Then
D XayXo = PilsL, ., S0
(N1,....n) eNK
Np=<---=Nk

PROOF. First we introduce some notation. LEB{ = X, ---X, for anyn =
(g, ....,n) e Nk LetT = {ne NK:n, <--. <ng. Also, letS be the symmetric
group on{l, ..., k};foro € &, leton = (Nyny), - - -» Nony)- Next, letC = C(o) be
the conjugacy class ef in S, thatis,C(0) = {yoy ™t :y € $}. Let

k
o= 1_1711'1"'7711,J
=1

be a factorization obr into disjoint cycles, where; € Ny and for eachj and

i =1,...,v;, the permutationg;; are the distinct-cycles, say; = (aji1- - - a;ij)

with a;; € {1,...,k}, and with the convention that 1-cycles are included so that
Uj,i{ajil, ..., a1 =1{1,...,k}. Recall thatr € C(0) if and only if r has the same
type of cycle decomposition, that is, if

k
_ ’ ’
T _1_[7’]17’]1);
j=1
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into disjoint cycles with the same conventions as above,ltpeﬂ viforj =1,...,k,

(see, for example?]). Notice then that a conjugacy classSpis determined uniquely
by ak-tuple,(vy, ..., v) € NEwith Z'j‘:l jv; = k. Any permutation in the conjugacy
class has a cycle decomposition determined byvifseas above. Moreover, recall

that
k!

vl ke
again seeq]. Furthermore, recall that the cardinality of the orbitofunder S,
Snh={nn:n e S}, is equal to|S|/|S(n)| whereS(n) = {n € S : nn = n}, the
stabilizer subgroup afi. Moreover, ifm € Sn, then the stabilizer subgroupS,(m)
andS(n), are conjugate and thus have the same cardinality.

Now for the proof: Notice that

%Z Zéﬂ:%zzzlm’

o€k meNk C 0eC meNk
om=m om=m

#C(o) =

where ) . is the sum over the conjugacy classesSf Now notice that if we

write o = [{_;nj1---nj,, as above, they . . . X = st s* which is
independent of the choice ofe C. Hence
1 1 c
M2 2 Xn=1g 2_1C1 ) X,
" C 0eC meNk e meNk
om=m om=m
1 k! o ”
= 2 oo e S S = R s,
(1, ) ENE
jvJ:k
On the other hand, L
D %= e 2 Xm
net neT ISl meSn
sincex,, = X, foranym € Sn. Hence
Y%= X Y ke g O S
- |Sn| =% k! -
neT meNk neT meNk neT
meSn meSn
1 1
= LIS, =5 D0 D X,
" meNk neT " meNk neT oeS(m)
meSn me&n
1
DI IR DI
meNk 0eS(m) neT

meSn
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But) o1 mesn 1 = 1, since only one permutation of can belong tar. Therefore,

sz%z Y Xp=Piss -, S0,

neT " meNk oeS
= om=m

from above, as desired. O

PROPOSITION2.3. Letk be a nonnegative integer andany class irCl. Then

> N@*=PR®,
Epl,...,gkeﬁﬂc
a=p1--Pk

wherez; = 3", Np~°, forall Re(s) =0 > 1.

PrOOF. Fork = 0, both sides are equal to 1, for the left-hand side consists of one
term,a = O which has norm equal to 1.

Assumek > 0. Write Z Nc¢ = {p, : n € N}. Foranyn € N, let x, = Np,*.
Then the proposition follows directly from Propositi@2, once we observe thad
is multiplicative and all series involved converge absolutely, since 1. O

We now have the following useful corollary to Propositids3.

COROLLARY 2.4.

D h
e = Y IN@I®=) > []P@1 ... 2,

(), airred. m=1keZ, i=1

wherez; = Y, . Np; .

For the next proposition, writg, = . ., Npi°® = | + g, wherel =
(1/hylog(1l/(s — 1)), andg = gi(s). It is well known thatg(s) is regular at
s = 1. We then have

PROPOSITION2.5. pu(S) = Y. oCl*, wherec, = Y0 0 > o @, Where
ifk = (ki, ..., kp), then

ki Vit — M

kq ke h
=Y Y [bew with b, =3 —

u1=0 un=0 i=1 o wil (vin — i)

Pt pn=pn

pkisU\l’
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where

1 v Vik;
Pkiviy = Vi Zéz ’ Z|k“ ’
Z 1Vi2!"'Viki!2v‘2"'kik‘

(iz.eetig JENG

> jvij=ki—vi1
if kk > 1, and we defin@go = 1, p1.1 = 1, andp; 0 = 0.
PrROOF. First use the definition of the polynomialk(z) to expandu(s) in Propo-

sition 2.3, where the indices of summation afgfori =1,...,handj =1,... k.
Hence

(s = Z Z H Z vk'l”‘l- - kv 4+g)mzy" - g™,

m=1 (k,....kn)€Zm i=1 (vi,...,vik;)

ZIVU =ki
where) . ---=1,ifk = 0. Now in the right-hand most sum above, sum over
thev;, firstin Whlch case we get
k.
1 . . ~(+g)m
L\ Vil Vi, ik —
Z Vigl vy 1o K1V (I + gl) 2 Zi = Z viq! Pl vizs
(Vi1 ik ) ' vi1=0
2 jvij=ki

with p as defined in the statement of the proposition. Next, exgghe: (I + g)"*
as

i (Ui l)ll‘«i givilf/j.‘ )
=0 Mi

Then

Vi1

ki \ Vi1 ki
Z (I—{l_)_—?‘l)pki.\u = Z Z ( > e Pk, \MIM' Z bkhMiIMi y
e wi=0

vi1=0 vi1=0 Il 1i=0

where theb are defined as above. But then

ki kn h
]_[ Z Bl = e 3 T bt =

i=1 pi= n1=0 uh=0i=1 w

M=

A ul”

I
o

with thea as defined above.
Butnow) ., > gaul” =21 oY o, .. Hence

D

u(s) = ZZ XDjO DBEDIL A I

m=1 p=0 k m=max(1,) KEDm

as desired. O
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Now we rewrite theay , in Proposition2.5in a form more convenient for winning
an explicit formula forc, for ‘large’ .

D D— .
COROLLARY 2.6. u(s) = 3, _C, 1", wherec, = 3 "0y ), D kea,., B With

kn h 1 Vi k" -
Hon = ZZ HW Z (i — AD)!(k; —Vi)!gi Pk

v1=0 =0 i=1 2i=0
Vit tvp=v
where(as abovg
1 Vi Vik;
Piiki=hi = Z Vik Z|\22 e Zy
Vol ey 1 2viz. o k™ !
(V] 2:Vik; )sNg" -1 2 ik k'
X Jvij =Ai

PROOF. (Sketch) In Propostio.5change variables as follows: let=m — u, let
U|=ki—/ii,and|et}\.i=ki—\)il. ]

From this corollary we extract the following result.

COROLLARY 2.7. Letyu(s) = 1 ,c,l*. Then

() Co=ueo, [Ta(1/kD.
(i) o1 =Y emy, [Ta(@/kD + Yo, [T A/kiD 0 kig;.
(i) If D > 2, then

h 1 h 1 h
coi= X [+ 2 g ke
keZp _, i=1 kePp_1 i=1 j=1
h 1 '
Z 1_[ k._ < Z kJ1klzgllg]2 + Z k (k ( Zéz>) .
kegp i=1 1<ji<j2<h

The proof is a straightforward application of the previous corollary.
We further obtain the following expressions fa(s) for some fields with small
class number.

COROLLARY 2.8. (i) Supposed = 1whenceh = 1. Thenu(s) =1 + g;.
@iy If D=2soh =2, sayCl = {1 = ¢y, ¢,}, then

@—}P 1 )l 1 b
w =5 +A+o)l + 91+292+222 .

PrOOF. In light of the formulas for the, above, it suffices to compute,, for each
of the groups listed.



378 David M. Bradley, Ali EOzlilk, Rebecca A. Rozario and C. Snyder [10]

Let Cl = {1 = ¢;}. Then we have only one minimal representation of 1, namely
1='1, implying that2, = {1}. Using this with the previous corollary yields (i).

Now let Cl = {1 = ¢, @ = c}. Then we have two minimal representations
of 1, namely, 1= 1, andaa = 1 implying that2, = {(1, 0)} and 2, = {(0, 2)},
respectively. This yields (ii). O

3. The summatory function M (x)

Having established formal properties of the Dirichlet sefi€s), we now use well-
known results relating a Dirichlet series to its associated summatory function@s in [
We present the following weaker form of Kaczorowski’s ‘Main Lemma’ givend} [
which will be sufficiently strong for our purposes.

Let f(s) = > -, an"° be a Dirichlet series wher®= o + it with a,, o, t real
numbers and,, > 0.

As in [6] we have the following definition.

DEFINITION 6. We let.« be the set of those Dirichlet seridsas above satisfying
the following three additional properties:

(i) Forallx,y e Rsuchthatl< x <,

> a < (y—xlog*y+ Oy,

x<n<y

for somec; > 0,6 < 1 where the constants depend bionly.
(i) There exists a nonnegative integefand functionsg;(s) for j = 0, ..., Kk,

such that )
' 1
_ . J
f(s) = ?_0 gj(s) log (S_ 1>,

for o > 1 and such thagk(1l) # 0 andg;(s) is regular foro > 1 and can be
analytically continued to a regular function in the regi@rgiven by

%:{S:a—}—it :a>1—L}
log(|t| + 2)

for somec, > 0.
(iii) IntheregionZ, |g;(s)| < log®(|t| + 3), for somec; > 0.

PrRoPOSITION3.1 (Corollary to Kaczorowski's Main Lemmal.et

f(s) = Z:ann‘S
n=1



[11] Distribution of irreducibles 379

be a Dirichlet series in classy as defined above. Le&d(x) = ) ._ a, be the
summatory function associated wiflfs). Then for alle > 0 and allx > €®,

X k-1 ) X
- ) J -
309 = fogx (; & (loglogx) ) e (Iogz‘e x) ’

asx — oo, where thee; are complex numbers given by

=nm 1
m!' 27

LY
= Z 1-)_;gv(l)lv—js with Im= / € (Iog Z) dZ
V:j J' 4

where% is the path of integration consisting of the segmento, —1] on the lower
side of the real axis (so that the argumentaj z is —x), the circumference of the
unit circle taken counter-clockwise, and the segnjerit, —oco) on the upper side of
the real axis.

The proof may be found ir6] where we take Case | ang= 0 in the Main Lemma.

LEMMA 3.2. Lett be any positive real number with< 1. Then

@ 1p,=0

(b) Yoo 1™y, = exp(yt + Yoo (=" (mMt"/n), wherey = 0.577...is
Euler’s constant,

(C) I, = 1land I, = Y.

PROOF. Part (a) follows sincé, = [, € dz=0
With respect to Part (b), consider the formal sum

1
Ztmlm_— getlozq;— — | ez7'dz= —.
7 2mi 7 ')

But then sincdy = 0, we have

[ee}

— n-1
ot t g, tra) exp(yt+2( 1) :(n))

m=1 n=2

by [13].
Part (c) follows immediately from (b). O

COROLLARY 3.3. Lete; be defined as in Propositich 1. Then

(i) ifk=>18a.1=kag,
(i) ifk>262=K-10 1(1) +kk—1)g(D) y.
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The proof is immediate from the preceding lemma and proposition.

We now apply these results {o(s) to obtain information abouM (x). By [6],
using results inT], n(s) belongs to the clasg’.

We shall state a well-known result abo@nec(l/Nps), for ¢ € ClI, but first we
recall some definitions.

LetK be an algebraic number field of degreeverQ with class group GK) = CI
of orderh. LetCl denote the character group of Cl, that is, the group of homomor-
phisms from ClI into the multiplicative group*. As usual, we denote the principal
character, that is, the constant character 1, by ejther simply by 1.

Let xy be an arbitrary character on Cl, then we defineltkseries

Ls =222 ooy,

Nas

where the sum is over all (nonzero) integral ideal&of
If x = 1, the principal character, ther(s, xo) = ¢k (S), the Dedekind zeta function
of K.
Asiswellknown,L (s, x) converges absolutely and uniformally on compact subsets
in the half planer > 1. Moreover, since the norm m#&pis completely multiplicative
on the set of ideals df, we have

1
L0 =]] (1— ﬁ?) ,

P

forall o > 1 and where the product is taken over all (nonzero) prime ided{s df is

also well known that in the half plare > 1 — 1/n, the series foL (s, x) converges,

if x # 1, andL(s, ) is regular there. On the other hargg,(s) has a continuation

into the same half plane but with a simple pols at 1 with (nonzero) residuay .
Furthermore, in the regio# given by

Ck
log(Jt| +2)
L (s, x) does not vanish, wheig depends oK but not ony.

Now, sincel (s, x) is nonzero in the region above, we see thatlgg x) is defined
and regular in this region.

o>1

PROPOSITION3.4. Let¢ be an ideal class ofl. Then

Z N:I‘-JS _ %lOQCK(S) +%2X:7(C) logL(s, x) — ZZ m|\j|-pmsv

pec m=2 P
x#1 plec

foro > 1.
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For a proof see, for exampl8][ (or just about any text on algebraic number theory).
Notice that this proposition allows us to analytically contiug.. Np~* onto the
region%x.

COROLLARY 3.5. Letg.(s) = Zpec(l/NpS) — (1/h)log(1/(s—1)). Then

Ge(s) = Iog((s— D&k (®) + + Zx(c) logL(s, x) — Z >

=5 mNpmS
X#l pTMec
hence regular iFy. In particular
g:(1) = IogaK + Zx(c) logL(1, x) — ZZ mNpm
x#l m=2 ot PEC
whereay is the residue of (s) ats = 1.
PROOFE. Write ¢k (s) as(1/(s — 1))(s — 1)¢k (s) and then apply log. O

We now apply this result tivM (x).

PrROPOSITION3.6. Let K be an algebraic number field with class numieand
associated Davenport numbEr. Then

D-2

_ o X D-1 X _ i
M (x) = Dcph ogx (loglogx) +—Iogx jz_;ej (log logx) +O<

X
(logx)%2 )’
where theg; are given in Propositior8.1with g;(s) = h=I¢;(s).

PROOF. The proof is immediate since(s) = .. ,c.(h(log(1/(s — 1)))".
O

As an immediate corollary we have

COROLLARY 3.7. M(x) ~ Dcph~P(x/log x)(loglogx)P~1.

Compare this with, Theorem 1]. But we also get the following result.
THEOREM3.8. For D > 2,

M(X) = 0% (C(Ioglogx)D '+ B(loglogx)®~?) + O (E(x)),
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whereC = Dcph™® andB = (D — 1)cp_1(1)h*P + D(D — 1)cph~Py, with y,
Euler’s constant, and where

X
—(loglogx)®~® if D > 3;
E( = { 109% |
W otherwise

4. The special case of number fields with cyclic class group

We now investigate the asymptotic behavioh{x) when the number fiel& has
cyclic class group Cl of orddr > 1. Then we see, by TheoreBng, that in order to
compute the coefficients and B, we need to determing, andcp_1(s). First of all,
notice thatD = h, for we have already observed that< h for any Cl. But now
since Cl is cyclic generated ly say, then" = 1, whenceh < D in this case.

Now by Corollary2.7, we need to determing,, form= D =handm=D—-1=
h—1.

To this end, we cite the following main result ]

PROPOSITION4.1. LetS = (ay, ..., a,_x) be a sequence of — k (not necessarily
distinch elements irZ,, = Z/nZ. Supposel < k < n/6 + 1 and thatO cannot be
expressed as a sum over a nonempty subsequergdtwn there exist an integer
coprime ton and a permutatio of the sef1, 2, ..., n — Kk} such thatca,, = 1 for
i=1,...,n—2k+1, andZ?;:,zm |8,y In < 2K — 2, where|X|, denotes the least
positive inverse image of under the natural homomorphism from the additive group
of integers ont@,,.

In particular, there are at least — 2k + 1 terms inSwhich are relatively prime to
n and all congruent to one another modulo

We use this result to prove the following lemma.
LEMMA 4.2. Suppose€Cl = (c¢). Then

9D:{Kk:lfkfI’L(k’h):l}a
wherexy : Cl — Ng with «(¢¥) = h andk(¢') = 0 otherwise
QD—lz{)"K:lkahi(kih)=l}9

wherexy : Cl — Ng with A, (c¥) = h — 2, A(¢®) = 1, andA(¢') = 0 otherwise.

PROOF. We start by determining the elements®@§. Supposes, ..., ¢, € Cland
[T, ¢ = 1. Then theh sequences, = (c1..... ¢}, ..., c,) (Wherec; is omitted)
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satisfy the hypotheses of Propositibriwith k = 1. Hence in eacl; there are atleast
h—1terms which are equal and generating Cl. Hence, we musthave-- = ¢, = ¢
and(c) = CI. Thus%y, is as stated above. '

Now considerZp_;. Suppose;,...,c; € Cland][][' ;¢ = 1. Then the
h — 1 sequence§; = (¢, ..., €], ..., tn_1) Satisfy the hypotheses above with= 2
providedh > 6. (Forh < 6 the lemma follows by a straightforward calculation.)
Hence, assumk > 6 in which case in eacl; there are at least — 3 terms which
are equal and generate Cl. But then, without loss of generalit, - - - = ¢,_> = ¢
where(c) = Cl. Thusc" 20 = 1 for somed e Cl; whenced = ¢?, as desired. O

This lemma along with Corollarg.7 and Theoren3.8yields the following propo-
sition.

ProOPOSITION4.3. Let K be an algebraic number field with cyclic class group
Cl = {(¢) of orderh > 1. Then

M(X) = o x (C(Iog logx)"~* + B(loglogx)"?) + O (E(x)),

whereC = ¢(h)/((h — 1)!h"), and

__ e h—1] oM 1
B (h—2)!hhy+ hh-1 | (h—2)! ()+(h 1)! Z 9D |

(k h) 1
wherea(h) = 1/2, if h = 3, anda(h) = 1, otherwise and whereg, is as appears in
Corollary 3.5.

The proof follows immediately from Corollarg.7 and Theoren3.8. (Notice that
whenh = 3, |%,| = 1, notp(h).)

We now give an (partially) arithmetic interpretation @ k1 gck(l) First, we
introduce some notation. =

Once again assunit¢ has cyclic class group Gt (¢) and letL be the Hilbert class
field of K. For each divisod of h let L4 denote the intermediate field in the extension
L/K of degreed over K. (Since by class field theory G&l/K) ~ Cl and Cl is
cyclic, Ly is uniquely determined.) Notice in particular tHat = K andL,, = L.
Finally, leta,, be the residue of the Dedekind zeta functipp(s) ats = 1.

THEOREM4.4. Given the assumptions of the previous paragraph,

(d)
Z gck(l) ZM_IogaLd ZZmNpm

dih m>2 p
([pm])=

(k, h) 1
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PrOOF. By Corollary3.5we have

h

00 h
Y gu(s) = MIog((s—l):ds) ) + ﬁ(S) > Z > m,jpms,
F‘

k=1 m=2 k=
(k,h=1 (k.h)

where

H"‘

h
B =Y > X(logL(s, x).
K1 it
Forj =0,...,h—1, lety; be the character on Cl determined jgy(c) = zhj foré, a

primitive hth root of unity. More generally, lety ; be the character on Cl determined
by xq.j(c) = 4, for any positive integed dividing h. Also let

h
Cn(j) = Z gr:ka
k=1
(k=1
the usual Ramanujan sum. Then
h-1
B(S) = ca(—)logL(s, xj).

j=1

Butthe Ramanujan sum has the explicit representation (see, for exafinpkege 238])

. wch/(h, )
n - hi.v
S =M i )
and thus
nv) <
=¢(h — logL(s, x:
B(S) (p()um o) ]2; ogL(s, xj)
(h.jy=h/v

B n) o N
_w(h)%;w(v) ]Z; logL(s, xj) — ¢(h) log&k (9).

p(h, j)=h/v
Now, by [8, page 230], we have
logér,(s) =Y > logL(s, xu.j)-

vld j modv
(Jv=1

But then by Mdbius inversion,
> logl(s.xj)= Y logL(s, x.j) =Y u(v/d)logéy,(s).

j modh j modv djv
(h,p=h/v (=1
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Thus
( h
o )Z(— > loglL(s, x))
d
()ZZ“() (5) 109608 = 0 Y logz,(s) Y (”)’(‘S’/)
vih djv dih vlh
d|v
12 (v) w(d)
— o) Y logzr, () Y E2E = oty S loge, (9 ——
dlh g|‘h () dlh (h) d
p(d)
=h) = logzi,(s),
dlh
since
prw) _h p*d)
e e d
dlv
see, for example,lf Lemma 3]. Hence
p(d)
B =h) == 10g¢i(s) = ¢(h) logt (9).
dlh
Now notice that
lim p(s) = hZ wd) log(s — 1)¢1,(s) — ¢(h)log(s — 1)sk (s)
dlh
d
( Z&) —qo(h)) log(s — 1)
djh
u(d)
=h ——loga h) logag,
% 5 loga, —¢(h loga
sincep(h) = h de w(d)/d. This gives us the result. O

5. Examples

The coefficientC of M(x) depends on the class group f more precisely, on
the Davenport constant and the order of the class group. On the other hand, the



386 David M. Bradley, Ali EOzlilk, Rebecca A. Rozario and C. Snyder [18]

coefficientB seems to depend more intrinsically on the arithmetic for the #eldn

this section we consider approximatiigfor two imaginary quadratic number fields

of class number 2, nameli§; = Q(+/—5) andK, = Q(+/—15) to see if theB are
unequal. But before we carry out the calculations in these special cases, we conside
Proposition4.3for the case wherk = 2.

COROLLARY 5.1. Let K be a number field with class numb2r Denote byt the
nonprincipal ideal class ofl. FinaIIy, let L be the Hilbert class field dk. Then

M(x) = loglogx + — (2(1 +0.))+y)—

X
4I 0g X Iogx +O ((Iogx)3/2>’

wherey is Euler’'s constant and

9:(1) = logay — —IogaL > mNpm

m>3 pec
m=1(2)

We need to computay, a,, andS = Z m=s Zpec 1/(mNp™).
To this end, lef- be any algebraic number field. Then the residug-¢$) ats =1
is

o — 21(27)"2Rehe
F wF\/mF—| s
wherer; andr, are the number of inequivalent real and complex embeddings of
into C, respectively;R¢ is the regulator of; he its class numberpe the number of
roots of unity indr; anddg is the discriminant of-.

ForK; = Q(+v/=5),r; =0,r, =1, R, = 1, wg, = 2, anddx, = —20, and hence
ax, = /+/5.

ForK, = Q(+/=15),r;, = 0,1, = 1, Rx, = 1, wg, = 2, anddx, = —15, and
henceay, = 27 /+/15.

The Hilbert class fields of)(+/—5) andQ(+/—15) areL; = Q(+/—5, +/5) and
L, = Q(v/—15,v5), respectively. To computg  in these two cases, we first notice
thatr; = 0 andr, = 2. To compute the other invariants, we shall use the fact that
L; are CM-fields, which will allow us to compute the regulat&s and the fact that
Gal(L;/Q) ~ C(2) x C(2), the Klein four group, which will give us a way to compute
the class numbers.

Tothisend, leL* = LNR = Q(+/5) inboth caset = L;. NowR, - = log((1+
V/5)/2) and by [L2, Proposition 4.16] (for exampld}. = (1/Q)2log((1 + +/5)/2),
whereQ = (E. : WL E+) € {1, 2} with Er andWr the group of units, respectively,
roots of unity indr for any number field=. But in our two casesQ = 1; see [0,
Theorem 1]. Thus in both cases

1 5
R. = 2log +2\/_ .
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By [8, Proposition 17, page 68] (for example) we see that= 20° andd,, = 15
Finally, to compute the class numbers, we use Kuroda’s class number formula:

1
h, = Eq(L)hthhEa

where theh; are the class numbers of the three quadratic subfieldls ahdq(L) =

(E. : E1EzE3) with E; the group of units in the quadratic subfields, see, for example,
[9]. Inourcasesh;h,hz = 2 and since. /K is unramifiedq(L) = 1, [10, Theorem 1].
Hence in both casds. = 1.

Therefore,
n? 14++/5 472 1+/5
a, = —log and a,=—>Iog .
10 2 15 2
Next, we need to approximate the two series
1
S = Z Z mNpm
m>3 peg
m=1(2)
for the fieldsK;, i = 1, 2 and where GK;) = {(¢;). Now, since
Z 1 1 (Iog(z+ 1) 2)
g omzn 2 logiz—1) z)°
m=1(2)
we see that
1 1 Np+1 2
S= = —|lo - — .
22 Zz[ g(Np—l) Np]
pec mr;%(:%z) pec

We now truncate the seriéat Np < x for x > 3 and estimate the truncation error
by a little elementary calculus. To this end, we wige- S(x) + E(x), where

. } Np+1 _i
=3 Hm(322) - 2]

pec

Np<x
and
1
E(x) = .
0=¥ ¥
pec m=3
Np>x m=1(2)

Now, notice that

1 2 © 2 2
Sl dt =
Z mNp™ = Z mkn /Xl mtm m(m — 1)(x — H)m-1’

pec k>x
Np>x
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sinceNp = k can occur at most twice (whepr’k splits wherep|p). Hence

o 2
[ECOI < Z m(m — 1)(x — 1)m-1

m=3

1S 1 1 1
= 52 X—Dm 1 3x—D(X—2) _3x—27

m=3

Next, to approximat&(x), we need to find out which prime ideals are not principal
in Oy,. But since theL are abelian ovef), the prime ideals that are nonprincipal
are determined by congruences on the rational primes contained in these ideals. W
now review this procedure. We consider the c&se= K;. Let (dx/ ) denote the
Kronecker symbol and suppoggp, p a positive rational prime; the(dc/p) = —
if and only if p = p&y, that is, p is inert in K. By reciprocity, this occurs when
p=11 13 17 19 mod 20. Hence in this casejs a principal ideal. Therefore, f
is nonprincipal, thenidx/p) = 1 or O, that is,p splits or is ramified, respectively,
in K. Suppose first thapdx = pp, for distinct prime idealy andp. Then by
properties of the Hilbert class field &f, p andp are nonprincipal if and only if &,
is a prime ideal. FoK, this happens if and only i—20/p) = 1 and(—1/p) = —
that is, if and only ifp = 3, 7 mod 20 (Notice then thap andp are principal when
p = 1,9 mod 20) On the other hand, the ramified primesKn are the (unique)
prime ideals dividing 2 and 5. But i§|5 thenp = +/—50x,, which is principal;
whereas ify|2, thenp is nonprincipal, since otherwige= (a 4 b/—5) 0y, for some
a,b € 7, in which case 2= Np = a? + 5b?, which is absurd. Similarly, foK,

p is nonprincipal when(—15/p) = 1 and(—3/p) = —1, that is, wherp|p where
p = 2,8 mod 15, and fop = 3, 5 (ramified case). (On the other hapds principal
whenevemp =1, 4, 7,11, 13 14 mod 15.)

Thus,
1 p+1\ 2
S(x) = > [log3—1] + pZ; [Iog(p 1) — 6}
p=3,7(20)
and
1 2
S(X) = Iog3—————|— Z [Iog(p+ )_6}
p=2.8(15)

To approximateS to four decimal places, say, we use
1

E ———— <05x10*

[ECO| < 35— <05 %10

in which case we may take = 84. Then notice thap = 3, 7 mod 20 withp < 84
ifand only if p = 3,7, 23,43, 47,67, 83. Also p = 2, 8 mod 15 withp < 84 if and
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onlyif p=2,17,23 47,53, 83. HenceS, ~ S,(84) ~ 0.077827 ands, ~ $(84) ~
0.232435 good to four decimal places.
On the other hand,

0.71229745 foi =1,

1
logax. — =loga,. ~
98 = 31098 ¥ 1 35572386 foi — 2.

Thereforeg,, (1) ~ 0.6343 andy,, (1) ~ 0.1333.
This shows that the coefficiel differs for these two quadratic number fields.
Finally, as promised in the introduction, we characterize the primes and irreducibles
in Z[v/—5] andZ[+/—15] in terms of rational primes.

PROPOSITIONS.2. (@) An elementr is prime inZ[v/—5] if and only if7|p a
positive rational prime such thgi=5o0r p=1,9, 11, 13,17, 19 mod 20
(b) mis primeinZ[+~/—15]ifandonlyifp=1,4,7,11,13 14 mod 15
(c) « is irreducible but not prime irZ[+/—5] if and only if [N («)| = p.p. where
p:, p2 are positive rational primes such that = 2 or p;, = 3, 7 mod 20
(d) « isirreducible but not prime irZ[+/—15] if and only if[N(«)| = p1p. Where
pi=3,50r p =2,8mod15
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