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Abstract

We show that monotone-complete effect algebras under some conditions-@memomorphic images of
effect-tribes (as monotore-complete effect algebras), which are nonempty systems of fuzzy sets closed
under complements, sums of fuzzy sets less than 1, and containing all pointwise limits of nondecreasing
fuzzy sets. Because effect-tribes are generalizations of Booleglgebras of subsets, we present a
generalization of the Loomis-Sikorski theorem for such effect algebras. We show that we can choose an
effect-tribe to be a system of affine fuzzy sets. In addition, we present a new version of the Loomis-Sikorski
theorem forr-complete MV-algebras.
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1. Introduction

Effect algebras were introduced in 1993 by Foulis and Bengtag an additive
counterpart to D-posets introduced bgpka and Chovane@]. These algebras are
generalizations of MV-algebras introduced by Chatigri 1958 as a generalization

of Boolean algebras. MV-algebras arise from many valued logic of Lukasiewicz in
the same manner as Boolean algebras arise from classical two-valued logic. Effect
algebras were inspired by mathematical foundations of quantum mechanics, for an
overview on effect algebras seé].[ One of the most important example of effect
algebras studied in quantum mechanics is the systér) of all Hermitian operators
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Aon a Hilbert spacél suchthatO < A < |, whereO andl are the zero and identity
operator, respectively, od.

Effect algebras satisfying the Riesz decomposition property ((RDP) in abbreviation)
can be represented as intervals in Abelian interpolation po-groups with strong unit,
[12], and MV-algebras as intervals in Abelidrgroup with strong unit,10].

The Loomis-Sikorski theorem far-complete MV-algebras was proved indepen-
dently by Mundici [L1] and the authord]. It was shown that they are always
homomorphic images of tribes, which arecomplete MV-algebras of fuzzy sets.

In the present paper, we generalize the Loomis-Sikorski theorem for a class of
monotones-complete effect algebras proving that they araomomorphic images
of effect-tribes (as monotone-complete effect algebras) which are monotaene
complete effect algebras of fuzzy sets. We prove that we can choose effect-tribes tc
be systems of affine fuzzy sets on convex, compact, Hausdorff topological spaces. We
show that the class of our monotomecomplete effect algebras is in fact always the
class of allo-complete MV-algebras. Moreover, using the result, we present a new
version of the Loomis-Sikorski theorem fercomplete MV-algebras.

2. Effect algebras and states

An effect algebrais, by [6], a partial algebréE = (E; +, 0, 1) with a partially
defined operatios and two constant elements O and 1 such that, fer &l c € E,

(i) a+ bis defined inE if and only if b 4 a is defined, and in such the case
at+b=b+a;
(i) a+b, (@a+b)+ care defined if and only ib + c anda + (b -+ ¢) are defined,
and in such the casa + b) + c=a+ (b+c¢);
(iii) for any a € E, there exists a unique elemaite E such that + a’ = 1;
(iv) if a+ 1is defined ing, thena = 0.

If we definea < b if and only if there exists an elemenie E such thati+c = b,
then ‘<’ is a partial ordering, and we write:= b — a. Itis clear tha’ = 1 — a for
anya € E.

For example, if(G, u) is an Abelian po-group with a strong unif and if

(2.2) NG,u):={geG:0<g=<u}

is endowed with the restriction of the group additionthen(I" (G, u); +, 0, u) is an
effect algebra. (An element € G* is said to be atrong unitfor a po-groupG, if
given an elemeng € G, there is an integan > 1 such that-nu < g < nu.)

We say that an effect algebEasatisfies (i) theRiesz interpolation properfy(RIP)
for short, if, for all x;, X, y1, ¥» in E, X < y; for all i, j implies there exists an
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elementiz € E such that < z <y; foralli, j; (ii) the Riesz decomposition property
(RDP) for short, ifx < y; + y, implies that there exist two elememntsg, x, € with
X; < y1 andx; < y, such thatx = x; + X,.

We recall that (1) ifE is a lattice, therkE has trivially (RIP), the converse is not
true; (2) E has (RDP) if and only if, 4, Lemma 1.7.5]x; + X, = y; + Y, implies
there exist four elements, €12, C1, Cr2 € E such thaX; = €1 + Ci2, Xo = Cp1 + Cpo,

Y1 = C11+Co1, andy, = €10+ Cyp; (3) (RDP) implies (RIP), but the converse is not true
(for example, ifE = L(H), the system of all closed subspaces of a Hilbert sppace
thenE is a complete lattice but without (RDP)). On the other hand, every finite poset
with (RIP) is a lattice.

A partially ordered Abelian grou(G; +, 0) is said to satisfy th®iesz decomposi-
tion propertyprovided, giverx, yi, ¥, in G* such thaix < y; + y», there exisiy, x,
in G* such thatx = x; + x, andx; < y; for eachj. This condition is equivalent by
[7, Proposition 2.1] with the following two equivalent conditions:

(@) Givenxy, X2, Y1, Y2 in G such thatx; < y; for all i, j, there existz in G such
thatx, <z <y; foralli, j.
(b) Givenxy, Xz, Y1, Y2 In G* such that; + X, = y1 + Vs, there existy, zis, Zo1, 222
in G* such thatx;, = z, + z, for eachi andy; = z;; + z; for eachj.
According to [7], such a groups with the Riesz decomposition property is said to be
theinterpolation group
Ravindran 2] ([4, Theorem 1.17.17]) proved the following important result.

THEOREM2.1. Let E be an effect algebra wittRDP) Then there exists a unique
(up to isomorphism of Abelian po-groups with strong imiterpolation group(G, u)
with strong unit such thalf (G, u) is isomorphic withE.

REMARK 2.2. We recall thatin Theorer. 1all meets and joins frorg are preserved
in (G, u), see p, Proposition 6.3]. Moreover, there is also a categorical equivalence
among the category of effect algebras with (RDP) and the category of interpolation
Abelian po-groups with strong unit. The functofis (G, u) — I'(G, u) from (2.2).

A very important family of effect algebras are MV-algebras which were introduced
by Chang L].

We recall that an MV-algebra is an algeblM = (M;®, ©,*,0,1) of type
(2,2, 1,0,0) such that, for alg, b, c € M, we have

() asb=bea;

(i) (aebydc=adboco);
(i) a®0=a;

(iv) a®1l=1;

V) @) =a
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(vi) ada*=1;
(vii) 0* =1,
(vii) @ ®b*db=(@®db)*Pa.

If we define a partial operatiosr on M in such a way thaa + b is defined in
M if and only if a < b* and then we sed + b := a® b, then(M;+,0, 1) is an
effect algebra with (RDP). According td.()], every MV-algebra is isomorphic with
the setl” (G, u), where(G, u) is ané-group with strong unitand @b = (a+b) A u,
aOb=0v(@+b—-u),anda*=u—a(a,bel(G,u)).

It is worthy to recall that an effect algebta with (RDP) can be converted into
an MV-algebra (in which both original and inducedcoincide) if and only ifE is a
lattice, seef].

A stateon an effect algebrg is any mapping : E — [0, 1] such that (is(1) = 1,
and (i) s(a + b) = s(a) + s(b) whenever + b is defined inE. A states is said to
beo-additiveif s(a,)  s(a) whenever,  ain E (thatis,a, < a,., foranyn and
\/, a = a). We denote by (E) the set of all states 0. It can happen tha?’ (E) is
empty. In important cases, for example whesatisfies (RDP),”(E) is nonempty.
. (E) is always a convex set. A stagas said to beextremalif s = 1s; + (1 — 1)S,
forx € (0, 1) impliess = s, = s,. By Exto(E) we mean the set of all extremal states
of Z(E). We say that a net of statgs, }, on E converges weaklp a states on E if
s.(@) — s(a) foranya € E. Then.”(E) is a compact Hausdorff topological space
and every state oR lies in the weak closure of the convex hull of the extremal states
as it follows from the Krein-Mil’'man theorem.

Let (G, u) be an Abelian po-group with strong unit. Bystateon (G, u) we mean
any mappings : G — R such that (i)s(g + h) = s(g) + s(h) for all g,h € G;
(ii) s(G™) € R*, and (iii) s(u) = 1. We denote by (G, u) the set of all states and
by Exts (G, u) the set of all extremal states, respectively(@nu). According to [7,
Corollary 4.4],.7 (G, u) # ¥ wheneveu > 0. In a similar way as for effect algebras
we define the weak convergence of stateg@nu), and analogously¥’ (G, u) is a
compact Hausdorff topological space and every statéGm) is a weak limit of a
net of convex combinations from ExtG, u).

If E =T(G, u), where(G, u) is an interpolation po-group, then from Remark,
every state orE can be extended to a unique state (@) u), and conversely, the
restriction of any state o(G, u) to E gives a state oc. Therefore, ifE satisfies
(RDP), #(E) # #. In addition, extremal states da are restrictions of extremal
states on(G, u), and the space”(E) is affine homeomorphic witt?’ (G, u) and the
space Exi (E) is affine homeomorphic with Ext(G, u).

Moreover, ifE is an MV-algebra, then Ext(E) is compact. This is not always true
for effect algebras with (RDP), see for exampiegxample 6.10]. We recall thati is
an MV-algebra, then a stas@n E is extremal ifand only is(x A y) = min{s(x), s(y)},
X,y € E, or equivalently, ifs(x + y) = min{s(x) + s(y), 1}, X, y € E.
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A posetE satisfies

(i) countable interpolation propertgrovided that for any two sequendes} and
{y;} of elements oE such that; <y, foralli, j, there exists an elemente E such
thatx, <z <y foralli, j.

(i) is monotones-completeprovided that for every ascending (descending) se-
quences; < X, < --- (X3 > X2 > ---)in E which is bounded above (below) Bhas
a supremum (infimum) ii.

THEOREM2.3. Let (G, u) be an interpolation group with strong unit.

(1) (G, u) has countable interpolation if and only E = I'(G, u) has countable
interpolation.

(2) (G, u) is monotonesr-complete if and only i = I'(G, u) is monotones -
complete.

(3) If E =T'(G, u)is monotoner-complete, thert has countable interpolation.

An ideal of an effect algebrd& is a nonempty subsétof E such that (i)x € E,
yel,x <yimply x € I, and (ii) if X,y € | andx + y is defined inE, then
X +y € |. We recall that am-ideal of a po-groupG is any directed convex subgroup
of G. We denote by# (G, u) the set of all o-ideals oB.

Let | be a (proper) ideal of an effect algelawith (RDP). We define a relation
~yonEviaa~, bifandonlyifa—e=b— f forsomee, f € |. According to {4,
Section 3.1.2], we have that, is an equivalence such that

() a+beE,a+beE a~ a,b~ b imply (@a+b)~ (a;+by);

(i) a~ bimpliesa’ ~, b’;

(i) a+be E, c~, aimply there exists an elemedte E such thad ~, b and
d+ceE;

(iv) a+b,ai+beE, a0~ a,(ag+ b))~ (@a+b)implyb; ~ b.

If we definea/l :=[a]:=[a], :={be E:b~ a},thenE/l :={[a], :a€ E}is
an effect algebra, wheff@] + [b] = [c] if and only if there existy € [a], b, € [b],
c; € [c] such thal; + b; = c¢;. Moreover,E/| satisfies (RDP).

The following result was proved ir2].

THEOREM 2.4. Let (G, u) be a interpolation po-group with strong unit and let
E =T'(G, u). Forany ideall of E, we assign

(2.2) po()={xeG:IAX,yj€l, X=X+ +Xg—Y1— - — Ym}

Thengg (1) is an o-ideal of(G, u). The mappingss defines a one-to-one mapping
preserving the set-theoretical inclusion. The inverse mappiés given by

(2.3) ve(K) := K N[0, ul, K e #(G, u).
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Moreover,E/l =ET(G/¢p(l), u/ds(l)).

A nonempty setX of .(E) is said to be (i)determiningif s(a) = s(b) for all
s € X impliesa = b, and (ii) order-determiningf s(a) < s(b) for all s € X implies
a<hb.

LEMMA 2.5. Let E be an effect algebra witfRDP) satisfying the countable in-
terpolation. LetX be a nonempty compact subsettot, (E). Leta,b € E. The
following two statements are equivalent

(i) s(a) = 0foreachs € X impliesa = 0;

(i) s(a) = s(b) for eachs € X impliesa = b.

PrOOF. Assume thaE = I'(G, u). For anys € X, let§ be the unique extension
of s onto (G, u), and let us seX = {§ : s € X}. ThenX is a nonempty compact
set of Ext, (G, u). We define KefX) = {a € E : s(a) = 0 for all s € X}, and
Ker(X) = {g € G : 8(g) = O for all s € X}. Then KerX) is an ideal ofE and by
[7, Theorem 16.19], K&iX) is an o-ideal of G, u). Applying Theoren®.4, we have
b (Ker(X)) = Ker(X).

Itis clear that (ii))= (i). Assume now (i) and let(a) = s(b) for anys € X. Then
8(a — b) = 0 for everys € X. Since KetX) = {0}, we have KefX) = {0}. This
means thaa — b € Ker(X). O

3. Affine continuous functions

Let K be a convex subset of a real vector space. A mappingK — R is said
to beaffineif, for all x, y € K and anyir € [0, 1], we havef (Ax + (1 — 1)y) =
A0+ @2 f(y).

Given a compact convex sKtin a topological vector space, we denote by (4
the collection of all affine continuous functions Bn Of course, Af{K) is a partially
ordered group with strong unit which is a subgroup@(fK), the system of all
continuous real-valued functions df. Unlike C(K), the space AffK) need to
be a lattice. Indeed, according t@, [Theorem 11.21] it is possible to show that
Aff (7 (G, u)) is a lattice if and only if Ex{ (G, u) is compact.

Evaluation at any poink € G defines a mag : .#’(G,u) — R such that the
mappingX is affine and continuous. Hence, the functipix) := X defines a map

¢ : G — Aff (G, u))

called anatural mappingfrom G to Aff ((G, u)) (that is, X(s) = s(x) for all
s e (G, u)). As eachX restricts to a continuous real-valued function on the set of
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extremal states, Ext(G, u), we obtain again a mapping : G — C(Exts (G, u))
whereyr (x)(s) = s(x) for each extremal stateon (G, u).

It is interesting to recall that given a compact convex subsef a locally convex
Hausdorff space, the state space= . (Aff (K), 1) is affine homeomorphic witK
under the evaluation map : K — .¢ (this follows from Theoren®.1 and [/,
Theorem 7.1]).

If sis a state on a po-grou(s, u) with strong unit, by f, Lemma 4.21]s(G) =
{s(g) : g € G} is a subgroup of the group of all real numbers which is either cyclic
or dense. In the first casas said to baliscrete In such a cases(G) = (1/n)Z for
some integen > 1.

A states on an effect algebr& is said to beliscreteif sS(E) = {s(a) :a € E} C
{0,1/n,2/n,...,n/n} for some integen > 1. It can happen that(E) is a proper
subset off0, 1/n, 2/n,...,n/n}. Indeed, letE = {0, a, &, 1}, and lets(a) = 0.3
ands(a’) = 0.7.

We now show that there is a one-to-one correspondence among the discrete state
on E and(G, u), respectively.

ProPOSITION3.1. Let E = I'(G, u) be an effect algebra wittRDP). Then a state
son E is discrete if and only if its extensicgon (G, u) is discrete.

PrOOF. If § is discrete, so is easilg. Conversely, lets be discrete. That is
s(E) € {0,1/n,2/n,...,n/n}for some integen > 1; letn be the smallest one. We
suppose thad(E) = {0, ky/n, ..., kn/n, 1}, where 1< k; < --- < ky, < n. Sincen
is minimal, this implies that the greatest common divisondf;, ..., k, is 1. From
the elementary arithmetic, this yields that there are integgi&, . .., a, € Z such
thatagh+a;k; +- - - +ankn = 1. Therefore, 1n € §(G), thatis,5(G) = (1/n)Z. O

The following representation theorem for monotomecomplete interpolation
groups with strong unit is from7} Corollary 16.15].

THEOREM 3.2. Let (G, u) be a nonzero monotorecomplete interpolation group
with strong unit and set

A={f e Aff (Z(G,u)): f(s) € s(G) for all discrete s € Ext, (G, u)}.

Then the natural mapping : G — Aff ((G, u)) provides an isomorphism oG, u)
onto(A, 1) (as ordered groups with strong uit

Let E and F be two effect algebras. A mappirtg: E — F is said to be a
homomorphisnif (i) h(a + b) = h(a) + h(b) whenevera + b is defined inE, and
(i) h(1) = 1. A bijective homomorphisnin such thath~* is a homomorphism is
said to be arisomorphisnof E andF. If E andF are monotone -complete effect
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algebras, then a homomorphidm: E — F is said to be ar-homomorphisnif
h(a,) / h(a) whenever, " ain E.

REMARK 3.3. As a corollary of Theoren3.2, in view of the basic representation
of effect algebras with (RDP), Theorel and Remark?.2, we have that ifE is a
monotones -complete effect algebra with (RDP), théh= I'(G,u) = T'(A, 1) =
{(f e Aff(/(E)):0< f <1, f(s) € s(E) for all discretes € Ext. (E)}.

4. Loomis-Sikorski theorem, effect-tribes, and
monotoneao-complete effect algebras

In the present section, we show that under some natural conditions, a monotone
o-complete effect algebra with (RDP) issahomomorphic image of an effect-tribe
(as monotoner-complete effect algebras), which is a monoteneomplete effect
algebra of fuzzy sets. This effect-tribe can be chosen to be a system of affine fuzzy
sets defined on a compact, convex, Hausdorff topological space. The conditions will
entail that our monotone-complete effect algebras are in fact only @alcomplete
MV-algebras.

An effect-tribeon a sef2 £ ¢ is any systemZ C [0, 1] such that

(i) 1e7;

(i) if fe I, thenl—f e 7,

(i) if f,ge 7,f <1-g,thenf +ge€ 7;and

(iv) forany sequencefsf,} of elements of7 such thatf, 7 f (pointwisely), then
feJ.

It is evident that any effect-tribe is a monotamecomplete effect algebra.

Itis clear that given a familyB, of fuzzy sets or2, there is a minimal effect-tribe,
I5(B), on 2 generated byB.

In particular, ifB is a system of affine functions on the convex sp@cso is.%(B).

We recall that a topological spaceéis said to bebasically disconnectegrovided
the closure of every opeR, subset ofX is open.

For a bounded functiog : X — R on a topological spack, we define

(4.1) G(x) = inf 'supg(y) :y € U},
where_#(x) is the system of open neighbourhoodsxoe X. Then

(i) g(x) < §(x) foranyx € X.
(i) §(x) = g(x) if gis continuous irx.
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If D(g) is the set of discontinuity points fay, then

(42)  (xeX:g() #300) € D@ = | Jig (R — Int@ (R},

where{R,} is an open basis iR.

Let f be a real-valued function oft # ¢ and X a nonempty subset d2. We
defineNy(f) := {x € X : | f (x)| > O}.

Now we are able to present the main result—the Loomis-Sikorski theorem for
special monotone-complete effect algebras. As we will see in Lem#ng ourE is
in fact ac-complete MV-algebra and vice versa.

THEOREM4.1 (Loomis-Sikorski).Let E be a monotone-complete effect algebra
with (RDP)such that there is a compact basically disconnected sbbsétExt. (E)
containing all discrete extremal states Bfwhich is determining. Then there are a
convex space, an effect-tribe7 of affine fuzzy sets da2 and ac-homomorphisn
from .7 ontoE.

PROOF. Due to Theoren®.1, E = I'(G, u) for some interpolation groupG, u)
with strong unit. Asitwas said above&’(E) is affinely homeomorphic witt¥’ (G, u),
and Ext, (E) with Ext, (G, u). Hypotheses imply by (2) of Theoretn3that (G, u)
is monotoner-complete, therefore, by TheoreBn2, E is isomorphic withI"(A, 1)
(as effect algebras), wheré\, 1) is the set of all continuous affine functiorfison
(G, u) such thatf (s) € s(G) for any discrete state on (G, u). Consequently,
by Proposition3.1, every element € E can be identified as an affine continuous
functiona (a(s) = s(@), s € .(E)) and taking values in the real interv@, 1], see
Remark3.3

Let 7 be the effect-tribe of fuzzy sets dn := . (E) generated by the set of
continuous affine functiong = {4 : a € E}. € is a non-void compact Hausdorff
space.

Consider by.7” the class of all functiond € .7 with the property that for some
b € E, Nx(f —b) is ameager subset of the basically disconnected compact Hausdorff
spaceX.

() If by andb, are two elements o such thatNy(f — b)is a meager subset
fori = 1, 2, thenNy (b, — by) € Ny (b, — f) U Nx(f — b,) is a meager subset &f.
Due to the Baire theorem saying that any nonempty open set of a compact Hausdorf
space cannot be a meager set, we concludebtitsit = b,(s), for anys € X, that is,

b; = b, becauseX is determining.

(i) Itis clear that7" is closed under the formation of complemént> 1 — f,

and it containga : a € E}.
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(i) Let {f,}, be asequence of non-decreasing elements ffonChoosé, € E
such thatNy (f,, — Bn) is a meager subset of. We assert thdt; < b, < ---, and the
sequencgb,} is unique.

Indeed, we seh; = 61 and for any integen > 2, by [7, Corollary 11.16],
there is an affine continuous functidy, such thath, > h,_1, Bn and h,(s) =
maxh,_.(s), Bn(s)}, s € X. From the construction we see that evdry € A,
and Ny (f, — h,)) is meager. Therefore, by (i) we can assume that Bn which
impliesb; <b, <---

(iv) If f,ge 9, f <1—g,andNx(f —a), Nx(g — 6) are meager subsets,
then by (ii)a < b, sothata+ b € E. Hence Nx(f + g — (a/+\b)) is meager, that
is, f + g€ .7, and.7" is an effect algebra.

(v) To show that7’ is an effect-tribe is necessary to verify thét' is closed
under limits of non-decreasing sequences frgth Let {f,}, be a sequence of non-
decreasing elements froi’. For any f,, choose by (iii) a uniqué, € E such that
Ny ( f, — b,) is a meager subset of.

Denote byf = lim, f,, b =\/", by, by = lim, b,. Thenf, by € .7 andb € E.
We have

Nx(f —b) S Nx(f —bg) U Nx (b — by)
and
Nx(f —bg) ={se X: f(s) <bp(s)}U{se X:bys) < f(s)}.

If se {s: f(s) < by(s)}, then there is an integer > 1 such thatf (s) < Bn(s) <
bo(s). Hencef,(s) < f(s) < by(s) < by(s) so thats € {s: f(S) < bn(S)].

Similarly we can prove that 8 € {s: by(s) < f(s)}, then there is aninteger> 1
such thas € {s: by(s) < f(s)}.

The last two cases impljNx(f — by) < U;’il Nx(f)n — f,) which is a meager
subset ofX.

Apply now (4.1) to the functionby to obtainb, that is,

bo(s) := Uelgj(s)suqbo(y) :yeU}, seX
SinceX is basically disconnected, compact, Hausdorff, and
by Mo, 00) = U b *(a, 00)
n
for anya € R, by *(«, 00) is an operF, setinX, see f, Lemma 9.1]h, is continuous
on X. Sincehy is the point limit of a sequence of continuous functions,%ppges 86,

405-6],D(by) D Nx(By — bo) is @ meager subset i, bo(s) < by(s) < b(s), s € X,
andNy (b — bg) € Ny (b — b) U D(by).
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By the Tietze theorem for affine continuous function’s, Theorem 11.14], there is
an affine continuous functidof’ on €2 such thab§(s) < by(s) for all s € X and

(4.3) bo(S) < bF(s) < b(s), s € Q.

Finally, we showbf = b. Define Aff(.(G, u)) as the set of all continuous
functions on (G, u)(= .(E)). We havep (b,) < by’ for anyn > 1, whereg is the
natural embedding ofG, u) into Aff ((G, u)). Sinceb’ is continuous and affine,
by [7, Lemma 16.17], there is an element G such that (x) < b’ andb, < x for
eachn. Sinceb = \/°°, b,,, we conclude thab = ¢ (b) < b.

Consequently, we have proved thét is an effect-tribe, and whencg, = 7.

Dueto the definition of7”, forany f € .7 thereisaunique elemehntf) :=b e E
such thatNy (f — b) is meager inX, which proves thah : .7 — E is a surjective
o-homomorphism in question.

SinceE consists of affine functions7 consists also from affine fuzzy sets. O

QUESTION. Does.7 satisfy (RDP)?

Every o-complete MV-algebraV satisfies the conditions of Theorefnl, when
X = Exts(M). However, our effect-tribe of affine functions is not necessarily an
MV-algebra. For such a representation see the next section where instead of the
effect-tribe we use the tribe of fuzzy sets. In the following lemma we show that
every monotone -complete effect algebra from Theorehiis in fact ac-complete
MV-algebra and vice versa.

LEMMA 4.2. Let E be a monotoner-complete effect algebra wittRDP). The
following statements are equivalent

(i) Eisalattice.
(i) There is a nonempty determining s€t< Ext. (E) which is compact and
basically disconnected.
(iii) Exts(E) is compact.

PrOOR AssumeE = I'(G, u), where(G, u) is an interpolation group with strong
unit. By [7, Corollary 16.28], (i) and (iii) are equivalent.

(i) = (ii). If E is a lattice, therE is in fact ac-complete MV-algebra. Therefore
the setX = Ext. (E) is compact, basically disconnected,(Corollary 9.10]). Since
E is ac-complete lattice X is determining by the Krein-Mil’'man theorem.

(i) = (i). We use the notation from the proof of Lemri&. Let H = Ker(X).
ThenH is an o-ideal ofG and by [7, Theorem 16.30]G/H is Dedekindr-complete.
SinceX is determiningH = Ker(X) = ¢g(Ker(X)) = {0}, thatis,G = G/H is a
lattice, which implies thaE is a lattice. O
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We recall that€’(H) is a monotones-complete effect algebra which is neither
a lattice nor with (RDP). Nevertheles§(H) = I'(#(H), |), where#(H) is the
system of all Hermitian operators @, and it can be isomorphically represented as
the effect-tribe7 (H) = {fa : A € &(H)}, wheref, is the fuzzy set on the system
of all unit vectorsx € H defined byfa(x) = (AX, X), [IX]| = 1.

Such an isomorphic effect-tribg” exists for every monotone-complete effect
algebra admitting a (convex, if has to consists of affine fuzzy sets) order-preserving
system ofr-complete states. On the other hand it is well-known that there exists even
a Booleansy-complete algebra admitting ro-additive state.

5. Loomis-Sikorski theorem, affine functions, and
o-complete MV-algebras

The Loomis-Sikorski theorem faor-complete MV-algebras was proved ifh]]
and ] showing that every -complete MV-algebra is an M¥-homomorphic image
(aso-complete MV-algebras) of a tribe, a special system of fuzzy sets forming a
o-complete MV-algebra defined on a compact, basically disconnected, Hausdorff
topological space.

In the former section we have in fact proved amcomplete MV-algebra is a
o-homomorphic image (as-complete effect algebras) of an effect-tribe which is a
monotoner-complete effect algebra of affine fuzzy sets defined on a compact, convex,
Hausdorff topological space.

Using ideas of the previous section, we now show that the tribe can be chosen to
be generated by continuous affine fuzzy sets defined on a compact, convex, Hausdorf
topological space.

We recall that dribe on @ # @ is a collection.7 of fuzzy sets fron{0, 1] such
that

(i) 1e7;

@iy if fe 7, thenl-f e 7;and

(iii) if {f,}nis sequence fron¥, then min{ }_7, f,, 1} € 7.

It is possible to show, see for example Proposition 7.1.6], that if” is a tribe,
then (lavb=maxa,b} e 7,anb=min{a,b} € 7, (i)b—ae T ifa<hbh,
that is, ifa(w) < b(w) for all w € Q, (iii) if a, € 7, anda,  a (pointwisely), then
a=Ilim,a, € 7,and(iv).7 is ac-complete MV-algebra closed under point suprema
of sequences from it. We recall that every tribe is an effect-tribe, the converse is not
true, in general. We also recall that the MV-algebfa= (7, @,*, 0, 1) is defined
via (f @ g)(w) = min{f () + g(w), 1}, w € Q, f*=1— f.

We are now ready to present a new version of the Loomis-Sikorski theorem for
o-complete MV-algebra.
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THEOREMS.1. For everyo-complete MV-algebrdM, there exist a convex set #
@, atribe 7 generated by affine fuzzy sets@pand an MVe -homomorphisnh from
J ontoM.

PROOF. LetQ = .(M). Everyo-complete MV-algebra is a monotoaecomplete
effect algebra with (RDP). Defing = Ext,,(M). ThenX is a nonempty determining
system of extremal states dmwhich is a compact, basically disconnected, Hausdorff
space (see for example Lemm&). Therefore, the conditions of Theoredril are
satisfied.

We repeat the proof of Theorefml changing the effect-tribe to the tribe akd
toM. Forf € 7 anda € M, we write f ~ aif Nx(f — &) is a meager subset .
Then (i) if f ~aandg ~ b, thenf &g~ aeb, (i)if f ~a, then1l- f ~ a*,
@iy 7 = 77, (iv) the mappingh : 7 — M, defined byh(f) = aif f ~ 4, isa
surjective MVeo-homomorphism.

From the construction we see thdtis the system of affine continuous functions
on  generating the tribe7 . O

6. Conclusion

In the paper, we have proved that evergomplete MV-algebra can be represented
via the Loomis-Sikorski way as a-homomorphic image of (i) an effect-tribe (as
monotoneo-complete effect algebras) of affine fuzzy sets on a convex, compact,
Hausdorff space, Theorefnl, or of (ii) a tribe (asr-complete MV-algebras) of fuzzy
sets generated by a system of affine continuous fuzzy sets on a convex, compact
Hausdorff space, Theoreml
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