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Abstract

A subgroupH of a finite groupG is said to bec-supplemented inG if there exists a subgroupK of G
such thatG = H K andH ∩ K is contained in coreG.H/. In this paper some results for finitep-nilpotent
groups are given based on some subgroups ofP c-supplemented inG, wherep is a prime factor of the
order ofG andP is a Sylowp-subgroup ofG. We also give some applications of these results.

2000Mathematics subject classification: primary 20D10, 20D20.

1. Introduction

Let G be a finite group. The relationship between the properties of the Sylow sub-
groups ofG and the structure ofG has been investigated by a number of authors
(see, for example, [5, 11, 10, 13, 14]). In particular, Buckley [5] in 1970 proved
that a group of odd order is supersolvable if all its minimal subgroups are normal.
Srinivassan [13] proved that a finite group is supersolvable if every maximal subgroup
of every Sylow subgroup is normal. These two important results on supersolvable
groups have been generalized by many authors. One direction of generalization is to
replace the normality condition of maximal subgroups or minimal subgroups of Sylow
subgroups by a weaker condition; and the other direction of generalization is to min-
imize the number of maximal subgroups or minimal subgroups of Sylow subgroups.
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It has been observed that the property of ‘normality’ for some maximal subgroups or
some minimal subgroups of Sylow subgroups gave a lot of useful information on the
structure of groups. In this paper, we shall continue to study the structure of finite
groups on the assumption that some subgroups arec-supplemented and obtain some
interesting results for finitep-nilpotent groups. As an application of our results, we
give conditions for a finite group to be in a saturated formation containing the class of
finite supersolvable groups.

Throughout this paper, all groups are finite. Our terminology and notation are
standard, see, for example, Robinson [12].

2. Preliminaries

A subgroupH of a groupG is said to bec-supplemented inG if there exists a
subgroupK of G such thatG = H K and H ∩ K ≤ coreG.H/ = HG. We first cite
several lemmas for later use in this paper.

LEMMA 2.1 ([4, Lemma 2.1]).Let H be a subgroup of a groupG. Then the
following statements hold:

(1) Let K be a subgroup ofG such thatH is contained inK . If H is c-supplemented
in G thenH is c-supplemented inK .
(2) Let N be a normal subgroup ofG such thatN is contained inH . ThenH is

c-supplemented inG if and only if H=N is c-supplemented inG=N.
(3) Let ³ be a set of primes. LetN be a normal³ ′-subgroup ofG and H a ³ -

subgroup ofG. If H is c-supplemented inG thenH N=N is c-supplemented inG=N.
Furthermore, ifN normalizesH , then the converse statement also holds.
(4) Let L be a subgroup ofG and H ≤ 8.L/. If H is c-supplemented inG thenH

is normal inG and H ≤ 8.G/.

LEMMA 2.2 ([11, Lemma 2.6]).Let N be a solvable normal subgroup of a group
G .N 6= 1/. If N ∩ 8.G/ = 1, then the Fitting subgroupF.N/ of N is the direct
product of all minimal normal subgroups ofG which are contained inN.

Recall that a formation of groups is a class of groupsF which is closed under
homomorphic images and is such thatG=M ∩ N ∈ F wheneverM , N are normal
subgroups of a groupG with G=M ∈ F andG=N ∈ F . We call a formationF
saturated ifG ∈ F whenG=8.G/ is inF .

Now we let5 be the set of all prime numbers. Then, a functionf defined on5 is
called a formation function iff .p/, possibly empty, is a formation for allp ∈ 5. A
chief factorH=K of a groupG is called f -central inG if G=CG.H=K / ∈ f .p/ for
all prime numbersp dividing |H=K |. A formationF is then called a local formation
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if there exists a formation functionf such thatF is the class of all groupsG for
which every chief factor ofG is f –central inG. If F is a local formation defined by
a formation functionf , then we writeF = L F. f / and we call f a local definition
ofF .

Among all the possible local definitions for a local formationF , it is known that
there exists exactly one of them, denoted it byF , such that the formation functionF is
both integrated (that is,F.p/ ⊆ F for all p ∈ 5) and full (that is,NpF.p/ = F.p/
for all p ∈ 5), whereNp is the class ofp-groups.

Also it is well known that a formationF is saturated if and only ifF is a local
formation (see [6]).

LEMMA 2.3 ([6, Proposition IV. 3.11]).LetF1 = L F.F1/ andF2 = L F.F2/,
where eachFi is both an integrated and full formation function ofFi .i = 1; 2/. Then
the following statements are equivalent:

(1) F1 ⊆ F2,
(2) F1.p/ ⊆ F2.p/ for all p ∈ 5.

LEMMA 2.4 ([2, Lemma 2]).LetF be a saturated formation. Assume thatG is
a group such thatG does not belong toF and there exists a maximal subgroupM
of G such thatM ∈ F and G = M F.G/, where F.G/ is the Fitting subgroup.
ThenGF=.GF /′ is a chief factor ofG, GF is a p-group for some primep, GF has
exponentp if p > 2 and exponent at most4 if p = 2. Moreover,GF is either an
elementary abelian group or.GF /′ = Z.GF / = 8.GF / is an elementary abelian
group.

3. Main results

We now establish our main theorems forp-nilpotent groups.

THEOREM3.1. Let p be the smallest prime dividing the order of a groupG and P
a Sylowp-subgroup ofG. If every minimal subgroup ofP is c-supplemented inG
and whenp = 2, either every cyclic subgroup of order4 of P is alsoc-supplemented
in G or P is quaternion-free, thenG is p-nilpotent.

PROOF. Suppose that the theorem is false and letG be a counterexample of the
smallest order. ThenG is not p-nilpotent. Since all Sylowp-subgroups ofG are
conjugate inG, we see that the hypotheses of our theorem is subgroup-closure by
Lemma2.1. ThereforeG is a minimal non-p-nilpotent group (that is, every proper
subgroup of a group isp-nilpotent but itself is notp-nilpotent). By a result of It̂o [12,
Theorem 10.3.3], we know thatG must be a minimal non-nilpotent group. Also by a
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result of Schmidt [12, Theorem 9.1.9 and Exercises 9.1.11], we see thatG is of order
pÞqþ , whereq is a prime distinct fromp, P is normal inG and any Sylowq-subgroup
Q of G is cyclic. Furthermore,P is of exponentp if p is odd and of exponent at most
4 if p = 2. Let A be a minimal subgroup ofP. Then by our hypotheses, there exists
a subgroupK of G such thatG = AK andA ∩ K ≤ coreG.A/.

If A is not normal inG then A ∩ K = 1 and thereforeK is a maximal subgroup
of G with index p. Since p is the smallest prime dividing the order ofG, we see
that K is normal inG. Also sinceK is a proper subgroup ofG, K is nilpotent. It
follows that the Sylowq-subgroup ofK is normal inG and thereforeG is nilpotent,
a contradiction. Hence, we may assume that every minimal subgroup ofP must be
normal inG and therefore every minimal subgroup ofP must be in the center ofG.
If p is odd, thenG is p-nilpotent by It̂o’s lemma, a contradiction. So there remains
the case whenp = 2.

Now let p = 2. By the above proof, we can see that every minimal subgroup of
P lies in the center ofG. If P is quaternion-free, then by applying [7, Theorem 2.8],
we have�1.P/ ≤ P ∩ GN ∩ Z.G/ = 1, whereGN is the nilpotent residual ofG, a
contradiction. Now let every cyclic subgroup of order 4 ofP be alsoc-supplemented
in G and letB = 〈b〉 be a cyclic subgroup ofP with order 4. Then, by our hypotheses,
there exists a subgroupK of G such thatG = BK andB∩ K ≤ coreG.B/. Since〈b2〉
lies in the center ofG, we may replaceK by K 〈b2〉 if necessary and we may assume
that [G : K ] ≤ 2. If [G : K ] = 2, thenK is normal inG andK is nilpotent. Since
the normalp-complement ofK is the normalp-complement ofG, G is nilpotent, a
contradiction. Hence,K = G and B must be normal inG. If B 6= P, then, since
G is a minimal non-nilpotent group and the exponent ofP is at most 4, we have
P ≤ CG.Q/ and thereforeG = P × Q, a contradiction. IfP = B, then it is clear
thatG is p-nilpotent, another contradiction. Thus, by all the above contradictions, we
conclude that the theorem is true.

COROLLARY 3.2. Let N be a normal subgroup of a groupG and p the smallest
prime dividing the order ofG. Also letF be a saturated formation containing the
classNp of the all p-nilpotent groups andG=N ∈ F . If every minimal subgroup of
P is c-supplemented inG, and whenp = 2, either every cyclic subgroup of order4
of P is alsoc-supplemented inG or P is quaternion-free, thenG ∈ F , whereP is a
Sylowp-subgroup ofN.

PROOF. It is easy to see from Lemma2.1 that every minimal subgroup ofP is
c-supplemented inN, and whenp = 2 either every cyclic subgroup of order 4 of
P is also c-supplemented inN or P is quaternion-free. By Theorem3.1, N is
p-nilpotent. Let H be the normalp-complement ofN. Then it is clear thatH
is normal in G and .G=H/=.N=H/ ' G=N ∈ F . By Lemma2.1 again,G=H



[5] Finite p-nilpotent groups with some subgroupsc-supplemented 433

satisfies the hypotheses of the corollary for normal subgroupN=H . Now if H 6= 1,
by induction, we see thatG=H ∈ F . Let Fi (i = 1; 2) be the full and integrated
formation function such thatNp = L F.F1/ andF = L F.F2/, respectively. Then, it
is clear thatG=CG.K1=K2/ ∈ F1.q/ for every chief factorK1=K2 of G with K1 ≤ H
and every primeq dividing the order of|K1=K2|. By Lemma 2.3, we see that
G=CG.K1=K2/ ∈ F2.q/ for every chief factorK1=K2 of G with K1 ≤ H and every
primeq dividing the order of|K1=K2|. It follows thatG ∈ F . Hence, we may assume
that H = 1 andN = P is a p-group. In this case, for any primeq dividing the order
of G with q 6= p andQ ∈ Sylq.G/, it is clear thatP Q is a subgroup ofG and hence
P Q is p-nilpotent by Theorem3.1, and therefore we haveP Q = P × Q. It follows
that G=CG.K1=K2/ is a p-group for every chief factorK1=K2 of G with K1 ≤ P.
Now by using Lemma2.3again, we see thatG ∈F .

REMARK 3.3. The hypotheses thatp is the smallest prime dividing the order of a
groupG in Theorem3.1and Corollary3.2cannot be removed. For example,G = S3,
the symmetric group of order three, is an example forp = 3.

THEOREM3.4. Let p be the smallest prime dividing the order of a groupG and P
a Sylowp-subgroup ofG. If every maximal subgroup ofP is c-supplemented inG,
thenG is p-nilpotent.

PROOF. It is easy to see that every maximal subgroup of every Sylowp-subgroup
of G is c-supplemented inG. Thus, in the following proof, we may make a choice
among Sylowp-subgroups ofG. Now, assume that the theorem is false and letG
be a counterexample of minimal order. Then we prove the theorem by making the
following claims:

(1) Op′.G/ = 1.
If Op′.G/ 6= 1, then we may choose a minimal normal subgroupN of G such

that N ≤ Op′.G/. It is clear thatP N=N is a Sylowp-subgroup ofG=N. For every
maximal subgroupP1N=N of P N=N, we may assume thatP1 is a maximal subgroup
of P. Thus, by Lemma2.1(3), every maximal subgroup ofP N=N is c-supplemented
in G=N. Hence, by the minimality ofG, we know thatG=N is p-nilpotent and soG
is p-nilpotent, a contradiction.

(2) Op.G/ 6= 1.
If G is odd, thenG is solvable by the well-known odd order theorem of Feit and

Thompson [8] and thereforeOp.G/ 6= 1. Now let G be a group of even order and
Op.G/ = O2.G/ = 1. Let P1 be a maximal subgroup ofP. By hypotheses there
exists a subgroupK of G such thatG = P1K and P1 ∩ K = 1. Since[P : P1] = 2,
it follows that the Sylow 2-subgroups ofK are cyclic of order 2 and thereforeK is
2-nilpotent. LetK2′ be the Hall 2′-subgroup ofK . ThenG = P K2′ and K2′ is a
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Hall 2′-subgroup ofG. Assume thatG is a non-abelian simple group. Then, by [1,
Corollary 5.6],G is isomorphic toPSL.2; r / with r a Mersenne prime. In this case,
by [1, Corollary 5.8], every subgroup ofG of 2-power index is the normalizer of a
Sylowr -subgroup ofG. In particular,K andK2′ have the same order, a contradiction.
HenceG is not a non-abelian simple group.

Let N be a minimal normal subgroup ofG with N 6= G. Then N is neither a
2-group nor a 2′-group. SinceG satisfiesE2′ (existence of Hall 2’-subgroups), we
assume thatN2′ is a Hall 2′-subgroup ofN and N2 a Sylow 2-subgroup ofN. If
P = N2, then N clearly satisfies the hypotheses of our theorem by Lemma2.1 (1).
Thus, by the minimality ofG, we know thatN is 2-nilpotent and henceO2′.G/ 6= 1,
which contradicts to (1). On the other hand, ifN2′ is not a Hall 2′-subgroup ofG,
then P N is a proper subgroup ofG and P N also satisfies the hypotheses of our
theorem. Now, by the minimality ofG again,P N is 2-nilpotent and thereforeN itself
is 2-nilpotent. It follows thatO2′.G/ 6= 1, a contradiction again. Hence we conclude
thatN2 < P andN2′ is a Hall 2′-subgroup ofG. SinceG satisfiesE2′ , we can see that
bothG andN satisfyC2′ (all Hall 2’-subgroups are conjugate) by Gross’ theorem [9,
Main Theorem]. Now by using the Frattini argument, we have

G = N2NG.N2′/:

Now let P∗ ∈ Syl2.NG.N2′// with P∗ ≤ P. Then, by our choice ofG, we know
that NG.N2′/ < G. Thus P∗ < P and therefore there exists a maximal subgroup
P1 of P such thatP∗ ≤ P1. By our hypotheses again, there exists a subgroup
K of G such thatG = P1K and P1 ∩ K = 1. It is now clear that the order of
Sylow 2-subgroups ofK is 2 and thereforeK is 2-nilpotent. LetH be a normal
2-complement ofK . Then, H is a Hall 2′-subgroup ofG. Thus there exists an
elementg of G such thatH g = N2′ . SinceG = P1K andH is a normal subgroup of
K , we may chooseg ∈ P1. We also see thatK g normalizesH g = N2′ and therefore
K g ≤ NG.N2′/. Thus, it follows thatG = Gg = .P1K /g = P1NG.N2′/. This leads
to P = P ∩ G = P1.P ∩ NG.N2′// = P1P∗ = P1 < P, a contradiction. Thus, our
claim (2) is established.

(3)8.Op.G// = 1
If 8.Op.G// 6= 1, then we may consider the quotient groupG=8.Op.G//. Obvi-

ously, by Lemma2.1(2), every maximal subgroup ofP=8.Op.G// isc-supplemented
in G=8.Op.G//. Thus, by the minimality ofG, we see thatG=8.Op.G// has a nor-
mal p-complementT=8.Op.G//. By the Schur-Zassenhaus Theorem, there exists a
Hall p′-subgroupH of T such thatT = H8.Op.G//. By using the Frattini argument
again, we see thatG = 8.Op.G//NG.H/ = NG.H/ since8.Op.G// ≤ 8.G/, a
contradiction. Thus8.Op.G// = 1 andOp.G/ is an elementary abelian group.

(4) Op.G/ is a minimal normal subgroup ofG.
Let N be a minimal normal subgroup ofG such thatN ≤ Op.G/. Then it
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is easy to see thatG=N satisfies the hypotheses of our theorem. The minimality
of G implies thatG=N is p-nilpotent. Similarly, if N1 is another minimal normal
subgroup ofG with N1 ≤ Op.G/, then we see thatG=N1 is also p-nilpotent. Now
it follows thatG ' G=N ∩ N1 is p-nilpotent, a contradiction. HenceN must be the
unique minimal normal subgroup ofG which is contained inOp.G/. By using the
arguments similar to the proof in (3), we haveG = N NG.H/, whereH is a Hall
p′-subgroup ofG. SinceNG.H/ < G, it follows that N 6≤ NG.H/ and then, since
Op.G/ ∩ NG.H/ is normal inG, Op.G/ ∩ NG.H/ = 1. Finally, by Dedekind’s law,
we haveOp.G/ = N.Op.G/ ∩ NG.H// = N. This proves (4).

(5) The final contradiction.
From the above proof, we see thatG=Op.G/ is p-nilpotent. By using the arguments

similar to the proof in (3), we haveG = N NG.H/, whereH is a Hall p′-subgroup
of G. Let P∗ be a Sylowp-subgroup ofNG.H/. Then by our choice ofG, we
haveNG.H/ < G and thereforeP∗ < P. Let P1 be a maximal subgroup ofP with
P∗ ≤ P1. SinceOp.G/ is a minimal normal subgroup ofG and Op.G/ 6≤ P1, we
have coreG.P1/ = 1. By our hypotheses, there exists a subgroupK1 of G such that
G = P1K1 and P1 ∩ K1 = 1. It is clear that the order of Sylowp-subgroups ofK1

is p and thereforeK1 has a normalp-complementH1. Then there exists an element
g ∈ Op.G/P∗ such that.H1/

g = H . Noticing thatP1 is normal inOp.G/P∗, we
have thatG = P1K1 = .P1K1/

g = P1.K1/
g and P1 ∩ .K1/

g = 1. Since.K1/
g ' K1

has normalp-complement andH = .H1/
g ≤ .K1/

g, it follows that.K1/
g ≤ NG.H/

and consequentlyG = P1.K1/
g = P1NG.H/. HenceOp.G/P∗ = .Op.G/P∗/ ∩

G = .Op.G/P∗/ ∩ .P1NG.H// = P1..Op.G/P∗/ ∩ NG.H// = P1P∗ = P1, which
contradicts to the fact thatOp.G/P∗ is a Sylowp-subgroup ofG. Thus our theorem
is proved.

COROLLARY 3.5. If every maximal subgroup of every Sylow subgroup of a group
G is c-supplemented inG, thenG is a Sylow tower group of supersolvable type.

PROOF. Let p be the smallest prime dividing the order ofG and P a Sylow p-
subgroup ofG. By Corollary3.2G is p-nilpotent. LetN be a normalp-complement
of G. ClearlyN satisfies the hypotheses ofG and therefore by inductionN is a Sylow
tower group of supersolvable type. This proves thatG is a Sylow tower group of
supersolvable type.

By using the arguments similar to the proof in Corollary3.2, we can prove the
following corollary.

COROLLARY 3.6. Let N be a normal subgroup of a groupG and p the smallest
prime dividing the order ofG. Also letF be a saturated formation containing the
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classNp of the all p-nilpotent groups andG=N ∈ F . If every maximal subgroup of
P is c-supplemented inG, thenG ∈ F , whereP is a Sylowp-subgroup ofN.

4. Applications

As an application of Theorem3.1and Theorem3.4, we establish the following the-
orems for a group to be in the saturated formation containing the class of supersolvable
groups.

THEOREM 4.1. LetF be a saturated formation containing the class of supersolv-
able groupsU . Let N be a normal subgroup of a groupG such thatG=N is inF . If
for every primep dividing the order ofN and for every Sylowp-subgroupP of N,
every minimal subgroup ofP is c-supplemented inG and whenp = 2, either every
cyclic subgroup of order4 of P is alsoc-supplemented inG or P is quaternion-free,
thenG is inF .

PROOF. Assume that the theorem is false and letG be a counterexample of minimal
order. By Lemma2.1 and Theorem3.1, we know thatN is a Sylow tower group of
supersolvable type. Letq be the largest prime dividing the order ofN and Q a
Sylow q-subgroup ofN. ThenQ is normal inG and every minimal subgroup ofQ
is c-supplemented inG. It is clear that.G=Q/=.N=Q/ ' G=N ∈ F and thatG=Q
satisfies the hypotheses of our theorem by Lemma2.1. The minimality ofG implies
that G=Q is inF . It follows thatGF ≤ Q andGF is aq-group, whereGF is the
F -residual ofG. By [3, Theorem 3.5], there exists a maximal subgroupM of G
such thatG = M F ′.G/, whereF ′.G/ = Soc.G mod8.G// andG=coreG.M/ is not
in F . ThenG = MGF and thereforeG = M F.G/ sinceGF is aq-group, where
F.G/ is the Fitting subgroup ofG. It is now clear thatM satisfies the hypotheses of
our theorem for its normal subgroupM ∩ Q. Hence, by the minimality ofG, it leads
to M must be inF .

Now, by Lemma2.4, GF has exponentq whenq 6= 2 and exponent at most 4 when
q = 2. If GF is an elementary abelian group, thenGF is a minimal normal subgroup
of G. For any minimal subgroupA of GF , we know thatA is c-supplemented inG
by our hypotheses. Hence there exists a subgroupK of G such thatG = AK and
A∩ K ≤ coreG.A/. If A is not normal inG, thenA∩ K = 1. It is clear thatK ∩ GF

is normal inG. The minimality ofGF implies thatK ∩ GF = 1 and A is normal
in G, a contradiction. HenceA is normal inG andGF = A is cyclic of orderq.
If GF is not an elementary abelian group, then.GF /′ = Z.GF / = 8.GF / is an
elementary abelian group by Lemma2.4. Noticing that8.GF / ≤ 8.G/, we know
that every minimal subgroup of.GF /′ is not complemented inG. It now follows
from our hypotheses that every minimal subgroup of.GF /′ must be normal inG.
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For any minimal subgroupA of GF=.GF /′, there exists a subgroupA of GF such
that A = A.GF /′=.GF /′. Assume thatA is of orderq. If A is not normal inG,
then, by our hypotheses, there exists a subgroupK of G such thatG = AK and
A ∩ K = 1. Noticing that.GF /′ = 8.GF / ≤ 8.G/, we see thatK=.GF /′ is a
complement ofA. The minimality ofGF=.GF /′ implies thatA = GF=.GF /′ is
normal inG=.GF /′, and thereforeGF=.GF /′ is a cyclic group of orderq. Hence we
may assume thatq = 2 and every generated element ofGF is of order 4. It follows
immediately that�1.GF / = .GF /′ = 8.GF / and therefore every minimal subgroup
of �1.GF / is normal inG. Hence�1.GF / ≤ Z.G/. If Q is quaternion-free, then,
by [7, Lemma 2.15], every 2′-element ofG acts trivially onGF . SinceGF=.GF /′

is a chief factor ofG, we see thatGF=.GF /′ is a cyclic group of order 2. Assume
that every cyclic group of order 4 ofQ is c-supplemented inG. Let B = 〈b〉 be
a cyclic group of order 4 ofGF . Then〈b2〉 is normal inG. If B is not normal in
G, then there exists a subgroup ofK of G such thatG = BK and B ∩ K = 〈b2〉.
It is clear that.GF /′ = 8.GF / ≤ K and GF=.GF /′ ∩ K=.GF /′ is normal in
G=.GF /′. The minimality ofGF=.GF /′ implies thatGF=.GF /′ ∩ K=.GF /′ = 1
and thereforeGF=.GF /′ is a cyclic group of order 2. We have now shown that for all
cases,GF=.GF /′ is always a cyclic group of prime order. Noticing thatGF=.GF /′

is G-isomorphic to Soc.G=coreG.M//, it follows thatG=coreG.M/ is supersolvable,
a contradiction. Thus, our proof is completed.

THEOREM 4.2. LetF be a saturated formation containing the class of supersolv-
able groupsU . Let N be a normal subgroup of a groupG such thatG=N is inF . If
for every primep dividing the order ofN and for every Sylowp-subgroupP of N,
every maximal subgroup ofP is c-supplemented inG, thenG is inF .

PROOF. Let Fi .i = 1; 2/ be the full and integrated formation functions such that
U = L F.F1/ andF = L F.F2/. Assume that the theorem is false and we may let
G be a minimal counterexample. Then, by applying Lemma2.1 and Corollary3.5,
we know thatN has a Sylow tower of supersolvable type. Letp be the largest prime
dividing the order ofN and P ∈ Sylp.N/. Then P must be a normal subgroup of
G. Clearly, .G=P/=.N=P/ ' G=N ∈ F . It is easy to see thatG=P satisfies our
hypotheses of the theorem for the normal subgroupN=P. By the minimality ofG, we
see thatG=P ∈ F , and of course, every maximal subgroup ofP is c-supplemented
in G.

Let L be a minimal normal subgroup ofG with L ≤ P. Then, it is easy to see
that the quotient groupG=L satisfies the hypotheses of our theorem for the normal
subgroup ofP=L. By our choice ofG, we haveG=L ∈ F . SinceF is a saturated
formation, L is the unique minimal normal subgroup ofG which is contained inP
and alsoL is complemented inG. In particular, we haveP ∩8.G/ = 1 and therefore
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L = F.P/ = P is an abelian minimal normal subgroup ofG by Lemma2.2.
Let P1 be a maximal subgroup ofP. By our hypotheses, there exists a subgroup

K of G such thatG = P1K and P1 ∩ K = 1 sinceL is the unique minimal normal
subgroup ofG contained inP with L 6≤ P1. ThusP = P1.P ∩ K /. It is clear that
P ∩ K is normal inK and is normalized byP1 sinceP is abelian. ThereforeP ∩ K is
a normal subgroup ofG. SinceP ∩ K 6= 1 andP is a minimal normal subgroup ofG,
it follows thatP∩ K = P andP is a cyclic group of orderp. SinceAut.P) is a cyclic
group of orderp−1 andG=CG.P/ ≤ Aut.P/, we haveG=CG.P/ ∈ F1.p/ ⊆ F2.p/,
by Lemma2.3. Therefore,G ∈ F , a contradiction. Thus, our proof is completed.

REMARK 4.3. LetF be the class of groupsG whose derived groupG′ is nilpotent.
Then it is easy to see thatF is a saturated formation containing the classU . Now,
by applying our Theorems4.1and4.2, we also obtain some sufficient conditions for
a group to be aF -group.
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