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Abstract

We study a convolution semigroup satisfying Gaussian estimates on a @roéipolynomial volume
growth. If Q is a subgroup satisfying a certain geometric condition, we obtain high order regularity
estimates for the semigroup in the direction@f Applications to heat kernels and convolution powers
are given.

2000Mathematics subject classificatioprimary 22E30, 35B40.

1. Introduction

The heat kernel and its regularity properties play an important role in harmonic
analysis on a Lie grougs, and have been intensively studied (s@&, [L7] and
references therein). Let us mention some relevant results in the case ihatLie
group of polynomial growth. Varopoulos showed (s2@ P1, 17]) that the heat kernel
K corresponding to a right-invariant sublaplacian®@rsatisfies a global Gaussian
estimate for all time$ > 0. Then Saloff-Costel[g] proved that derivatives of order
one of K, satisfy a similar estimate with an extra factot/’2. In caseG is nilpotent
thenm-th order derivatives oK, satisfy similar estimates with an extra factof"/?
(see for exampleZ1, 19]), but an example of Alexopoulod] showed that this is not
true for solvable groups when > 2. A precise characterization of the groupgor
which them > 2 estimates are valid was given ihd. It is worth noting that the
failure of them > 2 estimates can only occur for large tintes 1.

Recently the author7] proved precise estimates for multiple derivativeseffor
large timeg > 1 whenthe derivatives are takenin the direction of the nilradical, that s,
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the largest nilpotent, analytic normal subgrougofThis result is of interest because

it reveals a further connection between the algebraic structuf@ ahd regularity
properties ofK,. Another proof of this result was given in a subsequent paper of ter
Elst [10]. Note also that some closely related estimates (for derivatives of order at
most 2) were used in the proof of Alexopoulos of the boundedness of first order Riesz
transforms orG (see [L, Theorem 7.7]).

The proofs of f, 10] need the rather intricate structure theory for Lie groups of
polynomial growth, and also use in an essential way the structure of the subelliptic
differential operator corresponding #,. This paper is partly motivated by the
guestion of extending results of,[10] to other classes of grougs and convolution
kernelsK;, for example, convolution powers of probability densities on a discrete
group studied in15, 2]. Our main conclusion is that higher order regularity estimates
for a suitable convolution semigroup, in the direction of a subgr@upf G, follow
from a simple geometric condition dR in G (see &) below).

Thus we can extend estimates @f fo a much wider context. We will describe
specific examples in which our results yield new regularity estimates.

The regularity estimates we obtain are closely related to the question of boundednes
of Riesz transform operators. For Lie groups, we refer the reades,td@] [for
recent results for certain Riesz transforms connected with this paper, while first order
transforms were considered if, [3]. For discrete groups of polynomial growth,
the boundedness of first order Riesz transforms was obtainet;iwé will show
elsewhere that our estimates lead to a simpler proof, which also extends to certair
higher order transforms.

Part of our argument is no doubt related to a convolution trick which has been used
in estimating heat kernel derivatives on Lie groups: see for exarbflégmma 3.5].

Our argument, however, requires much less initial regularity for the convolution
semigroup in question, and (because we use difference operators instead of derivative:
applies to a wide class of locally compact groups. Even in the well-studied case
whereG is a nilpotent Lie group, our method is of interest, since it shows that one
can derive regularity without using scaling techniques.

Our general setting is the following. L& be a unimodular, second countable,
locally compact group, and fix a Haar measdge Supposes is compactly gen-
erated, so that there is a compact neighbourHdanf the identitye of G such that
G =2, U" whereU" = {u;---u, : u; € U}. We can always assume tHatis
symmetric, thatisly = U~1. Let G have polynomial growth of ordeld > 1:

(1) ¢ 'n® <dgU" <cn®

for somec > 0 and alln € N (the conditionD > 1 excludes compact groups). Itis
well known that condition) does not depend on the choicelbffor if V is another
compact generating neighbourhood, there existsN with U™ € VK" andVv" € UX"
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for all n.
The modulus : G — N defined (as in15 or [3]) by

p(@ =infilneN:geU"
satisfies
p(@ =1, p(@h) <p@) +pt), p@ =p@EH

forallg,h € G. Observe tha" = {g € G : p(g) < n}, and thatp is bounded over
any compact subset @&.

Let L = Lg denote the left regular representation®f so that(L (h)p)(g) =
¢(h~1g) for a functiony : G — C andg, h € G. ThenL acts in the function spaces
L, = Lp(G;dg), 1 < p < co. The convolution of two functiong, v is defined by
(¢ %)@ = [sdhe(h) ¥ (h™'g), g € G. In generalgc, ¢, b, b’ and so on, denote
positive constants whose value we allow to change from line to line when convenient.

Throughout, letZ denote one of the sefs, oo) or N = {1, 2, 3, ...} (the set7
will be fixed in any particular discussion). Suppose we are given a fafiil};. »
of functionsK; : G — C, with K; € L; N L, which is a convolution semigroup
in the sense that, ., = K, x K, forall t;,t, € .7. In particular, if 7 = N then
Ky = Ky x Ky % -+ % Ky is just then-th convolution power oK.

Forb,t > 0, define the Gaussia®,; : G — R by G(g) = t 2 »©@/t We
assume thak, satisfies an estimate

(2 [Ki| < cGp

for allt € 7 (for real-valued function§&,, F, over G we write F;, < F, to abbreviate
F1(g) < F»(g) forall g € G). We also require a ‘Hlder’ estimate, namely, for some
v € (0, 1] one has

3) I(1 = L(h)Ki| < c(p(h)t %)’ Gy,

forallt € .7 andh € G such thatp(h) < t¥2, wherel denotes the identity operator
on functions.
Finally, let there be given a subgro@of G anda € (0, 1] such that

(4) p@lg™ < co() +cp()*p(g)

forallg € G andl € Q. Under these assumptions our basic theorem is the following.
The formulation of the theorem is partly inspired Bp[Lemma 3.5].

THEOREM1.1. Let R be a densely defined operator i which is right-invariant
(that is, R commutes with right translatiohsSuppose there a®e > 0,b > 0,5 > 0,
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such that|RK;| < at Gy, for all t € 7. Then there ar& > 0, b’ > 0, which
depend orb, § and on the constants if1)—(4), such that

|1 = LO)RK] < ca(ot ™)t Gy,

forallt € 7 andl € Q with p(l) < t2. (In particular, c andb’ are independent
ofa.)

Note that the ldlder exponent from (3) does not occur in the conclusion of
Theoreml.1; roughly speaking, the délder estimate self-improves into a Lipschitz
estimate in the direction dD.

The operator& (h), h € G, are obviously right-invariant. Thus by beginning with
the estimates), (3), and applying Theorerh.1repeatedly, we arrive at the following
result for higher order oscillations &f;.

THEOREM1.2. Foranyk € Ny = {0, 1, 2, ...}, one has estimates

I(F =LA = Ld2) - (I = LK
< cp(Dt™?) - (p (It Y*) Gy,
I(F=Ld))( = Ld2)) - (I = L = Lh)K,]
< cp(Dt?) - (0t Y2) (e (M%) Gy,

forallt € Z,1;,...,lIk € Qandh € G such thatp(l;) < tY2 for all j and
p(h) < tY2,

The next theorem shows that the estimate of Theatehecan sometimes be im-
proved in specific directions within the subgroQp

THEOREM 1.3. Letw > 1,15 € Q and suppose thai(lg) < con'/ for somec, > 0
and alln € N. Assume the hypotheses of Theofefin Then there exist,b’ > 0
suchthati(l — L(lp))RK| < cat™/?t*Gy forallt € 7.

Since anyh € G satisfiesp(h") < np(h), n € N, we can always takes = 1 in
Theoreml.3 Whenw > 1, the theorem gives a stronger conclusion. (For a trivial
example, ifly falls within some compact subgroup®@f then sugp(Ig) : n € N} < oo
and we could choose arbitrarily large).

We will apply the above results to two main classes of gra@pd.ie groups of
polynomial growth, and discrete, finitely generated groups of polynomial growth. Let
us briefly discuss these cases: further details and generalizations will be given in
Section4.
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1.1. Lie groups of polynomial growth LetG be a connected Lie group of poly-
nomial growth of ordeD, with Lie algebrag and exponential map exgy — G. To
each element € g we associate a right-invariant vector field

X =dLg(x) = —Iting)tfl(l — L(exptx)).

In the Lie setting, it is natural to try to rewrite our results in terms of right-invariant
derivatives ofK;. Let #(G) denote the algebra of all right-invariant differential
operators orG (it is the complex linear span of the identityand all monomials
Xi... Xy, wherek > 1 andX; = dLg(X) for somex; € g). We introduce an
assumption of smoothness for small timesZn suppose that for anf? € Z(G)
there exist, b > 0 (depending orP) with

(5) [IPKi <cGy,

forallt e 7 with1l <t < 2. Then we have

THEOREM 1.4. SupposeQ is a Lie subgroup of3, with Lie algebrag € g, such
that (4) holds. Supposg € qandw > 1, ¢, > 0 with p(expsy) < co|s|¥* for all
s € Rwith |s| > 1, and setY = dL(y). LetR € #Z(G), adopt the hypotheses of
Theoreml.1, and assuméb).

Then there are, b’ > OsuchthatY RK| < cat™/t~°G,, fort € .7. Therefore,
if y1,..., Yk € qandwy, ..., wx > 1satisfyp(expsy;) < cols|¥", |s| > 1, then with
Y, =dLg(V), | Y-+ YeK¢| < ct-wttwoi2G forall t € 7.

Note that any € g satisfieso (expsx) = O(|s|) for |s| > 1. Thus one can always
choosew = 1in Theoreni.4. If w > 1 then the theorem gives a sharper estimate.

The main example of a Lie subgroup satisfyid ic the nilradicalQ, that is, the
largest nilpotent normal analytic subgroup®f We will verify (4) for this case in
Section3 below. In particular, note that {& is nilpotent therG = Q.

The mostimportant examples of convolution semigroups satisfying our assumptions
are (){K}i-ois the heat kernel of a right-invariant sublaplackiron G (or of a more
general second-order, subelliptic operator), and Ki)},.n are then-th convolution
powers of a smooth probability densik; on G satisfying certain conditions. We
will explain these examples fully in Sectign

Note that kernel estimates on Lie groups are often expressed in terms of a subelliptic
modulusp, associated with a generating bagig, ... , Ay of (say) right-invariant
vector fields (seelf7, 21]). It is well known (see, for example2[l, Section 111.4])
thatp andp, are equivalent at infinity: there s> Owithc™'p < 1+ pa < Co. The
local behaviour ofo, is irrelevant to our results (which deal only with large times),
and we prefer always to work with.

Itis interesting to observe that, because b, < cp, condition @) is weaker than
the analogous condition with, replacingp.
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1.2. Discrete groups of polynomial growth Let G be a finitely generated, discrete

group of polynomial growth of ordeD. By a theorem of Gromovi1{], G has a
finitely generated, nilpotent, normal subgro@such thatG/Q is finite. We will
verify in Section3 that Q satisfies assumptiod), Observe that if5 is nilpotent then
we can takes = Q.

Let {K,}nen be then-th convolution powers of a probability densi; on G
satisfying certain conditions (namely; is symmetric, and the support &f is finite
and generate§). Then results of Hebisch and Saloff-Costé&][yield (2) and @)
with v = 1, so that our Theorenmis1-1.3apply. We explain this example further in
Sectiord.

Itis worth noting that though we only consider second-order Gaussian bounds, our
results readily extend to a settingrofth order Gaussian estimates for genenat 0.
Here them-th order Gaussian is given I, (g) = t~°/™exp(—b(p (g)"/t)Y/ ™).
To prove this generalization, the main observation is that analogues) ahd (7)
below are valid fom-th order Gaussians. We omit further details.

2. Proof of the main theorems

In this section we prove Theorenisl, 1.3and1.4. First, we use4) to prove a
weak version of Theorerh.1 (Proposition2.2 below). Then we obtain Theoreinl
by iterating the weak result, applying at each step an interpolation lemmaofdeH”
estimates. Theorenis3and1.4are proved by a similar iteration and interpolation
process.

Without loss of generality, in the proofs we always assume that the corsstant
the hypotheses of these theorems equals 1 (otherwise, simply réplaca ' R).

To avoid excessive bracketing, let us abbrevidtéh)¢)(g) to L(h)e(g) when
there is no risk of confusion.

We need some well-known estimates for Gaussians (see for exéanpéecfion 2]).
For anyb > 0, there isc > 0 such that

(6) / dg Gy (9) =, / dg G, (g) < ce 7
G p(Q)=At1/2
forallt > 1 andx > 0, and moreover there 8 > 0 such that
(7) Gp.s * Gpt < CGp syt
foralls > 1 andt > 1. The following elementary remark will also be useful.

LEMMA 2.1. Supposa&a > 0,b > 0,t > 1, andg : G — C is a function with
lp| < aGp. Then for anyk > 0 and anys € [0, 1), there arec’, b’ > 0 which
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depend only oM, «, §, such that L (h)¢(g)| < c'aGy(g) for all g, h € G such that
p(h) < kt™2 4+ 8p(Q).

PROOF. It follows from |¢(h~1g)| < at~P/2e-»"9°/t by noting thato (h~1g) >
p(9) — p(h) = (1—8)p(g) — «t*2. O

PrROPOSITION2.2. Supposér a densely defined, right-invariant operatorlin, and
that for someb > 0,8 > O, |[RK;| < t°Gy; forall t € 7. Then there are > 0,
b’ > 0, with

(8) I(I = LOYRK| < c(pOt ™) t Gy,
forallt € 7 andl € Q with p(l) < t¥2.

PROOF. Letg € G, | € Q andt € .7 with p(l) < t¥? (constants below will be
independent of}, I, t). SinceR is right-invariant therRK, = RK; x K; so that

9) (I = L1)RKx(9) = /dh RK (WK (h™'g) — K(h™*g)]
= /dh RK (h)(I — L(h™h))K,(h~g).

Split the integral in 9) into two regionsp(h) < 271p(g), p(h) > 271p(g). In case
p(h) < 27 p(g) thenp(h™g) > p(g9) — p(h) = p(h), and using4) we obtain

phlh) < c(p) + p()*p()*™) <cp) + 2 'p(h) < ctY?+ 27 p(h 'g).
Therefore, from2), (3), and Lemma.1, whenp (h) < 2-1p(g) we get an estimate

|(1 = L(hh)) K (h™g)|

<c(ph Mt ?)" t~D/2gbo(h g/t

= (PO + (et 2)" (p(hyt?) " fr-orzemmtoin,

Therefore,
/ dh |RK(M)[ (1 — L) K, (h-g)|
p(h)=2-1p(g)
<c(pMhr )t / dh Gy () Gy (hg)

+c(pt™2) "t / dh Gy, (h) (p(Mt¥) " Gy (hg)

<c(pMt™) " t7Gy (),
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where in the last step we absorbgdh)t—/2)2-" into the Gaussian and applied)
Next, it follows from @) and @) that ||(1 — L(X))K|l« < C(p(X)t=Y/2)"t=P/2 for
all x € G. Therefore §) gives an estimate, when(h) > 2-1p(g),

1= LKl = ¢ { (o0t ) + (ot )" (oot #2) " -0
Thus

/ dh |RK.(M)/[(1 = L Th) K, (h~g)|
p()=2-1p(g)

s-Dj2 p(l))” (p(l))““ (p(h))“")“
= et \/pv(h)>21p(g) dh Got(h) { ( t1/2 * t1/2 t1/2

<c(pMt 2 t-3t~D/2g D@/t

where in the last step we applie@)( From the above estimates artl), (the desired
estimate ) follows for allt € 2.7.

Finally, considett € .7 such that ¢ 27. When.Z = [1, oo) then Lemma2.1
yields @) whent € [1,2). When.Z = N then Lemma2.1 yields @) for t = 1,
while fort of formt = 2n + 1, n € N, then @) follows by writing (I — L(1))RK; =
((I = L)) RKy,) * Ky and applying ). Thus (after adjusting constants) we obtain
(8) forallt € .7, and the proposition is proved. O

The following interpolation lemma for dlder estimates will allow us to improve
the estimate of Propositiah2. To prove the lemma we rely on a general identity for
an operatoi,

k
(10) I - A: 227J71[| . A21]2+2—k71(| o A2k+1)
j=0

which is valid for allk € Ng (for the use of this identity in interpolation theory sée [
Section 3.4.2]).

LEMMA 2.3. Let G; be a group, : G; — G a homomorphism ang, : G; —
[0, c0) a submultiplicative functian p1($:S) < p1(S) + p(S) for 51,8 € Gy.
Supposev > 1and thatp (¥ (S)) < co(1+ p1(s)Y*) forall s € G;. Lett > 1,a > 0,
0<y < B,y <1 and suppose : G — Cis a function with

lpl <aGoi, |1 = LW (9)Pe| < a(put ™) Gy,

for all s € G, with p,(s) < t*/2, Then there exist’, b’ > 0, which depend om, ¢,
y, B, b but not ont or a, such that

|1 = LW ()¢l < ca(o®t?)" Gy,

for all s € G; with p,(s) < t*/2.
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PrOOF. Without loss of generality we may suppose that 1. Lets € G; with
0 < pi(S) < t*/2 (the casep,(s) = 0 is similar but easier and is left to the reader).
Choosek € Ny with 28 < (py(s)t™*/3)71 < 2¢+1: constants in this proof will be
independent of, sandk. Applying (10) with A = L (v (s)) we have

k

[ =L@l =Y 2771 = L(y ()" + 271 = L(y(*)]e.

j=0

To estimate the last term, first observe that
p(¥ (7)) < o1+ (270pu(9) ") < co(1+ 2¥?) < Bot™2,
Therefore, the hypothesis and Lemfhayield an estimate
24 = L(w(s"))]e| < 27 Gpy < €27 Gy, = C/(pu(S)t?) Gy
where we usegr < 1. Forj € {0, 1, ..., Kk}, one has
pi(s?) < 2 pi(s) < 2pu(s) <12,

so applying the hypothesis we find that

k

k
S 20— Ly () Pe] =Y 27 2ot Gy,
j=0

j=0

k
=c(p(t™)" > (@ Gpy.
j=0
Sincey < 1andB — y > 0 we have

k k
D@TH <Y @) <e@YT < clpusty

j=0 j=0

wherec depends only o andy. Lemma2.3follows by collecting these estimates.
Il

COROLLARY 2.4. Supposé&s; isasubgroupo6G,t > 1,a>0,0<y < B,y <1,
andg : G — Csatisfiegy| < aG,; and|(I — L(1))*¢| < a(p(Ht"Y2)’Gy, for all
| € G; with p(l) < t¥2. Then there exist’, b’ > 0, which only depend on, 8, b,
suchthati(l — L(I))g| < ca(p(Ht Y?)*Gy, forall | € G with p(l) < t¥2,

ProOOF. Apply Lemma2.3with ¥ : G; — G the inclusion mapp;(s) = p(s) for
se Gy, andw = 1. O
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PrOOF OFTHEOREM 1.1 Let Rbe as in the statement of the theorem, and suppose
av < 1 (if wv = 1 then by Propositio@.2 there is nothing to prove). Choodee N

andpuy, ..., uy satisfyingoy = g < o < -+ < uy = landujps — i < av for
i €{1,2,...,N — 1}. We show that for eachthere is an estimate
(11) (1 = L)RK| < C(/O(I)t’l/z)“i t° Gy,

forallt € 7 andl € Q with p(l) < t2. The casé = 1 is just Propositior2.2.
Supposq € {1,..., N—1}and (L1) holdswhen = j. Thenapplying Propositioh.2
for the right-invariant operatos — L (1)) R yields an estimate

I(I = Ld))(I = LOYRK] < c(plpt ™))" (p(Ht )" t Gy,

forall l;,1 € Q with p(l) < t¥2, p(l) < t¥Y2, Takingl; = | in this estimate, we
apply Corollary2.4with ¢ = RK; and with = uj + av, y = pj+1 < B. Thus we
obtain (L1) with i = j 4+ 1, and induction yields1(l) for all i. Withi = N we get
Theoreml. 1 O

PrOOF OFTHEOREM 1.3, The proof is a variation of the iteration-reduction argu-
ment just given. LeR, w andl, € Q be as in the statement of the theorem.

ChooseN € N, N > wanduy, ... ,uy Sothat Yw = u; < -+ < uy = 1 and
wiv1—mi < /wfori e{1,..., N —1}. We show that for eache {1, ..., N} one
has an estimate

(12) |1 = LA RK| < c(Inft™/%)" t 7 Gy,

forallt € 7 andn € Z with |[n|] < t*/2. Fori = 1, the estimate is valid by
Theoreml.1and because(l)) < c|n|** for [n| > 1.

Then argue inductively as in the proof of Theordmi: if (12) is valid fori,
apply Theorent.1to get a bound fofl — L(I§))?RK;. Then use Lemma.3with
B = w +1/w, y = iy, to obtain ((2) with ;. replacingu;. Here, to apply
Lemma2.3we takeG; = Z and the homomorphismr : Z — G, ¥ (n) = If, and set
p1(N) = |n|forn € Z.

Withi = N andn = 1in (12), we get Theoren.3, O

PrROOF OFTHEOREM 1.4. This is slightly more delicate than the previous proofs,
because we now also interpolate with the local assump&ipn (

First we extend®) to large times. LeP € #(G) be any right-invariant differential
operator. Ift € .7 andt > 2, thent — 1 € .7 and we can writP K, = P Ky x K,_;.
Then from §) and @), by applying ) we obtain an estimate of form

(13) [IPKi| < cGyy
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forallt € 7.
Let R, 8,y, w be as in the hypothesis of Theorelml. Letusfix0< ¢ < 1
sufficiently small so that

T:=2"1—¢) —es(w/2+8) >0,

and fixp > 0 with p < ¢ and(w/2)p < 7. ChooseN € N andpuy, ... , uy Such
that 0= g < w1 < -+ < uy = L anduiy — i < p. We show that for each
i €{0,1,...,N}thereis an estimate

(14) [(1 — L(expsy)RK| < c(|s[t /3"t Gy,

forallt € .7 ands € R with |s| < t*/2. Note that Theorer.4follows from the case
i = N, becaus®y RK(g) = —limg_os71(1 — L(expsy))RK(Q).
Notice that an estimate

(15) p(expsy) < c(1+ [s|") < c't?

is valid whenevefs| < t*/? andt > 1. In casé = 0, u; = 0, then (4) follows from
IRK| < t7°Gp, by applying Lemma&.1and (L5).

Assume inductively 14) for somei € {0,1,..., N — 1}. Then it follows from
Theoreml.land (L5) that

(16) |(I — Lexpsy)*RK| < c(1+ [s|"")t~7>(Is|t™"/)" t Gy,

when |s| < t“/2. We need to improve this estimate for smg]. By writing
| — L(expsy) = —fosdu L(expuy)Y, and applying 13) with P = Y?2R, one gets a
bound

| (1 — Lexpsy)*RK |, =< IsPIY’RKi[l < cls|t™

whenevett € .7 and|s| < 1. Interpolating this with 16), we obtain for|s| < 1 and
t € .7 that

(17) |(I = L(expsy))’RK|
< [(1 = L(expsy)?RK| " (|| (I — L(expsy)?RK| )’
<c (r<1/2>7<w/2)m 75)1*8 IS4 |5|% Gy,
< thﬁtf(w/Z)/titf'r|S|Mi+sGb’t < thﬁ (|S|t7w/2)lli +p Gb,t,
where the last steps follow from the choicesofindp. Observe thatl(7) also holds
for 1 < |s| < t*/2, by (16) and becausg < 2t/w < 1/w.
Apply Lemma2.3with 8 = wi +p, y = ui41, forthe homomorphisng : R — G

such thatyy(s) = expsy, s € R, and withp,(s) = |s|. Then from (7) we get (L4)
with w4 replacingu;. This ends the proof ofld) and of the theorem. O
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3. The geometric condition

Givena € (0, 1] and a subgrou of G, let us say that conditio(G, Q, «) holds
if an estimate4) holds. In this section we study this condition and, in particular, we
identify important examples @& andQ for which it holds.

We begin with a few general remarks.

(@) An elementary estimate shows that conditi@®, Q, «) implies condition
(G, Q,a')wheneverO< o' < a < 1.

(b) LetK be a compact normal subgroup @f let G’ = G/K, and suppose that
condition(G’, G’, @) holds. We claim that conditio(G, G, «) holds.

Note that we may choose the compact generating setthatk C U. If 7 : G — G
is the canonical homomorphism, then = 7 (U) is a compact generating set fGf,
such thatr(U") = (UH" and7~((U")") € KU" € U™l forn e N. If p, p/
denote the moduli o5, G’ respectively associated with andU’, we have (seel,
Lemma IV.5.5])c1p/'(rg) < p(9) < co’(g) forall g € G. Then the claim follows
easily.

(c) If condition (G, Q, ®) holds, andK is a compact normal subgroup &,
then KQ = QK is a subgroup ofG, and (G, KQ, «) holds. Indeed, setting
Co = suplp(k) : k € K} < oo, it suffices to observe thai(q) < p(kQ) + &
andp(gkqg™) < p(gkg™) + p(gag™) < ¢+ p(gqg ™ forallg € G, k € K and
ge Q.

In particular, note that conditiofG, K, 1) holds for any compact normal subgroup
of G. This is not true for an arbitrary compact subgroup@®f(see Example3.4
below).

The next lemma is basic for the development of this section.

LEmMMA 3.1. LetG be a simply connected, nilpotent Lie group with Lie algepra
of nilpotent step. Then condition G, G, r ) holds.

PrROOF. Let g; 2 g, 2 --- be the lower central series @f sog, = g and
gj+1 = [g, g;]forall j. Theng; = {0} whenj >r + 1. Choose linear subspacés
ofgwithg; =V, @ gj.1, 1 <j <r,andletb, ..., by be a vector space basis for

such thab, € Vi, forsomew(i) e {1,... ,r}. If x =), &b € g set

d
Ix|E =" 1& MO
i=1

Note the inequalitiegx + y|| < c||x|| + c|lyll and||Ax|| < (L + |[AD|IX] for X,y € g
anda € R.
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SinceG is simply connected then expy — G is a diffeomorphism, and there is
c>0withcp(g) < lexp (gl +1 < co(g) forall g € G (see P1, Sections IIl.4
and IV.5]). If g = expx, | = expy, thenglg™! = exp(e®®y), and we see that to
prove the lemma it suffices to show that

49 1€yl < ¢ (L+ Iyl + I IxI")

for all x, y € g. Observe that

r—1 -1
™yl = H y+ Y K)H@dky| <cllyll+c¢) ll@dx)tyl.
K1 k=1

Writex = ) &by, y =) n;b;. Becauség,, gq] < g,.q for all p, q, we can expand
(adx)Xy as a finite linear combination, with constant coefficients, of terms of the form
(&, ...&mn)bs, wherew(iy) + - -- + w(ix) + w(j) < w(s) <r. Fix such aterm and
seto = w(iy) + -+ +wliy) +w(j) € {l,...,r}. Then

I, - &nDbsl = 1&, ... &mn V"
<1+1&...&nl""
< L (It y )t
= 14 [|x|[E @y e
< 14+c(lyl+ Iyl ixi=“"y,

where the last line follows by an elementary inequaligchusev(j)/o € [1/r, 1].
By collecting these estimates we obtal8)and the lemma. O

COROLLARY 3.2. Condition(G, G, r ~!) holds wheneve® is a connected nilpotent
Lie group with Lie algebra of nilpotent step

PrROOF. There exists a compact normal subgrokipof G such that the group
G’ = G/K is simply connected (se@], Section IV.1]). SinceG’ is nilpotent of
stepr’ with r” < r, the corollary follows from Lemma.1 together with Remarks (a)
and (b) above. O

In connection with the above results, let us recall that any connected nilpotent Lie
group has polynomial growth (see for exam#é,[Chapter 1V]).

REMARK. ForG aconnected Lie group of polynomial growth, one has the following
precise criterion. Conditio(G, G, «) holds for somer € (0, 1] if and only if G is the
local direct product of a compact Lie group and a nilpotent Lie group, in other words,
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G = K - QwhereK, Q are closed, mutually commuting, analytic normal subgroups
of G with K compact,Q nilpotent andK N Q discrete.
SinceG/K = Q/(KNQ) is nilpotent, the ‘if’ direction follows from Corollarg.2
and Remark (b). To prove the converse we could use structure theory, but one car
alternatively argue as follows. IfG, G, @) holds and{K};.o is the heat kernel
for a right-invariant sublaplacian o8, then Theoreni.4 would imply an estimate
X1 XoKilleo < ct~t7P/2/ t > 1, for any given right-invariant vector fields;, X,
on G. By results of L3] (see alsoT]) this can only occur if5 is a local direct product
as above.

To obtain a result folG an arbitrary connected Lie group of polynomial growth,
we need some structure theory (for detailed descriptions of the structure theory see
[1, 3, 8, 7] and references therein). Denote bythe Lie algebra ofG. One has
G = M SwhereSis the radical (the largest solvable normal analytic subgroup)of
and M is any Levi subgroup of5: M is necessarily compact. I® denotes the
nilradical (the largest nilpotent normal analytic subgroupothenQ C S.

To the solvable Lie grouf one can associate its nilshad@&y which is a nilpotent
Lie group. We can identiffs = Sy as manifolds, such that the corresponding Lie
algebras andsy are identified as vector spaces. The group structuré&sanfd S
are related by

(19) 5= TE™Ms) xS St=TE)E™)

for all s;, s, € S(see B, 7]). Herex, denotes the group product &, s~ is the
Sv-inverse ofs, andT is a certain homomorphism froi®, to the group of smooth
automorphisms o8y, such that

(20) TTE)S) =T, T@si=s

forall s;,s, € Sandq € Q. Letp, ps, pn denote moduli associated with compact
generating neighbourhoods for the respective gré@ups, Sy. Then

(21) p(M9) < C1p(S) < Cps(S) < C3pn(S) < Cap (MY

forallm € M ands € S. The automorphism$ (s) are uniformly bounded, in the
sense that there s> 0 with p(T(s,)s;) < co(s,) forall s, s, € S.

PrOPOSITION3.3. Let G be a connected Lie group of polynomial growth, with
radical S and nilradical Q. Then condition(G, Q, r 1) is satisfied, where is the
nilpotent step of the Lie algebrg, of the nilshadows.

PrOOF. A straightforward calculation usind ) and 0) shows that

sQst=T(s)(S*n g *n S ™)
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foralls € Sandg € Q. Leta = r~1 Applying the uniform boundedness of the
T(s), Corollary3.2, and the equivalence&l), we obtain

p(sas™) < co(sxn gy s ™) < (p(@) + p (@ p(9)* )

forall s € Sandq € Q. Therefore conditioniS, Q, «) holds.

Finally, for anyg € G we writeg = ms m € M, s € S, and using compactness
of M getp(gqg ™ < 2p(m) + p(sqs?) < c+ p(sqs?). Then condition G, Q, )
follows from (S, Q, @) and the boung (s) < co(ms). O

REMARK. The above proposition can be slightly improved as follows. It is shown
in [7] that G has a (possibly trivial) compact normal subgrdGpwhose Lie algebra
is the largest semisimple ideal of the Lie algebra®f By Remark (c) above, we
conclude that conditiofG, Q’, @) holds whereQ’ = K Q.

ExamvpPLE 3.4. Let us verify directly tha{G, G, «) does not hold for the grou@
of Euclidean motions of the plane (this fact is a special case of the Remark after
Corollary3.2).

We identify G = T x R? as a manifold, wher& = {z € C : |z| = 1}, and the
group multiplication is given by

(eitl’ Xl’ yl)(eitz’ XZ’ YZ)
= (€72 (costp) Xy + (SiNt) Y1 + Xz, —(SiNt) Xy 4 (COSL) Y1 + Ya)

for tj, x;, y; € R. ThenG is a three-dimensional solvable Lie group of polynomial
growth of orderD = 2. It is a semidirect product of the compact subgrdyp=
{(z,0,0) : z € T} with the normal subgrou®? = {(1,x,y) : X,y € R}. If pisa
modulus (associated with a compact generating neighbourhd@y, dfien

A+ IXIF YD < p((Z %, ¥) < L+ x|+ |y])

for all g = (z,x,y) € G. A calculation yields(1, x, 0)(—1,0,0)(1,x,0)! =
(=1, —2x, 0), so thatp((1, X, 0)(—1,0,0)(1,x,01) > c(1 + |x]) for all x € R.
Thus (G, Ty, ) fails, and henc€G, G, «) fails, for anya € (0, 1]. On the other
hand,(G, RZ, ) holds (witha = 1) becaus®? is the nilradical ofG.

We have the following version of Theorell. Letsy = sy.1 2 sn.2 2 - - - denote
the lower central series af;.

COROLLARY 3.5. LetG be a Lie group of polynomial growtlq the nilradical ofG,
andg the Lie algebra ofQ. LetR € Z(G), adopt the hypotheses of Theorér and
assumgb). If y € q, ¥ € sy, @andY = dLg(Y), then there are, b’ > 0 such that
Y RK| < cat™/?tGy,, for all t € 7. Therefore ify;, ..., yx € qwith y; € sy.,,
fori =1,...,k then|Yy- - YyK;| < ct~uttw2Gy  forall t € 7.



264 Nick Dungey [16]

PROOF. Lety € qNsy,,. SinceSy is nilpotent andy € sy, one has an estimate
on(EXpy SY) < c(1+ |s|¥v) for all s € R (see P1, Section 1V.5]), where expis
the exponential map di,. But expx) = exp,(x) for all x € g by, for example, T,
Section 10]. Then from21), p(expsy) < c¢'(1+ |s|¥) for all s € R. The corollary
now follows from Theoreni..4and Propositior8.3. O

Next we consider discrete groups. Note that a theorem of Bastdtes that any
finitely generated, discrete nilpotent group has polynomial growth of some Brder

LEmMMA 3.6. If G is a finitely generated, discrete nilpotent group then condition
(G, G, o) holds for somex € (0, 1].

PrOOF. Let7(G) be the torsion subgroup &, consisting of all elements @& of
finite order. Then (G) is a finite normal subgroup & and the quotien® = G/1(G)
is finitely generated, discrete, nilpotent and torsion-free (Se€hapter 0]).

SinceG' is torsion-free ther’ is isomorphic to, hence can be identified with, a
discrete, cocompact lattice subgroup of a simply connected nilpotent Lie dgftoup
(see [LG). Let p’, py be moduli associated with compact generating neighborhoods
for the respective grougs” andN. One has (as in, Section 1]) an inequality

c'pn(g) < p'(9) < con(g)

forall g € G'. Thus it follows from Lemma.1that(G’, G/, r 1) holds, withr the
nilpotent step of the Lie algebra di. By Remark (b) at the start of this section,
condition(G, G, r 1) holds. O

Recall that a theorem of Gromo®4] implies that any finitely generated discrete
group of polynomial growth has a finitely generated, nilpotent normal subgroup of
finite index.

CoROLLARY 3.7. LetG be afinitely generated, discrete group of polynomial growth
and Q a finitely generated, nilpotent subgroup such t84Q is finite. Then condition
(G, Q, @) holds for somex € (0, 1].

PrOOF. Choose element, ... ,gq € GsuchthalG = g, QU --- U gQ. If p,
pq are moduli forG andQ respectively, it is straightforward to see that

P(Gi9) < ci1p(Q) < Cpa(d) < C3p(gid)

forallqg € Q andi € {1,...,d}. Then sincep(giqeq g™ < c+ p(qag™) for
all g, q; € Q, the corollary follows by means of conditiq®, Q, «). O
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ExampLE 3.8. Let G be the group of Exampl&.4 and consider the discrete sub-
groupGo = {(£1,n4,n,) : ny,ny, € 7} of G. If p, po are moduli forG and G,
respectively, thea 1p(y) < po(y) < co(y) forall y € G,. Therefore, the calcula-
tion of Example3.4 shows that conditioiGg, G, «) fails. But it is easy to see that
(Go, Qo, 1) holds, whereQ, = {(1,n4,ny) : Ny, N, € Z} is an abelian subgroup of
index 2 inG,.

4. Applications

This section describes the main examples of convolution semigroups to which our
results apply.

In examples (i) to (iv) G will denote a connected Lie group of polynomial growth
with Lie algebrag, andQ denotes the nilradical @b, with Lie algebray.
(i) On G consider a right-invariant sublaplacidh = —>"" | A?, where A, =
dLs(&) anday, ..., a4 € g are a list of elements which generate the Lie algebra
The theory of these operators is well-developed: §&e71, 1, 3, 13] and references
therein. In particulaH generates a semigro=e'",t > 0,inL, (1 < p < ),
and§ acts via a smooth convolution kerré;};.o: S¢ = Ky x ¢ forg e L.

Given any right-invariant vector field = dLg(x) one has estimates

(22) IKil <cGpy, [XK{| < C'571/2(-"’1)1

forallt > 1. Note that forX € {A,, ..., Ay} the estimate forXK;| was proved in
[18], while for generalX it is contained in results ofl] 3]. It is easy to obtainJ)
with v = 1 as a consequence &ff). Finally, the local estimates] is well-known
(see 1, Chapter V] or [L1]).

Thus our results in Theorenisl-1.4 and Corollary3.5 apply immediately, with
7 = [1, 00). In particular, suppose givdne Ny and elementy, ... , yx € g with
Vi € Snwwy, wi > 1. Then Corollany3.5and @2) yield an estimate

(23) Y. YK +t72)Yg L Y XK | < ettt w/2Gy

fort > 1. In this way we recover some results af [L0]. Observe that ifG is
nilpotent, thatisG = Q, then the bound<2Q) give high order regularity in arbitrary
directions orG.

(i) We can generalize example (i) by considering, as8ing second-order operator
H=- Zﬁ:lzl ¢ AcA, wherecy, are complex constants satisfying the ellipticity
condition

Re) cuéid > plél?
k.l
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for somen > 0 and allé € C¥. Then the convolution kerné; for § = e "

satisfies 22) (see [L2, 8, 10]). The local estimate) is contained in results oflfl].
Then asin example (i), using our results we deduce estimaBesihus we recover

some results of{, 10] for complex operators.

(i)  We can also generalize example (i) by considering a sublaplacian with drift

¢
H=-Y A+A,
i=1

where the drift termAy = dLg(a) is ‘centered’ in the sense of Alexopoulo3].[
This means that, belongs to a certain ideglof g with [g, g] € . For suchH, the
estimatesZ?2) and 6) are contained in the results [

Applying Corollary3.5we obtain the estimate&%) for H. These estimates seem

to be new. We remark that these estimates could probably also be obtained from the
asymptotic expansion theorems 6&f,[though our method is more direct.
(iv) LetK; e LN L. beabounded probability density @ thusK; > 0 and
Jo dg Ki(g) = 1. In addition, supposk, is symmetric K (g~*) = K(g)), compactly
supported, and that there exists an open neighborbigaxf the identitye such that
inf{Ky(g) : g € Up} > 0.

Forne N = 7 letK, = Ky % Ky * - - - % K; be then-th convolution power oK.
Then the results ofl[5], in particular Theorem 5.1 of that paper, yieR) and @) with
v = 1. Then Theorems.1-1.3apply in this setting.

If we also assum& is C*-smooth, then&) obviously holds. Thus Corollar§.5
applies, and we obtain, for example, the estimate

[Y1... YK| < ottt twii2G, |

wheny, € q N sy.y,.

Inthe remaining examples, we suppose tha a finitely generated, discrete group
of polynomial growth. Fix a finitely generated nilpotent normal subgr@upf G,
such thatG/Q is finite.
(v) LetK;: G — R beasymmetric probability density @b, such that the support
{g € G: Ky(g) > 0} of K is finite and generates.

Let K, be then-th convolution power oK, for n € N. Then @) and @) hold with
v = 1, again by 5, Theorem 5.1]. Then Theorerisl-1.3apply in this setting. The
estimates thus obtained from Theorériseem to be new (in the case tiat= Q is
nilpotent then they are obtained if].
(vi) Generalizing example (v), one can consider a possibly non-symmetric proba-
bility density K; on G, such that the support d€; is finite and generateS. If K,
is ‘centered’ in the sense of Alexopouldg,[then @) and @) with v = 1 are con-
tained in results of]]. Therefore Theoremn.1-1.3also apply to centered probability
densities.
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