J. Aust. Math. Soc77(2004), 209232

ERGODICITY AND STABILITY OF ORBITS OF UNBOUNDED
SEMIGROUP REPRESENTATIONS

BOLIS BASIT and A. J. PRYDE
(Received 10 October 2002; revised 1 July 2003)

Communicated by A. H. Dooley

Abstract

We develop a theory of ergodicity for unbounded functigns J — X, whereJ is a subsemigroup

of a locally compact abelian group and X is a Banach space. Itis assumed #has$ continuous and
dominated by a weight» defined onG. In particular, we establish total ergodicity for the orbits of an
(unbounded) strongly continuous representafiarG — L (X) whose dual representation has no unitary
point spectrum. Under additional conditions stability of the orbits follows. To study spectra of functions,
we use Beurling algebrds!, (G) and obtain new characterizations of their maximal primary ideals, when
w is non-quasianalytic, and of their minimal primary ideals, whehas polynomial growth. It follows
that, relative to certain translation invariant function clas#esthe reduced Beurling spectrum ¢fis
empty if and only ifp € .Z. For the zero class, this is Wiener's tauberian theorem.

2000Mathematics subject classificatioprimary 46J20, 43A60; secondary 47A35, 34K25, 28B05.
Keywords and phrasesweighted ergodicity, orbits of unbounded semigroup representation, non-
guasianalytic weights, stability, Beurling spectrum.

1. Introduction

Throughout this pape® denotes a locally compact abelian topological group with
a fixed Haar measurg and dual groups. We use additive notation fo& and
muI'EipIicative forG. TheFourier transfqrmof a functionf € L(G) is then defined
by f(y) = [g v (=) f () du(t) fory € G.

By J we denote a closed sub-semigroupGfwith non-empty interior such that
G = J—JandbyX acomplex Banach space. For afuncifonJ — X, itstranslate
¢n anddifferenceAn¢ by h € J are given by, (t) = ¢ (t +h) andAngp = ¢ — . If
h=(hy,...,hy) € I, thenAnp = Ap (A, , -+ (And)---), ne N;if hy =t, for
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alll < j < n, we write Al¢ instead ofA,¢. Finally, |¢| will stand for the function
defined byjg|(t) = |l¢ ()| fort € J.

Weightsare functionsv : G — R which, unless otherwise stated, are assumed to
satisfy the following conditions:

(1.2) w is continuousw(t) > 1 andw(s +t) < w(s)w(t) forall s, t € G;
(1.2) w(—t) = w(t) foreveryt € G;

=1
w3 > = logw(nt) < oo foreveryt & G;

n=1

A
(1.4) SlaliS Co(G) for everys e G;
w
A
(1.5) 12O 5 ass— 0inG.
tec w(t)

The symmetry condition1(2) is only used to simplify the exposition. Without
it, the definition of the Beurling spectrum is modified as& ([1.9)]. Moreover, if
w satisfies all these conditions exceptd thenw(t) + w(—t) satisfies all of them.
Condition (L.3) is the Beurling-Domar condition (seé4])and a weight satisfying
(1.3) is callednon-quasianalytic In the case thatv is bounded we will assume
w = 1, as this will cause no loss of generality. For certain results, as we shall see,
condition (L.4) may be weakened. We can also pass to equivalent weights. Functions
w, wy : G — R areequivalentf c;w(t) < wy(t) < cw(t) for somec,, ¢, > 0 and
allt € G. The functionw(t) = (1 + | sint|)(1+ |t]) on R does not satisfyl(4), but
is equivalent taw,(t) = 1+ |t] which does satisfyl(4).

Frequently we will also assume the existenc&lo€ Z, such that

mt
(1.6) i % =0 forallt € G; and
m|—oo
. t
a.7) inf wmt > 0 forsomet € G.
mez |m|N

We will say that a weightv haspolynomial growthof orderN € Z, if it satisfies
(1.6—(1.7). The Beurling-Domar conditioril(3) follows from (1.6).

A function ¢ : J — X is calledw-boundedif ¢/w is bounded. The space
BC,(J, X) of all continuousw-bounded functiong : J — X is a Banach space
with norm |¢|,... = SUR.,(ll¢(t)|l/w(t)). For this space and others, we will omit
the subscriptv whenw = 1.

Following [31, page 142], we say that a functigh: J — X is w-uniformly
continuousf for eache > 0 there is a neighbourhoddl of 0 in G such that|¢ (s) —
oM <ew()forallt € Jands e (t +U) N J. The closed subspace BIC, (J, X)
consisting of alkv-uniformly continuous functions is denotBd)C, (J, X); the closed
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subspace oBC,(J, X) consisting of functionsp for which ¢/w € Cy(J, X) is
denotedC,, o(J, X).

Condition (L.5) is equivalent taw € BUC, (G, ©). Also, if w satisfies {.1) and
(1.2), then|Apw(t) /w(t)] < w(h) —1forallh,t € G andso{.5 holds ifw(0) = 1.
Moreover, Ay (¢p/w) = Anp/w — (¢/wh(Anw/w) and therefore fromi(5 we
conclude

(1.8) ¢ € BUC,(J, X) & ¢/w is uniformly continuous and bounded
Furthermore”¢t+h - ¢t||w,oo < w(t)”¢h - ¢||w,oo and SO
(1.9 ¢ € BUC,(J, X) =t ¢ : J — BUC,(J, X) is continuous

EXAMPLE 1.1. The functiomo(t) = c(1+ |t])N exp(1 + |t|)P on RY or Z¢ satisfies
(1.)—(1.5 wheneverc > 1/e, N > 0and 0< p < 1. Ifalsop = 0 thenw has
polynomial growth of ordeN.

TheBeurling algebralL! (G) = {f € LY(G) : wf € L*(G)} is a subalgebra of the
convolution algebr& *(G) and a Banach algebra under the norm

IIfIIw,1=/If(t)|w(t) du(t)
G

(see B1, page 83]). Theo-spectrunof a closed ideal of L (G), is defined by
cospgl)={y €G: f(y)=0 forall fel}.

In this paper we introduce a new method for studying the asymptotic behaviour of
strongly continuous representations J — X. In particular, the results are applied
to unbounded solutions of the Cauchy problem on the halffine There are three
major ingredients of this method. Firstly we introduce the notion afrgodicity for
unbounded functions. For weights satisfyirigd) many results for bounded ergodic
functions have analogues far-ergodic functions (see Secti@). Note that while
the space8C, (J, X) andL! (G) are unchanged ifv is replaced by an equivalent
weight, this is not the case for spacesweergodic functions. Secondly we introduce
the reduced Beurling spectrum of unbounded functipmslative to certain function
classesZ. This spectrum is used to determine membershifF ofAs a consequence,
we reduce the study of the asymptotic behavioug atlative to.# to that of¢/w
relative to.Z /w. Thirdly we employ the method used by the first authoBirtg unify
the study of homogeneous and inhomogeneous equations for the Cauchy problem o
the half-line.

The structure of this paper is as follows. In Sectibwe study some translation
invariant closed subspaceB of BC, (J, X) that will be used in the applications.
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These spaces have an ditohal property that we calBUC, -invariance. Our main
examples are the spacEs(J, X) of w-ergodic functions. Though other authors use
different characterizations of ergodicity, usually for bounded functions (§gene
use that of Maak45, 26] because of its simplicity and wide applidhty. See also
[20, 21] and references therein. (We thank Hans@eér for pointing out that Maak
[25] preceded IsekiiZQ] cited in our paperT]). In particular, we obtain conditions
on a subspace? of BC,(J, X) under which aw-ergodic function belongs t&#
whenever its differences belong #8. Important examples af-ergodic functions
are certain orbitsT (-)x of strongly continuous representatiofs: J — X (see
Theorem2.6, Theoren?.7) and¢ * f whenevek € BUC, (G, X), f € L1 (G) and
f(1) = 0 (see Corollar.2).

Beurling algebras play an important role in harmonic analysis. In particular a
knowledge of their ideal structure is useful in applications as we shall demonstrate.
However, the identification of the primary ideals of a general Beurling algebra is a
difficult problem. If w is non-quasianalytic, theh?! (G) is a Wiener algebra (see
[31 page 132]). Moreover, its maximal ideals are the $gty) = {f € L1 (G) :
f(y) = 0} wherey e G, and its primary ideals are those whose co-spectrum is a
singleton. By Wiener’s tauberian theorem, all (closed) primary ideals'{&) are
maximal (see32, 7.2.5, 7.2.6]). This is not the case for gendra(G). For example,
if G =R, then

I = {f € L;(u&):/tjf(t)dt=o for 0< j gk}

defines a chain of primary ideals (see Guratif]). Moreover, for a weight of
polynomial growthN, the primary ideals of.? (Z) are the setdy = {f € L’ (Z) :
fi(1) =0 for 0< j <k}, where 0< k < N (see B, Theorem 3.1]). In Sectiof
we obtain two characterizations of the minimal primary ideald. §fG) whenw
has polynomial growth—one in terms of differences and one in terms-gpectral
synthesis (see Theorednt and Corollary3.7). This is achieved using polynomials
p: G — X, astudy of which was commenced i& [Theorem 2.4]. In particular,
for weights of polynomial growth, polynomials are thebounded functions with
Beurling spectrum{1}. Moreover, functions inBC,(G, X) with finite Beurling
spectra are sums of products of characters and polynomials. We also characterize th
maximal ideals in terms of differences whetis non-quasianalytic (see Theor&m).

In Section4 we define the spectrum gfi¢) relative to the class? € BC, (J, X)
of a functiong € BC, (G, X). We prove (Theorem.3) a generalization of Wiener’s
tauberian theorem, characterizing functions for which @p = ¢ as those for which
¢l; € Z. Inturn, this is used to characterize functions for which &p) is finite.
We also generalize a tauberian theorem of Loomis (Thegtéirfor the case that
spx(¢) is residual. An application to convolution operators appears in Sebtion
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(see Theoremd.1and its corollaries). In particular, we obtain tauberian theorems of
the form(k * ¢)|; € .Z implies¢|; € .Z. Finally, we prove stability theorems for
unbounded solutions of the Cauchy problem (TheoBeghand, more generally, for
the orbits of strongly continuous semigroup representations (Theargm

2. Some function classes

We begin by defining a notion of ergodicity that applies to unbounded functions.
This ergodicity differs from both that of Maak’p, 26] and that of Basit and @izler
[13,12). If Jis R or R,, a functiong € L (J, X) is sometimes calledniform-
ergodicwith meanx € X if lim_,(1/T) [, #(s +t)ds = x uniformly in t. For
example, in 2, 3, 5] uniform-ergodicity is used to prove tauberian theorems for
functions inBUC(J, X), whereas in1Z] it is used for a similar purpose for certain
unbounded functions and distributions. The definition of uniform-ergodicity extends
readily to functions on semigrougswhich possess a Fglner net. See for examgle [
However, Maak 25, 26] introduced a notion of ergodicty that applies for functions on
general semigroups (see algd[21]).

Thus a functiory : J — X is Maak-ergodiovith meanM (¢) = x € X if for each
e > O there is a finite subs& € J with | (1/|F) Y- (¢ — X)| < &.

We denote byE(J, X) (respectivelyEq(J, X)) the closed subspace of Maak-
ergodic (respectively Maak-ergodic with mean 0) bounded continuous funetions
J — X. (Note the difference with our notation ii,[Section 2]; therd (J, X) stands
for the set of all bounded Maak-ergodic functighs J — X).

It is proved in [7, Corollary 5.2] that for certain semigrougs a function¢ €
BUC(J, X) is uniform-ergodic if and only if it is Maak-ergodic with the same mean.

Also, the space of Maak-ergodic functioBgJ, X) is closely related to the differ-
ence spac& (BUC(J, X)), the span of the set of all differences

And, ¢ € BUCJ, X), he J,

studied by Nillsen 27, pages 1 and 10] for the case= G, X = C. Asin [7,
Corollary 5.2], it can be shown that

Eo(J, X) N BUC(J, X) = Z(BUC(J, X)).

To apply ergodic theory more generally, we introduce a new clgssl, X),
(respectivelyE,, o(J, X)), the closed subspacesBC, (J, X) consisting of functions
¢ for which ¢ /w is Maak-ergodic (respectively Maak-ergodic with mean 0). Such
functions we shall refer to as-ergodic In particular, for non-zero reaj the function
¢ (t) =t étis neither uniform-ergodic nor Maak-ergodic Bnbut if w(t) = 1+ |t]
theng is w-ergodic andVl (¢ /w) = 0.
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Note thatp (t) = t sin t? is uniform-ergodic orR but not Maak-ergodic since
I s I
=) tHpsint+5)> ==Y tsint+t)>+ =) tsint+1t)?
m;(+><+> m; (+>+m; (t+1)

is not bounded for all finite collectiorts, ..., t, € R. However, for generap <
Li.(R, X), if ¢ is uniform-ergodic, thetM;¢ (t) = folqs(t + s)ds is bounded and
uniform-ergodic with the same mean (sé&,[Proposition 7.1]). Therefor®lZ¢ <
BUC(R, X). It follows that if ¢ : R — X is uniform-ergodic therMZ¢ is Maak-
ergodic with the same mean.

The following proposition gives some useful propertiesuekrgodicity and the
theorem provides a simple but important application of the concept.

ProPOSITION2.1.

(@) If¢ € E, (G, X), theng|; € E,(J, X) andM((¢/w)[;) = M(¢/w).
(b) If Gis notcompact, the@, o(J, X) € E,, o(J, X).
(c) If¢p € BC,(J, X) thenA¢p € E, o(J, X) forall t € J.

PROOF. (a) Letx = M(¢/w). Givene > 0O there is a finite seff = {t;, ..., tn}
C G suchthaf|(1/m) YT (¢/w)(t; +t) — x| < e forallt € G. Choosey;, vj € J
such that; = u; —v;. Letv = v; +--- + v, and sels; = t; +v. Sos; € J and
|@/m) 3T (@ /w)(s +1) — x| < eforallt e J.

(b) SinceG = J — J, Jis not compact. Lep € C, (J, X). Givene > 0, choose
m € N such thatj¢ (1) < (me/2)w(t) forallt € J, and a compact subsit of J
such thatj¢ ()| < (¢/2w(t) forallt ¢ K. Take anyt; € Jandfor2<j <m
chooset; € J inductively such that; ¢ |J!~}(t + K — K). Then for anyt € J,
t +t; € K for at most ong and so

iiq&(tj +1)
m

- 1 me+(m—l)s>
—|\=+t— ) <es
~w(t;+t) |~ m

2 2

This shows thay /w € E,, o(J, X).
(c) First note that\i¢/w = Ai(¢p/w) + (¢/w)(Arw/w). Givene > 0, choose
m € N such thaf|¢ ()| < (me/2w(t) forallt € J. Since

(At(@/w))s = Aris(P/w) — As(d/w),

|23 Adg/w)(jt +w| < eforallt,u e J, showingA(¢/w) € E, o(J, X).
By (1.4), (¢/w) (Arw/w) € Co(J, X). If G is not compact, thetw/w); (Ajw/w) €
E. 0(J, X) by part (b). IfG is compact, them = 1 so(¢/w) (Ayw/w) = 0. O
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THEOREM2.2. Let.Z be any translation invariant closed subspaceBd@, (J, X).
If¢ € E,(J, X)andA,¢ € .Z foreacht € J"andsome € N, thenp—M (¢p/w)w €
F + C,0(J, X). Ifalsow =1, theng — M(¢) € Z.

ProOF. Assume firstly thah = 1. For any finite subsét C J, we have

OB PERC)]

teF

1 1 @

- A¢+_ -
[F| & |F|Z w

The first term on the right may be made arbitrarily small in norm by suitable choice
of F. The second term is it# by assumption and the third term is @), ¢(J, X)
by (1.4). If w = 1, thenA,w = 0. The result for general now follows. O

We say that a subspacg of BC, (J, X) is BUC,-invariantwhenever it satisfies
(2.1) if ¢ € BUC,(G, X) andg|; € Z theng,|; € Z forallt € G.
Other conditions that we will sometimes use are

(2.2) Z is closed under multiplication by characters;
(2.3) if w is unboundedZ 2 C, o(J, X).

A closed linear subspac# of BUC,(J, X) satisfying @.1)—(2.3 will be called a
A, -class

REMARKS 2.3. (a) Itis easy to see thath € E, o(J,C), ¢ > 0 andy €
BC(J, X), then¢y € E,o(J, X). Hence, Propositio2.1 (c) and Theoren®.2
remain valid withC,, o(J, X) replaced byE,, o(J, X) if, instead of (.4), w satisfies
the weaker condition

(2.4) |[Asw| € E, o(J, C) foreverys e J.

(b) The space£, (J, X) and E, o(J, X) are BUC,-invariant. Indeed, letp €
BUC, (G, X) with ¢|; € E, (J,X). Ift € G, then¢, = Ap + ¢ and so by
Proposition2.1(c), ¢|; € E,(J, X) andM (¢ /w) = M(¢p/w).

(c) The partial orderings, defined bys < t whenevet — s € J U {0}, makesJ a
directed set. We will use this order to define limits here and below. In particular, we
may define

Z0(J, X) = {¢ € BUC, (3, X) : lim H ‘pg; H _ o} ,
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UsingG = J — J, itis easy to check tha#, o(J, X) is BUC,-invariant. Moreover,
if G=RorZandJ =R, orZ,, thenZ, o(J, X) = C,0(J, X) but in general this
is not the case. For exampl&,, (G, X) = {0}. However,Z, ,(J, X) 2 C, ¢(J, X)
if J satisfies the following condition:

(2.5) for every compact subsét of J there exists € J with KN (t + J) = 4.

(d) For some semigroupd we have.Z > C, (J, X) for everyBUC,-invariant
closed subspac&? of BC,(J, X). For example, this is the case @(J, X) =
Co(G, X)|; andJ satisfies

(2.6) for every compact subsét of G there exists € G with (t + K)NJ = .

Indeed, any € C,,(J, X) can be extended to a functigne C, (G, X). SinceG
is normal (seel8, page 76]¥ can be approximated by a functign € C,, (G, X)
with compact supporK say. Choosé € G such thatt + K) n'J = @ and set
¢ =y € BUC,(G, X). Theng|; =0¢c Z soy|; = ¢|; € F. As Z is closed,
EeZ.

(e) Condition £.6) holds if G = RY andJ = (R,)". In fact, it holds wheneved
and the interior of—J are disjoint. Indeed, les € J°, the interior of J, and
choose an open neighbourhoddof 0 in G such that-s + U C —J°. Given a
compact subsef of G, choose a finite coverinfe; + U : 1 < j < n} of K. Now
c; = a; — b; forsomea,, b; € J. Settinga =a; + - - - + a, andt = —a — swe find
t+K cUJj_y(—a+a —by —s+U) € —J° Hencet + K)NJ = 4.

(f) Translationinvariant subspaces®€,, (G, X) areBUC,-invariant. In particular,
C..0(G, X) is BUC,-invariant as is the class;(consisting of just the zero function
from G to X.

(9) AclassZ is aBUC,-invariant subspace &UC, (J, X) containingC,, o(J, X)
if and only if # /w is aBUC-invariant subspace &UC(J, X) containingCy(J, X).
Indeed, if¢ € BUC,(J, X) andt € J, then(¢/w) — (¢/w), = (¢/w) (Aqw/w) €
Co(J, X) by (1.4). The claim follows.

(h) The space€, o(G, X) and .Z, o(J, X) are A,-classes. By remark (a), the
subspace oE,, o(J, X) defined by

AE, o(J, X) = {¢ € BUC,(J, X) : |9] € E,0(J, O}

is also aA,-class. Moreover, this class is closed under multiplication by functions
from BUC(J, ©).

Many other examples for the cage= 1 are given in §]. These include almost
periodic, almost automorphic and absolutely recurrent functions. Further examples
for other weights will be discussed in a subsequent paper.
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PrOPOSITION2.4. Let # be any BUG-invariant closed subspace &C, (J, X).
If ¢ € BUG,(G, X), f € L1(G) and¢|; € Z, then(¢ * f)|; € Z.

PrOOF. We may assumd e C.(G), since this space is denseli) (G) (see B1,
page 83]). Now(¢ = f)(t) = fK d_s(t) f(s)du(s) whereK is the support off
andt € G. By (1.9, the functions — ¢s|; : G — .Z is continuous and so the
functionF (s) = ¢_s|; f () is strongly measurable. This implies th&t is integrable
and hence the integrgﬁ( ¢_sl; T (s)du(s) is a convergent Haar-Bochner integral, by
Bochner’s theorem34, page 133], and so belongs.%. As evaluation at € J is
continuous onZ we conclude thatg * f)|; € Z. O

Since
? st - (‘“ f) ® =—/ 21 0220 ¢ qps),
w w G W|_g w(t)
a proof similar to the last gives
(2.7) ¢ * f — M € Co(G, X), respectivelyAEy(G, X),
w w

for any¢ € BUC,(G, X), f € LL(G) andw satisfying (.1) and (.4), respec-
tively (2.4).

COROLLARY 2.5. If ¢ € BUC,(G, X), f € L1(G) and ¢LJ is w-ergodic, then
(¢ * f)|; isw-ergodic andM (((¢ * f)/w)[;) = M((¢/w)|y) T (D).

PrOOF. By Proposition2.4, (¢ = f)|; is w-ergodic. So, byZ.7), ((¢/w) * ),
is Maak—erquic anM (((¢/w) x f)|3) = M((¢ = f)/w)|;. But ((¢p/w) * f)|; —
M((¢/w)]5) F(D) = (((p/w) — M((¢p/w)]y) * )l € Eo(J, X), again by Proposi-
tion 2.4. The corollary follows from2.7). O

The next two theorems provide important examples of ergodic functions to be used

in Section5. Whether or notw is a weight, we say : J — X is w-ergodic if
#/w is uniform-ergodic and totallys-ergodic if y¢ is w-ergodic for ally € G.
Moreover, a representation : J — L(X) is dominated byw if [|T(®t)]] < cw(t)
forallt € J and somec > 0. The unitary point spectrumof T is given by
op(T) ={y € G:T@H)Xx = y(t)x for somex # 0 and allt € J} and thedual
representationt * : J — L(X*) by (T*(t)x*, x) = (x*, T(t)x) for x* € X*, x € X.
The dual of a (densely defined) operatér: X — X is denoted byA* : X* — X*
ando,(A") is its point spectrum

THEOREM2.6. Letw : J — [1, o0) be a continuous function satisfyigw /w €
Co(J) forallt € J. LetT : J — L(X) be a strongly continuous representation
dominated byw.
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(@) If 1 ¢ oyp(T*), then each orbifl (-)x is w-ergodic withM ((1/w)T (-)x) = 0.
(b) If 0y, (T*) is empty, then each orbit(-)x is totally w-ergodic and

M((y/w)T()x) =0
forall y € G andx € X.

PrOOF. Note that(T (h)x — x, x*) = (x, T*(h)x* — x*) forallh € J,x € X and
x* € X*. Itfollows that 1¢ o0,,(T*) if and only if spaf(T (h)x —x : h e J, x € X}
is dense inX. Butif y = T(h)x — x, thenT(-)y = A, T (-)Xx which, by the proof of
Proposition2.1(c), isw-ergodic withM ((1/w)T (-)y) = 0. Since the span of sugh
is dense inX, (a) is proved and (b) then follows. O

THEOREM2.7. Letw : R, — [1, 00) be a differentiable function with'/w €
AEy(R,, ©). Let A be the generator of &y-semigroup of operator (t),t > 0on
X which is dominated by.

(@) If ¢/w € BC(R,, X) and¢’ € LL_
with M (¢’ /w) = 0.

(b) If x e rang€A), then the orbifT (-)x is w-ergodic withM ((1/w)T (-)x) = 0.
(c) If op(A") NiR is empty, then each orbil (-)x is totally w-ergodic and
M((y/w)T (-)x) = O0forall y € R andx € X.

(R, X), then¢'/w is uniformly ergodic

PrROOF. (a) For eaciT > 0 andt > 0,

T 4 1
1Tt +s)

T) wt+s) T

o] T /
[¢(t+s)} +1 ¢(t+s)w(t+s)dS

wit+9) ],  TJo wt+s) wt+s)

But (¢/w)(w' /w) € AEy(R,, X) and hence

1 [Tt +s)
lim =
too0 T Jo w( +9)

ds=0 uniformlyint.

(b) If x = Ay setg(t) = T()y. ThenT(t)x = ¢'(t) and the claim follows
from (a).

(C) If ys(t) = €', thenS(t) =y, 1(t)T (t) defines a&Cy-semigroup with generator
A —is. By (b), S(-)x is w-ergodic with mean O for each € rang€A — is). Since
op(A)NiR is empty, rangeA —is) is dense for als € R and the claim follows. [

REMARK 2.8. Functionsw satisfying the conditions of Theoren2s6-2.7 arise
very naturally. For examplep = 1. More generally, ifw is a weight onR, then
wt) = folw(t + s)ds is differentiable fort > 0 andw/(t) = w(t + 1) — w(t).
Moreover, by the Mean Value Theorem(t) = w(t + 6(t)) forsome 0< 6(t) < 1
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and so(1/c)w(t) < w(t) < cw(t) forallt > 0, wherec = maxw(s) : 0 <s < 1}.
Also

~ 1 o

w Asw w A
——1=/ ‘" ds and — = ——.
w 0w W W

Soby(.4), (Ww/w)—1, @ /b € Co(R,). If ¢ € BC, (R, X), then(¢p/w)—(¢/0) =
(p/w)((w/w) — D(w/w) € G(R,, X). Hencep is w-uniformly continuous if and
only if (¢ /W) is uniformly continuous andg is w-ergodic if and only i is w-ergodic.
Finally, Ay (t) = fol Apw(t + s)ds and so from 1.4) and (.5 we conclude that
(Anib/ i) € Co(R+, ©) and supy, (|AnB(1)|/@(t)) — 0 ash — 0in R..

3. Maximal and minimal ideals

Forme N, t = (t,...,tn) € G"andf € L1 (G) write A f = Ay, --- A, f.
Then for eachy € G let J™(y) denote the closed span pfA f : f € L1(G),
t € GM. Since(yA f) *g = yA(f *x y~1g) we have a chain of closed ideals
JX(y) 2 J%(y) 2 ---. Moreover, ifg = y A, --- A, f theng(zy) = (z(t) — 1)
-+ (z(tn) — 1) f () which is O for all suchf andt if and only if r = 1. Hence each
of the ideals]]'(y) is primary with co-spectrurfy’}. Recall (seel7, page 33]) that
l,(y) is the maximal ideal irL.! (G) with co-spectrun{y}. The following theorem
gives another characterization of these maximal ideals.

THEOREM3.1. For eachy € G, 1,,(y) = JX(»).

PROOF.

)t ={peL>(G):px(yAf)=0 forallt e Gandf € L (G)}
={p € L2(G) : A(y '¢) =0 forallt € G}
={¢ € L2(G) : y "¢ is constart=yC.
Hence
D)t ={feLl(G):¢pxf =0 forall ¢ € I:(»)*}
={fell@) :yxf=0={feLl(G): f(y)=0}=l,().

But |-+ = | for any closed ideal in.! (G) and so the theorem follows. O

As an initial application of Theorer®.1we prove an ergodicity result.

COROLLARY 3.2.If f e 1,(y) for somey € G and¢ e BUG,(G, X), then
y71(¢ * f) € Ew,O(G’ X)
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PROOF. Leth = yA.g, wheret € G andg € L!(G). By Proposition2.1 (c),
y ¢ xh) = Ay ¢ *9) € E,o(G, X). Sincef is in the closed linear span of
such functiondr andE,, ((G, X) is complete, the result follows. O

Following [8, (2.1), (2.2)] we say that a functiom € C(G, X) is apolynomialif
AMtp = 0 for somen € N and allt € J. Equivalently (seel4]), p(s + mt) is a
polynomial inm € Z, of degree at mogt for all s,t € J. SinceA, is a continuous
mapping orBC,, (G, X), the polynomials irBC, (J, X) form a closed subspace which
we denote byP, (J, X). The following result was proved ir8] Theorem 3.4] under
a slightly stronger assumption thah.) and with X = C. The same proof is valid
under the present assumptions. See a@spiProposition 0.5] for the case = R.

THEOREM 3.3. Supposew has polynomial growth ang € BC,(G, X). Then

sp, (@) = {y,...,ya} if and only if ¢ = Z'J.‘:l yjp; for some non-zerq; €
P, (G, X).

COROLLARY 3.4. Supposev has polynomial growth of ordeN and | is a closed
ideal of L2 (G) with cosf(l) = {1}. ThenA,g € | forall g € L!(G) andt € GN*™.

PrROOF. Consider the annihilator- = {¢ € L*(G) : ¢ x f = 0forall f € I},
a closed translation invariant subspacelLgf(G). If ¢ € I+ andl,(¢) = {f €
L1(G) : ¢* f =0} thenl,(¢) 2 I. This implies that cosp,, (¢)) < cospl) = {1}.
By Theorem3.3 ¢ € P,(G, C) and soA¢ = O forallt € GN*L. If g € LL(G)
theng * A\g = Aip x g = 0, showingA,g € 1*++. Sincel** = | the theorem is
proved. O

Finally, we establish relationships between spectral synthesis and minimal primary
ideals. Fory € G, letS,(y) denote the closure of the set bfc L!(G) for which
f isOona neighbourhood @f. Functions inS,(y) are said to be ofv-spectral
synthesisvith respect tqy}.

LEMMA 3.5. For each f € L!(G) the functiont — f, : G — L!(G) is w-
uniformly continuous.

PROOF. LetV be a compact neighbourhood of 0 andset= sup,., w(t). Given
¢ > 0 chooseg € C(G, ©) with compact supporK such thatjg — f|| < &/3c;.
Setc, = (14 ¢y [, w(t)du(t). As g is uniformly continuous there is a compact
neighbourhood) of 0in G suchthat) € V and|g(t) — g, (t)| < ¢/3c,forallh € U
andt € G. Hence for each € U,

g —anll = / [9(t) — gh(D)w(t) dp(t)
KU(K —h)
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€ € &
< — w(t)du(t — w(t —h)du(t =.
_/K3C2w()u()+/K3C2w( )M()<3
So, fort € G andh € U we have

e — fnll = w®IF = foll < w®OA T =gl + 119 — Gl + 19h = falD

(= +24 5 h) ) 0
<w()(3Cl+3+3Clw() < ew(t).

THEOREM 3.6. For eachy € G, we haveS, (y) € (N>, I™(y).

PrROOF. SinceJ'(y) = yJT(1) andS,(y) = ¥S,(1), we may takey = 1. For
a fixedg € L1 (G) satisfying§(1) = 1, choose a compact sk, C G such that
fG\Kn lg(s)|w(s)du(s) < 1/n and setH = [J-, K,. Let T, be the operator on
L! (G) defined by

Tyf = —/(Asf)g(S) du(s).
H

By Lemmas3.5, the integrand is weakly measurable and separably-valuéd, @and
therefore the integral is an absolutely convergent Bochner integral. MoreRQyer,
is bounded and magpis? (G) into J}(1) and J™(1) into J™*(1) for eachm. Note
that f(t) — f xgt) = —fH(A,Sf)(t)g(s) du(s). So for eachp € LX(G), the
dual space ot.! (G), it follows from Fubini's theorem thafG dOTy fF()du(t) =
Joo®(f — fxg)(t)du(t). HenceT,f = f — f xqg.

Now take anyf € L!(G) with f = 0 on a neighbourhootd of 1. Choose
g€ L, (G)withg(1) =1andsuppd) CU. Sof xg=0andf =T"f € J7(D).
Hence,S,(1) € J™(1) for all m € N, completing the proof. O

- w

COROLLARY 3.7. Supposev has polynomial growth of orde¥ andy € G.

(@) JINT(y) is the minimal closed ideal df! (G) with co-spectrungy}.
(b) S,(y) = 3 y).

PROOF. (a) Since(y A f) xg =y A(f xy~1g), IN*2(y) is a closed ideal. Mini-
mality follows from Corollary3.4.

(b) SinceS,(y) is an ideal with co-spectrurgy} the result follows from (a) and
Theorens.6. O

4. Spectral analysis

In this section we will assume tha# is a BUC,-invariant closed subspace of
BC,(J, X).
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Let¢ € BC,(G, X). The setl, (¢) = {f € L1(G) : ¢ x f = 0} is a closed ideal
of L (G) and theBeurling spectrunof ¢ is defined to be sp¢) = cospl,(¢)).
More generally, followingp, Section 4], sets (¢) = {f € L1 (G) : (¢ = f)|; € Z}.
By condition @.1), 1 (¢) is a closed translation invariant subspacé.btG) and is
therefore an ideal. We define thpectrum o relative to.Z, or thereduced Beurling
spectrumto be sp: (¢) = cosfl=(¢)). The following lemma may also be found in
[18, page 303],19, page 298] for the spaces.(G), L1(G).

LEmmA 4.1. For eachg € BUC, (G, X) there is a sequence of approximate units,
that is a sequenc@,) in L (G) such thaip x g, — ¢ in BUC,(G, X).

PROOF. Since¢ is w-uniformly continuous, there is a compact neighbourhvpd
of 0 in G such that|¢_s — ¢|l,.c < 1/nforall s € V,. Chooseg, € C.(G) with
SUPAGY) € Vi, 0n >0 andfG gn(S) du(s) = 1. Sog, € L!(G) and for each € G,

1
¢ Gn() = = < ~w(®. O

/ [¢(t —5) —d®)]th(S) du(s)
Vo

The following proposition contains some basic properties of these spectra. The
proof is the same as for the Beurling spectrum. See for exaniflepage 988]
or [32].

PROPOSITION4.2. Letg, v € BC, (G, X).

(@) spr(¢h) =spz(p) forallt € G.
(b) sps (¢ * ) C sp,(¢) Nsupp f) forall f e LL(G).

(C) Spz (¢ + ¥) S spz () Usps(¥). A
(d) spz(y¢) =y sps (@), provided.Z is invariant under multiplication by € G.

(e) If f € LL(G)andf = lonaneighbourhood & (¢), thensp, (¢ f —¢)=0.

The following theorem gives our motivation for introducing,Sig).

THEOREMA4.3. Let¢ € BUC, (G, X).
(@) sps(¢) =@ ifandonlyifg|; € Z.
(b) If Ak¢|, € Z forall t € G and some € N, thensp, (¢) < {1}.
(c) If w has polynomial growth of ordeX, thensp; (¢) < {y1, ..., y»} if and only
if o =¥+ ]_ 0y, forsomey, n; € BUC,(G, X) withy/|; € Z andAn;|; € Z
for eacht € GN+1,

PROOF. (a) Supposep|; € Z. By Proposition2.4, (¢ = f)|; € Z for each
f e LL(G). Solz(¢) = LL(G) and sp:(¢) = ¥. Conversely, if sp(¢) = @ then
(¢ * f)l; € Z forall f € L1(G). By Lemma4.1, ¢ has approximate units and so
¢l e Z.
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(b) AssumeAtp|; € Z forallt € G and somek € N. If g € '—i)/@) then
(@ * A¥Q)]; = [ I (AfP_9)|:du(s) € F and SOALg € |5 (p). But Akg(y) =
(y(t) — D*g(y) is zero for allt € G andg € LL(G) only wheny = 1. So
sps (¢) < {1}.

(c) Firstly, if spz (¢) = {1} then, by Corollan3.7 (a),

{Ag:geLi(G),t eGN Cls(g)

and so(A¢ * g)|; = (¢ * AQ)|; € Z#. Taking approximate units we conclude
Ay € Z for eacht € GN*L. More generally, assume sgp) = {11, ..., Va}-
Choosingf; € L1 (G) such thatf; = 1 in a neighbourhood dffy;} and suppf;) N
sps (@) = {y;}, setn; = y (@ * f) andf = f,+--- + f,. We findn; €
BUC, (G, X), sps(n;) = {1} and hence\n;|; € .Z for eacht € GN*!. Moreover,

f = 1 in a neighbourhood of sp(¢) and so by (e) abovey = ¢ — ¢ * f € Z.
Also ¢ = ¢ + Z'j‘:lnjyj as required. Conversely, fagr of the form stated we
have sp.(¢) < Uj_,¥;sps(n;). But for eacht ¢ GN** and f € L}(G) we
have(n; « A f)l; = (Am; = )|y € F, by Proposition2.4. So, by Corollary3.7,

S,(1) € l#(n;) and therefore sp(n;) < {1}. Hence, sp (¢) < {1, ..., ¥a}- O

COROLLARY 4.4. Assumeav has polynomial growth and, ib is unbounded# 2
Cuo(J, X). If ¢ € BUC,(G, X), spz(¢) < {1} and¢|; € E,(J, X) theng|; —
M(p/w)w € Z.

PrROOF. By Theorem4.3 (c), Ai¢|; € Z for allt € IV Therefore the result
follows from Theoren®.2. O

LEMMA 4.5. Let.Z be aA,-class andp € BUC, (G, X). Assume eithegia) w has
polynomial growth or (b) A((y *¢)|; € Z forallt € 3", y € sp;(¢) and some
n(y) € N. Also assume that~1¢ is w-ergodic onJ and M ((1/w)y~t¢|))w € F
for all y € sp;(¢). Thensp, (¢) contains no isolated points.

PROOF. Supposey is an isolated point of sp(¢). Take an open neighbourhood
U of y in G such that N'sp; (¢) = {y}. Choosef e L1 (G) such thatf (y) # 0
and suppf) € U. Thensp.(¢ = f) € {y} and so sp(y (¢ = f)) < {1}. By
Corollary2.5, y=Y(¢ x f) = (y~1¢) = (y 1 f) is w-ergodic onJ and

M ((L/w)y (¢ * T)l5) = M((L/w)y o) f ().

If (a) holds, thery (g% )|, —M ((1/w)y ~1¢|)w € Z by Corollary4.4. If (b) holds,
thenA(y (¢ * f))|; € Z forallt € ", y € sp;(¢) by Propositior2.4. By the
difference Theoreri.2we again concludg (¢ * f)|; — M((1/w)y¢|)w € Z.
Hence(¢ * f)|; € .Z which meansy ¢ sp;(¢). This is a contradiction and so
Sp (¢) contains no isolated points. O
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Recall that a subset of a topological space is cgiledectif it is closed and has
no isolated points. It isesidualif it is closed and has no non-empty perfect subsets.
Thus, a subset of the reals (or any locally compact Hausdorff second countable spac
[31, page 28]) is residual if and only if it is closed and countable. Moreover, a residual
set without isolated points is empty.

ProPOSITION4.6. Let # be a BUG, -invariant closed subspace of BUCJ, X)
containingC,, o(J, X) and let¢ € BUC, (G, X). Thensp;,,(¢/w) S sps(¢), with
equality ifsp, (¢) is residual.

PROOF. Let f € 1#(¢). So(¢ * f)|; € .Z and by @.7), (¢/w) * T)|; € .Z/w.
Hencef € I,,(¢/w), showinglz(¢) € |5 ,,(¢/w) and sg: (¢ /w) < Spz ().

Now assume that sp(¢) = {1}. Giveny € G, y # 1there existsf € L1 (G)
such thatf () # 0 and(¢ = f)|, € Z. By (2.7, (¢/w) = T)|; € (Z/w). Hence
¥ ¢ Pz, (¢/w) showing sp.,, (¢/w) € {1}. BUtsp;,, (¢/w) # ¥ as¢ ¢ Z, so
S5, (¢/w) = {1}.

Finally lety be an isolated point of sp(¢). Choosef € L! (G) such thatf = 1
in a neighbourhood of y and suppfA) Nspz(p) = {y}. Thensp.(¢ = f) = {y}
and it follows from the previous paragraph thatsp((¢ = f)/w) = {y}. Now

x f * f ¢ ¢ ¢
Spﬂ/w <¢T> < Spﬂ/w <¢— - f * f) Uspﬁ'/w (E * f— E) Uspﬁ'/w;'

w w

By (2.7), 8Pz, ((¢ * f)/w) — (¢ /w) * f) = #. Moreover, we can choogee L*(G)
such thaj(y) = 1 and suppd) € U. Hence((¢/w) = f — (¢/w)) * g = 0 and so

y ¢ spl(¢/w) * f — (¢/w)). Thusy € sp;,,(¢/w). If sps(¢) is residual, then
each of its points is either isolated olimit of isolated points. Since these spectra are

closed, Sp-(4) < Sps, (¢/w). O

The following is a generalization of a theorem of Loom&s]| who considered
the casew = 1 and.#Z = AP(G, ©), the space of almost periodic functions (see
also P2, page 92]). For the general case of bounded functions, Segefction 4]
and 2, 3, 9, 33. A similar result is proved in 11, Theorem 6.1] under different
assumptions ow ande.

THEOREM4.7. Let .Z be aA,-class andp € BUC, (G, X). Assume thay ¢
is w-ergodic onJ and M ((1/w)y *¢|)w € Z for all y € spz(¢). If spz(¢) is
residual, thenp|; € Z.

PROOF. By Proposition4.6, sp; (¢ /w) is residual. By Lemmad.5applied to the
function¢ /w, spz,, (¢/w) contains no isolated points. Hence;sp(¢/w) = ¥ and
by Theoremt.3(a), (¢/w)|; € Z /w giving the result. O



[17] Ergodicity and stability of orbits 225

Before completing this section we compare:$p) for the caseZ = Co(R,, X)
and the Beurling specrtra of orbits of representations with spectra used by other
authors. For a strongly measurable bounded funationR, — X, its Laplace
transform¢, defined byg(z) = [;* % (t) dt, is holomorphic for R&z) > 0. A
point € iR is aregular pointif ¢ has a holomorphic extension to a neighbourhood
of 1. Thesingular set or set of points in R which are not regular points is denoted
ot (¢). Itis known (seel, 4] and the references therein) thapife BUC(R,, X) and
ot (¢) =0, theny € Co(R,, X). Moreoverot(¢) C a(Sp(¢)) wherew : R —> Ris
the natural isomorphism given ly(ys) = s, whereys(t) = €5t for s, t € R.

COROLLARY 4.8. Let ¢ € BUC,(R, X) and .#Z = C, (R, X). If spz(¢) is
residual, therw(sp; (¢)) S o™ ((¢/w)ly).

PrOOF. By Propositiord.6it suffices to takev = 1. Again we begin with the case
Spz (@) = {1}. If 0 ¢ ot (¢|;), then by the Ingham inequalityt,] Lemma 3.1, (3.1)],
Pot) = f0t¢(s)ds is bounded. By§, Proposition 2.2]¢ is ergodic. Now for each
t € R we have sp (Ai¢) C spz(¢) = {1} and so, by Theorem.3(c), Ai¢|; € Z.
By Theoren.2, ¢ € .Z, contradicting sp (¢) = {1}. Thus 0= «(1) € 0" (¢|;).

Now lety be anisolated point of sp(¢). Choosef € L*(R) such thatf = 1ina
neighbourhoodJ of y and suppf) N Spz () = {y}. Then,sp.(¢ = f) = {y} and
by the previous paragrap(y) € o ((¢ * f)|;). But

o (¢ D)ly) Sa(spdx f —¢)Uo™(¢ly).

We can choosg € L*(R) such thatj(y) = 1 and suppd) < U. Hence
(pxf—¢)xg=0

and soy ¢ sp(¢ * f —¢). Thusa(y) € o (¢];).
Eachy e spz(¢) is either isolated or a limit of isolated points aad(¢|,) is
closed, so the proposition is proved. O

We have been unable to determine whether in general

a(spz () S o (@/w)ly).

However, in using these spectra it is frequently assumed thatgspor o (¢];) is
residual. See for exampl&,[3, 9] and Sectiorb below. In any case, sp(¢) is the
optimal spectrum for determining membership.®t It also has the advantage of
being defined for functions on groups more general tRan

Finally letT : G — L(X) be a strongly continuous representation dominated by
a non-quasianalytic weight. Following [24] we define theFourier transformwith
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respect tol of a functionf € L!(G) atx € X by f(T)x = Jo FOT(=s)x du(s).
Let A;(T) be the smallest closed unital subalgebra_¢X) containing each such
operatorfA(T). The maximal ideal spadél;(T) of A;(T) is homeomorphically em-
bedded inG U{oc} the one point compactification 6f. The image of this embedding
is denoted by, (T) and is called theing spectrunof T (see P4, page 132]).

THEOREM4.9. LetT : G — L(X) be a strongly continuous representation domi-
nated by a non-quasianalytic weight Thensp, (T (-)x) C o1(T) for eachx € X.

PROOF. Lety € G\ 01(T). Choose an open neighbourhoddof y in G such
thatU is compact antl N oy (T) = @. Also choosef € L1 (G) such thatf (y) = 1
and suppf) c U. Since f is 0 on a neighbourhood af,(T), it follows from
[24, Lemma 2.2] thatf (T) = 0. Hence 0= f(T)T()x = f % T(-)x showing
f el,(T()X). Hencey ¢ sp, (T (-)X). O

5. Applications

In this section we apply the results of the previous sections, firstly to the convolution
equations, secondly to the orbits@f-semigroups of operators and finally to the orbits
of representations. Consider the equation

(5.1) kx¢+> ajp, =rp+y onG,
j=1

whereg, ¢ € BUC, (G, X),k € LL(G),t; € G anda;, » € C.
The convolution operatd : BUC, (G, X) — BUC, (G, X) defined by

By =kx*¢ +Zaj¢tj
j=1
has characteristic functiafy : G — C defined by
Os(y) =k(y) + > ajy ().
j=1

The inverse imagéz (1) is sometimes called the spectrum 6f1). See [L5], [30,
page 289]. Our aim is to determine the point spectoyB) of B.

THEOREM5.1. Suppos€5.1) holds andy/|; € .Z for some BUG-invariant closed
subspaceZ of BUC,(J, X). Thensp, (¢) 651 (1).
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PrROOF. Take anyy € G\6z*(1) and choosef € L1 (G) such thatf (y) # 0. If
g=ksx f4+Y" af —af thenby 6.1, x g = ¢ * f. By Proposition2.4,
(¥ *Q)|; € Z andsag € | #(¢). Sinced(y) # 0we conclude that ¢ sp;(¢). O

The following is an immediate consequence of Theo#edn For the caser = 1,
ZF = Cy(G,0), » = 0 and¢ slowly oscillating, part (a) is a classical tauberian
theorem of Pitt 29]. See also32, 7.2.7].

COROLLARY 5.2. Suppose the conditions of Theorér are satisfied.
(@) Ifogt(r) =0, theng|, € Z.
(b) If 65*(») = {1, ..., va} andw has polynomial growth of ordeN, then¢ =
v+ Z'j‘:lnjyj for somey, n; € BUC, (G, X) with v|; € .Z and An;|; € Z for
eacht e GN+1,

In our next application we usé;(G), the range ofg. It is well-known that the
closure ofk(G) is the spectrum ok as an element of the Banach algebfdG).

COROLLARY 5.3. The operatorB has point spectrum,(B) = 0:(G). If alsow
has polynomial growth anéz*(A) = {y1, ..., .}, then every eigenfunction corre-
sponding tox is of the formyp = Z'j‘:l p;y; for some polynomialp; € P, (G, X).

PROOF. SupposeB¢ = r¢ for somegb € BUC, (G, X). Applying Theorenb.1
with .Z = {0} we find sp,(¢) € 65"(1). Soifx ¢ 05(G) then the only solution of
By = 1¢ is¢ = 0, showingo,(B) < 05(G). But for eachy € G, By = 05(y)y.
Soo,(B) = 05(G). The second assertion follows from Lem#ha. O

COROLLARY 5.4. Supposev has polynomial growthyp € BUC, (G, X), IQ*}(O) is
residual and?Z is a A,-class. Thenk * ¢)|; € Z if and only ifsp; (¢) < k=1(0).
If also (5.1) holds witha; = 0, » # Oandy|;, € .Z, then¢|, € .Z if and only if

sps (¢) € k1(0).

PrOOF. If (kx ¢)|; € Z then sp:(¢) C k-1(0) by Theorenb.L Conversely, if
sps (¢) € k=(0) andy € sp, (¢) thenk € I,,(y). By Corollary3.2, y 1(k x ¢) €
E. o(G, X). By Lemma4.5, sp; (k % ¢) has no isolated points. But gk x ¢) <
sp» (¢) < k=2(0) which is residual. So sp(k  ¢) = ¥ showing(k x ¢)|, € .Z. The
statement concerning (1) is now obvious. O

EXAMPLES 5.5. (a) TakeG = R, B¢ = k * ¢ andw(t) = (1L + [t)N. If » € k(R)
andk=t(A) = {31, ..., yn} then every eigenfunction d corresponding ta. is of the
form¢ =>"1_, p;¥; for some polynomialg; (t) = St a; € X. But then

n N
Kxg(t) =2p(t) + > > byt'y;(t),

j=1 1=0
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where
— m+| mAmb m m
by =Zaj,m+|< | )(—1) @K (;) and (k1) = t"k().
m=1

So ¢ is an eigenfunction if and only if eads), = 0. It follows that the eigenspace
corresponding to. is a direct sSUME(A) = Z'j‘:l E(y;) whereE(y;) = sparit'y; :
0 <I| < m@y)}® X. Herem(y;) = min(m — 1, N), wherem is the smallest
positive integer for whicr(t/ml\<)(yj) # 0. In particular, if dimX = n < oo, then
dimEG®) = Y1, (m(y;) 4+ Dn.

(b) As a particular example, také = C andk(t) = maxmin(1+t, 1 —1t), 0) for
t € R. Hence

. 2
K(ys) = (sm(s/Z)) . where ys(t) = expi st).
s/2

Soo,(B) = {1 : 0 <A < 1}. Itis easy to see tham(y) is always 0 or 1. Also, if
0 < A < 1thenk=1(}) is finite andE () has a basis consisting of thogdor which
k(y) = A and, if N > 1, thosety for whichk(y) = A andtk(y) = 0. On the other
hand,E(0) is infinite dimensional. In particular, there are no characteiar which
k *t?y = At?y. Howeverk « k «t™y,, =0form=0,1, 2, 3.

(c) Suppose.1) holds andx ¢ 6g(G). Theng € C, (G, X) if and only if
¥ € C,0(G, X). Similarly, ¢|; € Z,.0(J, X) ifand only if y|; € Z, 0(J, X).

(d) TakeG =R, J = R, w(t) = 1+ [tPN and.Z = C, (R, X) a A, -class.
Assumep € BUC, (R, X) andk2(0) is residual. By Corollar.4, (k x ¢)|; € .Z if
and only if sp, (¢) < k™(0).

Finally, we present the following application of our results. For the case of bounded
semigroups, that i = 1, part (a) appears ir6] Theorem 4.1 (ii)]. The Beurling-
Domar condition {.3) is not used in the proof.

THEOREM5.6. Let w be a weight onR, x € X and A be the generator of a
Co-semigroup of operator$ (t), t > 0 which is dominated by.
(@) Ifo(ANiR isresidual and, (A*)Ni R isempty, thel/w)T (-)x € Co(R,, X).
(b) Ifo(A) NiRis finite, then1/w)T ()x = Y__; n;¥;, wheren; € BUC(R,., X),
A € Co(R,, X) forall t € R, andy;(t) = €' for ; € o (A) NiR.

PrOOF. Note first that|| T (t + h)x — T(t)x]| < cw(®)| T (h)x — x|| and soT (-)x
is w-uniformly continuous. Now letl = R,, .Z = Cy(J, X) andv = w, where
w : J — X correspondsta as in RemarR.8. Then(1/w)T ()X —(1/v)T()x € Z
and so(1/v)T (-)x is uniformly continuous. Next, we may assumes D(A?), the
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k(t))T(t)X, for t > 0;
o0 =1 " V)

xcost+<A— v(()))xsint, for t <0,

_v(ozv/(t)T(t)x, for t > 0;
vo=y U0 v

—(1+ A®xsint + m(Asint —cost)x, fort <DO.

Theng, v € BUC(R, X), ¢’ = Ap + ¢ onR andy|; € .Z. By [6, Theorem 3.3]
Spz(¢) € o(A) NiR. For part (a), sp(¢) is residual and by Examplés5 (c),
y¢ is ergodic onJ with mean O for ally € R. Hence, applying Theorer7 with
w = 1 we concludep|; € #. For part (b), sp(¢) € {y; : 1 < ] < n} for some
¥ () = €' 4 € o(A) NiR. By Theoremd.3(c),¢ = ¢ + >_7_, ¥;y, for some
¥, ¥ € BUCR, X) with ¢|; € # andAy|, € Z for eacht € R. Now replace
Y1 by vy My and sety; = (v/w) (¥ /v(0)|;. The theorem follows readily. O

THEOREMbS.7. LetT : G — L(X) be a non-trivial strongly continuous represen-
tation dominated by a weighit satisfying(1.1)-(1.5. Then either the ring spectrum
o1(T) is non-residual or the unitary point spectrum,(T*) is non-empty.

PrROOF. Assumeoy(T) is residual and,,(T*) = . Let.# = {0}, aA,-class. By
Theorem2.6, each orbifT (-)x is totally w-ergodic andV ((y /w)T (-)x) = 0 for all
y € G. By Theorenmi.9, sp, (T (-)x) C 01(T) and so sg (T (-)x) is residual for each
x € X. By Theorem?.7, T (-)x € .%Z, showing thafT is trivial. O

REMARK 5.8. (2) The assumptions of Theorén® (b) are readily satisfied in prac-
tice. For example, iX = C?andA = [} }] thenT(t) = €' [}!] is dominated by
w(t) =1+ |t| ando (A) = 0,(A*) = {i}. Moreover,

X1 +IX X
1+t "1+t

%T()x =ny, Wwhere pn(t) = ( ) and y(t) = €'.
Clearly, Ain € Co(R,, X) for allt € R,. In general, ifw has polynomial growth
of orderN, then the conclusion of Theore®6 (b) can be strengthened T0(-)x =
> l_injy;, wheren; € BUC, (R, X), Aip; € Co(R, X) for all t € RY** and
yi() = ehtfora; € o(A) NIR.

(b) A proof of Theorenb.7, under different assumptions on the weight, is con-
tained in the proof of 11, Theorem 3.2]. In particular, the authors there require that
logw(nt) = o(y/n) asn — oo for eacht e G. Their proof is different from ours—
instead of exploiting ergodicity they u&#ov's idempotent theorem and a theorem
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of Zarrabi 35]. The result for representations of groups is then used to prove global
stability for semigroup representatiofis: J — L(X) dominated by a weight
satisfying

(5.2) liminf 2E+0

>1 foreachse J
ted w(t)

The key ingredient is1[1, Proposition 3.1] which exploits a method developed by
several authors (seé&(, 11, 28]) of associating withT a limit representation which
extends to a group representation: G — L(Y) on a different spac&. This
representation is dominated by an associated reduced weight given by
limsup_;(w(s+t)/w(t)) forse J;
wi(s) = 1.
inf{w.(t) :t € J,s <t} fors e G.

Applying the same argument with the symmetric reduced weigh$) = w,(S) +
wy(—S), we obtain the following as a consequence of Thedsem

COROLLARY 5.9. Let T : J — L(X) be a strongly continuous representation
dominated by a weight satisfying(5.2). Supposewv, satisfieq1.1)—1.5), the ring
spectrumoy (T) is residual and the unitary point spectrusm,(T*) is empty. Then
limc;(L/w®)) T )X] = 0for eachx € X.

(c) Letw() = €"onR,. If0 < p < 1thenwy(t) = 1 and if p = 1 then
w1 (t) = maxl, €). To our knowledge, no examples have been given of weights
satisfying 6.2) for which the reduced weightis non-quasianalytic and differentfrom 1.
In general, ifw satisfies $.2) andw; = 1, then limc;(w(s + t)/w(t)) = 1 for each
s € J. Sofor eacls > 0, there existsl € J such that

lws+u+t)—wlu+t)] <ewu+t) forallt e J.

Hence|(Asw/w),| < &. This proves thatAsw| € E, o(J, C), which is condi-
tion (2.4). IfalsoJ = R, then

w(s+1) i w(s+1)

=1 foreachse J.
t-oco  w(t) ted w(t)

Hence|Asw| € C,,0(J, ©).

(d) As a final example, consider the weightt) = (1 + | sint])(1 + [t]) on R,.
This satisfies neithe5(2) nor (2.4). Howeverw, (t) = 1+ | sint| on R,. Moreover,
Asw € E, (R, C) foreachs € R,, butM ((1/w)Asw) is not always 0.
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The authors thank the referee for his critical remarks.
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