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Abstract

We consider algebras for which the operation PC of pure closure of subsets satisfies the exchange property.
Subsets that are independent with respect to PC aredirectly independent. We investigate algebras in which
PC satisfies the exchange property and which are relatively free on a directly independent generating
subset. Examples of such algebras include independence algebras and finitely generated free modules
over principal ideal domains.
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Introduction

Following [3] and [12], we say that an algebraA (in the sense of universal algebra) is
relatively freeon a subsetX if X generatesA and if every function fromX to A can
be extended to an endomorphism ofA. Such a setX is said to be afree generating
setor free basisor simply abasisfor A. More generally, a subsetX of A is said to be
A-free if every function fromX to A can be extended to a morphism from〈X〉 to A,
where〈X〉 is the subalgebra generated byX.

Our main purpose is to study certain relatively free algebras satisfying some axioms
inspired by properties of free modules over Bezout domains. Recall that aBezout
domain is an integral domain (not necessarily commutative) in which all finitely
generated left and right ideals are principal.

We call such algebrasbasis algebras. Other examples of basis algebrasare provided
by independence algebras, and by freeS-acts whereS is a cancellative principal left
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ideal monoid. Recall that for a monoidS, anS-act is a setA on whichSacts unitarily
on the left, that is, for alls ∈ S anda ∈ A, there is a uniquely defined elementsaof
A such that 1a = a for all a ∈ A and.st/a = s.ta/ for all a ∈ A ands; t ∈ S. A free
S-act is one on whichSacts freely.

The notion of independence algebra was introduced by Narkiewicz [13] under the
name ofv∗-algebra. It was rediscovered in the nineties by Gould [7] who introduced
the term ‘independence algebra’ and initiated a study of the endomorphism monoids of
these algebras. In a recent study [2], Cameron and Szabo classify finite independence
algebras. In the present paper we describe the fundamental properties of basis algebras.
In two subsequent papers, we describe the endomorphism monoid of a basis algebra,
and, for the case of an algebra of finite rank, we use the description to investigate the
semigroup generated by the idempotent endomorphisms.

Underlying our investigations is the behaviour of two closure operators on an
algebraA. One is the standard operator which, to each subsetX of A, associates the
subalgebra〈X〉 generated byX, and which we call thesubalgebra operator.

The other, which we denote by PC, mapsX to the smallest ‘pure’ subalgebra of
A containingX, whenA is an appropriate type of algebra. IfA is an independence
algebra, then〈X〉 = PC.X/ for all subsetsX of A and the exchange property is
satisfied. The latter is a powerful property which ensures, for instance, that a notion of
rank may be defined. Strictly speaking, PC is not always a closure operator; however,
in Section1 we introduce ‘weak exchange’ algebras, defining them to be algebras for
which PC is a closure operator such that the exchange property holds for PC.

Of particular importance in the algebras under consideration is the idea of an
‘independent’ set of elements. Many concepts of independence have been used in
universal algebra (see, for example, [6]). One approach is to use independence
relative to a closure operator on an algebra. We use the term ‘independence’ for
independence relative to the subalgebra operator. For a weak exchange algebra, we
have independence relative to PC, and we call this ‘direct independence’ (see [14]).
A consequence of the exchange property for PC is that, in a weak exchange algebra
A, all maximal directly independent sets have the same cardinality, known as therank
of A.

Another approach to independence is based onA-freeness, and we investigate
the connections between this concept and our other two notions of independence in
Section2. In particular, we show that for certain algebras,A-free subsets are directly
independent. These ideas are illustrated by a number of examples in Section3.

Imposing the condition that theA-free subsets of a weak exchange algebraA are
precisely the directly independent subsets leads, in Section4, to the notion of a ‘weak
independence’ algebra. We introduce torsion-free weak independence algebras in
Section5. We can then characterise free generating sets, or bases, in such an algebra,
and note that a subalgebra generated by a subset of a basis is pure; this is an important
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tool in the description of the endomorphism monoid. We continue by investigating
the monoid of unary term operations of a torsion-free weak independence algebra.

We adopt the convention that a unary algebra is an algebra which has some basic
operations all of which are unary. Using our description of the monoid of unary term
operations, we classify those relatively free, torsion-free weak independence algebras
which are term equivalent to unary algebras in Section6. This allows us to show that
such an algebra can be embedded in an independence algebra.

In the final section, we introduce basis algebras; these algebras have the property
that a basis of a pure subalgebra may be extended to a basis of the whole algebra. We
illustrate the ideas by characterising those basis algebras which are term equivalent to
unary algebras, and in which all 2-generated subalgebras are relatively free.

1. Closure operators, the exchange property and purity

For the basic ideas of universal algebra we refer the reader to [3,8] or [12]. However,
there are substantial differences in terminology and notation in these books, and, in the
interest of clarity, we begin by describing those adopted in this paper. By analgebra
A we mean an algebra in the sense of universal algebra. ThusA comes equipped
with a set (which may be empty) ofbasic operationsall of which we assume to have
finite arity. The operations onA derived from the basic operations and projections by
composition are calledterm operations. We say that an elementa of A is aconstant
if there is a unary (not necessarily basic) term operation with valuea. It is convenient
to allow ∅ to be a subalgebra in the case whereA has no constants. Thus〈∅〉 is the
least subalgebra ofA, consisting of the constants ofA. We say that an algebraA
is nonconstantif A 6= 〈∅〉. Throughout the paper we will use the notation�a for
the constant function fromA to itself with valuea ∈ A. Clearly,�a is a unary term
operation onA if and only if a is a constant.

The key to many properties of the algebras we consider in this paper is the inter-
related behaviour of two closure operators. We will see that ifA is an independence
algebra, these closure operators coincide, but in general they are distinct.

Recall that aclosure operatorC on a setA is a functionC : P.A/ → P.A/,
whereP.A/ is the set of all subsets ofA, such that for allX;Y ∈P.A/,
(1) X ⊆ C.X/;
(2) if X ⊆ Y, thenC.X/ ⊆ C.Y/;
(3) C.C.X// = C.X/.

A subset ofA of the formC.X/ is said to beclosed. The following is standard.

LEMMA 1.1. LetC be a closure operator on a setA, andX be a subset ofA. Then
A is closed, the intersection of any non-empty set of closed sets is closed, andC.X/
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is the smallest closed subset ofA containingX.

A closure operatorC is algebraicif for all X ∈P.A/,

C.X/ =
⋃

{C.Y/ : Y is a finite subset ofX}:

The canonical example of an algebraic closure operator is the subalgebra operator on
an algebraA.

Let C be an algebraic closure operator on a setA. A subsetX of A is said to be
C-independent, or independent with respect toC, if x =∈ C.X�{x}/ for all x ∈ X; it
is C-dependentif it is not C-independent, that is, if there is an elementx of X such
thatx ∈ C.X�{x}/.

The exchange property(EP) for a closure operatorC on a setA is defined as
follows:

for all x; y ∈ A andX ⊆ A, if x ∈ C.X ∪ {y}/ andx =∈ C.X/;(EP)

theny ∈ C.X ∪ {x}/:

Algebraic closure operators which satisfy the exchange property are intimately
connected with abstract dependence relations, and we now restate several fundamental
results from [3, Section VII.2] in terms of algebraic closure operators. The first comes
from the proof of Proposition VII.2.1 in [3] (see also [12, page 50, Exercise 6 (a)]).

LEMMA 1.2. LetC be an algebraic closure operator on a setA. Then the following
conditions are equivalent:

(1) C satisfies the exchange property,
(2) if X is aC-independent subset ofAandy =∈ C.X/, thenX∪{y} isC-independent.

LEMMA 1.3 ([3, Lemma VII.2.2]).Let C be an algebraic closure operator satis-
fying (EP) on a setA and let Y ⊆ X ⊆ A. Then the following conditions are
equivalent:

(1) Y is a maximalC-independent subset ofX,
(2) Y is C-independent andC.Y/ = C.X/,
(3) Y is minimal with respect toC.Y/ = C.X/.

If C is an algebraic closure operator on a setA, then it is easy to see that the union
of a chain ofC-independent sets isC-independent. Since∅ is clearlyC-independent,
a Zorn’s lemma argument gives that, for any subsetX of A, there is a maximal
C-independent subset ofX.

Writing a slightly generalised version of Theorem VII.2.4 of [3] in terms of closure
operators (see also [12, page 50, Exercise 6(b)]) we have the following result.
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THEOREM 1.4. Let C be an algebraic closure operator satisfying(EP) on a setA,
and let X ⊆ Y ⊆ A. If X is C-independent, then there is aC-independent subset
Z with X ⊆ Z ⊆ Y andC.Z/ = C.Y/. Moreover, ifZ and Z ′ are C-independent
subsets ofY with C.Z/ = C.Z′/ = C.Y/, then they have the same cardinality.

In view of Lemma1.3, aC-independent subsetZ with Z ⊆ Y andC.Z/ = C.Y/
is a maximalC-independent subset ofY. Such a maximalC-independent subset is
often called aC-basis ofY, but we reserve the term ‘basis’ for a free basis. In view of
Lemma1.3and Theorem1.4, we can define theC-rank of Y to be the cardinality of
any maximalC-independent subset ofY. The following corollary is a straightforward
consequence of Lemma1.3and Theorem1.4.

COROLLARY 1.5. Let C be an algebraic closure operator satisfying(EP) on a set
A. If X andY are subsets ofA with X ⊆ Y, then

(1) C-rank.X/ 6 C-rank.Y/,
(2) C-rank.X/ = C-rank.C.X//.

Given an algebraA, we now introduce a relation onA which leads to the operator
PC, and we then determine for which algebras PC is an algebraic closure operator.

For an elementa of an algebraA and a subsetX of A we say thata dependson X
and writea ≺ X if a ∈ 〈∅〉 or 〈a〉 ∩ 〈X〉 6= 〈∅〉. We remark that ifa ∈ X, thena ≺ X,
anda ≺ X if and only if a ≺ 〈X〉. Note also that ifc is a constant, thenc ≺ X;
moreover for anya ∈ A, a ≺ ∅ if and only if a ∈ 〈∅〉.

For subsetsX;Y of A we say thatY dependson X, and writeY ≺ X, if y ≺ X
for everyy ∈ Y. We say that an algebraA satisfies condition (T) if for all a ∈ A and
X;Y ⊆ A,

if a ≺ X and X ≺ Y then a ≺ Y:(T)

For any subsetX of an algebraA, we put

PC.X/ = {a ∈ A : a ≺ X}:

Notice that PC.∅/ = 〈∅〉.

THEOREM 1.6. The operatorPC is an algebraic closure operator on an algebraA
if and only if A satisfies condition(T).

Further, if X is a subset ofA and A satisfies(T), thenPC.X/ is a subalgebra ofA.

PROOF. Suppose that PC is an algebraic closure operator onA; let a be an element
of A, andX;Y be subsets ofA such thata ≺ X andX ≺ Y. By definition,a ∈ PC.X/
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andX ⊆ PC.Y/. Hence PC.X/ ⊆ PC.PC.Y// = PC.Y/, and soa ∈ PC.Y/, that is,
a ≺ Y. Thus (T) holds as required.

Conversely, suppose thatA satisfies condition (T). For a subsetX of A and an
elementa of A, it is clear, from the definition of≺ and the remarks above, that
X ⊆ PC.X/, and thata ∈ PC.X/ if and only if a ∈ PC.F/ for some finite subsetF
of X.

If X ⊆ Y ⊆ A anda ∈ PC.X/, thena ≺ X andX ≺ Y, so that by (T), a ≺ Y, that
is, a ∈ PC.Y/.

For any subsetX of A, we have PC.X/ ⊆ PC.PC.X//. If a ∈ PC.PC.X//, then
a ≺ PC.X/. By definition, PC.X/ ≺ X so that, again by (T), a ≺ X, that is,
a ∈ PC.X/.

To see that PC.X/ is a subalgebra, notice first that〈∅〉 ⊆ PC.X/. If t is ann-ary
term operation for somen > 1 andx1; : : : ; xn ∈ PC.X/, thenxi ≺ X for eachi . Now
t .x1; : : : ; xn/ ∈ 〈{x1; : : : ; xn}〉 so thatt .x1; : : : ; xn/ ≺ {x1; : : : ; xn} ≺ X and by (T),
we havet .x1; : : : ; xn/ ≺ X, that is,t .x1; : : : ; xn/ ∈ PC.X/ as required.

Let X be a subset of an algebraA which satisfies condition (T); an immediate
consequence of the theorem is that〈X〉 ⊆ PC.X/ and PC.X/ = PC.〈X〉/.

If A is an algebra for which the subalgebra operator satisfies (EP), we say thatA
satisfies the exchange property; if PC satisfies (EP), we say thatA satisfies the weak
exchange property(WEP). Note that the latter is equivalent to

for all x; y ∈ A andX ∈P.A/, if 〈x〉 ∩ 〈X ∪ {y}〉 6= 〈∅〉(WEP)

and〈x〉 ∩ 〈X〉 = 〈∅〉, then〈y〉 ∩ 〈X ∪ {x}〉 6= 〈∅〉:

DEFINITION 1. An algebra is aweak exchange algebraif it satisfies (T) and (WEP).

The next lemma elucidates the relationship between the exchange property for an
algebra and the weak exchange property.

LEMMA 1.7. Let A be an algebra which satisfies(EP). Then for anya ∈ A and
X ⊆ A, a ≺ X if and only ifa ∈ 〈X〉. Consequently,PC.X/ = 〈X〉 for any X ⊆ A.

PROOF. If a ≺ X, then eithera ∈ 〈∅〉 and soa ∈ 〈X〉, or 〈a〉 ∩ 〈X〉 6= 〈∅〉. In the
latter case, letb ∈ 〈a〉 ∩ 〈X〉 whereb =∈ 〈∅〉. Thenb ∈ 〈∅ ∪ {a}〉 but b =∈ 〈∅〉 so that
by (EP), a ∈ 〈∅ ∪ {b}〉 = 〈b〉. As b ∈ 〈X〉, we must havea ∈ 〈X〉 as required.

The converse is obvious.

COROLLARY 1.8. If an algebraA satisfies(EP), then it is a weak exchange algebra.

PROOF. From Lemma1.7, the subalgebra operator coincides with the operator PC.
ThusA has (WEP), and Theorem1.6gives that (T) holds.
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In Section3, we give examples of weak exchange algebras which do not satisfy
(EP), and note, in particular, that the conclusion of Lemma1.7 does not hold in
general.

If X is a subset of any algebraA, we say thatX is directly independentif for all
x ∈ X, x 6≺ X \ {x}. Thus if A satisfies (T), so that PC is a closure operator,X is
directly independent if and only if it is independent with respect to PC. Following
[7] we say thatX is independentif X is independent with respect to the subalgebra
operator, that is, if for allx ∈ X, x =∈ 〈X \ {x}〉.

Clearly, a subset of an independent subset of an algebra is independent, and a
similar statement holds for directly independent subsets. Indeed, a subsetX of an
algebra is (directly) independent if and only if every finite subset ofX is (directly)
independent.

The next result follows from the fact that, for a subsetX and elementa of an algebra
A, if a ∈ 〈X〉, thena ≺ X.

LEMMA 1.9. Every directly independent subset of an algebra is independent.

The converse of Lemma1.9 is not true as shown by the simple examples below.
Here and throughout the paper we use (left)R-modules over a ringR and (left)S-acts
over a monoidS to illustrate the concepts we introduce.

In an R-module M , the zero is the unique constant. A finite subsetX of M is
directly independent if and only ifX = ∅ or 0 =∈ X and for all families{rx}x∈X of
elements of the ringR,

∑
x∈X rxx = 0 implies thatrxx = 0 for all x ∈ X. Thus if R

is an integral domain andM is torsion-free (that is, ifr ∈ R andm ∈ M�{0} and
rm = 0, thenr = 0), then an arbitrary subset ofM is directly independent if and only
if it is R-linearly independent.

Note that, regardingZ as aZ-module,{2;3} is independent but not directly inde-
pendent.

A constant in anS-act A is an elementc such that for somes ∈ S and alla ∈ A
we havesa = c, that is,A has constants if and only ifs induces a constant map onA.
Note that if A is a disjoint union of non-trivial subacts, thenA has no constants.

In an S-act A without constants, a subsetX is directly independent if and only if
for all elementsx; y ∈ X ands; t ∈ S, sx = ty implies thatx = y.

Regarding the setN of positive integers as an act over the multiplicative monoid
N, we again have that{2;3} is independent, but not directly independent.

Specialising Lemma1.3to the operator PC on a weak exchange algebra gives the
following for directly independent subsets of such an algebra.

COROLLARY 1.10. A directly independent subsetX of a weak exchange algebraA
is a maximal directly independent subset if and only ifa ≺ X for all a ∈ A.
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If A is a weak exchange algebra, then by Theorem1.4, we can define the rank
of a subsetX of A with respect to PC; it is the cardinality of any maximal directly
independent subset ofX. If A also satisfies (EP), we can also define the rank ofX
with respect to the subalgebra operator as the cardinality of any maximal independent
subset ofX. However, it follows from Lemma1.7that these two ranks are equal, and
so there is no ambiguity when we refer to the rank ofX with respect to PC as simply
therank of X.

COROLLARY 1.11. Let X be a subset of a weak exchange algebraA. Then

(1) rank.〈X〉/ = rank.X/ 6 |X| ;
(2) if X is finite andrank.〈X〉/ = |X|, thenX is directly independent,
(3) if B is a subalgebra ofA, thenrankB 6 rankA.

PROOF. We haveX ⊆ 〈X〉 ⊆ PC.X/ so that, by Corollary1.5,

rank.X/ 6 rank.〈X〉/ 6 rank.PC.X// = rank.X/:

Thus rank.〈X〉/ = rank.X/, and (1) and (2) follow by Lemma1.3.
Finally, (3) is immediate by Corollary1.5.

We conclude this section by introducing the notion of purity. We say that a subset
X of an algebraA is pure, or pure in A, if X = PC.X/, that is, if for each elementa
of A, a ≺ X implies thata ∈ X. Note that〈∅〉 is always pure, and that for an algebra
A satisfying (T), the pure subsets are precisely the closed sets of the closure operator
PC. We refer to PC.X/ as thepure closureof X. In view of Theorem1.6, if a subset
is pure then it must be a subalgebra. The converse is not true in general, as examples
in Section3 illustrate. It follows from Lemma1.7that all subalgebras of any algebra
satisfying (EP) are pure. In later sections we show that for certain weak exchange
algebras, the pure subalgebras play a role analogous to that of arbitrary subalgebras
of an independence algebra.

REMARK 1. Let B be a subgroup of a torsion-free abelian groupA. Recall thatB
is a pure subgroup ofA if for everyb ∈ B and positive integern, the equationnx = b
has a solution inB whenever it has a solution inA. SinceA is torsion-free, such an
equation can have at most one solution, and henceB is a pure subgroup if and only if
it is pure in the sense of the above definition.

COROLLARY 1.12. Let A be an algebra satisfying(T). Then

(1) the intersection of pure subalgebras is pure,
(2) the pure closure of a subsetX of A is the smallest pure subalgebra containingX,
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(3) for any subalgebrasB;C of A with B ⊆ C, if B is pure inC andC is pure in
A, thenB is pure inA.

PROOF. (1) and (2) are immediate consequences of Lemma1.1.
Suppose thatB ⊆ C, B is pure inC andC is pure inA. For anya ∈ A, if a ≺ B,

thena ≺ C by (T), so thata ∈ C asC is pure inA. Hencea ∈ B, sincea ≺ B and
B is pure inC.

It is worth mentioning that families of algebraic closure operators with the exchange
property (called matroidal structures) have recently been used by Bergman [1] in a
construction (from a given ringR) of a division ringD and homomorphism fromR
into D with specified kernel and such thatD is generated by the image ofR. The final
section of [1] discusses the construction of matroidal structures on objects of varieties
of algebras other than modules.

2. Independence, direct independence and freeness

In the previous section, we introduced the ideas of independence and direct indepen-
dence, and noted that every directly independent subset of an algebra is independent,
but that the converse is not true. As a consequence of Lemma1.7, in an algebra
satisfying the exchange property, the two notions coincide.

In this section we compare these concepts of independence withA-freeness. Recall
from the introduction that a subsetX of A is A-freeif every function fromX to A can
be extended to a morphism from〈X〉 to A.

First, we point out that∅ is independent, directly independent andA-free in any
algebraA. For an elementa of A, the subset{a} is independent if and only if it is
directly independent, and this is the case if and only ifa =∈ 〈∅〉. If A = {a}, then
{a} is clearlyA-free, but is neither independent nor directly independent sincea is a
constant.

From the corollary on page 197 of [8] and remarks on page 49 of the same book,
we have the following.

LEMMA 2.1. If A is an algebra with|A| > 1, then everyA-free subset is indepen-
dent.

In fact, we have the following stronger result.

LEMMA 2.2. If A is an algebra with|A| > 1, then everyA-free subset is directly
independent.



364 John Fountain and Victoria Gould [10]

PROOF. Let X be anA-free subset ofA. There is nothing to prove ifX = ∅, and
so we may assume thatX 6= ∅. If x ∈ X ∩ 〈∅〉, thenx is constant so thatxÞ = x for
every morphismÞ : 〈X〉 → A. But A has at least two elements so that we can define
a functionþ on X with x 6= xþ. Now þ cannot be extended to a morphism from〈X〉
to A contradicting the fact thatX is A-free. HenceX ∩ 〈∅〉 = ∅.

Now suppose thatz ∈ 〈x〉 ∩ 〈X�{x}〉. Thenz = t1.x/ = t2.x1; : : : ; xn/ for some
termst1 andt2 and elementsx1; : : : ; xn of X�{x}.

Suppose first that〈∅〉 6= ∅ and letc ∈ 〈∅〉. Define a morphismþ from 〈X〉 to A as
follows. Putxþ = x andvþ = c for all v ∈ X�{x}. Then

z = t1.x/ = t1.xþ/ = t1.x/þ = t2.x1; : : : ; xn/þ = t2.x1þ; : : : ; xnþ/ = t2.c; : : : ; c/:

Thusz is a constant and〈x〉 ∩ 〈X�{x}〉 = 〈∅〉, so thatX is directly independent.
Now suppose that〈∅〉 = ∅. Let a ∈ A and define morphismsÞ andþ from 〈X〉 to

A as follows. PutyÞ = a for all y ∈ X; put xþ = x andvþ = a for all v ∈ X�{x}.
Then

t1.a/ = t1.xÞ/ = t1.x/Þ = t2.x1; : : : ; xn/Þ = t2.x1Þ; : : : ; xnÞ/ = t2.a; : : : ;a/

= t2.x1þ; : : : ; xnþ/ = t2.x1; : : : ; xn/þ = t1.x/þ = t1.xþ/ = t1.x/ = z:

Thusz is a constant, contradicting the assumption that〈∅〉 = ∅. Hence

〈x〉 ∩ 〈X�{x}〉 = ∅;
andX is directly independent.

DEFINITION 2. An algebraA is an independence algebraif it satisfies (EP) and
every maximal independent subset ofA is A-free.

Clearly, every independent subset of an independence algebraA is A-free. Also,
by Corollary1.8, an independence algebra is a weak exchange algebra. We shall be
concerned with those weak exchange algebras in which every directly independent
subset isA-free.

3. Examples

We give some examples of algebras in which (T) holds (so that PC is a closure
operator) and examples of weak exchange algebras. Most are inspired by the known
examples of independence algebras listed in [2], although we shall see that not all the
obvious generalisations of the examples of [2] give weak exchange algebras.

As noted in the Section2, every independence algebra is a weak exchange algebra.
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EXAMPLE 1. We begin by remarking that, for an algebraA with subalgebraB, the
relation≺ is unambiguous in the sense that, for any subsetX of B and elementb ∈ B,
we haveb ≺ X in B if and only if b ≺ X in A. Clearly then, ifA satisfies (T), then so
doesB. Since the closed sets of the closure operator PC onB are the intersection of
the closed sets of the closure operator PC onA with B, it is clear that ifA has (WEP),
then so doesB. Thus if A is a weak exchange algebra, then so isB.

Recall that an integral domain or a monoidS is left Oreor right reversibleif for
any elementsa;b of S(non-zero elements in the ring case), there are elementsc;d of
Ssuch thatca = db (andca 6= 0 in the ring case).

EXAMPLE 2. Let M be a torsion-free (left) moduleM over a left Ore domainR.
We show that (T) holds; since (WEP) clearly holds for any module over any ring, it
will follow that M is a weak exchange algebra.

Let x ∈ M andY; Z be subsets ofM such thatx ≺ Y andY ≺ Z. Then either
x = 0, so that certainlyx ≺ Z, or x 6= 0 and there are non-zero elementsr;a1; : : : ;ak

in R and y1; : : : ; yk in Y such thatr x = a1y1 + · · · + ak yk. Now yi ≺ Z for each
i = 1; : : : ; k, and so there are elementsb1; : : : ;bk of R such thatbi yi is a non-zero
element ofR Z. By the left Ore condition, we have elementsc1;d1 in R such that
c1a1 = d1b1 6= 0. Nowc1r x 6= 0 sinceR is an integral domain andM is torsion-free,
and we have

c1r x = c1a1y1 + c1a2y2 + · · · + c1ak yk = d1b1y1 + c1a2y2 + · · · + c1ak yk:

Similarly, there are elementsc2;d2 in Rsuch thatc2c1a2 = d2b2 6= 0; c2c1r x 6= 0; and

c2c1r x = c2d1b1y1 + c2c1a2y2 + · · · + c2c1ak yk

= c2d1b1y1 + d2b2y2 + c2c1a3y3 + · · · + c2c1ak yk:

Continuing in this way, we obtain an expression for a non-zero multiple ofx as a
linear combination ofb1y1; : : : ;bk yk which is an element ofR Z. Hencex ≺ Z and
M satisfies condition (T).

SinceM is a weak exchange algebra, every submodule (indeed, every subset) has
a well-defined rank (the cardinality of a maximal directly independent subset of the
submodule). Since direct independence is the same asR-linear independence inM ,
this rank coincides with the usual notion of rank for a module over a left Ore domain.

A submoduleN of M is pure if r x ∈ N; r x 6= 0 implies thatx ∈ N. Regarding
Z as aZ-module, the only pure submodules are{0} andZ. For, if B 6= {0} is a pure
submodule andb ∈ B \ {0}, thenb · 1 ∈ B so that 1∈ B and consequently,B = Z.
In particular, PC.{2}/ 6= 〈2〉.



366 John Fountain and Victoria Gould [12]

EXAMPLE 3. Let Sbe a left Ore monoid and letA be a (left)S-act with no constants.
If x ∈ A andY; Z are subsets ofA such thatx ≺ Y andY ≺ Z, then there is an
elementy ∈ Y and elementss; t ∈ Ssuch thatsx = ty, and there is an elementz ∈ Z
andu; v ∈ Ssuch thatuy = vz. By the left Ore condition,r t = wu for somer;w ∈ S
so thatrsx = r ty = wuy = wvz, andx ≺ Z.

Thus A satisfies (T). It is routine to show that any act with no constants over any
monoid satisfies (WEP), so thatA is a weak exchange algebra.

A subactB of an S-act A with no constants is pure inA if sa ∈ B impliesa ∈ B
wheres ∈ Sanda ∈ A. Not all subacts of such acts are pure, for example, regarding
the multiplicative monoidN of positive integers as an act over itself, it is easy to see
that the only non-empty pure subact isN itself.

For later use, we introduce ‘acts with constants’ as follows. LetA be anS-act
which is the disjoint union of non-empty subactsB andC. For eachs ∈ S, there is a
unary operation½s on A given by the left action ofs, and for eachc ∈ C, we define a
nullary operation¹c with valuec. It is clear that no½s can be a constant function, so
C is the set of constants ofA. It is clear thatA satisfies (WEP), and if S is left Ore,
then condition (T) follows as above together with the fact that a constant depends on
any subset. Thus in this case,A is a weak exchange algebra.

EXAMPLE 4. Let � : S → G be a surjective homomorphism from a monoidSonto
a non-trivial groupG. ThenG can be regarded as anS-act without constants where
the action is given bys · g = .s�/g. We claim that theS-actG is a weak exchange
algebra. We have already mentioned that every act over every monoid satisfies (WEP).
To see thatG satisfies (T), suppose thatx ∈ G andY; Z are subsets ofG such that
x ≺ Y andY ≺ Z. Then there is an elementy ∈ Y and elementst;u ∈ S such that
t · x = u · y, and there is an elementz ∈ Z andv; s ∈ S such thatv · y = s · z. Let
ū ∈ Sbe such that̄u� = .u�/−1. Then

ūt · x = ū · .t · x/ = ū · .u · y/ = ūu · y = .ūu/�y = y;

so.vūt/ · x = v · .ūt · x/ = v · y = s · z, and hencex ≺ Z. ThusG is a weak exchange
algebra.

A specific example of this case is given as follows. TakeG to be the free group
FG.X/ on a non-empty setX, andSto be the free monoid on the setX ∪ X−1. We can
obtain FG.X/ from S by factoring out the (monoid) congruence∼ on S generated
by {.xx−1;1/ : x ∈ X} ∪ {.x−1x;1/ : x ∈ X}. We now take� to be the natural
homomorphism fromSonto S= ∼.

We can mimic the construction of affine algebras as given in [2, Example 3.2], but,
as we see, the algebras constructed are not, in general, weak exchange algebras.

EXAMPLE 5. Let R be a left Ore domain andM be a torsion-free (left)R-module.
We define an algebra which we call Aff.M/ as follows. For each elementc of
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R�{0;1} define a binary operation¼c on M by the rule:¼c.x; y/ = x + c.y − x/.
Define a ternary operation− on M by the rule:−.x; y; z/ = x + y − z. Then Aff.M/
is the algebra with universeM and operations− and¼c for all c ∈ R�{0;1}.

We remark that ifR is the field with two elements, then− is the only basic
operation. On the other hand, ifR is a division ring with more than two elements,
then, choosinge ∈ R�{0;1}, c = e−1 andd = .1 − c/−1, we have−.x; y; z/ =
¼c.¼d.z; y/; ¼e.z; x//, so that, as in [2, Example 3.2], the basic operations of Aff.M/
can be taken to be the¼c for c ∈ R�{0;1}.

Note that a subset of Aff.M/ is a subalgebra if and only if it is empty or is a coset
of a submodule ofM . In particular, every singleton subset ofM is a subalgebra, and,
in general, ifX ⊆ M , then, for anyx ∈ X, the subalgebra generated byX is the coset
x + RY whereY = {x ′ − x : x′ ∈ X�{x}}. The endomorphisms of Aff.M/ are the
mappingsÞ : M → M for which there is an elementm0 ∈ M and anR-linear map
� : M → M such thatmÞ = m0 + m� .

Since〈x〉 = {x}, we have that, in this case,x ≺ Y meansx ∈ 〈Y〉 so that (T) holds.
Moreover, the closure operator PC coincides with the subalgebra operator. However,
(EP) does not hold, in general. For example, in Aff.Z/ we have 6∈ 〈{0;2}〉 = 0+2Z
and 6=∈ 〈0〉 = {0}, but 2 =∈ 0 + 6Z = 〈{0;6}〉. In fact, it is easy to see that Aff.M/ is
a weak exchange algebra if and only ifR is a division ring.

PROPOSITION3.1. Let R be a left Ore domain andM be a torsion-freeR-module.
Then the following conditions are equivalent:

(1) Aff .M/ satisfies(EP),
(2) Aff .M/ is a weak exchange algebra,
(3) Aff .M/ is an independence algebra,
(4) R is a division ring.

PROOF. If R is a division ring, then by [2, Example 3.2], condition (3) holds.
Every independence algebra is a weak exchange algebra; moreover, since the closure
operator PC coincides with the subalgebra operator, (1) is a consequence of (2).

Suppose that Aff.M/ satisfies (EP), and leta andm be non-zero elements ofR and
M respectively. Then〈{0;am}〉 = Ramanda2m ∈ Ram, buta2m =∈ 〈0〉, so that, by
the exchange property,am ∈ 〈{0;a2m}〉, that is,am ∈ Ra2m. Henceam = ba2m for
someb ∈ R, and sinceM is torsion-free,a = ba2. Thus 1= ba sinceR is an integral
domain, and it follows thatR is a division ring.

4. Weak independence algebras

We introduce weak independence algebras which are defined as follows.
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DEFINITION 3. A weak independencealgebra is a weak exchange algebraA in
which every directly independent subset ofA is A-free.

Clearly, independence algebras are weak independence algebras; further examples
of weak independence algebras are given in the next section. Here we investigateA-
free subsets of weak independence algebras, and obtain some elementary results about
endomorphisms. We start with the following simple observation which is immediate
from the definition above and Lemma2.2.

LEMMA 4.1. If A is a weak independence algebra with more than one element, then
the A-free sets inA are precisely the directly independent subsets.

We can use this result to show that aB-free subset of a subalgebraB of a weak
independence algebra isA-free. First, we note the following obvious result.

LEMMA 4.2. If B is a subalgebra of a weak independence algebraA, thenB is a
weak independence algebra.

COROLLARY 4.3. Let B be a subalgebra of a weak independence algebraA. If
B 6= 〈∅〉, thenB-free subsets ofB are A-free.

PROOF. If |B| = 1, then we must have〈∅〉 = ∅ and the unique element ofB is both
directly independent andA-free.

If |B| > 1, then, by Lemmas4.1 and 4.2, a B-free subsetX of B is directly
independent. Since direct independence is not relative to a subalgebra, it follows from
the definition of weak independence algebra thatX is A-free.

The following result is worth stressing.

COROLLARY 4.4. Let B 6= 〈∅〉 be a subalgebra of a weak independence algebraA
such that|A| > 1. Then the following are equivalent for anyX ⊆ B:

(1) X is A-free,
(2) X is directly independent as a subset ofA,
(3) X is directly independent as a subset ofB,
(4) X is B-free.

LEMMA 4.5. Let A be a weak independence algebra with more than one element
and let X and Y be disjoint non-empty subsets such thatX ∪ Y is A-free. Then
〈X〉 ∩ 〈Y〉 = 〈∅〉.

PROOF. If p ∈ 〈X〉 ∩ 〈Y〉, then there are term operationst , s and elements
x1; : : : ; xn ∈ X and y1; : : : ; ym ∈ Y such thatp = t .x1; : : : ; xn/ = s.y1; : : : ; ym/.
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For anya1; : : : ;an ∈ A, there is a morphismÞ : 〈X ∪ Y〉 → A with xiÞ = ai and
yjÞ = yj for i = 1; : : : ;n and j = 1; : : : ;m. Now

t .a1; : : : ;an/ = t .x1Þ; : : : ; xnÞ/ = t .x1; : : : ; xn/Þ = pÞ

= s.y1; : : : ; ym/Þ = s.y1Þ; : : : ; ymÞ/ = s.y1; : : : ; ym/ = p:

Hencep is a constant, that is,p ∈ 〈∅〉.
We can now prove the following more general result.

PROPOSITION4.6. Let A be a weak independence algebra with more than one
element and letX, Y andZ be pairwise disjoint non-empty subsets such thatX∪Y∪ Z
is A-free. Then〈X ∪ Y〉 ∩ 〈X ∪ Z〉 = 〈X〉.

PROOF. If X = ∅, then the result is just Lemma4.5, so we may assume thatX 6= ∅.
If u is an element of〈X∪Y〉∩〈X∪ Z〉, then there are term operationst; sand elements
x1; : : : ; xn; x′

1; : : : ; x ′
m in X, y1; : : : ; yh in Y andz1; : : : ; zk in Z such that

u = t .x1; : : : ; xn; y1; : : : ; yh/ = s.x′
1; : : : ; x ′

m; z1; : : : ; zk/:

Letv ∈ 〈X〉. Then there is a morphismÞ : 〈X ∪Y ∪ Z〉 → A with xÞ = x for x ∈ X,
yÞ = y for y ∈ Y andzÞ = v for z ∈ Z. Now

u = t .x1; : : : ; xn; y1; : : : ; yh/ = t .x1Þ; : : : ; xnÞ; y1Þ; : : : ; yhÞ/

= t .x1; : : : ; xn; y1; : : : ; yh/Þ = uÞ = s.x′
1; : : : ; x ′

m; z1; : : : ; zk/Þ

= s.x′
1Þ; : : : ; x ′

mÞ; z1Þ; : : : ; zkÞ/ = s.x′
1; : : : ; x ′

m; v; : : : ; v/:

Thusu ∈ 〈X〉 and so〈X ∪ Y〉 ∩ 〈X ∪ Z〉 = 〈X〉.
We conclude this section with some elementary results connecting direct indepen-

dence and morphisms.

PROPOSITION4.7. Let B be a subalgebra of a weak independence algebraA and
� : B → A be a morphism. Then

(1) if � is one-one andX ⊆ B is directly independent, thenX� is directly indepen-
dent,
(2) if Y is a directly independent subset ofB� and Z ⊆ B is such thatZ� = Y and
� is one-one onZ, thenZ is directly independent.

PROOF. (1) Let x ∈ X. If 〈x�〉 ∩ 〈X��{x�}〉 6= 〈∅〉, then

t .x�/ = t ′.x1�; : : : ; xn�/ =∈ 〈∅〉
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for some term operationst; t ′ and elementsx1; : : : ; xn of X�{x}. Thus

t .x/� = t ′.x1; : : : ; xn/� =∈ 〈∅〉

and since� is one-one,t .x/ = t ′.x1; : : : ; xn/ =∈ 〈∅〉, contradicting the direct indepen-
dence ofX.
(2) Certainly Z ∩ 〈∅〉 = ∅, since Z� ∩ 〈∅〉� = Y ∩ 〈∅〉 = ∅. If z ∈ Z and
〈z〉 ∩ 〈Z�{z}〉 6= 〈∅〉, thent .z/ = t ′.z1; : : : ; zn/ =∈ 〈∅〉 for some term operationst; t ′

and elementsz1; : : : ; zn of Z�{z}. Hence

t .z�/ = t .z/� = t′.z1; : : : ; zn/� = t ′.z1�; : : : ; zn�/:

Now z� ∈ Y so that{z�} is directly independent and henceA-free. Thus there is a
morphismÞ : 〈z�〉 → A with .z�/Þ = z, andt .z�/Þ = t ..z�/Þ/ = t .z/ =∈ 〈∅〉 so that
t .z�/ =∈ 〈∅〉. Hence〈z�〉 ∩ 〈Y�{z�}〉 6= 〈∅〉, contradicting the direct independence
of Y.

LEMMA 4.8. LetX be a directly independent subset of a weak independence algebra
A, and letÞ : X → A be one-one. IfXÞ is directly independent, then the morphism
Þ̄ : 〈X〉 → A which extendsÞ is one-one.

PROOF. Clearly, ImÞ̄ = 〈XÞ〉 and so we may regard̄Þ as a morphism from〈X〉
onto〈XÞ〉. Letþ : XÞ → X be the inverse ofÞ. SinceXÞ is directly independent and
A is a weak independence algebra, we can extendþ to a morphismþ̄ : 〈XÞ〉 → 〈X〉.
It is clear thatÞ̄ andþ̄ are mutually inverse and sōÞ is one-one.

As a simple consequence, we have the following result.

COROLLARY 4.9. Let A be a weak independence algebra. IfX andY are directly
independent subsets ofA of the same cardinality, then the subalgebras〈X〉 and 〈Y〉
are isomorphic.

In particular, any two cyclic subalgebras different from the constant subalgebra
are isomorphic.

COROLLARY 4.10. Let t be a unary term operation on a weak independence alge-
bra A. If a;b are nonconstant elements ofA, then the elementst .a/; t .b/ are either
both constants or both nonconstants.

PROOF. The elementst .a/; t .b/ correspond under the isomorphism between〈a〉
and〈b〉.
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5. Unary term operations and torsion-freeness

Let A be an algebra and letT1 be the set of all unary term operations onA. Clearly,
T1 is a monoid under composition of functions. We show that whenA is a nonconstant
weak independence algebra with more than one element the set of nonconstant unary
term operations form a submonoidT∗

1 of T1. We useT ∗
1 to introduce a notion of

torsion-freeness which generalises that for acts over cancellative monoids [11], and
discuss several properties of torsion-free weak independence algebras.

Using the fact that, in a weak independence algebraA, the directly independent
sets areA-free, the proof of the following lemma is straightforward.

LEMMA 5.1. Lets; t ben-ary term operations on a weak independence algebraA.
If there is a directly independent subset{x1; : : : ; xn} of A such thats.x1; : : : ; xn/ =
t .x1; : : : ; xn/, thens.a1; : : : ;an/ = t .a1; : : : ;an/ for all a1; : : : ;an ∈ A.

When we apply this tos; t ∈ T1, we have: ifs.x/ = t .x/ for somex ∈ A�〈∅〉,
thens = t .

PROPOSITION5.2. If A is a weak independence algebra with|A| > 1 and A 6= 〈∅〉,
then, fort ∈ T1, the following are equivalent:

(1) t = �c for somec ∈ A,
(2) t .a/ ∈ 〈∅〉 for all a ∈ A;
(3) t .x/ ∈ 〈∅〉 for somex ∈ A�〈∅〉.

PROOF. If (1) holds, thenc a constant, so that〈∅〉 6= ∅ and (2) holds.
Clearly, (3) follows from (2). If (3) holds, lett .x/ = c ∈ 〈∅〉. Now �c ∈ T1 and,

sincet .x/ = �c.x/, we havet = �c by Lemma5.1.

PROPOSITION5.3. Let Abe a weak independence algebra with|A| > 1andA 6= 〈∅〉
and letC = 〈∅〉. Put TC = {t ∈ T1 : t .a/ ∈ C for all a ∈ A}. ThenTC is a prime
ideal of the monoidT1, andT∗

1 = T1�TC is a right cancellative, left Ore submonoid.

PROOF. Let t ∈ TC ands ∈ T1. By Proposition5.2, t = �c for some constantc.
Hencets = �cs = �c ∈ TC andst = s�c = �s.c/ ∈ TC, so thatTC is an ideal.

To say that the idealTC is prime is equivalent to saying thatT∗
1 is a submonoid of

T1. Clearly, the identity function is inT∗
1 . Let t;u ∈ T∗

1 . Then, by Proposition5.2,
t .a/;u.a/ ∈ A�〈∅〉 for all a ∈ A�〈∅〉, and sotu.a/ ∈ A�〈∅〉 for all a ∈ A�〈∅〉,
that is,tu ∈ T∗

1 .
Let r; s; t ∈ T ∗

1 and suppose thatr t = st. Thenr t .a/ = st.a/ for all a ∈ A, and,
ast ∈ T∗

1 , we havet .a/ =∈ 〈∅〉 for somea ∈ A. Hencer = s by Lemma5.1, and so
T∗

1 is right cancellative.
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If r; s ∈ T∗
1 , andx ∈ A�〈∅〉, then, by Proposition5.2, r .x/ ands.x/ are non-

constants. By Corollary1.11, 〈x〉 has rank 1, and so{r .x/; s.x/} cannot be directly
independent. Hence〈r .x/〉 ∩ 〈s.x/〉 6= 〈∅〉. Letz be a nonconstant in the intersection.
Thenz = t .r .x// = u.s.x// for somet;u ∈ T∗

1 , and so, by Lemma5.1, tr = us and
T∗

1 is left Ore.

Let A be an act over a cancellative monoidS. Specialising the definition of torsion-
freeness for general acts (see [11, page 218]),A is torsion-freeif for any x; y ∈ A and
anyc ∈ S, the equalitycx = cy impliesx = y.

We extend this to weak independence algebras in the following definition.

DEFINITION 4. A weak independence algebraA for which T∗
1 6= ∅ is torsion-free

if, for any t ∈ T∗
1 and any elementsa;b of A,

if t .a/ = t .b/, thena = b, that is, the nonconstant unary term
operations are injective.

(TF)

An immediate consequence of the definition is thatT∗
1 is left cancellative ifA

is torsion-free. Hence, in view of Proposition5.3, T∗
1 is cancellative, and so being

torsion-free means thatA is torsion-free as aT∗
1 -act. We record the fact thatT∗

1 is
cancellative in the following corollary.

COROLLARY 5.4. Let A be a nonconstant torsion-free weak independence algebra
with |A| > 1 and A 6= 〈∅〉. Then the monoidT∗

1 is cancellative and left Ore.

We illustrate the notion by characterising thoseS-acts and faithfulR-modules
which are torsion-free weak independence algebras.

First, letS be a monoid andA be anS-act without constants. Eachs ∈ S induces
a nonconstant unary term operation½s given by½s.a/ = sa for all a ∈ A. Then
T1 = T∗

1 = {½s : s ∈ S} and½ : S → T ∗
1 defined bys½ = ½s is a surjective

homomorphism withS= ker½ ∼= T ∗
1 .

PROPOSITION5.5. Let A be anS-act without constants. ThenA is a torsion-free
weak independence algebra if and only ifS= ker½ is cancellative and left Ore, andA
satisfies the following two conditions for alls; t ∈ S:

(1) ½s is injective,
(2) if sa 6= ta for somea ∈ A, thensx 6= t x for all x ∈ A.

PROOF. If A is a torsion-free weak independence algebra, then by Corollary5.4,
S= ker½ is cancellative and left Ore. Condition (1) is immediate from the definition
of torsion-free. Lets; t ∈ S and suppose thatsa 6= ta for somea ∈ A. If there is
an elementx such thatsx = t x, then½s.x/ = ½t .x/. Now A has no constants, and
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so{x} is directly independent. Hence, by Lemma5.1, ½s = ½t so thatsa = ½s.a/ =
½t .a/ = ta, a contradiction. Thus condition (2) holds.

Conversely, ifS= ker½ is cancellative and left Ore, then it follows from Example3
that A is a weak exchange algebra.

Let X ⊆ A be directly independent, so thatsx 6= ty for anys; t ∈ Sandx; y ∈ X
with x 6= y. Then〈X〉 is a disjoint union of cyclic subacts, and by condition (2),each
of these subacts is isomorphic toS. Thus〈X〉 is a freeS-act onX, so that certainlyX
is A-free and henceA is a weak independence algebra.

That A is torsion-free (as a weak independence algebra) isimmediate from condi-
tion (1).

Recall that anS-actA is faithful if the homomorphism½ is injective; thus anS-act
with no constants is faithful if and only ifS is isomorphic toT1 = T∗

1 . As in [11],
we say thatA is strongly faithful if, for s; t ∈ S we haves 6= t implies sx 6= t x
for all x ∈ A. Hence a faithful actA is strongly faithful exactly when condition (2)
of Proposition5.5 holds. Thus the following is an immediate consequence of the
proposition.

COROLLARY 5.6. Let A be a faithfulS-act without constants. ThenA is a torsion-
free weak independence algebra if and only ifS is cancellative and left Ore, andA is
a torsion-free strongly faithful act.

We now give the analogous result for faithful modules. Recall that anR-module is
faithful if r M 6= 0 for all non-zero elementsr of R.

PROPOSITION5.7. A non-trivial faithful R-moduleM is a torsion-free weak in-
dependence algebra if and only ifR is a left Ore domain andM is a torsion-free
R-module.

PROOF. Suppose thatM is a torsion-free weak independence algebra. SinceR
acts faithfully, the multiplicative monoid ofR is isomorphic to the monoidT1 of
unary term operations, and it follows that the non-zero elements ofR form a monoid
isomorphic toT∗

1 . SinceM is a weak independence algebra,R is a left Ore domain
by Corollary5.4. If r ∈ R, m ∈ M \ {0} andrm = 0, then by Proposition5.2, rn = 0
for all n ∈ M . Thusr = 0 asR acts faithfully. HenceM is a torsion-free module.

Conversely, suppose thatR is a left Ore domain andM is a torsion-free module.
Example2 gives thatM is a weak exchange algebra. We have pointed out earlier that
if X is a directly independent subset ofM , then〈X〉 is a freeR-module and soX is
certainlyM-free. ThusM is a weak independence algebra,and clearly torsion-freeness
in the sense of Definition4 follows from torsion-freeness as anR-module.
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We now give several further examples of torsion-free weak independence algebras,
and we also consider two examples of weak independence algebras which are not
torsion-free.

EXAMPLE 6. Clearly, nonconstant subalgebras of torsion-free weak independence
algebras are torsion-free.

EXAMPLE 7. We saw in Example4 that, given a homomorphism� from a monoid
Sonto a non-trivial groupG, we can regardG as anS-set without constants where the
action is given bys · g = .s�/g, that is,½s.g/ = .s�/g. Thus½s is clearly injective
for eachs ∈ S, and½s = ½t if and only if s� = t� , so thatS= ker½ ∼= G. It is easy
to verify that condition (2) of Proposition5.5 holds, and so, by this proposition, the
S-actG is a torsion-free weak independence algebra.

EXAMPLE 8. Let S be a cancellative left Ore monoid, and letA be anS-act ‘with
constants’ as in Example3 so thatA is the disjoint union of nonempty subactsB and
C, andC is the set of constants. IfA is torsion-free (as anS-act) andB is strongly
faithful, then arguing as in the proof of Proposition5.5we see thatA is a torsion-free
weak independence algebra.

EXAMPLE 9. We have already remarked that independence algebras are weak inde-
pendence algebras. Now lett be a unary term operation on an independence algebra
A and suppose thatt .x/ =∈ 〈∅〉 for somex ∈ A. For any elementa of A, there is an
endomorphismÞ of A with xÞ = a since{x} is independent. AsA is an indepen-
dence algebra, (EP) gives that〈x〉 = 〈t .x/〉 so thatx = s.t .x// for some unary term
operations. Now a = xÞ = .s.t .x///Þ = s.t .xÞ// = s.t .a// and it follows easily
that A is torsion-free.

EXAMPLE 10. Let M be a cancellative left Ore monoid with|M | > 1 and trivial
group of units, and letMx be the freeM-act on {x}. Let A = Mx ∪ {b; c} be
the algebra with nullary operations¹b; ¹c (with valuesb; c respectively), and a unary
operationtm for each elementm of M , wheretm.m′x/ = .mm′/x for all m′ ∈ M , and
t1.b/ = b, t1.c/ = c, andtm.b/ = tm.c/ = c for m ∈ M�{1}. It is easy to see that
M is a weak exchange algebra. The only directly independent subsets ofA are the
singleton subsets ofMx, and these are precisely theA-free subsets, so thatA is a
weak independence algebra. Clearly,A is not torsion-free, but it is worth noting that
we do havet .a/ = t .b/ impliesa = b for nonconstant elementsa;b and nonconstant
unary operationst .

EXAMPLE 11. Let M be a left Ore, right cancellative monoid which is not left
cancellative. ThenM , regarded as anM-act has no constants, and it is a weak
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independence algebra which is not torsion-free. The left Ore condition ensures that the
directly independent sets are the singletons. Ifm;n ∈ M , then, by right cancellation,
there is a well definedM-morphism� from Mm to M given by.sm/� = sn. Thus,
every singleton subset isM-free, and soM is a weak independence algebra. It is not
torsion-free because it is not left cancellative.

Monoids with the appropriate properties exist, for example, the opposite monoid
M of the additive monoidP of all ordinals less thanž0 (the leastž-number). For,P
is left cancellative, and ifÞ; þ are any members ofP, then there is an ordinal in P
greater than bothÞ andþ. Now,! ∈ P andÞ + ! = ! = þ + ! so thatP is
right Ore but not right cancellative.

We now turn our attention to determining when a subset of a torsion-free weak
independence algebraA is a free generating set forA.

We start by demonstrating the purity of a subalgebra associated with a pair of
endomorphisms. This will also play a role in subsequent papers describing the
endomorphism monoids of certain torsion-free weak independence algebras.

LEMMA 5.8. If Þ; þ are endomorphisms of a torsion-free weak independence alge-
bra A, thenSÞ;þ = {a ∈ A : aÞ = aþ} is a pure subalgebra ofA.

PROOF. It is easy to see thatSÞ;þ is a subalgebra. Suppose thata ≺ SÞ;þ . Then,
either a ∈ 〈∅〉 so thata ∈ SÞ;þ, or t .a/ ∈ SÞ;þ with t .a/ =∈ 〈∅〉 for some term
operationt . In this case, we havet .aÞ/ = t .a/Þ = t .a/þ = t .aþ/, and so, sinceA
is torsion-free,aÞ = aþ anda ∈ SÞ;þ.

ThusSÞ;þ is pure.

COROLLARY 5.9. If Þ is an idempotent endomorphism of a torsion-free weak inde-
pendence algebraA, thenImÞ is pure inA.

PROOF. It is enough to note that sinceÞ is idempotent, ImÞ = SI ;Þ whereI is the
identity automorphism ofA.

PROPOSITION5.10. Let X be a subset of a torsion-free weak independence algebra
A. If X is directly independent, then for any subsetY of X, the subalgebra〈Y〉 is pure
in 〈X〉.

PROOF. If Y = ∅, there is nothing to prove. Otherwise, choosey0 ∈ Y; sinceA is
a weak independence algebra, there is a morphismÞ : 〈X〉 → A with yÞ = y for all
y ∈ Y andxÞ = y0 for all x ∈ X�Y. Clearly, we may regardÞ as an endomorphism
of 〈X〉, and ImÞ = 〈Y〉. Now 〈X〉 is torsion-free and a weak independence algebra,
so by Corollary5.9, 〈Y〉 is pure in〈X〉.
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We now consider relatively free torsion-free weak independence algebras. We
remark that, as we see from Examples10and11, torsion-freeness is not a consequence
of being relatively free,and, of course, not all torsion-free weak independencealgebras
are relatively free,an example being the group of rationals regardedas aZ-module. We
remind the reader that, by the definition of weak independence algebra and Lemma4.1,
a (free) basis in such an algebraA where|A| > 1 is the same thing as a generating set
which is directly independent.

The following is an immediate consequence of Proposition5.10.

COROLLARY 5.11. Let A be a relatively free torsion-free weak independence alge-
bra. If Y is a subset of a basis ofA, then〈Y〉 is pure inA.

The next result gives several characterisations of the notion of basis in a relatively
free torsion-free weak independence algebra.

THEOREM 5.12. Let A be a torsion-free weak independence algebra with more
than one element andA 6= 〈∅〉. For a subsetX of A, the following conditions are
equivalent:

(1) X is a basis ofA,
(2) X is directly independent and〈X〉 = A,
(3) X is a maximal directly independent subset and〈X〉 is pure,
(4) X is a maximal directly independent subset and〈X′〉 is pure for every finite

subsetX′ of X,
(5) X is a minimal generating set and〈X′〉 is pure for every finite subsetX′ of X.

PROOF. We have already noted that (1) and (2) are equivalent.
Suppose thatA = 〈X〉 andX is directly independent. Certainly,〈X〉 is pure, and,

by Proposition5.10, for every finite subsetX′ of X, the subalgebra〈X′〉 is pure.
Further, every element ofA depends onX so that by Corollary1.10, X is a maximal

directly independent set. Thus both (3) and (4) follow from (2).
To see that (5) is also a consequence, note that ifY is a proper subset ofX

and 〈Y〉 = A, then for anyx ∈ X�Y we havex ∈ 〈Y〉 contradicting the direct
independence ofX.

If (3) holds, then〈X〉 = A by Corollary1.10, and so we have condition (2). If (4)
holds, then, for any elementa of A, we havea ≺ X. Hencea ≺ X′ for some finite
subsetX′ of X. Since〈X′〉 is A-pure,a ∈ 〈X′〉 and so〈X〉 = A and (2) holds.

Finally, if (5) holds andX is not directly independent, thenx ≺ X�{x} for some
x ∈ X. Hencex ≺ X′ for some finite subsetX′ of X�{x} so thatx ∈ 〈X′〉 by the
purity of 〈X′〉. HenceA = 〈X�{x}〉 contradicting the minimality ofX. ThusX is
directly independent, and hence (2) holds.
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From the theorem we see that if a directly independent set generates a weak
independence algebra, it must be a maximal directly independent subset. Since
the rank of a weak independence algebra is the cardinality of any maximal directly
independent subset, it follows that all bases of a relatively free weak independence
algebraA with more than one element have the same cardinality, and that this is the
rank of A. Thus we can rephrase Corollary1.11as follows.

COROLLARY 5.13. Let A be a nonconstant relatively free torsion-free weak inde-
pendence algebra with more than one element. Then

(1) if X is a basis ofA, then|X| = rankA,
(2) if X is a finite subset ofA, and if rank.〈X〉/ = |X|, thenX is a basis for〈X〉.

6. Unary algebras

We follow the convention that an algebra isunary if its set of basic operations is
not empty and consists entirely of unary operations.

Two algebras on the same underlying set are said to beterm equivalentif their sets
of n-ary term operations are the same for each positive integern. An algebra which
has only nullary and unary basic operations is term equivalent to a unary algebra, and,
in view of Proposition5.2, two such algebras which are weak independence algebras
(each having nonconstant elements) are term equivalent if and only if they have the
same constants and the same nonconstant unary term operations.

Our object in this section is to classify certain weak independence algebras with
only nullary or unary basic operations (namely, those which are relatively free and
torsion-free) up to term equivalence,

Let T be a cancellative left Ore monoid withT 6= {1}. Let X be a non-empty set,
FX be the freeT-act onX andC be a torsion-freeT-act. PutA = FX ∪ C; then, for
eacht ∈ T , there is a unary operation½t on A given by the left action ofT , and for
eachc ∈ C, we define a nullary operation¹c with valuec. Then A is an ‘act with
constants’ as in Example3, and since free acts are strongly faithful,A is a torsion-free
weak independence algebra by Example8.

It is clear thatA is relatively free with basisX.
We call an algebra constructed in this way, astandard weak independence algebra

overT .

THEOREM 6.1. Let A be a torsion-free weak independence algebra which is term
equivalent to a unary algebra. Suppose that|A| > 1 and A 6= 〈∅〉. If A is relatively
free, thenA is term equivalent to a standard weak independence algebra.
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PROOF. Let C = 〈∅〉, and, using the notation of the previous section, letT1 be the
monoid of unary term operations onA. PutT = T∗

1 andK = TC. To show thatA is
term equivalent to a standard weak independence algebra, we have to construct such
an algebra overT with underlying setA, and set of constantsC.

Certainly, the action ofT on A, defined byt · a = t .a/, makesA into aT-act with
subactC. Moreover, becauseA is a torsion-free algebra,C is a torsion-freeT-act.

By Corollary 5.4, T is cancellative and left Ore. LetX be a basis forA, and
put F = A�C. We complete the proof by showing thatF is the freeT-act onX.
Certainly,X ⊆ F , and it follows from Proposition5.2thatF is aT-subact ofA. Now
X generatesA, and sinceA is term equivalent to a unary algebra, every element ofF
can be written ast .x/ for somex ∈ X andt ∈ T . Thus X generatesF as aT-act.
Now suppose thatsx = ty for somes; t ∈ T andx; y ∈ X. Then〈x〉 ∩ 〈y〉 6= C, but
X is directly independent, and sox = y. It now follows from Lemma5.1thats = t .
Thus, by [11, Definition I.5.11],F is the freeT-act onX.

We can use the theorem to show that an algebra of the type under consideration can
be embedded in a special way in an independence algebra. First, we need a lemma
which must be well known but does not appear to be written down anywhere.

LEMMA 6.2. Let T be a cancellative, left Ore monoid, and letG be its group of
quotients. IfC is torsion-freeT-act, thenC can be embedded as aT-subact in a
G-act.

PROOF. It follows from [9, Corollary 8.1.9] that the tensor productG ⊗T C is a
(left) G-act. Of course,D = G ⊗T C is also aT-act and there is aT-morphism�
from C to D given byc� = 1 ⊗ c. We complete the proof of the lemma by showing
that� is one-one.

If 1 ⊗ c = 1 ⊗ c′, then, by [9, Proposition 8.1.8],c = c′ or there are elements
g1; : : : ; gn−1 in G, c1; : : : ; cn−1 in C ands1; : : : ; sn; t1; : : : ; tn−1 in T such that

1 = g1s1 s1c = t1c1

g1t1 = g2s2 s2c1 = t2c2

. . . . . . . . . . . . . . . . . .
gi ti = gi +1si +1 si +1ci = ti +1ci +1

. . . . . . . . . . . . . . . . . .
gn−1tn−1 = 1sn sncn−1 = c′:

In the latter case, we choosen to be as small as possible. SinceT is left Ore, there
are elementsu; v in T such thatut1 = vs2 so that ifn > 2, we have a shorter sequence
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of equations

1 = .g1u−1/.us1/ .us1/c = .vt2/c2

.g1u−1/.vt2/ = g3s3 s3c2 = t3c3

g3t3 = g4s4 s4c3 = t4c4

. . . . . . . . . . . . . . . . . .
gn−1tn−1 = 1sn sncn−1 = c′:

Thus we may assume thatn = 2 and that our sequence of equations is

1 = g1s1 s1c = t1c1

g1t1 = s2 s2c1 = c′:

Hencet1 = s1s2 so thats1c = t1c1 = s1s2c1 = s1c′, and sinceC is torsion-free, we
havec = c′ as required.

We now recall the following terminology. For an algebraA and positive integer
n, let Tn.A/ be the set ofn-ary term operations onA and putT.A/ = ⋃∞

n=1 Tn.A/.
We say that an algebraA is a reductof an algebraB if A ⊆ B and for everyn, each
element ofTn.A/ is the restriction toAn of some member ofTn.B/.

COROLLARY 6.3. Let A be a nonconstant torsion-free weak independence algebra
with more than one element andA 6= 〈∅〉. If A is relatively free and term equivalent
to a unary algebra, thenA is a reduct of an independence algebra.

PROOF. It is enough to prove the result for a standard unary-nullary torsion-free
weak independence algebraA = FX ∪ C overT . Let G be the group of left quotients
of T . Then, by Lemma6.2, C can be regarded as aT-subact of aG-actD. Let SFX be
the freeG-set onX and consider the standard weak independence algebraB = SFX ∪D
overG. In fact, B is an independence algebra, and, clearly,A is a reduct ofB.

COROLLARY 6.4. Let A be a nonconstant relatively free torsion-free weak inde-
pendence algebra with more than one element andA 6= 〈∅〉. If A is finite and term
equivalent to a unary algebra, thenA is an independence algebra.

PROOF. As in Corollary6.3, we may takeT to be the monoidT ∗
1 of nonconstant

unary operations onA. ThusT is finite and the result follows.

7. Basis algebras

After defining various classes of basis algebras, and giving examples, we consider
their elementary properties, and then characterise the algebras in the different classes
which are term equivalent to a unary algebra. We start with the following definition.
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DEFINITION 5. A basis algebraA is a torsion-free weak independence algebra
which satisfies the following condition:

(PEP) if P;Q are pure subalgebras inA with P ⊆ Q, andX is a basis forP, then
there is a basisY for Q with X ⊆ Y.

Since〈∅〉 is a pure subalgebra ofA with basis∅, it follows that if P is a pure
subalgebra ofA, then it has a basis (and so is relatively free). In particular, a basis
algebra is a relatively free algebra. We remark that〈∅〉 is always a basis algebra.

We may regard (PEP) as a converse to Proposition5.10 which says that if a
subalgebra has a basis which can be extended to a basis ofA, then it is pure.

Our first examples of basis algebras are provided by independence algebras; they
are basis algebras because the exchange property guarantees that every independent
subset of a subalgebra can be extended to a basis for that subalgebra. The next lemma
gives more examples.

LEMMA 7.1. A relatively free torsion-free weak independencealgebra which is term
equivalent to a unary algebra is a basis algebra.

PROOF. By Theorem6.1, it is enough to prove the result for a standard weak
independence algebraA over a cancellative left Ore monoidT . Let A = FX ∪ C
be as in Section6. It is easy to see that the pure subalgebras ofA all have the form
B = ⋃

y∈Y T y∪C, whereY ⊆ X. Moreover, a basis ofB is of the form{uy y : y ∈ Y}
where eachuy is a unit ofT . That (PEP) holds is now immediate.

Next, we show that relatively free subalgebras of basis algebras are also basis
algebras.

PROPOSITION7.2. Let B be a relatively free subalgebra of a basis algebraA where
|A| > 1. Then

(1) B ∼= PC.B/,
(2) B is a basis algebra.

PROOF. If B = 〈∅〉, thenB = PC.B/, and we have already remarked that〈∅〉 is a
basis algebra.

Suppose therefore thatB 6= 〈∅〉. For (1), we note that by Corollary1.5, B and
PC.B/ have the same rank. They are both relatively free, so that ifX andY are bases
for B and PC.B/ respectively, then there is a bijection fromX to Y which extends to
an isomorphism from〈X〉 = B to 〈Y〉 = PC.B/.

In view of (1), to prove (2), it is enough to show that PC.B/ is a basis algebra.
We have already remarked that a subalgebra of a torsion-free weak independence
algebra is a torsion-free weak independence algebra. IfP andQ are pure subalgebras
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of PC.B/, then by Corollary1.12, P and Q are pure subalgebras ofA. In view of
Corollary4.4, (PEP) holds for PC.B/ since it holds forA.

Further examples of basis algebras are provided by free modules of finite rank over
Bezout domains.

EXAMPLE 12. As mentioned in the introduction, aBezout domainis an integral
domain in which finitely generated left and right ideals are principal. We remark that
a Bezout domain is the same thing as an integral domain which is aHermite ring in
the sense of [10].

Now let R be a Bezout domain andF be a finitely generated free leftR-module.
By [4, Proposition 1.1.4], every finitely generated submodule ofF is free.

Suppose thatB is a pure submodule ofF . This means that ifr is a non-zero
element ofR andra ∈ B wherea ∈ F , thena ∈ B. ThenF=B is finitely generated
and torsion-free, and hence, by [5, Proposition 1.1.9], free. Thus the exact sequence
0 → B → F → F=B → 0 splits, so thatB is a direct summand ofF and hence
finitely generated. Consequently,B is free. Thus ifC is also a pure submodule and
B ⊆ C, thenB is a direct summand ofC, and any basis ofB can be extended to one
for C. That is, (PEP) holds andF is a basis algebra.

As noted above, as well as being a basis algebra, such a free moduleF has the
additional property that every finitely generated submodule is free; ifR is a principal
ideal domain, then by the corollary of [4, Proposition 1.1.4],everysubmodule is
finitely generated, and hence free. Not all basis algebras share these properties, for
example, it follows from Lemma7.1 that theN-actN, considered in Example3, is
a basis algebra, but it is clear that the subact generated by{2;3} is not free. These
observations lead to the following definitions.

Let � be a cardinal. A basis algebraA is �-free if every subalgebra ofA having
a generating set of cardinality at most� is relatively free, that is, has a basis. (This
terminology is inspired by the term rightÞ-fir in [4].) We say thatA is semihereditary
if it is n-free for all positive integersn; hereditaryif it is �-free for� = |A|; andstable
if it is �-free for� = rankA.

The terminology,semihereditaryand hereditary, is justified by the fact that, by
Proposition7.2, relatively free subalgebras of a basis algebra are themselves basis
algebras. As we have just observed, finitely generated free modules over a Bezout
domain (principal ideal domain) are semihereditary (hereditary). Also, since the class
of independence algebras is closed under taking subalgebras, independence algebras
are hereditary basis algebras.

Returning to the general case, we remark that any basis algebra is 1-free, but not
necessarily 2-free, as seen above. The next result tells us when a basis algebra is
2-free.
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PROPOSITION7.3. A basis algebra is2-free if and only if it satisfies the following
condition:
(FGC) any two elements of a cyclic subalgebra generate a cyclic subalgebra.

PROOF. Let C be a cyclic subalgebra of a basis algebra which is 2-free. ThenC is
free of rank 1. IfB is a subalgebra ofC generated by two elements, thenB is free by
assumption. Also rankB 6 rankC by Corollary1.11, so thatB is cyclic.

Now suppose thatA is a basis algebra which satisfies condition (FGC), and leta;b
be elements ofA. Now, by Corollary1.5and Corollary1.11,

rank{a;b} = rank〈{a;b}〉 = rank PC〈{a;b}〉:

SinceA is a basis algebra, PC〈{a;b}〉 is a relatively free subalgebra ofA. If PC〈{a;b}〉
is cyclic, then by assumption〈{a;b}〉 is cyclic, and hence relatively free. Otherwise,
PC〈{a;b}〉 has rank 2, and hence rank{a;b} = 2. Thus{a;b} is directly independent,
and henceA-free. Thus the subalgebra〈{a;b}〉 is relatively free, and it follows thatA
is 2-free.

As an easy consequence, we have the following.

COROLLARY 7.4. If A is a 2-free basis algebra, then every finitely generated sub-
algebra of a cyclic subalgebra is cyclic.

We conclude by characterising those semihereditary or hereditary basis algebras
which are term equivalent to unary algebras.

PROPOSITION7.5. Let Abe a relatively free torsion-free weak independence algebra
which is term equivalent to a unary algebra, and letT ∗

1 be the monoid of nonconstant
unary operations onA. Then the following conditions are equivalent:

(1) A is a semihereditary basis algebra,
(2) A is a2-free basis algebra,
(3) A satisfies condition(FGC),
(4) every finitely generated left ideal ofT∗

1 is principal.

PROOF. By Theorem6.1, it is enough to prove the proposition for a standard weak
independence algebraA over a cancellative left Ore monoidT . Let A = FX ∪ C be
as in Section6, and note thatT ∗

1
∼= T .

By Lemma7.1, A is a basis algebra.
If (1) holds, then every finitely generated subalgebra is free, and soA is certainly

2-free.
Conditions (2) and (3) are equivalent by Proposition7.3.
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Suppose that (3) holds and lets; t ∈ T . Choosex ∈ X and considersx; t x ∈ T x.
Thensx; t x are in the cyclic subalgebra〈x〉 = T x ∪ C, and so, by condition (FGC),
the subalgebra〈sx; t x〉 is cyclic. Let〈sx; t x〉 = 〈y〉 = T y ∪ C. Now y is in one of
T sx, T tx and it follows thatT s∪ T t = T s or T s ∪ T t = T t. Hence every finitely
generated left ideal ofT is principal.

Now suppose that (4) holds, and letB = ⋃
i ∈ I T si xi ∪ C, where I is finite and

{xi : i ∈ I } ⊆ X. For anyi ∈ I , let Ii = { j ∈ I : xj = xi } and letJ ⊆ I be a set of
representatives from the setsIi . EachIi is finite so that the left idealTi = ⋃

j ∈ I i
T sj

is principal by assumption, with generatorti say. NowB = ⋃
i ∈J T ti xi ∪ C which has

basis{ti xi : i ∈ J}, and hence is relatively free. ThusA is semihereditary.

Similar arguments to those for Proposition7.5give the following proposition.

PROPOSITION7.6. Let Abe a relatively free torsion-free weak independence algebra
which is term equivalent to a unary algebra, and letT ∗

1 be the monoid of nonconstant
unary operations onA. Then the following conditions are equivalent:

(1) A is a hereditary basis algebra,
(2) A satisfies the following condition:

(C) every subalgebra of a cyclic subalgebra is cyclic,

(3) every left ideal ofT∗
1 is principal.
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