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Abstract

An operator is said to beiceif its conjugate maps extreme points of the dual unit ball to extreme points.
The classical Banach-Stone Theorem says that an isometry from a space of continuous functions on
compact Hausdorff space onto another such space is a weighted composition operator. One commol
proof of this result uses the fact that an isometry is a nice operator. We use extreme point methods anc
the notion of centralizer to characterize nice operators as operator weighted compositions on subspace
of spaces of continuous functions with values in a Banach space. Previous characterizations of isometrie
from a subspac# of Cy(Q, X) into Co(K, Y) requireY to be strictly convex, but we are able to obtain
some results without that assumption. Important use is made of a vector-valued version of the Choquet
Boundary. We also characterize nice operators from one function module to another.

2000Mathematics subject classificatioprimary 46B04, 46E40.

1. Introduction

The classical Banach-Stone theorem says thiatsfan isometry from the spa€x Q)
of continuous functions on a compact Hausdorff sp@cento C(K), whereK is a
compact Hausdorff space, then there is a continuous funietirK of modulus one,
and a homeomorphisg from K onto Q such that

) Tf(t) =h) fe)

forall f € C(Q) andt € K. There are many proofs of this theorem existing in the
literature, and one of the best known proof (as given by Dunford and Schw8hfiar
example) uses the fact that the conjugate of an isometry must map extreme points o
the unit ball of the dual space €f(K) onto the extreme points of the unit ball of the
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dual space o€ (Q). Proved first by Banaclt?] for the real compact metric case and
later by Stone19] in the general real case, the theorem has inspired numerous articles
dealing with different proof techniques and a variety of generalizations. Behrénds [
has given an excellent account of these matters, and the reader might also @&nsult [
for some of the history.

One stream of investigation has focused on the case where the continuous function:
have values in a Banach spaEeand the question to be answered is whether the
operatorT can be described by some kind of canonical form as is givef)inThe
first such result along these lines was given by JeriéGh [Many others followed,
and we state below a theorem of BehrergjSTheorem 8.10] which includes many of
the earlier results.

THEOREM1.1. Let E; and E, be Banach spaces which have one dimensional
centralizersZ(E,), Z(E,), respectively. Suppose further, thatand K are locally
compact Hausdorff spaces and that there exists an isometric isomorghisom
Co(Q, Ey) ontoCy(K, E,). Then there is a homeomorphigirom K onto Q and a
continuous functiotY from K into the space of isometries froly to E, (given the
strong operator topologysuch that

(2 TF(@{) = V(O F(et))
forallt e KandF € Cy(Q, Ey).

Our principal goal in this paper is to characterize isomeffiess in the theorem
above, but without assuming thgtis surjective, or even defined on allG§(Q, E,).

One of the first to consider non-surjective isometries froQ) into C(K) was
Holsztyriski [11], who showed that one could get a canonical form, but the function
¢ may not be defined on all dl. Cambern ¢] extended this to the vector valued
case wherde is assumed to be strictly convex. Novingéi’] considered isometries
from certain subspaced of Cy(Q) onto a subspachl of Cy(K), and Font 10| has
studied isometries of this type for vector-valued functions. Font's approach is similar
to that of Cambern, while Novinger used extreme point techniques and the notion of
Choquet Boundary

The characterization of an operator asdhgbove involves getting the functign
defined in some manner. Our method will be to use the fact that the conjugate of an
isometry maps extreme points to extreme points. In order to emphasize this property,
we will consider nice operators.

An operator is said to baceif its conjugate takes extreme points to extreme points.
An isometry is an example of a nice operator. A key role is played by the concept of
centralizerof a Banach space. This will be defined in Sectipmvhere we will also
prove a version for nice operators of Theorerstated above. We treat the surjective
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case first in order to establish our methods in a more hospitable climate. In S&ction
we examine the situation in which the operatomaps a subspadd of Cy(Q, E,)
onto a subspach of Cy(K, E,) but without assuming thdi, is strictly convex. Itis
necessary to put some special conditions on itandN. Finally, in Sectiord, we
consider the special case in which the spBgés strictly convex.

It should be mentioned that many of the results in this paper are contained in the
Ph.D. dissertation of the first authdq[

2. Centralizers, function modules, and Behrends’ Theorem

In what follows, Q, K denote locally compact Hausdorff spaces &)dE;, E,,
X, Y represent Banach spaces. As us@lK, E) will mean the Banach space
of continuousE-valued functions defined oK and vanishing at infinity. IfF €
Co(K, E), then||F| = |[Fll« = sup.« IIF(t)]l. We will assume that the scalar field
[ is always the complex numbe€sunless specifically noted to e In caseE is the
scalar field, we will writeCy(K, E) as simplyCy(K). (Of course, ifK is compact,
we omit the sub-zero.) For Banach spaeandY, we will let Z (X, Y) denote the
bounded linear operators frodd to Y, and if T € £ (X, Y), thenT* is the usual
conjugate ofT defined byT*y*(x) = y*(T x). By B(X) we will mean the closed unit
ball of X, S(X) will be the unit sphere, and &) will be the set of extreme points
of A. In the particular case tha is a Banach space, we will write €X) in place
of ext(B(A)). By A~ we will mean the closure oA. For 1< p < oo, £P(n) will
denote then-dimensionak® space.

DEFINITION 2.1. Let T be a bounded linear operator &n

(i) The operatoll isamultiplier of X if every element of exiX*) is an eigenvector
for T*. Hence for eaclk* € ext(X*) we have a scalay (x*) such that

T*X* = ap (X*)X".

(i) The operatof is said to beM-boundedf there is ar > 0 such that, for every
x € X, Txis contained in every ball which contaifygx : u € F, |u| < A}.

(i) For a multiplierT on X, we say that a multiplie6 on X is anadjointfor T if
as = ar. If T has an adjoint, we will denote it Biy2.

(iv) Thecentralizerof X, written asZ (X), is the set of all multipliers for which an
adjoint exists. (Note thatin cade= R, the centralizerjust consists of the multipliers.)

DEFINITION 2.2. A function modulas a triple (K, (X;)iex, X), whereK is a non-
void compact Hausdorff space (thasespace)(X;):cx a family of Banach saces
(thecomponent spacgsandX a closed subspace pf,., X; such that the following
conditions are satisfied
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(i) hxe Xforx e Xandh € C(K) ( (hx)(t) = ht)x(t) );

(i) t— |Ix®)] is an upper semicontinuous function for evarg X;
(i) Xy = {x() : x € X} for everyt € K;

(iv) {t:teK,X #{0}}- =K.

Note: The spacé§];-« X: denotes the functionsin the product space for which
Xl = suplIx®) : t € K} < oo.

The above definitions along with their history and many properties may be found
in [3]. Of particular interest to us is the fact thatis a multiplier if and only if it
is M-bounded. A natural example of a function module is a sga@de, E) where
we takeX; = E for eacht € K. In the locally compact case, we can repldce
by its Stone-@Ch compactificatioK and takeX; = E if t € K and X; = {0} if
t € BK\K.

A property of function modules that will be of importance later is that a function
module isnorming We will say that a function spadd with functions defined on a
setQ and values irE is norming for Q if for eachs € Q andu € E there is some
F € M such that~(s) = uand||F(s)| = | F].

LEMMA 2.3. If (K, (X)tek, X) is a function module antle K, u € X; are given,
there existd € X such thatF(t) = uand|F| = ||[F(®)|| = |u||. Furthermore, ifU
is a neighbourhood df, F may be chosen as above so tigt) = Oforr € K\U.

PrOOF. This follows directly from B, Lemma 4.2]. O

A function module representatidp, (K, (X\)x, X)] of a Banach spacX is a
function modulg K, (X )ik, X) togetherwith anisometric isomorphigm X — X.
If for h € C(K) we letMj,, be the multiplication operator oX defined byM,x(t) =
h(t)x(t), thenZ,(X) = {p~*Myp : h € C(K)} is contained irZ (X). Itis known that
for any Banach spac¥ there is a function module representationXoés above such
that Z,(X) = Z(X) [3]. We will not use this idea directly in the current paper. Itis
easy to see that fdr € C(K), M, is a multiplier andVy, is its adjoint, and, in fact,
Z(C(K)) = {M; : h € C(K)}. Inthe locally compact case, the centralizer consists
of multiplications by elements &&°(K), the bounded continuous functions Kn It
is natural to ask about the centralizei@f(K, E).

Before doing anything else, we want to state the following well-known fact about
extreme points. The proof is straightforward and we omit it. However, the result will
be used many times in the remainder of the paper.

LEMMA 2.4. For a givenx in a Banach space, there existx* € ext(X*) such
that x*(x) = |||
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The extreme points of the unit ball 6, (K, E)* are known to be of the form o v,
wherex* € ext(E*) andi, is the evaluation functional ate K [3, 4]. If h € Cy(K),
thenM;:(x* o ;) = h(t)(X* o) so thatM, is a multiplier with adjointMy. HenceM,
is in the centralizer o€y (K, E). Behrends}] has shown that these operators describe
the centralizer entirely under a certain conditionEbnWe will say thatE hastrivial
centralizerif Z(E) has dimension 1, that is, if the only elements in the centralizer
are multiples of the identity operator. We are first going to describe the centralizer of
a Banach spac¥ which is, itself, a function module. We will need the fact, proved
in [3, Theorem 4.5], that the extreme points of the unit bal(lf (X;)ick, X) are
precisely those elements of the fowho y, wherex* e ext(X{). A proof of the next
lemma can also be found ir8]j but we give one here in order to show clearly the
importance of the assumptions about a trivial centralizer.

LEMMA 2.5. Let(K, (Xy)tek» X) be afunction module with the property thagX;)
is trivial for eacht € K. ThenZ(X) = {M, : his bounded orK andhF ¢ X
forall F € X}.

ProOOF. If h is a bounded scalar-valued function Knsuch thathF e X for all
F € X, thenitis straightforwardto shoi,, is in the centralizer oK. Suppose, on the
other hand, thatV € Z(X). Givent € Ko = {t € K : X; # {0}} andx* € ext(X})
we have a scalaxy (x*, t) such thatW*(x* o ¥) = aw(X*, 1)(x* o ). Note that

(3 law(X", O] = llaw(X", (X" o Yl = W (X" o )|l < IW*|| = IW].

Let us defineP(t) on X; by P(t)u = WF(t), whereF € X with F(t) = u.
Now P(t) is well defined, for ifF (t) = H(t), then

X*(WF(1) = aw(X*, Dx*(F (1) = aw (X", X" (H (1))
= aw(X", (X" o Yy)(H) = W (X" o Y)(H) = X" (W H(1))

for all x* e ext(X{). Hence,WF(t) = WH(t). Moreover, P(t) is bounded,
forif u € X, andF(t) = u, by Lemma2.4 there existsx* e ext(X{) such that
x*(WF(t)) = [|[WF(@)|. Thus, from 8) we obtain

IP®Ull = [WF®I = W (X" o ¥)(F)
= law (X", ) (X" o Y1) (F)| = Jaw (X", O[lull = IWIl]lu]l.

Similar manipulations show tha®*(t)x* = aw(X*, t)x*, and P(t) is a multiplier.
Since it will have an adjoint obtained from the adjoiw® of W, we conclude that
P(t) € Z(X}). Consequently, there is a scalgt) such thatP(t) = h(t)l and we
haveW F(t) = h(t)F(t) for all t € Ky, whereh(t) = ay(x*,t) for all x*. Thath is
bounded orK, follows from (3). It does not matter what valudsis given outside
Ko; they can be any finite constant. O



130 Hasan Al-Halees and Richard J. Fleming [6]

The corollary below was observed by Behrends in his proof of Theorem 8.3D in [

COROLLARY 2.6. Let K be a locally compact Hausdorff space aida Banach
space with trivial centralizer. TheA(Co(K, E)) = {M;, : h € C(K)}.

This corollary follows immediately from Lemnia5sinceCy (K, E) is a function
module. The continuity of is easy to show using the fact that there is a funcion
that is constant on some neighbourhood of a given

DEFINITION 2.7. An operatofT € Z(X,Y) is said to beniceif
T*(ext(Y*)) C ext(X*).

This notion is apparently due to Morris and Phelf$§][and is a sufficient (but
not necessary) condition far to be an extreme point of the unit ball &f (X, Y).
Every isometry is nice, but not every nice operator, nor even a nice isomorphism, is
necessarily an isometry. Clearly, if bothandT ~* are nice, the is an isometry.
Werner R0] has observed that a nice operator frGiQ) to C(K) can be described
as a weighted composition operator as givenl)y {Ve are going to extend that result
to the vector-valued case. First we show that a nice isomorphism from one function
module to another has the canonical for2h (
Note that a nice operator is necessarily a contraction. Fox, & X and if
y* € ext(Y*) so thaty*(T x)| = ||T x|, then

ITXI = [y (TX)] =Ty ()l < [IX].

THEOREM 2.8. SupposeT is a nice isomorphism from the function modiXe=
(Q, (Xs)scq, X) onto the function moduleK, (Yo)ick, Y) whereZ(Y,) is trivial for
eacht € K suchthaty, # {0}. Thenthere is afunctiopfromK, = {t € K : Y, # 0}
onto a dense subset §f and a functiont — V(t) from K, into the family of nice
operators fromX,,«, to Y; such that

(4) TFE®) =V®F(®)
forallt € KoandF € X.

PROOF. Let h be a continuous function o@. We will first show thafl M, Tt is
in the centralizer off. If t € Ko, y* € ext(Y;"), then, sincel is nice, there ars € Q
andx* e ext(X?) such thafl “(y* o ;) = x* o ¥s. Hence, foilG = TF € Y, we have
(after a bit of manipulation),

(TM T H*(y" 0 ¥)(G) = h(S)(Y* o ¥)(G).
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This shows that each extreme point®(dy*) is an eigenvector and SbM, Tt is a
multiplier. Its adjoint will be given byl MiT ! and soT M, T ! is in the centralizer.
By Lemmaz2.5, there is a bounded functidnon K such thafl M,T~* = M;. This
implies thatT M,, = M;T. Itis easy to show that

h($)X*(F(8)) = (T My)*(y* 0 Y1) (F) = (Mp)*(y* o ¥)(T F) = h(t)x"(F(s))

for any F € X. Hence, we must conclude thats) = h(t). Now, if we have
y*, z* € ext(Y;") and

(5) T*(Y oyn) =X otps and T*(Z oyr) = w* oy,

it follows thath(s) = h(t) = h(r). Since there are enough continuous functions on
Q to separate points dP, we must have = s. We define the functiop on K, by
¢(t) = saccording to the pairing determined by.

Next we define, for eadhe Ky anoperatoW (t) onXs = X, by V(tu = T F(t),
whereF € X has the property the (¢(t)) = u. To see tha¥ (t) is well defined,
suppose thag = ¢(t) andF(s) = H(s). Then for any extreme point* for B(Y;"),
andT*(y* oY) = X* o s we have

Y (TF@®) =x(F(s)) = X"(H(s)) = y"(TH(t)),

from which it follows thatT F(t) = T H(t). Letu € X, be given and= € X so
thatF (p(t)) = u. There existy* € ext(Y;) with |V (t)ul| = | TF®) | = y*(T F(t).
Hence [V (Oull = y*(T F(t) = T*(y" o ¥1)(F) = xX*(F(p()) < [u]l. ThusV (t) is
bounded and nice, sindé(t)* maps extreme points of’ to extreme points oKy ,,.
Hence we have established) (for by its definition,V (1) F(p(t)) = T F(t).

To complete the proof, we show thatK,) is dense inQ. Supposey is such that
Xs # 0 andsy € Q\¢(Kp)~. By Lemma2.3there existd € X so thatF(s) # 0
but F(r) =0forallr € p(Kg)~. ThusTF(t) = V(t)F(p(t)) = 0 forallt € K,.
This contradicts the fact that is injective, and from part (iv) of Definitio.2, we
conclude thap(Ky) is dense. O

We want to note here that Behrends [Theorem 4.16, Corollary 4.17] proves
the above theorem foF an isometric isomorphism and under the assumption that
Z(X) ={M; : he C(Q)} andZ(Y) = {M, : h € C(K)}. In that case, the function
¢ is proved to be continuous, sindeM, T ! induces an isometric isomorphism
from C(Q) onto a closed self-adjoint subalgebra@®fK). Hencew(h) = h o ¢ for
some continuous functianby classical results. In our case we are unable to show that
¢, as we defined it, is necessarily continuous. Indeed, it need not be continuous. For
example, consider the subspaXeof the bounded scalar-valued functions [@n1]
whereX = {f : {t : |f(t)] > ¢} isfinite for everye > 0}. Then X is a Banach
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function module B, page 78] and iy is a one-to-one function froif®, 1] onto[0, 1],
thenTf = f o ¢ is an isometry fromX onto X. However,p could be taken to be
discontinuous oo, 1].

THEOREM 2.9. Supposdl is a nice isomorphism frorG,(Q, E;) onto Cy(K, E,)
and suppose thdE, has a trivial centralizer. Then there exists a continuous function
¢ from K onto a dense subset @ and a continuous function— V (t) from K into
the collection of nice operators contained.fi(E,, E,) (given the strong operator
topology such thatT F(t) = V() F(p)) forallt € K andF € Gy(Q, Ej).

PrOOF. The canonical form comes immediately from Theozgisince the spaces
in question are function modules as described in the paragraph following Defini-
tion 2.2 Once againK plays the role oKy in that theorem.

It remains to prove the continuity assertions. Suppose the fungti®not contin-
uous atsome e K. Thenthereis a nétg} in K converging td and a neighbourhood
U of s = ¢(t) such that for everys, there exist$8 > B, with ¢(t;) € Q\U. Let
u € E; be such that|V(t)u|] = 1. By Lemma2.3 there is anF € Cy(Q, E;)

such thatF(s) = u, ||[F|| = Jju|l, andF(r) = 0 forr € Q\U. Now we have
ITE®I = IV(ul = 1, and by the continuity of F and the choice df) and{t;}
we must have k= | TF()| = liminf | T F(t;)|| = 0. This contradiction establishes

the continuity ofp.

The continuity oft — V(t) comes immediately from the facts that for a given
u € E;, andt € K, there is a functiorr € Cy(Q, E;) which is constantly equal to
on a compact neighbourhood @ft) andT F is continuous at. O

REMARKS. (i) The crucial part of the argument for the theorems above is the
establishment of the functiop. The pairing oft with s is easy using the extreme
points but the chief difficulty is in showing thatis well-defined; that is, showing that
statementq) implies thats = r. It is here that the hypothesis abdiE,) is needed.
Examples show that some such requirement is necesgary [

(i) The condition that difZ(E,)) = 1 is not as restrictive as it might appear.
Strictly convex spaces, smooth spaces, and reflexive spaces with no M-summand al
have this propertyd].

(i) If T~ is also nice, so that* maps extY*) onto extX*), theng mapsK
onto Q. Inthis case, of coursd, is an isometry.

(iv) InTheoren?.9, if K is compact, them is surjective so thaf) is also compact.

(v) Letv be a non-strictly convex norm dk? whose dual ball has extreme points
as a proper subset of the unit circle. [E®tbeR? with Euclidean norm and I, be R?
withthe nornw. LetV (1) = V(2) be anice linear operator froEy to E, (for example,
the identity), and lep be a permutation dfL, 2}. ThenT F(t) = V (t)F (¢(t)) defines
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a nice isomorphism fronX = C({1, 2}, E;) ontoY = C({1, 2}, E,) which is not an
isometry and for whiciT*(ext(Y*)) # ext(X*).

(vi) If, inthe statement of Theoref9, we assume that ! is also nice and (E,)
is trivial, we can conclude thatis a homeomorphism. Simply apply Theor@rfto
T-!to conclude thap is one-to-one with a continuous inverse. This gives Behrends'’
Theoreml. L

3. Nice operators on subspaces @, (K, E)

A bounded linear operatdr from Cy(Q, X) into Co(K, Y) is said to be gyener-
alized weighted composition operatd?] if there is a subseK; of K, a continuous
functiong from K, onto Q and a continuous operator valued magrom K, into the
space of bounded operators frofto Y (with the strong operator topology) such that
TF®) = V(@) F(p®)) fort € K;. Atheorem of Camberrg] shows that if the Banach
spacey is strictly convex, then any isometily as above is a generalized weighted
composition operator. Moreover, it has been pointed out by Jeang and \\&jniydt,
atleast in the case of real spaces, if every isomgtinom Cy(Q, X) into Co(K, Y) is
a generalized weighted composition operator for @y, K, thenY must be strictly
convex.

In light of this, we can ask what can be said in casés not strictly convex.

As in the previous section, we wish to make use of extreme point methods, and so
we will investigate what happens with nice operators. Since isometries are nice,
we accomplish some new results for isometries as well. Following the methods of
Novinger [L7] in the scalar case, we are led to consider an extension of the notion of
Choquet Boundary, usually defined for subspaces®@fiq)-space.

DerINITION 3.1. Let K be a locally compact Hausdorff space, aNda closed
subspace oy (K, E) whereE is a Banach space. An eleméante K is in the
Choquet Boundargf N, written ci(N), if there exists<* € ext(E*) such thak* o i
is an extreme point of the unit ball f*.

It can be shown that ¢N) is a boundary, thatis, given afiy € N there exists some
t € ch(N) such that|F(t)|| = ||F||. The definition we have given is an extension of
the one due to Novingef.[]. The little book by Phelpsl[g] is an excellent reference
for information on the classical Choquet Boundary.

The Choquet Boundary in the vector-valued case presents some complications no
present in the scalar-valued case. We will illustrate this with some examples. Before
giving the examples, we need to introduce some special notation. Gliv&n E as
in Definition 3.1, we letE(t) = {G(t) € E: G € N}, and

N*(t) = {x* € ext(E*) : X" o Yy € ext(N™)}.
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We note that ifE(t) is not closed, we can take its closure and not cause any significant
changes to arguments involving it. Also, since an extreme poinBfd(t)*) is
the restriction toE(t) of an extreme point oB(E*), we will not always distinguish
between the two.

In the examples below, we will consider the scalars to be real.

ExaMPLE 3.2. (i) LetN c C({1, 2, 3}, £2(2)) be the collection of functions
such thatF(3) = ((F(1), &), (F(1), &) + (F(2), &))/2). (By e, &, are meant the
usual unit vectors, and, -) is the inner product.) Then ¢N) = {1, 2, 3}, and while
€} o Y3 is extremeg; o Y3 is not. Howeverx* = (2/+/5,1/+/5) € N*(3) so that
N*(3) spansE*(3) = E*.

(i) LetN c C({1, 2}, £%(2)) be the space of functiors such that

G(2) = (G, &), (G(Q). &)/2).

Then chiN) = {1, 2} andN*(2) = {£€}, which does not spaB*(2) = E*.

(iii) Letgy, ¢, be continuous functions from a locally compact Hausdorff spéace
to a compact Hausdorff spa€g and suppose there is a proper sulisef K which
is the set of alt € K such thatp,(t) = ¢,(t), and for whichg,(I') = Q. LetT
be defined orC(Q, E) into Cy(K, E) by TF(t) = [F(p1(t) + F(g(t))]/2 for all
F € C(Q, E). (Here,asusual, E is a given Banach space.) Thisran isometry, and
if N denotes the range a@f, we have cliN) = I', andN*(t) = ext(E*(t)) = ext(E*)
forallt e T.

The example in (iii) above is an adaptation of an example given originally by
McDonald [L5]. Note thatT does not have the canonical form foralt K, but does
fort € ch(N).

We will see now that the methods used in the proof of Theo?ehrcan be used
in the subspace setting. We begin by characterizing the centralizer of a suldépace
of Co(K, E). It requires some special assumptions and for that we need a bit more
notation (borrowed from Fontl[)]). For a closed subspack& of Cy(K), we say
N € &/ (A) if for everyu € E andh € A, the functionh(-)u € N.

LEmMA 3.3. Let N be a closed subspace 6§(K, E) with dimZ(E(t)) = 1 for
everyt € ch(N). Suppose further that either

(i) N*(t) = ext(E(t)*) for eacht € ch(N) or

(i) the linear span oN*(t) is dense irE(t)* for eacht € ch(N) andN € &/ (A),
whereA is norming forK.
Then for eactW € Z(N), there is a scalar-valued functidndefined orch(N) such
that W G(t) = h(t)G(t) for all t € ch(N).
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PrOOF. If (i) above is satisfied, then the proof follows exactly the argument in the
proof of Lemma2.5. The statements about extreme points in that proof are still valid
since N*(t) = ext(E(t)*). Suppose then, that (ii) holds. Sinéeis norming and
N € &/ (A), E(t) = E for eacht. GivenW € Z(N), t € ch(N), andx* € N*(t) we
haveW* (X* o ¥r) = aw(X*, 1)(X* o Yr).

We can define?(t) on E by P(t)u = WG(t) for G € N with G(t) = u. The
fact that P(t) is well defined follows exactly as in the proof of Lemrieb and
by using the condition that the span Nf(t) is dense inE*. The boundedness of
P(t) is straightforward to show since for any € E, there is somé= € N with
IFIl = IF®)] = |lull. We now show thatP(t) is M-bounded and therefore a
multiplier.

SinceW is a multiplier, it isM-bounded for some bourid Recall that this means
there exists. > 0 such that for evergs € N, W G is contained in every ball which
contains{uG : u € F,|ul < A}. If P(t) is not A-bounded, there exist, x € E
andr > 0 such thatjuu — x|| < r for all u with || < A but |[P(t)u — x|| > r.
Since A is norming, there is alm € A with 1 = ||h|] = h(t) and the functions
G(-) = h()u, H(:) = h(:)x are both inN. Now ||uG — H| < r forall |u| < A and
sinceW is A-bounded, we must haydV G — H|| < r. However,

IWG—H[ = [[WGH) —HOI = IPOuU—-X| =T

by the definition ofG andH. We conclude thaP(t) is M-bounded.
The remainder of the proof follows as in Lemia. O

Given a subspaca of Cy(Q), we will say thats € Q is astrong boundary point
for A if for each neighbourhood of s, and eacle > 0, there is a functiom in A
such that 1= ||h|] = h(s) and|h(r)| < ¢ for allr € Q\U. The set of all strong
boundary points will be denoted ly(A). For a subspac#¥ of Cy(Q, E), we say
thatM is an A-moduleif fF € M forall f € AandF € M. We are now ready to
give theorems for nice operators from a subspace ©f(&, E) onto a subspach
such as discussed above.

THEOREM 3.4. LetT be anice isomorphism from a closed subspisiaef Cy(Q, E;)
onto a closed subspadé of Cy(K, E,). Assume thaM € /' (A) and thatM is an
A-module for a subspaca of Co(Q) which separates the points .

Suppose thaZ (E,(1)) is trivial and thatN*(t) = ext(E,(t)*) for eacht € ch(N).
Then there exists a functignfromch(N) into ch(M) and for eactt € ch(N) there is
a nice operatoiV (t) from E;(¢(t)) into E,(t) such thafl F(t) = V(t)F (¢(t)) for all
t € ch(N) andF € M. The functiorp is continuous at eachfor whichg(t) € o (A)
and its range is dense m(A). In particular, if o (A) is dense inQ, then the range of
@ is dense imM.
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PrOOF. Givent € ch(N) andy* € N*(t) there existss € ch(M) and x* €
ext(X (s)*) such thafl *(y* o ;) = X* o ¥s. This holds becausg is nice. We define
¢(t) = s and because of Lemnia3 we can show thap is well defined with the
same argument used for that purpose in the proof of The@@mThe definition
of V(t) and the fact that it is well-defined, bounded, and nice can also be proved as
before. Ifp(t) € o(A), then we can find the necessary functiere M so that the
continuity ofg follows as in the proof of Theore 9, with the exception that we get
liminf | T F(e(ts))| < € rather than zero.

It remains to prove the assertion about the densitp@h(N)). Suppose that
s € o(A) is not in the closure op(ch(N)). For any positive integem, there is an
h, € A such thatjh,|| = h,(s) = 1 and|h,(r)] < 1/nforallr € p(ch(N))". If
u € E, with |lul =1, letF, = h, -u. ThenF, € M and

ITROI=IVOFRG@O)I < IIF@®)] <1/n

for all t € ch(N). It follows that| T F,|| < 1/n because otN) is a boundary for
N. Since eactF, has norm 1, this would imply thak ! is unbounded which is a
contradiction. O

In the previous theorem, we assumed tNagatisfied condition (i) of Lemma.3.
If we assume thalN satisfies condition (ii) of that lemma, we get a slightly weaker
conclusion; namely, we can no longer prove tl&t) is nice.

THEOREM 3.5. Assume thatM has the same properties as in Theor8m, and
thatT is a nice isomorphism froivl ontoN c Cy(K, E,). Suppose thaZ (Ex(t)) is
trivial, the linear span olN*(t) is dense irE,(t)* for eacht € ch(N), andN € &/ (B)
whereB is norming forK as a subspace @,(K). Then there exists a functignfrom
ch(N) into ch(M)and for eactt € ch(N) there is an operatol (t) from E;(¢(t)) to
E,(t) such thafT F(t) = V(t)F(¢(t)) forallt € ch(N) andF € M. The functionp
has range dense im(A). Itis continuous and the operat®(t) is a contraction for
eacht such thatp(t) € o (A). If 0 (A) is dense imQ, then the range ap (and so also,
ch(M)) is dense imQ.

PrOOF. We gety well defined as in the previous theorem. Again, tfas ch(N)
andu € E;(¢(t)), we defineV (t)u = T F(t) whereF € M such that-(p(t)) = u.
If H € M with H(p(t)) = u, we can easily show that (T F(t)) = y*(T H(t)) for
all y* in the linear span ofN*(t). We now use the density of such functionals in
E,(t) to show that the above equality holds for glle E,(t)*. If ¢(t) € o(A), and
u € Ei(p(t)), there existsf € Asuchthat 1= f(¢(t)) = || f||andF = f(-)u € M.
Thus [Vl = [[VOF@@®)I = ITF®I < [IFIl = [ul. Hence,V(t) is a
contraction. The asserted continuity fand density of its range follows as in the
previous theorem. O
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REMARKS. (i) The condition thatA separates the points @ in both Theo-
rems3.4and3.5could be weakened slightly by supposing tihateparates the points
of ch(M). Similarly, it would be enough, in the statement of Lem#a (ii), and
in the statement of Theorefb5, to assume thaf or B are norming for ctiN). If
in Example3.2 (iii), we takeK = [0,1] = Q, I" = [0, 1/2] and assume that; is
one-to-one o, then forA = {h € C(K) : ho ¢; = h o ¢,}, the spacéN will be in
</ (A), whereA is norming for ciN) = T'.

(i) A subspaceA of Co(Q) is said to beextremely regulaif o (A) = Q. Itis
shown in [7] that such subspaces arise, for example, as kernels of nonzero, continuous
complex-valued finite regular Borel measures@nand thatCy(Q) has proper ex-
tremely regular subspaces whene@eis notdispersed |t is also known that ifA is a
point-separating closed subalgebrabgfQ), then the strong boundary éfis dense
in the Silov boundary ofA [10], which itself is dense irQ if A is a regular closed
subalgebra.

(iii) If Alis extremely regular, or if it is a regular closed subalgebr@f)), then
for M as in the hypotheses of either Theor8m or Theorem3.5, we would have
@(ch(N)) (and therefore also €M)) dense inQ.

(iv) Obviously,M = Cy(Q, E,) satisfies all the required hypothesesKbr Theo-
rem3.4applies, in this case, to the interesting example given by Camberim[this
example, Cambern constructs an isometry f@l, 2}, ¢?) into C(K, £2), whereK
is the one point compactification of the positive integer$or which chkN) = N and
the functiong cannot be extended continuouslyKo

(v) The methods of this section can be easily applied to show that the conclusions
of both Theoren8.4 and Theoren8.5 hold if M is replaced by a function module
(Q, (Xs)seq, X).

(vi) The reader may also wish to compare the conditions given by E6nTheo-
rem 1] for isometries fronM onto N. The map corresponding toin his case goes
from a setk, C K into o (A). This setK, is not necessarily the same agh as
we will see in an example later. The assumption there abbig thatM € < (A)
whereA isregular. (Font definedA to beregularif for each closed subsét of Q and
s € Q\C,there ish € Awith h(s) =1 andh = 0onC.) The spacd, is assumed to
be strictly convex and no other conditions are puthn

We will end this section with several examples. First, we want to make a rather
special observation. Note that in Exam@e, part (iii), we have a subspade
of C(K, E) which is defined as the range of a certain isometry with the canonical
form on the subsef = ch(N). SinceN*(t) = ext(E*) for eacht € ch(N), it will
follow from Theorem3.4 that if E(t) has trivial centralizer for eache ch(N) then
any nice isomorphisrit from anyC,(Q, E;) onto N will be a generalized weighted
composition operator. That is, if there is a canonical isometry with ravgend
E(t) has trivial centralizer for each then every nice isomorphism ontd will be
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canonical. We state this formally as follows.

THEOREM 3.6. Suppose there exists an isomefrirom Cy(Q, E;) onto a subspace
N of Co(K, E) sothatT F(t) = V(t)F(¢(t)) forall t € ch(N) wherey is continuous
andV (1) is nice for each € ch(N). Suppose further thd (t) has trivial centralizer
for eacht € ch(N). If L is any locally compact Hausdorff spadg, is any Banach
space andsis a nice isomorphism fror@q(L, E,) onto N, Swill be a generalized
weighted composition operator whose operator weights are nice.

PrOOF. Givent € ch(N) andy* € ext(E(t)*), sinceV(t) is nice, there exists
x* e ext(E}) such thatv (t)*y* = x*. Sox* o ¥, € ext(Co(Q, E;)*) and sinceT
is an isometryy* o ¥4 = (T*)"1(X* o ¥,)) iS an extreme point foB(N*). Then
N*(t) = ext(E(t)*), and the theorem follows from Theoreini. O

The following example shows that the d€§ mentioned in (vi) above can differ
from ch(N).

ExamvPLE 3.7. Let E be two dimensional real space with norm

lal + |bl(v2—1) if [b] < al;
9b o — .
@bl {Ibl+lal(«/§—1) if a| < |bl.
The dual norm is given by
ot if 1] < (vV2-1);
I Blla = § (lel + 181)/2 i (vV2—1) < |8l < (V2+ 1) el;
18I if (V2+ 1)la| < |BI.

Let N = sp{G;, G,} whereG;, G, are elements o€y ({1, 2, 3}, E) defined by

Gi(1) =€, Gi1(2) = -8, G:(3) = —ey,
Gy(1) = e, Gy(2) = e, G,(3) = —e.

Then forG = aG; + bG, € N, we have||G| = |a| + |b|. Also ch(N) = {2, 3},
E(t) = sple;} fort € ch(N), and extE(t)*) = N*(t) fort € ch(N). The operatoi
fromC ({1}, £*(2)) to N defined byT F = (F (1), /)G, +(F (1), &)G, is an isometry.
In fact, it has the canonical form withh defined on all of(1, 2, 3}, which is the set
Ko = B(T) as defined by Fontl[J] (and also Camberrg]).

Let W be defined orC ({1, 2}) to N by

f(1) + f(2)}61+|:f(1)— f(Z)}GJ2

Wf:|: 2 5

Here,W is an isometry with canonical form whegeis defined only on cfiN) = K.
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The spacede in the example is not strictly convex, and the isometries have the form
guaranteed by Theoref4. In fact, the operators act in the same way even if we
replaceE by ¢2(2). Note that the seK, = B(T) is dependent on the operafr
while ch(N), of course, depends dx.

Before giving the next example, we wish to observe thal ifs a generalized
weighted composition operator, then

(6) Flept)) =0 = TF(t) =0

for anyt in the domain of the functiop. Jeang and WondLP] have observed that if
E is real and not strictly convex, there exist norm-one elements, in E such that

@) laeuy + Bus|| =a + B, forall a, 8> 0.
Then the operatof from C({1, 2}, R) into C({1, 2}, E) by

TH) = (M) . <M> .
T2 = _<M> U+ (M) .

is an isometry.

The next two examples show that the conclusion of The@erand Theoren3.5
can fail if either the density of the linear spanf(t) or the triviality of Z(E,(t)) is
not satisfied.

ExAMPLE 3.8. Let E be the spac&? with norm determined by the unit ball which
is the convex set bounded by the unit circle except that the arcs of the circle in the
first and third quadrants are replaced by the line segments conng@tibg (1, 0)
and (-1, 0), (0, —1) respectively. Them;, = (1,0),e, = (0,1) are elements oE
satisfying (7). Let T be defined as above, and be the range off. It can be
shown that(1, 1) o ¥4, (1, 1) o ¥, are extreme points for the unit ball &f* so that
ch(N) = {1,2}. However,N*(1) = N*(2) = {(1,1), (-1, —1)} which does not
spanE*. The isometryT is not a generalized weighted composition operataanse
it does not satisfy®). In this case, the functiop could be defined, bu¥ (t) cannot
be defined correctly sincl*(1) and N*(2) are not big enough. The spagedoes
have trivial centralizer since it has Md-summands.

EXAMPLE 3.9. Let E be the real spacg(2) and defindl” as in the previous example.
Here we have

T Doy =91 and T(=1L Doy =—v

and the functiorp is not well-defined. Of course, the centralizettofs not trivial in
this case.
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4. The strictly convex case

A Banach space is strictly convexf every element on the surface of the unit ball
is an extreme point. This property has been part of the hypotheses in many of the
vector-valued Banach-Stone Theorems, including the first such theorem by Jerisor
[13] as well as in the previously cited papers of Cambedjnand Font [L0]. The
presence of this assumption allows a different approach and we want to show how tha
goes for nice operators. There are only slight differences from what has been done fol
isometries by Font. The lemma below is the key. We do it first for a nice isomorphism
defined on a function module and the basic ideas in this setting actually go back to
Cambern §].

LEMMA 4.1. Let X = (Q, (Xs)seq, X) be a function module with the property that
eachX;is reflexive. Suppose thatis a nice isomorphism frotd ontoN ¢ Cy(K, E),
wherekE is strictly convex. Suppose thato ¢, € ext(N*) andT*(y* o ) = X* o ¥s.

If F e XandF(s) =0, thenT F(t) = 0.

PrOOF. We begin by assuming € X vanishes on a neighbourhobtidof s € Q,
and also that F|| < 1. SinceX; is reflexive, there exists € X, such thatx*(u) =
lul = 1. Furthermore, by Lemma.3, there existsF; € X such that||F,|| = 1,
Fi(s) = u, and||F(r)] =0ifr € Q\U. LetG = F + F; andH =[G + F{]/2.
Now G(s) = H(s) = F.(s) = u and each of the functions has norm one. Moreover,

1=y (TF®) =x"(F.(s)
=X"(H(9) = y(TH®)) = x(G(s)) = y(TG(1)).
SinceT is nice, and therefore a contraction, we conclude that
ITGOI =ITHOI =ITRO| =1

Note thatT H(t) is a proper convex combination of the other two, and since all lie on
the surface of the unit ball of the strictly convex spdtethey must all be equal to
each other. Sincé G(t) = T F(t) + T F,(t), we must conclude that F(t) = 0.
SupposeF(s) = 0 and lete > 0 be given. Since the map— ||F(S)|| is upper
semicontinuous, there is a neighbourhabof s such thaf| F(r)|| < e forallr € U.
There exists a continuous real functigron Q of norm one such thag = 0 on a
closed neighbourhood of swhich is contained it and which has the value 1 on the
closed seQ\U. ThengF € X vanishes on a neighborhoodoénd|F —gF| < 2e.
By the first part of the argument, we haVégF)(t) = 0 and therefore,

ITFOI=ITFO -T@FHOI <ITF-T@MHI <IIF—gFll < Ze.
It follows thatT F(t) = 0. O
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Font [LO] gives a similar result for isometries on certain sudrsgaM of Co(Q, Ej).
We state the lemma for the case of nice operators whieiea C,(Q)-module which
is norming. We seem to need this condition in order to be sure that the functions that
vanish on a neighbourhood sfare dense in the functions that vanish at the single
point.

LEMMA 4.2. Let M be a subspace @ (Q, E;) which is norming forQ (or even
just for ch(M)), whereE, is reflexive and suppodd is a Cy(Q)-module. Suppose
thatT is a nice isomorphism froivl ontoN ¢ Cy(K, E), whereE is strictly convex.
Suppose thag* o ¥, € ext(N*) andT*(y* oY) = X* o Y. If F € M andF(s) = 0,
thenT F(t) = 0.

PrOOF. Assume thaf vanishes on a neighbourhobidof s. SinceE,; is reflexive,
there existal € E; such thatx*(u) = |lul| = 1. The norming property oM gives
Fy € M such thatFy(s) = uand 1= ||| = ||Fo(s)||. Furthermore, there exists
h € Cy(Q) with 1 = h(s) = ||h|| andh(r) = 0 forr € Q\U, and becaus# is a
Co(Q)-module, the functiorr; = hFqis in M and has the same properties asfhe
defined in the beginning of the proof of the previous lemma. The remainder of the
proof differs from that of the previous lemma only in the second part. Given that
F(s) = 0, ande > 0O, there is a neighbourhodd of s and a compact sdd such
that||F(r)|] < e forallr € U and allr € Q\D. There existg € Co(Q) such that
Ilgll = 1, g = 0 on a compact neighbourho®icontained inJ andg = 1 onD\U.
ThengF € M vanishes on a neighbourhoodfand we complete the argument as
before. O

The conclusions of the above lemmas are just what is needed to show that a nice
operator has the canonical form.

THEOREM4.3. Let T be a nice isomorphism as in the statement of Lerdma
(alternately, Lemmad.2). Then there exists a continuous functipfrom ch(N) into
Q whose range is dense and for edch ch(N), there is a bounded operatdf(t) from
X, (alternately,E;) to E,(t) such thafT F(t) = V(t)F(¢(t)) forall t € ch(N).

PrOOF. Lett € ch(N) and suppose
T*(y*owt) =X'ovys T(Z oY) =wo,.

Letu € X, (alternately,u € E;) be such thatv*(u) # 0. There existd~ with
F(s) = OandF(r) = u. By Lemmad.1(alternately, Lemma&.2) we haveTl F(t) = 0.
However, 0£ w*(F(r)) = (w*ovy,)(F) = z*(T F(t)) = 0. This contradiction shows
that there is a well-defined functignwhich pairst with s.
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Fors = ¢(t) andH(s) = F(s), we have(H — F)(s) = 0, and by Lemmd.1
(alternately, Lemmal.2) again, we gefT(H — F)(t) = 0. We conclude that the
equation

Vt)u=TF(@t), whereF(s)=u,

describes a well-defined operator frofg to E,(t). The rest of the argument far

as in Lemma4.1 follows as in earlier proofs. For the case in whiths defined on

M as in Lemmad.2, the proof of continuity and density of the functigndepends
on the existence of certain functionshh. Givenu € E;, s € Q, a neighbourhood

U of s, ande > 0, we can follow the ideas of the construction given in the proof

of Lemma4.2 above to find a functior € M with F(s) = u, |F|| = |lull, and
F(r) =0forr € Q\U. The continuity ofp and the density of its range can be proved
as in the proof of Theorerd.4. O

The result above holds foF defined onCy(Q, E;) onto N. This is the theorem
of Cambern §] for nice operators instead of isometries. Of course we have had to
assume thak; is reflexive.

REMARKS. (i) The assumption thdf, is strictly convex implies thaZ (E,(t))

is trivial for everyt € ch(N). However, we get the conclusion of Theorér@without
any of the other assumptions abduheeded in the Theorems in Secti®nOf course,
we did have to assume the reflexivity condition®n

(i) The mapt :— V(1) of Theorem4.3 (the alternate case) can be proved to be
continuous from ctN) into 2 (E;, E) with the S.O.T provided that for eache E;
there is a functior € M which is constantly equal to on a neighbourhood df
This would hold, for example, iM € & (A) whereA is normal. (A subspacé
is normal if given a pair of disjoint compact sets, there is a functiorAinvhich is
identically 1 on one of the sets and zero on the other.) This remark is also pertinent
for the theorems of Sectidh Itis known that a closed regular subalgeBraf C,(Q)
is normal [L4].

(i) As we mentioned before, Lemmda2is given by Font L0] for T an isometry,
but Font only assumes th#d € «/(A) where A is a regular subspace €;(Q).
It is argued there that under these conditions, the set of functions that vanish in a
neighbourhood of a poirgtin the strong boundary ok is dense in the set of functions
that vanish as. We were unable to prove that assertion. Our proof of this fact seems
to need a slightly stronger condition than normality forlt is tempting to defineA
to bestrongly normalf for any disjoint pair of compact sets there is an elemenfof
which has norm 1 (or at least some uniform bound on the norm) which is zero on one
compact set and 1 on the other. However, it is known that such a subsp@gef
is necessarily all 0€,(Q) [14, page 178].
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