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Abstract

One way of realizing representations of the Heisenberg group is by using Fock representations, whose
representation spaces are Hilbert spaces of functions on complex vector space with inner products
associated to points on a Siegel upper half space. We generalize such Fock representations using inn
products associated to points on a Hermitian symmetric domain that is mapped into a Siegel upper half
space by an equivariant holomorphic map. The representations of the Heisenberg group are then givel
by an automorphy factor associated to a Kuga fiber variety. We introduce theta functions associated to
an equivariant holomorphic map and study connections between such generalized theta functions an
Fock representations described above. Furthermore, we discuss Jacobi forms on Hermitian symmetrit
domains in connection with twisted torus bundles over symmetric spaces.

2000Mathematics subject classificatioprimary 22E45, 11F55, 11F27; secondary 14K10, 14K25.

1. Introduction

Let 77, be the Siegel upper half space of degnemonsisting of complex symmetric

n x n matrices with positive imaginary part. Then the symplectic groum3p) acts

on .7, and the quotient’\.77, of 27, by an arithmetic subgroup’ of Sp(n, R) can be
regarded as the moduli space for a certain family of polarized abelian varieties, known
as a universal family (see for examplg 10, 13]). Such a family of abelian varieties

can be considered as a fiber variety over the Siegel modular vafiety I'"\.J7,,

and the geometry of a Siegel modular variety and the associated universal family of
abelian varieties are closely connected with various topics in number theory including
the theory of Siegel modular forms, theta functions and Jacobi forms.
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Let G = G(R) be a semisimple Lie group of Hermitian type that can be realized
as the set of real points of a linear algebraic grduglefined overQ. Thus the
qguotientZ = G/K of G by a maximal compact subgrouf has the structure of
a Hermitian symmetric domain. Let: 2 — J#, be a holomorphic map, and let
p : G — Sp(n, R) be a homomorphism d& into a real symplectic group of degree
n such thatr(gz) = p(g)t(2) forall z € ¥ andg € G. LetT be an arithmetic
subgroup ofG such thato(I") c I, and letX = I'\%Z be the associated arithmetic
variety. Thent induces a morphismy : X — X’ of arithmetic varieties, and by
pulling back the fiber variety oveX’ via tx we obtain a fiber variety oveX whose
fibers are again polarized abelian varieties (see Seetifor details). Such fiber
varieties over an arithmetic variety are called Kuga fiber varieties (s2€7%]), and
various geometric and arithmetic aspects of Kuga fiber varieties have been investigate«
in numerous papers (see for exampled, 8, 14, 16]). Various objects connected
with Siegel modular varieties and the associated universal families of abelian varieties
can be generalized to the corresponding objects connected with more general locally
symmetric varieties and the associated Kuga fiber varieties.

One of the important nilpotent Lie groups is the Heisenberg group whose irre-
ducible representations were classified by Stone and von Neumann (see for exampl
[11, 19, 23]). One way of realizing representations of the Heisenberg group is by using
Fock representations, whose representation spaces are Hilbert spaces of functions ¢
complex vector spaces with inner products associated to points on a Siegel upper hal
space (seel]). In this paper, we generalize such Fock representations using inner
products associated to points on a Hermitian symmetric domain that is mapped into a
Siegel upper half space by an equivariant holomorphic map. The representations of
the Heisenberg group are then given by an automorphy factor associated to a Kugs
fiber variety. We introduce theta functions associated to an equivariant holomorphic
map and study connections between such generalized theta functions and Fock ref
resentations described above. Furthermore, we discuss Jacobi forms on Hermitial
symmetric domains in connection with twisted torus bundles over locally symmetric
spaces (se€lp]).

This paper is organized as follows. In Sect®nwve describe the construction of
Kuga fiber varieties over an arithmetic variety. In Sectiomwe review the notion of
canonical automorphy factors for groups of Hermitian type, and automorphy factors
associated to products of semisimple groups and Heisenberg groups are discussed
Section4. In Section5, we construct twisted torus bundles over arithmetic varieties
which are circle bundles over Kuga fiber varieties. We then study their connections
with Jacobi forms on Hermitian symmetric domains. Secfiois devoted to the
discussion of Fock representations of Heisenberg groups on the $paxfecertain
functions on vector spaces associated to eaeh &. We prove that such repre-
sentations are unitary and irreducible. In Secffore introduce theta functions on



[3] Theta functions on symmetric domains 203

Hermitian symmetric domains and prove that certain types of such theta functions
generate the eigenspace of the Fock representation associated to a quasi-character.

2. Kuga fiber varieties

In this section we review the construction of Kuga fiber varieties associated to
equivariant holomorphic maps of symmetric domains. They are fiber bundles over
locally symmetric spaces whose fibers are polarized abelian varieties. More details
can be found in12] and [22].

Let G be a Zariski-connected semisimple real algebraic group of Hermitian type
defined overQ. ThusG is the set of real point&(R) of a semisimple algebraic
group defined ove®, and the associated Riemannian symmetric space G/K,
whereK is a maximal compact subgroup, ha&danvariant complex structure. Such
a space can be identified with a bounded symmetric domaiit ifor somek, and
is called a Hermitian symmetric domain. L@t be another group of the same type,
and letZ’ be the associated Hermitian symmetric domain. A pairr) consisting
of a homomorphismp : G — G’ and a holomorphic map : ¥ — %' is said to be
equivariantif t(g2) = p(g)t(2) forallg e Gandz e %.

Let V be a real vector space of dimension @efined overQ, and letg be a
nondegenerate alternating bilinear form¥drdefined overQ. Then the symplectic

group
SpV, B) ={g e GL(V) | B(gv, gv') = B(v,v") forall v,v €V}

is of Hermitian type, and the associated Hermitian symmetric domain can be identified
with the sets7 = 5#(V, B) of all complex structure$ on V such that the bilinear
foomV x V. — R, (v,v) — B(v, 1v) is symmetric and positive definite. The
action of SgV, B) on s is given by the mafs x # — 5, (g,1) — glg™.
Let{e, ..., ey} be a symplectic basis @V, ), that is, a basis o¥ satisfying the
condition

1 ifi=j+n,
0 otherwise

forl <i,j <2n. Then SgV, B) can be identified with the real symplectic group
Sp(n, R) of degreen, and.»# can be identified with the Siegel upper half space

I ={ZeMy(O)|'Z=2, ImZ>»0}
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of degreen on which Sgn, R) acts as usual by

9(Z)=(AZ+B)(CZ+D)* for g= (é g) € Sp(n, R)

andZ e 7.

We now consider an equivariant p&ir, ) for the special case @&’ = Sp(V, ).
Thus the homomorphism : G — Sp(V, 8) and the holomorphic map: ¥ — 7%,
satisfies the condition(gz) = p(g)t(2) forallg € G andz € Z. LetT be a torsion-
free arithmetic subgroup d&, and letL be a lattice inV with Vo = L ®; Q such
thatg(L,L) c Zandp(I')L C L. Regarding’, as the set of complex structures
onV, each element € & determines a complex vector spagg |,), wherel,
is the complex structure ovi corresponding ta (z) € .7%,. Letz, be a fixed element
of &, and letl, be the complex structure oh corresponding to the elementz,) of
7. LetVe = V ® C be the complexification of/, and denote by, andV_ the
subspaces of defined by, = {v € V¢ | lov = Fiv}, so that we have

Ve=V,.®V., V,=V_.
Then each elementin (V, |,,) determines an element
(2.1) EZv)=v,=v; —T(Qv. = v — | U

of the subspac&/, of V¢, where the elements, denote theV.-components of
veV CVec=V,®d V.. Weset

W= ]_[(V, |r(z>),
e
the disjoint union of the vector spacég, |,) with complex structurd,, for the
elementg € . Then the map

(2.2) W— ZxV,., (Zv)r (28(zv))

determines a bijectiow = % x V, and aC-linearisomorphisniV, |.)) = {z} x V..
Thus the natural projection mafy — & has the structure of a holomorphic vector
bundle with fiberV, .

LetG x, V be the semidirect product & andV with respect to the action @ on
V via p. ThusG K, V consists of the elementg, v) € G x V and its multiplication
operation is given byg, v)(g’, v') = (gd, p(@)v' + v) forg,g € G andv, v’ € V.
ThenG K, V acts onW by

(2.3) (9. v)(z. w) = (9Z p(Pw + p(Qv)
for (g,v) e Gx,V,ze Zandw € (V, l,).
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REMARK 2.1. Letg be a fixed element db. Then we have

legn = lpge = P @@

for all z € . Consider the mag, : V — V defined bygq(v) = p(g)v for all

v € V. Theng, is anR-linear isomorphism oV such thatl, g, o ¢g = ¢g o .,
forall z € 7, that is,¢4 is an isomorphism between the vector spaces with complex
structure(V, |,;)) and(V, |, ). Indeed, we have

(l:(gp © Pg)(v) = ,o(g)l,(z)p(g)*lp(g)v = p(@l:xv = (¢g 0 1) (V)

forallze 2 andv € V. Thusp(g)v in (2.3) is simply the element ofV, I,z)
corresponding to the elememnin (V, |, ).

Using the isomorphism betwedhl and Z x V, given in 2.2), wee see that, if
w = E&(z,u)withu € (V, |,;)), G X, V actsonZ x V, by

(9, v)(Z, w) =(9Z £(9Z p(PU) +£(9Z p(QHv))
=(9Z§(9Z p(Qu) + (p(Pv)g2)

for (g,v) € G X,V and(z, w) € Z x V.. Sincep(g)v is the element ofV, I,z)
correspondingte € (V, |,) aswas mentioned in RemaikL, we shall simply write
vy, for (p(9)v)g,. Thus we have

(2.4) (9, v)(z, w) = (97 £(9Z p(QU) + vg;)

forall (g, v) € G,V and(z, w) € Z x V., whereu is an element ofV, I,,) such
thatw = &(z, u).

Let the arithmetic subgroup c G and the latticde C V be as before. Then, since
p(IL C L, the action ofG &, V on W induces an action of the discrete subgroup
I' x, Lof G,V onW. Sincel" is assumed to be torsion-free, the quotient spaces
X =T\ZandY =T x, L\W are complex manifolds. The natural projection map
W — & determines the structure of a fiber bundle on the induced projection map
7 Y — X whose fiber ovel"z € X with z € Z is the quotient(V, I,)/L of
the complex vector spad®, |,) by the latticeL. The complex torusgV, |.)/L
is in fact an abelian variety because the alternatitigdar form g8 can be used as a
Riemann form. Thus we obtain a fiber bundie Y — X whose fibers are abelian
varieties of the form(V, I,)/L. The total spac¥ of such a fiber bundle is called a
Kuga fiber variety
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3. Canonical automorphy factors
In this section we review the notion of canonical automorphy factors for semisimple
Lie groups of Hermitian type and describe some of their properties 26e27]). Let
G = G(R) be a semisimple real algebraic group of Hermitian type as in Segtion
and letK be a maximal compact subgroup @f Then the Riemannian symmetric
spaceZ = G/K has aG-invariant complex structurgZ which determines a complex
structure on the tangent spatg?) for eachz € . Lett be the Lie algebra oK,

and letg = £ + p be the corresponding Cartan decompositiop.ofet z, € & be the
fixed point ofK, and let.#, be the complex structure o, (%) = p. We set

pr ={X €pc| H(X) ==+iX},

and denote by, , P_ the C-subgroups of5¢ corresponding t@., p_, respectively.
Then we have

P. NKcPo={1}, GC P KcP, GNKcP.=K

(see for exampleZ2, Lemma 11.4.2], Q). If g € P.K:P_ C G¢, we denote by
(9)+ € P, (9)o € K¢ and(g)_ € P_ the components gf such that

9 =(9)+(9)0(9)-.

We denote by(G¢ x p,). the subset of5¢ x p, consisting of element&y, z) such
that gexpz € P,K¢P_. Then thecanonical automorphy factois the mapJ :
(Ge¢ x p3). — K¢ defined by

(3.1) J(9, 2) = (gexpz),

for(g,2) € (Ge xpL).. If (9,2 € (G¢ x pL)., we also define the elemegtz) € p..
by

(3.2) expg(z) = (gexpz),.
Furthermore, for, Z' € p.. with (expZ)~texpz € P.K:P_, we set
(3.3) k(z,Z) = J((expZ) !, 27t = (((expZ) texpz)o) * € K.

Thus we obtain & ¢-valued functiork (-, -) defined on an open subsetiof x p.
called thecanonical kernel functiofor G, and it satisfies the relations

k(Z,2)=x(2z,2)Y, k(2,2 =k(z,20) =1,
k(9(2),9(2)) = 3(9, 2k (2,2)I(@, w) *



[7] Theta functions on symmetric domains 207

for z,Z € p, andg € G¢ for whichk(z, ) andk (g(2), §(z)) are defined (see for
example P2, Section 11.5]).

Let (V, B) be the real symplectic space of dimensian &fined overQ as is
described in SectioB. We extends to a bilinear form onV¢ and denote by, :
Ve x Ve — C the bilinear map defined b, (v, v') = B(v, lpv’) for all v, v € V.
Thenwe havgg,, =ipgonV, xV, andg,, = —iponV_xV_. Thuseach oB,|v, v,
andp, |v_xv._ is both symmetric and alternating; hence we have

Biolv.xv. =0,  Bilv.xv. =0.

On the other hand, sinc € 7, from the definition of># it follows that both
Bislv.xv. @and g lv «v, are positive definite. Therefore we can idenfify with the
dualV; of V.. Now we define a Hermitian forr : Ve x Ve — Con Ve by

Bv,v) =iB(B,v)

forallv, v’ € V¢. Theng is positive definite oV, x V., negative definite oN_ x V_,
and is zerooV, x V_andV_ x V,.

Let{us, ..., u,} be an orthonormal basis &f_ with respect to the restriction of
the positive definite fornB to V, x V., and define the elements.1, ... , Uy, by
Ujsn = 0j for 1 < j < n. Then we have

iB(Unyj, u)) =iB(0;,u)) = BUj,u)) =1,
B (U, Unyi) = 1 B(Ug, T) = —i BT, U) = —B(Uy, U) = 1

for 1 < j, k < n. On the other hand, using Lemma 1.1(iii), we obtain

iB(u;j, u) = B(T;, u) =0,
iB(Untj, Unyk) = iB(0;, G) = B(U;,T) =0

forl < j,k <n. Thus{uy,... , Uy} is a symplectic basis fqiVc, i 8), and we have
Sp(Ve, 1B8) = Sp(Ve, ).

Now we discuss the canonical automorphy factor@®@e Sp(V, 8). We shall
regard the elements @& and the elements of its Lie algebra as matrices using the
basis{u,, ... , u,,} of V¢ described above. Thus, for exampte, and P, can be
written in the form

0 Z 1 7z
P, = (0 0) ZeS(©yp, P.=expp, = (0 1) Ze SOy,

where§,(C) denotes the set of complex symmetrig n matrices. Similarly, we have

0 0 1 0
p.= (7 0) ZeS(©Of, P =expp_= (7 1) Z e S0
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We shall identifyp, with S,(C) using the corresponden¢@?) — Z. Thus we can
write expZ = (§%) € P, for Z € p,. = S(0), andGc acts orp,. by

9Z = exp *((gexp2);) € ps

for all g € G¢, where exp*(W) for W € P, denotes thel, 2)-block of the 2x 2
block matrixW. Letg’ be an elementds. = Sp(Vc, ) whose matrix representation
is of the formg’ = (CAi E'). Theng € P, K¢P_ if and only if D' is nonsingular, and
in this case its decomposition is given by

, (1 BDY /D" 0 1 0
9=1o 1 o po)lpic 1)

LEMMA 3.1. Letg= (£ 8) € G¢, Z € p, = S(O), and letdS : (Ge xp,).—Ke
be the canonical automorphy factor for the symplectic grép= Sp(V, ). If
CZ + D is nonsingular, then we have

gZ=(AZ+B)(CZ+ D)™},

s . [((CZ+D)y* 0
(3.4) 3%, Z>—( : o)

PrOOF. We have
onz— (A BY(L Z\_(A AZ+B
9exP£={c pJlo 1)~ \c cz+p)
SinceC Z + D is nonsingularg expp belongs toP, K¢ P_ and its decomposition is
given bygexpZ = (gexpZ).(gexpZ)o(gexpZ)-,

1 (AZ+B Z+ D)
(gexpz)+=<o (AZ + ><1c +D) )

_ ({CZ+ D) 0
goste=(CZEO7 0 Y

1 0
(9expz). = ((cz+ D)-iC 1) '

Hence it follows that

S(q. 7) — _(©€z+D™ 0
J%g, Z2) = (gexpp)o—< 0 (CZ+ D))

andgZis the(1, 2)-block (AZ + B)(C Z + D) ! of the matrix(g expp)... O
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Since the Siegel upper half spacé&, can be regarded as the set of complex
symmetricn x n matrices with positive definite imaginary part, there is a natural
embedding of7; intop, = S§,(O). If g=(4§) € GandZ € %, thenCZ+ D
is nonsingular; hence, using Lemral we obtain the usual actiod +— (AZ +
B)(CZ + D)~! of G on s#,. On the other hand, giveg € G andZ ¢ 7, the
associated complaxx n matrix J5(g, Z) can be regarded as a linear map/finto
itself.

COROLLARY 3.2. Let Z € %, andg = (2 ) € SV, B). Then the restriction
J5(g, Z) of the linear maplS(g, Z) : V¢ — C to the subspac¥, of V¢ is given by
+

(3.5) 3%g9.2)="Cz+ D)L

PrOOF. This follows immediately fromg.4). O

4. Automorphy factors for generalized Jacobi groups

In this section we describe canonical automorphy factors and canonical kernel
functions of generalized Jacobi groups associated to symplectic representations of
semisimple Lie group that are equivariant with holomorphic maps of the associated
symmetric domains. We shall follow closely the descriptions of Satake give?jin [

Letp : G — Sp(V, B) andt : Z — ., be as in Sectioft, and letG be the group
of all elements of5 x V x R whose multiplication operation is defined by

(4.1) (@, v,0)(0, v, t) =(@d, p(@V' + v, t +t' 4+ B(v, p(PV)/2)

for all (g, v,1), (¢, v,t") € G x V x R. Thus the subgrouf0} x V x R of Gis
the Heisenberg group associated to the symplectic space). The groupG is the
group of Harish-Chandra type in the sense of Satakegdnd can be considered as a
generalized Jacobi group since it reduces to a usual Jacobi groupvigire identity
map on SpV, B) (see for exampled, 24]). We set

]5+=]3+69V, ﬁ,=p+69V,,

and letP,, P_ be the correspondlng subgroup@& = G¢ x Ve x C, respectlvely
If Ke = Ke x {0} x C, we haveG c P, K¢P_. Thecanonical automorphy factod
for the groupG and the action o6 onp, = p, @ V, is defined by

(4.2) J(g, v, 1), (z, w)) = (g, v, t) EXP(Z, W))o,
(43) exm(gv v, t)(Z, 'LU)) = ((gv v, t) eXp(Z’ 'LU))+,
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assuming thatg, v, t) exp(z, w) € P, KcP_. Here exz, w) is an element o6 and
is given by

(4.4) exp(z, w) = (expz, w, 0)

forallz € p, andw € V,. SinceZ is embedded int@,, the quotient space
g = G/K = 2 x V, can be embedded info. = p, @ V,. Thus @.3) defines the
action ofG on%. We also define theanonical kernel functioii(-, -) : f. xp. — K¢

by
(4.5) F((zow), (Z,w")) = J((expZ, w)) . (z.w) ™
= ((exp(Z, w) ' exp(z, w))) "
for (z, w), (Z, w’) € p, such that
(4.6) (exp(Z, w')) texpz, w) € P,K¢P_.

The condition 4.6)~is sqvtisfied fonz, w), (Z,w') € Z; hence we obtain a canonical
kernel function ornZ x 2.

LEMMA 4.1. The canonical kernel functiok((z, w), (zZ, w’)) is holomorphic in
(z, w) and satisfies the relations

R((Z,w), (z,w)) =&((Z, w), (Z,w))
Rz, w), §(Z, w")) = I(@, (2 w)HR (Z, w), Z, w))I(G, (Z, w))
for (z, w), (Z,w') € Z and§ € G.

ProOOF. The first rglation is immediate from the definition&f As for the second,
let (z, w), (Z,w") € Z and@ € I". Then, using4.2) and ¢.3), we see that

gexpiz, w) = expd(z, w)I(§, (z, ) pr,
gexpz, w') = exp§(Z, w))I(@, (Z, w))p2

for somepy, p; € P_. Hence we obtain
exp(z, w) texp(z, w)
= P13, (z. w)) "t exp(§(z. w) " exp(G(z w) I (§. (Z, w)) ps.

Thus it follows that expz, w') *exp(z, w) € P,KcP_, and by comparing th&-
components we obtain

R((zw), (Z,w) ™' = 3@ 7, w) %@z w), §(Z, w)I(G. z w)).

Hence the proof of the lemma is complete. O
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We shall now describe below the action®fon & and the canonical automorphy
factor forG defined by 4.3) more explicitly. Given(g, v,t) € Gand(z, w) € ¥ C
p, @dV,, we set

(4.7) (9 v, Dz w =(Z,w) e,
J(g, v, 1), (Zw)) = (3,0, ) € Ke = K¢ x {0} x C.

Hence we obtain a decomposition of the form
(4.8) (9, v, t)yexp(z, w) = (expZ, w’, 0)(Jy, 0, ) (p-, w_, 0)

for some(p_, w_, 0) € P_. Using the multiplication rule of®, the right-hand side
of (4.8) reduces to

(expz) Jy, w', ) (p-, w_,0) = (g", v, 1),
where
9" = (expz)ip-, v'=w'+ p((expz))w-_,
t" = J + Bw', p((expz)J)w_)/2.

On the other hand, we have

(g, v, t)exp(z, w) = (g, v, t)(expz, w, 0)
= (gexpz,v + p(Qw, t + B(v, p(Qw)/2).

Hence we obtain

(4.9) gexpz = (expz)d p_,
(4.10) v+ p(Qw = w + (expZ) Jw_,
t+ B, p(Quw)/2=F+ B, p((expz)I)w_)/2

for(g,v,t)eé:GxVxﬂ&and(z,w)e@:@xw.

PROPOSITION4.2. For (z, w) € & we setp(d(z, w)) = (*&" , 2,,). Then the
action ofG on Z is given by

(4.11) (9, v, )(Zz, w) = (9(2), v, + Iy (Z, w)w)
for all (g, v,t) € G and(z, w) € Z.
PrOOF. Consider the eIeLnen(@, v,1) € G and(z,w) € 7, and assume that

(g, v,)(z,w) = (Z,w) € Z asin @.7). Since ex@(2) = (gexpz), by (3.2,
from (4.9) we obtain ex@ = expg(z) and J; = (gexpz)_. Hence it follows that
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Z = g(2), and Jy((g, v, 1), (z, w)) = J(g, 2), whereJ is the canonical automorphy
factor for the groug given in 3.1). Now we consider the matrix representations

1 A B J. O
pewn=(o V) e0=(¢ p) e=( )

for z € p_ relative to the decompositio = V, & V_. Applying p to both sides of
the relation 4.9), we obtain

A B\(1 1@\ _ (1 t@\(J 0\(1 O
c b/\o 1) \o 1 o J)\M 1
for some matrixM. Thus we have

A At(2+B\ (I +t(@)IM ()L
C Ct(9+D) J_M Jo '

Hence we see that

(4.12) J.=A-1(Z)C, J. =Cr1(2+D,
7(Z) = (At(2) + B)(Ct(2) + D).

On the other hand, the matrix form of the relati@gn1( is given by
AW A B\ (w) [(w n 1 7(Z)\(J. O 0
v C DJ\0) \oO 0 1 0 J)\w. /)’

which implies thatv, + Aw = w' + t(Z)J_w_ andv_ + Cw = J w_. Therefore
we obtain

w' = (v + Aw) — 7(2)(v_ + Cw)
= (0 — 1(@)v) + (A= 1(@)C)w = v, + Jow;

hence we havéz, w') = (9(2), vy, + Jyw). O
COROLLARY 4.3. Let J? be the restriction of the canonical automorphy factor for

Sp(V, B) to V, given in CoroIIary3 2. Then, for(g, v,t) € G and(z, w) € 7, we

have

(4.13) (9, v, D)(Z, w) = (9D, vy + IZ(P(9), T(D)w).

In particular, if p(g) = (éﬁ gi) € Sp(V, B), then we have

(4.14) (9, v, 1)(z, w) = (92 vg, +'(C,7(2) + D)) 'w).
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ProOF. From 3.1), forg € G andz € &, we have
p(J) = p(d(9.2) = p((gexpz)o) = (p(9) EXPT(2))o.

Thus we see that(J;)(g, 2) = J5(p(Q), T(2)), wheredSis the canonical automorphy
factor for the symplectic group $y, 8) given in 3.4). Therefore, ifJ, is as in
Propositior4.2, we have

(4.15) J.(9,2) = 3%(p(9), ©(2)).

Using this and Propositioh 2, we obtain ¢.13. Then @.14) is obtained by usingi/5).
O

From the multiplication operation o& given in @.1) we see that the induced
operation onG x V by the natural projectio® — G x V is exactly the one on
G X, V considered in SectioB. On the other hand, we considered an operation of
G x,VonZ x V, in (2.4 to construct a Kuga fiber variety. This operation is in fact
compatible with the operation @& given in ¢.11) as can be seen in the next lemma.

LEMMA 4.4. The operation 06 x, V onZ x V, givenin(2.4) can be written in the
form(g, v)(z, w) = (9z vg,+J,w) forall (g, v) € G,V and(z, w) € 7 = ZxV,.

PROOF. Let(g,v) € G x,V and(z, w) € Z x V.. From @.4), we have

(9, v)(Z, w) = (9Z §(9Z p(PU) + vg2),

whereu is an element ofV, |,) such thatw = &(z, u). Using @.1) andp(g) =
(&8), we have

A B
£(9z p(QU) = (p(QU)g, = ((c D) (3*))
),

= (Au; + Bu_) — 7(92(Cu; + Du_)
=(A—1t(92C)u;, +(B—1t(g2D)u_.
However, we have

_ ‘D —-'B
1(2) = p(9) '1(92) = (—‘C tA ) (92
= (‘Dt(g2) - 'B)(-'Ct(g2) +'A) %
Using this and the fact that(g2) is symmetric, we obtain

B—-1(g2D =—-(A—-1(92C)t(2).
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Hence we see that
§(9z p(Qu) = (A—-1(929C)(u; — 7 (79u-) = (A= 7(92C)w.
SinceA — t(g2C = J, by (4.12), we obtain the desired formula. O

COROLLARY 4.5. LetC,, D, and J? be as in Corollary4.3. Then the operation of
G x, VonZ x V. given in(2.4) can be written in the form

(9, v)(Z, w) = (9Z vg; + IX(0(9), T(2)w)
= (92 vy, + '(C,7(2) + D,) w).

PrOOF. This follows from @.5), (4.15 and Lemmat.4. O
LEMMA 4.6. If (g, v, t)(z, w) = (Z, w’), then we have
B, p(@w) — vz, Cw) = B (v, Jw),
where the matrixC is the(2, 1) block ofp(g) as in the proof of Lemmé&.2
PrOOF. Usingv, = v, — t(Z)v_ and the matrix representation ptg), we have
B, p(@w) — vy, Cw) = B(v, Aw + Cw) — B((§ ") v+ v_, Cw).

SinceCw € V_ andg|yv_,v. = 0, using the fact tha# is invariant undep (G), we
obtain

B(v, p(@w) — B(vy, Cw) = B(v, Aw) + B(v, Cw) — B(v, ((1) T(f)) Cw)
= B(v, Aw) + B(v, Cw) — B(v, Cw + t(Z)Cw)
= B(v, Aw — 7(Z)Cw).

Now the lemma follows from the fact thdtw = J,w = Aw — t(Z)Cw. O
PROPOSITION4.7. The canonical automorphy factdrfor G is given by
(416) j((g’ v, t)v (Z’ U))) = (‘Jl((gv U), (Z’ 'LU)), 07 JZ((g7 v, t)’ (Zv w)))

forall (g,v,t) € Gand(z, w) € 7, whereJ, is the canonical automorphy factor for
the groupG and

‘JZ((gv v, t)’ (Zv w)) = t + /3(1), vgz)/z + ﬂ(vv ‘]lw) + ﬂ(p(g)w7 le)/z
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ProOOF. If Cis asin Lemmat.6, then we havév + p(g)w)_- = v_ + Cw. Using
this and the fact that|y, ., = 0, we see that

b =t+ B, p(Qw)/2 - B, p((expz)J)w_)/2
=t+ B, p(Qw)/2— B, v+ p(@Quw — w)/2
=14+ B0, p(Qw)/2 - B(vy + Jyw, v+ p(Qw)/2
=14+ B, p(Qw)/2 — B(vy,v)/2 = vy, p(Qw)/2 — B(Irw, v + Cw)/2
=t+ B, p(Qw)/2 = vy, v)/2— B(vz, p(Qw)/2
- pJiw,v_)/2 - BJ,w, Cw)/2.

Using Lemma4.6, we thus obtain

b =1+, hw)/2 = B(vz,v)/2 = B(Jw,v_)/2 = (I w, Cw)/2
=1+ B, hw) — B(vy,v)/2 - (I w, Cw)/2.

Sincep(g)w = Aw + Cw with Aw € V., we have
B(Jiw, Cw) = B(JLw, p(Qw) = B(hw, p(Qw) = —B(p(Pw, Jw).
Hence the proposition follows using this afitb,, v) = B(vg, v) = —B(v, vg,). O
Now we define the complex valued functigf : Gx%—C by

(4.17) 79, v.1), (z.w)) =e[X((g, v, 1), (z, w))]
= e[t+B(v, v5)/2+ B (v, hw)+B(p(Qw, hw)/2]

forall (g, v,t) € G, wheree[-] = €20,

ProPOsITION4.8. The function # is an automorphy factor, that is, it satisfies the
relation

2 (89.2 = 7,82 _7@,2
forg=(g,v,1),§ = (g.v,t) € Gandz= (z,w) € .

PrROOF. Letd, d € G andz € Z. Since the mapT: (J1,0, J) : Gx 2 — K¢
is an automorphy factor, using the multiplication rufelj in G, we obtain
(31(99', 2), 0, J»(89', 2)) = (A(§,§2),0, 1(8. 2)(A(F, 2,0, 1(7’, 2))
= (J(9,92 (7, 2),0, 328,32 + &7, 2)).

Thus we havel, (7', 2) = J(§, 0'2) + J(§, 2), and hences = e[J,] satisfies the
desired relation. O
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5. Twisted torus bundles and Jacobi forms

In this section, we construct twisted torus bundles over locally symmetric spaces, or
circle bundles over Kuga fiber varieties, associated to generalized Jacobi groups. We
then define Jacobi forms associated to an equivariant pair, which generalize the usue
Jacobi forms (see2fl]), and discuss connections between such generalized Jacobi
forms and twisted torus bundles. Similar Jacobi forms were also consider&d in [
and [L8].

LetG = G x V x R be as in Sectiod. Thus we havés/K = = Z x V,,
and there are embeddings < §, = p, ® V, — G¢/KcP_. On the other hand,
since the elements of expand the elements d?, commute, the exponential map
determines the natural embedding® C = p, ® V, & C — G¢/KP_ thatinduces
the embedding, <> G¢/K¢P_. Thus we obtain a commutative diagram

7 xV, xC ——> G¢/KcP_

| |

@XV+ _— éc/k-/(:ls:

| |

9 —_— G(C/K(CIS:,

where the horizontal arrows are the natural embeddings and the vertical arrows are
the natural projection maps. Now we can define an actioB oh & x V, x C by
requiring that(g, v, t)(z, w, u) = (Z, w’, U) if and only if

(g, v, t) exp(z, w, U) € exp(Z, w', U)K P_.
More specifically, we define the action by
(g, v, t)yexp(z, w, u) = expZ, w’, u)J p_

for all (g, v,t) € G and(z, w,u) € Z x V. x C, whereJ; € K¢ is the canonical
automorphy factor for the group and p_ is an element of_. By considering the
natural projectiorZ x V, x C — % x V., we obtain

(g, v, t)yexp(z, w) = exp(Z, w') exp(u’ — u)J; p_,

which implies thai (g, v, t) exp(z, w))o = exp(u’ —u)J; = (U’ —u, 0, J;). However,
using ¢é.2) and @.16), we see that

((gv v, t) eXp(Z7 w))O = (‘]2’ Ov ‘]1)
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Therefore we obtain’ = u + J,, hence it follows that
(5.2) (9,v,1)(Z, w,U) = (9Z vy, + Jrw, U+ Jp),

L =t+ B, v5)/24+ B(v, w) + B(p(Pw, Jw)/2.

Now we restrict the holomorphic action & on 2 x V, x C to the real analytic
action of G on Z x V, x R. Let the arithmetic subgroup c G and the lattice
L c V, be asin Sectio, and consider the quotiedl =T x L x Z\Z x V, x R
of Z x V, x R by the action of” x L x Z c G given in (.1). We shall identify.7
with the quotient” x L\Z x V., x (R/Z) by using the map

(z,w,u) = (Zz,w,elu]), ZxV,xR—->2ZxV,x(R/2),

where we identifyR /Z with the unit circle{z € C | |z| = 1} in C. Then the action of
I'x LonZ x V. x (R/Z) is given by

(5.2) (r.D@Ezw, 2 =zl + dw, 7y, 1,0, (z w)2)

forall(y,l) e I' x L and(z, w, A) € & x V, x (R/Z), and the natural projection map
2 xV,. x(R/Z) — 2 xV, equipsZ with the structure of a fiber bundig : 7 — Y
over the Kuga fiber variety =T" x L\ % x V. whose fiber is isomorphic to the circle
R/Z. By composing withr : Y — X we can also conside? as a twisted torus
bundle over the arithmetic variety = I'\ Z in the sense ofl[5].

DEFINITION 5.1. A holomorphic functionf : 2 x V, — C is aJacobi form of
weightu and indexv for (T, p, 1) if it satisfies the relation

(5.3) f(yzl,, 4+ J,w) = detC,7(2) + D,)*e[B(.1,,)/2
+ B, Juw) + Bp(y)w, hw)/2] f(z, w)

forall (z,w) € ¥ x V. and(y,|) e T x L with
54 0 =(g &) esav.,
wheree’ [x] = e[v(x)] = e#V®),
Let.Z be the line bundle oY =T x L\Z x V, defined by
L =IxL\ZxV, xC,
where the quotient is taken with respect to the actidn gfL onZ x V, x C given by

(5.5) (r:D(z w,¢) = (yzl,; + J,w,detC,z(2) + D,)¢)
forall (z,w,¢) € ¥ x V, x Cand(y,|) € ' x L with p(g) as in Definition5.1
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THEOREM5.2. The space of Jacobi forms of weightand indexv for (T, p, 7) is
isomorphic to the spacEy(Y, £®* ® 7®") of sections of the bundl&®"* @ 7&
over the Kuga fiber variety =T x L\Z x V,.

ProOOF. From (5.2) and 6.5) it follows that the line bundleZ®* @ 7" can be
regarded as the quotie#t® @ 7 =T x L\Z x V, x C with respect to the action
of ' x LonZ x V, x C given by

(r.D(z w, ) =(rzl,,+ Jyw, det(C,z(2) + D) 7 (v, 1,0), (z, w)"¢).

Lets : Y — L® ® 7% be an element of'o(Y, €% ® Z®"). Then for
(z, w) € Z x V, we haves([(z, w)]) = [(Z, w, {z.u))] fOr someg,.,, € R/Z, where
[(-)] denotes the appropriate coset corresponding to the elemeniVe define the
function fs : Z x V, — C by fs(z, w) = {z., forall (z,w) € Z x V,. For each
(y,) e T x L, using the actions df' x L givenin 6.2 and 6.5, we have

s(l(z, w)) = s((yz |, + Jyw)D
=[(rz 1,2+ Jw, &yl 2.w)]
=[(r.D vz, + Jew, Szl ptdow)]
= [(z,w,detC,t(2) + D,) ™" 7 ((y,1,0), (Z,w) " Eyzt,ot 3,015

whereC, andD,, are as in%.4) and, as in4.17),
(5.6) S r.1,0),(z w)) =e[L(y,],0),(z w)]
=e[B(,1,2)/2+ B, w) + Blp(y)w, hw)/2].
Therefore we obtain
fs(z, w) = det(C,7(2) + D)™ 7 ((y,1,0), (z, w)) ™" fs(yz,|,, + J,w).

Hence f satisfies the transformation formul&.g) for a Jacobi form of weighj
and indexv for (T, p, t). On the other hand, suppose tHat ¥ x V., — Cis a
holomorphic function satisfying the conditiob.f). We define the map; : Y —
L&~ ® y@v by

(5.7) st ([(z, w)]) = [(z, w, f(z,w))]
for (z, w) € Z x V... Then this map is well-defined because, foregch) e " x L,
we have
st ([(y, D(z, w)D
=si(l(rz. 1, + Jw)D) =[(ryz 1, + Jw, f(yzl,, + Jyw))]
=[(yzl,,+ J,w,detC,t(2) + D))" Z ((y,1,0), (z, w))" f(z, w)
= [(y. Dz, w, f(z, w)] =[(z, w, f(z, w))],
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which is equal tes; ([(z, w)]) in (5.7). Thuss; is a section of?®* @ Z®’, and the
proof of the theorem is complete. O

ExamvpPLE 5.3. Let W be a real vector space of dimension- 2 defined overQ,
and letS be a nondegenerate symmetric bilinear form of signatre — 2). Then
it is known (see22)) that the associated spin gro@= Spin(W, S) is a semisimple
Lie group of Hermitian type. Le%* be the even part of the Clifford algeb%
of (W, S), and leta € ¥ be an element witl’ = —a, where: is the canonical
involution of €. Then the bilinear formA on ¢+ with A(x, y) = tr(ax'y) is nonde-
generate and alternating, and for each G the mapx — gx determines an element
of Sp(¢*, A). By identifying Sg% ", A) with Sp(2’, R) we obtain a homomor-
phismp : Spin(W, S) — Sp(2”, R), which induces an equivariant holomorphic map
T 1 9 — Ity of the symmetric domait¥ associated t@ into the Siegel upperhalf
spaces#.. Thus we obtain Jacobi form on the symmetric domain associated to spin
groups of typg2, n), and such Jacobi forms were studied recently in connection with
a number of topics (see for exampld &nd [7]).

6. Fock representations

LetG = G x V x R be as in Sectiod. Then the multiplication operatior (1)
restricted to the subgroufl} x V x R = V x R of G is the usual multiplication
operation on the Heisenberg groupx R. Classically a Fock representation of such
a Heisenberg group is a representation in a Hilbert space of certain functiovs on
associated to a point in the corresponding Siegel upper half space($ee this
section we construct similar representations of such a Heisenberg group in Hilbert
spaces associated to points in the iHigian symmetric domait¥ and prove that such
representations are unitary and irreducible.

Let Z(-,-) be the canonical kernel function for the gro = G x V x R
given in @.5). Thus we have ((z, w), (Z, w") = J((exp(z/ w))7L, (z, w))~t for
(z,w), (Z,w) € =2 x V,. SinceJ = (31,0, J,) € KC, by restrictingk to
P x & we have

k(z,w), (Z,w))
- _ - -1
- (Jl((exp(z/, W)L (2 w) 0, B((exp, w) L (2 w)))
- (Jl((exp(z/, w)) Lz w) ™ 0, — J((expZ. w)) L (z w))) .

Using (@.4), we obtain((exp(z, w’))"* = (expZ,w’,0)~! = ((expZ)~t, —w’, 0),
and hence we see that

J(Exp@, w) Lz w) = I(exp2) L 2) " = «(z 2),
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whereJ andx are the canonical automorphy factor and the canonical kernel function
for the groupG given in (3.1) and 3.3, respectively. Thus we obtain

k((z,w), (Z,w") = (k(z,2),0,k2((z, w), (Z,w"))),

where
(6.1) K2((2, w), (Z, W) = —L((exp(Z, w)) ™, (z, w))
= B, p(k(z, 2)) T (D) /2
+ B, p(ki(z, ) w)
+ BT (@)w, pki(z, 2))  w) /2.
We set
(6.2) Rz, w), (Z,w) = e[kx((z, w), (Z, w))]

for (z, w), (Z,w') € 7

PROPOSITIONG.1. Let ¢ = e[J,] be as in(4.17). Then we have

(6.3) A((Z,w"), (z,w)) = K((Z, w), (Z,w),
(6.4) KGOz w),d(Z,w)) = 2. (z w)KR({(zZ, w),(Z,w")) 7. (Z,w))
for all (z, w), (Z,w') € ¥ and§ € G.

PROOF. Let (z, w), (Z,w') € ¥ and§ € G. Then by Lemmat.1the canonical
kernel function< (-, -) satisfies the relations

R((Z,w), (2, w)) =&((Z, w), (Z,w))*
= (K (Z’ Z/)717 07 _KZ((Zv w)’ (Z/, U)/))) 5
20z w), §(Z, w)) = (G, 2z w)E(z w), (Z,w))I(@, (Z,w))
= (3(9,2), 0, (G, (2, w))) (k(2, 2), 0, k2((2, w), (Z, w)))
x (3(9.2) %0, - 3,@. (Z, w)))

= (k1, 0, k5),

where
k= 3(9, 2k (2,2)3(9. 2) 1,

Ké = JZ(gs (27 U))) + KZ((Zv w)’ (Zli 'LU/)) - JZ(g’ (2/7 'LU/))

In particular, we obtain

KZ((Z/7 'LU/), (Zs w)) = _KZ((Zv w)’ (Z/, 'LU/)),
KZ(g(Z’ w)’ g(Z/7 'LU/)) = JZ(gs (27 U))) + KZ((Zv w)’ (z7 'LU/)) - JZ(g’ (2/7 'LU/))



[21] Theta functions on symmetric domains 221

Thus it follows that

ﬁ((zf’ 'LU/), (Zs w)) = e[_KZ((Zv w)’ (Z/, 'LU/))] = ﬁ((z9 U)), (Z/, U)/)),
ﬁ(g(z, w)’ g(zl7 'LU/)) = e[JZ(g1 (27 U)))]e[Kz((Z, w)’ (Zli w/))]e[_JZ(gs (2/7 'LU/))]
= 7 (G, (z, w)K((z, w), (Z,w")) 7 (G, (Z,w);

hence the proof of the proposition is complete. O

LEMMA 6.2. Let£((z, w), (Z, w')) be aC-valued function o x Z that is holo-
morphic in(z, w) and satisfie$6.3) and(6.4). Then£ is a constant multiple of.

PROOF. Forz = (z,w),Z = (Z,w') € 7 we sety(z,7) = £z, Z)R(z, )L
Then, using §.4), we obtain(§z, §7) = n(z,2) forall § € G. Thus, ifZ 7 is
a base point, then we havgdz,, Z,) = n(2, § %) forall § G. Sincen(z,2) is
holomorphic inz, by (6.3 it is antiholomorphic irz'. Therefore, using the fact théx
acts on transmvely we see that(§Z, Zy) = 1(Z, §12) = n(Z, Z) forall § € G.
Thus, if2,7 € 7 with Z = = §'%, we obtainn(z,Z) = n(§)7'z, 2) = n(Z, Z);
hence it follows thaf(z, Z) = C£(z, Z) with C = n(%, Z). O

Given elementz € ¥ andw, w’ € V., we set
(6.5) f(w, w') = R((z, w), (z, w)).

For eachz € 2 we denote by#, the space of holomorphic functiogison V.. such
that

(6.6) 912 = [ 18R, 0)F dw < .
A
whered,w = det(Im z(z))"*dw. Thus.Z, together with the inner product

(6.7) @) = / ¢ ()T () Row, W)~ dyw
Ve

is a Hilbert space.
Ford = (g,v,t) € G and¢ € #y,, we set

(TG He)(w) = 7 (@, (Z w) o (Pr(((z w)))

forall (z, w) € Z x V,,whereps : Z x V, — V. is the natural projection map onto
V. ; hence we have

pr((§(z, w))) = PL(YZ vy, + IX(0(9), T(2)w)
= v, + I3(p(9). T(D)w.
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LEMMA 6.3. For § = (g,v,t) € G and¢ € Z,,, we haveT9%(§ )¢ € Z, and
TG Holl, = lIplly, forall ze 2.

PROOF. Letze 7, § = (g, v,t) € G andg € Z,. Then we have
TG Dol = / IT9(G 6 ()| &, w, w)dw
Ve
- / | 7@ (2. w) (g + I3p(@). T(D)w)|> Ry, w) .
Ve

However, by Propositiol.1, we have

Rgz(vgz + Jf(p(g), T(2)w, vy + Jf(p(g), 7(2)w)
= 7, (z, w)K,(w,w) 2 (0, (z,w) =172, (z w)) PR, (w, w).
Furthermore, we have
dgz(vg, + Jf(p(g), 7(2)w)

= detim t(92) "d(vy; + I3(p(9), T(2)w)
= [3L(p(9), T(2)* detim 7(2))d(vg, + I3(0(Q), T(2)w),

where J is the restriction of the canonical automorphy factor of\&) given
in (3.5 to V,. However, we have(vg, + J3(0(9), 1(2)w) = [I3(p(9), T(2)]72,
which implies thatly,(vy, + J3(0(9), 7(2))w) = d,w. Hence we have
TG Hel2 = / ¢ (v, + I2(p(9), T(2)w)
Vi
X Rg2vgz + I2(0(9), T(@2)w, vy + I (Q), T(2)w)*
X Oy, (vg, + I3(0(9), T(2)w)

~ / 16 ()P Rgz(w, w)dgew = [[$12,,
A

and therefore the lemma follows. O

By Lemma6.3we see thal %%(§~?) is an isometry of%,, into .Z,, and therefore
it follows that T*(§) is an isometry of%, into .%,,, and for¢ € .Z, we have

(6.8) (T*(@)p)(w) = (T (@) (w) = £ (G, (gZ w) "¢ (Pr,(§ (92 w)))

forallze ¢ andw € V,.

PrROPOSITIONG.4. For § = (g, v, 1), § = (g, v, t) € G and¢ € Zy,, we have
T9%(§) o T(G) = T(§Q) forall z € 2.
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PROOF. Let § = (g, v,1),§ = (g, v,t) € G, (zw) € Z = Z x V, and
¢ € F4. Then from 6.8) we obtain
(THG)p)(w) = F(F (g'z, w) ' (pr,(§ g’z w))).
Applying (6.8 once again, we see that
(T9%(@) o THG) () (w)
= 7@ @9z, w) ™t 2@ (gz pry(d H(ggz, w)))
X ¢ (Pry(@H(9'z, Pro(d(9g'z, w))))).
On the other hand, we have
(T(G8) () (w) = £ (GF) ", (99z, w)) e (pr,((§F) (gg'z, w)))
= 7@ §'99z w) 7§ (997 w))
x ¢ (pr((G4) 1 (9g'z, w))).
Since we have
07199z w) = (97799'z, pry(d-(9g'z, w))) = (9'z. pr,(§-(9g'z, w))).
pry(§ 1 (g'z, pr, (4199, w)))) = prL((§ g (9gz w))
= pr,((§9) 99’z w)),

it follows that(T9%(§) o T%(§) (¢))(w) = (T*(§F)(¢))(w), and therefore the propo-
sition follows. O

Now we consider the subgrodp} x V, x R of G. We shall identify this subgroup
with V =V, x R. ThenV isin facta Helsenberg group because the restriction of the
multiplication operation or6 given by @.1) to V glves us the usual multiplication
operation on a Heisenberg group. Ror= (u,t) € VcGandw e V, we set
Ow = pr,((G(z, w)). Then, using4.13, we obtain

(6.9) Ow = prL(((1, u, ) (z, w)) = Uy, + Jf(,o(l), (2w =u, + w.
Thus forg = G the formula 6.8) reduces to

(6.10) (T*A HP)(w) = 7 (0, (z, w) ¢ (Gw)

forg € Z,,z<c Z andw € V,, andT?(0 1) is an isometry ofZ, into itself.

LEMMA 6.5. For fixedz € & the functionf, (w, w’) is holomorphic inw, and we
have
(611) ﬁz(w/’ U)) = ﬁz(wv w/)9
(6.12) K(Ow, Gw') = _Z (0, (2, w) K, (w, w') _Z (0, (z, w"))

forall w,w’ € V, andl € V.
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PrOOF. Using (6.1), (6.2 and 6.5), we have
R (w, w') = K((z, w), (z,w") = elk((z, w), (z, w))].
forw, w’ € V., where

K((Z, w), (Z,w) = BV, plka(z, 2)) *T(@w') /2 + BV, pa(z, 2)) " w)
+ B @w, pki(z, 2) " w) /2.

Thusk, is holomorphic inw, and thereforer,(w, w’) is holomorphic inw. Now
(6.1 and (.12 follows from the corresponding relations in Propositii. O

LEMMA 6.6. Let W (w, w’) is a function onV, x V. that is holomorphic inw
satisfying the conditions

(6.13) Y(w', w) =¥(w,w),
(6.14) W (lw, Gw') = J @, (z, w)¥(w, w/)/(ﬁ, (Zz, w"))

for all w, w’ € V, andii € V. ThenV is a constant multiple of,.

ProoE This follows from Lemméas.2 O

For fixedz € 2 the mapgy — ¢ (w), #, — Cis a continuous linear functional
on Z,, and therefore there exists an elemg&nt .#, such that

(6.15) ¢ (w) = / EZ e ()&, (', w)
V.

forall ¢ € Z,.
LEMMA 6.7. Givenz € &, there is a nonzero consta@tsuch that
£2(w') = CR(w, w')
forall w, w' € V.
PROOF. Forz e  andw, w’ € V, we have
Eo(w) = /V EZWEL (VK (v, v) o,

which implies that

& (w) = / E2(V)EL (V) Ky (v, V) Tdw = E2(W).
A
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Letd = (u,t) € V c G and¢ € .%,, so that we have

(THA HY)(w) = 7 (0, (z, w)) ¢ (Ow).
Then we see that

/ £z2(v) 7 (0, (z,v)) ' (U)K, (v, v) *dyo
A
=/ EZ(v)(THU HP) (V)R (v, v) M
A
— 7@ @ w) / E 006 (1) R (v, v)

= 70, (z,w)" / £2 ()¢ (Gv) Ky (T, Gv)~Ad,w.
Thus we have
S (0, (2, 0)) EE )R, (v, v)
= 7 (@, (z, w) &, (Gv) K, (Tv, ) ~*
=/ (0, (z. w)) &L, (@) £ (0, (2,0)) " 7 (0, (z,v) Ko (v, 0) 7
for v € V.. Hence, replacing with w’, we see that
&2, (') = 7 (0. (z. w)E W) 7 (@, (z. w).

Now the lemma follows by applying Lemnta6to the function(w, w’) — £Z(w’).
Il

Given an elemeni of the Heisenberg groug = V x R, by (6.10 we obtain the
isometryT?#(v) of .%, into itself given by

(6.16) (T*@)p)(w) = 7 (@ (2, w) o0 w)

for all w € V,. We now consider an operator ¢#, associated to a function On.
Let Z (V) be the space df-valued continuous functions dhwith compact support.
For F € £ (V), we denote byl *(F) the operator o, defined by

TR = [ FOT@0ds
\%
forall ¢ € Z,.
LEMMA 6.8. For F € .Z(V) and¢ € .Z, we have

(T*(F)¢)(w) =/ ko (w, w)p (W) KR, (w', ) dw',
A

wherek,(w, w') = C [5 F(0)_# (G, (z, w)) 'K (w, Gw') dd for all w, w' € V..
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PrOOF. Using (6.15 and Lemm&5.7, we have
(T*(F)¢)(w) =/V Fo(w, w)(THF)$) (W) K (w', w') ™t dyuw’
for F € Z(V), w € V, and some constafit. On the other hand, far € V we have
(TH(WP) (w) = C/V Fo(w, v)(TH0)P) (1)K, (v, v) " dyv
= C/V Ky (w,v) F (O (z,0) (0 )R, (v, v) Hdo
—c / Ralw, ') 7 (07, 6z, )b (') By (G, ')~
Thus, using the relations

K0, 0w )t = _Z(0, (z, w)) K (w', Gw) ™t _Z (@, (z,w)) ™,
@ azw)) 7@, (z,w)) = #0710, (zw)) =1,

we obtain
(T o) (w) =/ £y (w, Gw') 7 (G, (z, w)) K, w', w) o (w') dw'.
A

Hence we see that

(T*(F)¢)(w) =/ (
v,
x ¢ (W) R, (w', w) tdw,

/~ F@@)_7 @, (z, w)) 'K (w, Gw') dl])

\%

and therefore the lemma follows. O

THEOREM6.9. Letz be an element of the Hermitian symmetric dom@&iand let
V c G be the Heisenberg group associated to the real vector sgatescribed above.
Then the map — TZ*(v) given by(6.16) is an irreducible unitary representation of
V on the spaceZ,.

PrOOF. By Propositior6.4, for v = (v,t), v/ = (v/,t") € V, we have
T?(0) o T*@) =T*(7)

for all z € D. Furthermore, using Lemm&a3, we see thaf T*(0)¢ll, = |¢]l, for
allze 2,7 € V and¢ € .%,. Therefore the map — T?(?) determines a unitary
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representation o on the spaceZ,. It remains to show thak? is irreducible. Using
Lemma6.8, we see that the image o, underT? is dense in the ring of Hilbert-
Schmidt operators on the spag€?(V,) of square-integrable functions an with
respect to the measure

du = K,(w, w) tdw = K, (w, w) "t detIm 7(2)) *dw

for w € V,. This implies that the centralizer in AuZ?(V,)) of the image group of
V underTZ is the setC} of complex numbers of modulus 1. Indeed, each element
A of the centralizer commutes with evefy(Q) for 0 € V, and therefore with every
T2(¢) for ¢ € #,. By continuity A commutes with every element of the Hilbert
space of Hilbert-Schmidt operators &fi*(V,). Lety, ¥, € Z(V,), and letE be
the Hilbert-Schmidt operator with kernk{w, w') = ¥ (w)y¥,(w’). Then we have
Ery = AEyY forall ¢ € L2(V,), which implies(y, o)Ay = (A, ¥2) ¢y, Since
¥, W1, Y, are arbitrary, it follows that is a scalar; therefore the unitarity bfshows
the claim that. € C;'. Now let.Z} be aV invariant subspace of, underTZ. Since
T?is unitary, there is an invariant subspa@é such that#?, = Zl @ Z1. If Ais
the scalr multiplication by.; € C; on.Z} andx, € C; on.Z2 with 1, # t,, thenA
belongs to the centralizer of the image group/afinderT2. Hence we haveZ? = 0,
and therefoil ? is irreducible. O

ReMARK 6.10. If the Hermitian symmetric domain is the Siegel upper half space
7, and if p andt are identity maps, the representatidh given in Theorent.9
reduces to the usual Fock representation of the Heisenberg Yrdapcribed in21].

7. Theta functions

Let (p, 7) is the equivariant pair consisting of the homomorphism G —

Sp(V, B) and the holomophic map : ¥ — J#, used for the construction of Kuga
fiber varieties in Sectio. In this section we consider generalized theta functions
on the Hermitian symmetric domai# which should reduce to usual theta functions

on the Siegel upper half spacé, whenp andt are identity maps. We obtain a
transformation formula for such a theta function, and show that certain types of such
theta functions genenate some eigenspaces associated to the Fock representatic
described in Sectiof.

We shall use the same notations as in the previous sections.VTisusreal vector
space of dimensionr2whose complexification is of the forvi: = V. + V_, and the
underlying real vector space of each\df andV._ is isomorphic to the real vector
spaceV. Then there ar@-dimensional subspacé4g andV, of V and an element
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a € Sp(V, B)c such thaty = V; & V,, a(Vy) = V, anda(V,) = V_. LetlLy be a
lattice inV with L = a(Ly) C V¢ such that

(7.1) BlL,L)cZ L=LNV.,+LNV.

WesetL, =LNV,,L_=LNV_andVy, = a(V) C V¢. Thus eachelement € V,
can be written in the forrm = m, +m_ € Vpywithm, = V,NV, andm_ = V,NV_.

DerINITION 7.1. Thetheta functiomassociated ton € V, and the equivariant pair
(p, ©) is the functiorp,, : Z x V, — C given by

(7.2) nzow) =) elpl+m t@(-+m))/2+p( +m w+m,)]

l_elL_

forall (z, w) € ¥ x V4.

ExamPLE 7.2. Let Sbe anr x r real symmetric positive definite matrix, and let
T — i, be the Eichler embedding (see for examileSection 11.4]) given by
1(Z2) = S® Z for all Z € 7%, wheres# is regarded as the set bfx k complex
symmetric matrices with positive definite imaginary part. leet Spk, R) —
Sp(kr, R) be the homomorphism given by

A B E®A S®B A B
p(c D>_<sl®c E®D>’ (C D)ESp(k’[R)’
whereE is ther x r identity matrix. Thern(p, t) is an equivariant pair, and therefore
(7.2) determines the associated theta functiominx C*'.

EXAMPLE 7.3. Let 2#* be the product ok copies of the Poincar(pper half plane
2. We define the holomorphic mag : #" — J# and the homomorphism
po : Sp(L, R)* — Spk, R) as follows. Letg = (g,..., g« be an element of
S, R)*withg = (2 §) e Sp(L. R) forl <i <k, andlez = (z,... ,z) € s~
Then we set

%(2) = 7, mm=@ &)

C*

wherez* = diag(z, ... , Z) is thek x k diagonal matrix and* = diag(ay, ... , &),
etc. LetZ be an element of S, R)¥, and set

1(2) = En(2), p(9) = Epo(@E™

forz e 2% andg e Sp(k, R)k. Then(p, T) is an equivariant pair, and () determines
the associated theta function g#f*. Such a function can be shown to be a Hilbert
modular form under certain conditions if the resultshi$ used.
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LEMMA 7.4. Letr =r_ +r_be an elementdf withr, € L, andr_ € L_. Then
we have

On(Zw + 1y + 1) = e[, T(Dr_)/2— B, w +M)bsr (2, W)
forall (z, w) € ¥ x V,.
PrROOF. Given(z, w) € ¥ x V., we have

Bl +m_ @ (- +m))/2+ B0 +m_ w+r, +T(@r_+m,)
=B0_+m_+r_,t@(_+m_+r_))/2
—pr_,t@(-+m))/2-Br_,t(r)/2—pl_+m_,t()r_)/2
+B0_4+m_+r_,w4ro+my)+ B0 +m_, t(29ro)
—BUr_,w+ry+mg).

Since the matrix representationofz) : Vc — V¢ is of the form( %) relative to the
decompositioe = V, @ V_, we haver(2)~! = —'1(2) = —7(2); hence we obtain

Bl_+m_,t@r ) =@ 1 +m),r)=—p@(0 +m),r.).
Thus we see that

Bl_+m_ 1@ (- +m))/2+ Bl +m_,w+r r(Dr_+m,)
=Bl 4+m_+r_t@0_+m_+r_)/2+B0_+m_+r_,w+r,+m)
—pU_,t@r_)/2—BC_,w+r,+m,),

and therefore the lemma follows. O

Given anelemert=1,+1_e L withl_ e L, andl_ € L_, we set
(7.3) Um() =e[Bd,1)/24+ Bd-,my) + p(m_, 1)].
Thenvy, is a quasi-character &f in the sense that the map
L= ymDelBd,,1-)/2]
is a characterob. We also set, =1, — t(2)l_ € V. forze Z as in Sectior?.

THEOREM7.5. Let ¢ G x 7 — Chethe automorphy factor given i§4.17).
Then the theta functiofy, satisfies the relation

(7.4) Om(z, w +15) = ¥m(1) £ (1,1, 0), (Z, w))bn (Z, w)

for all (z, w) e@:@xhandl eL CV.
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PrROOF. Applying Lemmar.4for (z, w) € ¥ x V,andr =1, —|_withr, =1, €
L, andr_ = —-l_€L_,we have

Oz, w +1,) = e[—B(_, @1 )/2+ B, w + M)y (2, w).

However, form+r = (m, +1,) + (m_ —[_), we have
Onir(Zw) = Y e[k +m_—1_ (@)K +m_—1.))/2
k_elL_
+Bk. +m_—l_,w+mg+1,)]
= Y elfk +m_, t(D(k +m.))/2
k_elL_

+ Bk +m_,w+m, +1,)]
— Z e[k +m_,t(2)(k_ +m.))/2

k_elL_
+ ﬂ(K +mo, w+ m+) +ﬂ(K7 I+) + ﬂ(m77 I+)]
= e[ﬂ(m77 I+)]9m(zs w)?

where we used the conditigg(L, L) C Z. Thus we obtain
Om(z, w +1) =e[-B(_,t(@!)/2+ B, w+my) + B(M_,1,)]0n(zZ, ).
Sinceg =0onV, x V, andV_ x V_, we have
F((L1,0),(z,w)) =elpd,1,)/2+ B, w)] =e[pd_,1)/2+ B, w)]
=e[pl_.1)/2— B0,z )/2+ B(_, w)].
Hence we see that
w(l)/((l’ Iv O)v (Z» w)) = e[_IB(Ifi T(Z)I,)/Z‘f’ /3(',, U))
+ﬂ(|77m+)+ﬂ(m77l+)],

and therefore the proof of the theorem is complete. O

REMARK 7.6. If we setl = (1,1,0) € G andz = (z, w) € Z, then (7.4 can be
written in the form

Om(U2) = 7, (T, 2)6m(2),
where 7, : (' x L x {0}) x (Z x V,) — Cis the automorphy factor given by

/1/[(()/’ I? O)v (29 U))) = ‘//(I)/((V’ I’ O)’ (Zv w))
forally eT',l e L and(z, w) € ¥ x V..
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Given an elemenz € 2 and a quasi-charactgr of L, we denote byv; the
complex vector space consisting of all functiohs V, — C satisfying the relation
T2((L,1,0)f =w()tf foralll e L.

PROPOSITION7.7. Letz € &, and let f be an element o¥/7 for some quasi-
charactery of L. ThenT/ , f is an element of/;* forall y € G.

PrOOF. Letl e L,y € Gandz € . Then we have
(L, 1,00(y,0,0) = (¥,0,0)(1,1,0) = (¥, 71,00 e G = G x Vo x R.
Hence, using Propositiof.4, we obtain
T7((y,0,0)) o T*((1,1,0)) = T*((y,0,0)) o T*((1,1, 0)).
Thus for f € V7, we have
T7((y, 0,0)(T*((L,1,0) f) = T*((y, 0, O)(T*((L. 1, 00) f)
=y () (T*(y,0,0) ),
and therefore we see that((1,1,0) f € V,,fz. O
Givenz € Z andm € V, we define the functiof?, : V, — C by
O (W) = On(Z, w)

forallw € V..

PROPOSITION7.8. Letz € 2, and sefl = (1,1,0) € G for| € L. LetT#() be
the associated operator off, given by(6.16), and lety, be the quasi-character
associated tan € Vg in (7.3). Then the functiod, is an element o¥/; .

PROOF. Givenze %, me V,,1 = (1,1,0) € G andw € V¢, we have
(T DG @) = 7 T2z w) oz w)),).
However, we have
Mz w =L 1,0z w =z w-);
hence we obtaid —1(z, w)),, = w — |,. Thus we see that
(T D)) = 7T 2 w) 5w —1,)

= 707 (2 w) W=D 72 T, (2, w))6F (w)
= Ym(—=D)OZ (W) = Y1) 6% (w).

Thus the proposition follows. O
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LetL? be the dual lattice of , relative tog, that is,
Ly ={veVolB(Ly,v) C T}

Then by (.1), we haveL_ C L*. Now we state the main theorem in this section
which extends a result of Satak&l] Section 3] to the case of Hermitian symmetric
domains.

THEOREM 7.9. Let Q2 be the complete set of representatitesmoduloL_. Then,
forz e  andm € V,, the set{6;,, | r € Q} forms a basis of the complex vector
spaceV,; .

PrROOF. Since the setp?, | r € Q} is obviously linearly independent ovér, it

m+r

suffices to show that it spans the complex vector spgce Letz € 7, w € \V, and
m=m, + m_withm, € V, andm_ € V_. Thenforl, € L, we have

/((l?|+70)’(27 w)) :1’ 1//(|+):e[ﬂ(m,,|+)]
Thus, forf € V?

7 o therelationTy, o f = ¥n(l,) ' f (w) reduces to
fw—1.) =e[-Bm_, 1)]f(w).

Hence the functiorfo(w) = f(w)e[—B(Mm_, w)] satisfies the relation

fo(w 1) = f(w —lpe[-pm_, w) + p(m_,1,)]
= fwye[-p(m_, 1 )le[-B(Mm_, w)le[f(m_,1,)] = fe(w).

Therefore we obtain a Fourier expansionfefw) of the form

fe(w) = f(wye[-pm_, w)] = Z a(re[pr, wl,

i
rel?

which implies thatf (w) = Zreu; a(rye[B(r + m_,w)]. On the other hand, for
I_ eL_,wehave

flw—1@l) =e[-B(_,1(DI-)/2+ B(_, w) + B, m)] f (w).

By comparing the coefficients @[S (r + m_, w)] in the Fourier series of both sides
of the above equation, we see that

ame[pr+m_,t@l)]=ar —1)e[-Bl_,t (2l )/2+ Bl_, m,)];
hence we have

arr =) =ame[pr +m_,t(2l) + -, 7(2I)/2 - Bd_, m.)]
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for eachr € L*. Using this relation, we obtain

fw) =) > ar —1)elfr +m —1_ w)]

reQl_el_

=) D amelr +m. t@l) +p(_.t(2)]-)/2
reQl_el_
— Bl my) + T +m 1, w)].

However, we have

Bt +m_, t(2)l_) + B(_,t(2)_)/2
=80 +m_,t@l)/2+B(0_,t(@r +m))/2+ B(_,t(2)l_)/2
=BT+ M., t@I)/2+ B, T@D +m_+1.))/2
=BT+ M+l t@ +m +1.))/2— BT +m_, 1@ +m.))/2,
—pl_,my) +Br +m_,w) =0 +m —l_,w+m)+pr+m.,m,).

Thus we see that

fw) =) amelfr +m —l. 1@ +m))/2 - +m..m,)]

reQ

X Z e[Br+m_+l_,t@r +m_+I_))/24+ B +m_—Il_, w+m,)]

l_eL_

= cr, 267, (w),

reQ

wherec(r, z2) = a(r)e[8(r + m_, 7(2)(r + m_))/2 — B(r + m_, m,)] is a constant
independent ofv; hence the theorem follows. O
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