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Abstract

One way of realizing representations of the Heisenberg group is by using Fock representations, whose
representation spaces are Hilbert spaces of functions on complex vector space with inner products
associated to points on a Siegel upper half space. We generalize such Fock representations using inner
products associated to points on a Hermitian symmetric domain that is mapped into a Siegel upper half
space by an equivariant holomorphic map. The representations of the Heisenberg group are then given
by an automorphy factor associated to a Kuga fiber variety. We introduce theta functions associated to
an equivariant holomorphic map and study connections between such generalized theta functions and
Fock representations described above. Furthermore, we discuss Jacobi forms on Hermitian symmetric
domains in connection with twisted torus bundles over symmetric spaces.

2000Mathematics subject classification: primary 22E45, 11F55, 11F27; secondary 14K10, 14K25.

1. Introduction

LetHn be the Siegel upper half space of degreen consisting of complex symmetric
n ×n matrices with positive imaginary part. Then the symplectic group Sp.n;R/ acts
onHn, and the quotient0′\Hn ofHn by an arithmetic subgroup0′ of Sp.n;R/ can be
regarded as the moduli space for a certain family of polarized abelian varieties, known
as a universal family (see for example [5, 10, 13]). Such a family of abelian varieties
can be considered as a fiber variety over the Siegel modular varietyX′ = 0′\Hn,
and the geometry of a Siegel modular variety and the associated universal family of
abelian varieties are closely connected with various topics in number theory including
the theory of Siegel modular forms, theta functions and Jacobi forms.
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Let G = G.R/ be a semisimple Lie group of Hermitian type that can be realized
as the set of real points of a linear algebraic groupG defined overQ. Thus the
quotientD = G=K of G by a maximal compact subgroupK has the structure of
a Hermitian symmetric domain. Let− : D → Hn be a holomorphic map, and let
² : G → Sp.n;R/ be a homomorphism ofG into a real symplectic group of degree
n such that−.gz/ = ².g/−.z/ for all z ∈ D and g ∈ G. Let 0 be an arithmetic
subgroup ofG such that².0/ ⊂ 0′, and letX = 0\D be the associated arithmetic
variety. Then− induces a morphism−X : X → X′ of arithmetic varieties, and by
pulling back the fiber variety overX′ via −X we obtain a fiber variety overX whose
fibers are again polarized abelian varieties (see Section2 for details). Such fiber
varieties over an arithmetic variety are called Kuga fiber varieties (see [12, 22]), and
various geometric and arithmetic aspects of Kuga fiber varieties have been investigated
in numerous papers (see for example [1, 2, 8, 14, 16]). Various objects connected
with Siegel modular varieties and the associated universal families of abelian varieties
can be generalized to the corresponding objects connected with more general locally
symmetric varieties and the associated Kuga fiber varieties.

One of the important nilpotent Lie groups is the Heisenberg group whose irre-
ducible representations were classified by Stone and von Neumann (see for example
[11, 19, 23]). One way of realizing representationsof the Heisenberg group is by using
Fock representations, whose representation spaces are Hilbert spaces of functions on
complex vector spaces with inner products associated to points on a Siegel upper half
space (see [21]). In this paper, we generalize such Fock representations using inner
products associated to points on a Hermitian symmetric domain that is mapped into a
Siegel upper half space by an equivariant holomorphic map. The representations of
the Heisenberg group are then given by an automorphy factor associated to a Kuga
fiber variety. We introduce theta functions associated to an equivariant holomorphic
map and study connections between such generalized theta functions and Fock rep-
resentations described above. Furthermore, we discuss Jacobi forms on Hermitian
symmetric domains in connection with twisted torus bundles over locally symmetric
spaces (see [15]).

This paper is organized as follows. In Section2, we describe the construction of
Kuga fiber varieties over an arithmetic variety. In Section3 we review the notion of
canonical automorphy factors for groups of Hermitian type, and automorphy factors
associated to products of semisimple groups and Heisenberg groups are discussed in
Section4. In Section5, we construct twisted torus bundles over arithmetic varieties
which are circle bundles over Kuga fiber varieties. We then study their connections
with Jacobi forms on Hermitian symmetric domains. Section6 is devoted to the
discussion of Fock representations of Heisenberg groups on the spaceFz of certain
functions on vector spaces associated to eachz ∈ D . We prove that such repre-
sentations are unitary and irreducible. In Section7 we introduce theta functions on
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Hermitian symmetric domains and prove that certain types of such theta functions
generate the eigenspace of the Fock representation associated to a quasi-character.

2. Kuga fiber varieties

In this section we review the construction of Kuga fiber varieties associated to
equivariant holomorphic maps of symmetric domains. They are fiber bundles over
locally symmetric spaces whose fibers are polarized abelian varieties. More details
can be found in [12] and [22].

Let G be a Zariski-connected semisimple real algebraic group of Hermitian type
defined overQ. ThusG is the set of real pointsG.R/ of a semisimple algebraic
group defined overQ, and the associated Riemannian symmetric spaceD = G=K ,
whereK is a maximal compact subgroup, has aG-invariant complex structure. Such
a space can be identified with a bounded symmetric domain inCk for somek, and
is called a Hermitian symmetric domain. LetG′ be another group of the same type,
and letD ′ be the associated Hermitian symmetric domain. A pair.²; −/ consisting
of a homomorphism² : G → G′ and a holomorphic map− : D → D ′ is said to be
equivariantif −.gz/ = ².g/−.z/ for all g ∈ G andz ∈ D .

Let V be a real vector space of dimension 2n defined overQ, and letþ be a
nondegenerate alternating bilinear form onV defined overQ. Then the symplectic
group

Sp.V; þ/ = {g ∈ GL.V/ | þ.gv; gv′/ = þ.v; v′/ for all v; v′ ∈ V}

is of Hermitian type, and the associated Hermitian symmetric domain can be identified
with the setH = H .V; þ/ of all complex structuresI on V such that the bilinear
form V × V → R, .v; v′/ 7→ þ.v; I v′/ is symmetric and positive definite. The
action of Sp.V; þ/ onH is given by the mapG ×H → H , .g; I / 7→ gIg−1.
Let {e1; : : : ;e2n} be a symplectic basis of.V; þ/, that is, a basis ofV satisfying the
condition

þ.ei ;ej / =




1 if i = j + n;

−1 if i = j − n;

0 otherwise

for 1 ≤ i; j ≤ 2n. Then Sp.V; þ/ can be identified with the real symplectic group
Sp.n;R/ of degreen, andH can be identified with the Siegel upper half space

Hn = {Z ∈ Mn.C/ | t Z = Z; Im Z � 0}
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of degreen on which Sp.n;R/ acts as usual by

g.Z/ = .AZ + B/.C Z + D/−1 for g =
(

A B
C D

)
∈ Sp.n;R/

andZ ∈Hn.
We now consider an equivariant pair.²; −/ for the special case ofG′ = Sp.V; þ/.

Thus the homomorphism² : G → Sp.V; þ/ and the holomorphic map− : D →Hn

satisfies the condition−.gz/ = ².g/−.z/ for all g ∈ G andz ∈ D . Let0 be a torsion-
free arithmetic subgroup ofG, and letL be a lattice inV with VQ = L ⊗Z Q such
thatþ.L ; L/ ⊂ Z and².0/L ⊂ L. RegardingHn as the set of complex structures
on V , each elementz ∈ D determines a complex vector space.V; I−.z//, whereI−.z/
is the complex structure onV corresponding to−.z/ ∈Hn. Let z0 be a fixed element
of D , and letI0 be the complex structure onV corresponding to the element−.z0/ of
Hn. Let VC = V ⊗R C be the complexification ofV, and denote byV+ andV− the
subspaces ofVC defined byV± = {v ∈ VC | I0v = ±i v}, so that we have

VC = V+ ⊕ V−; V+ = V−:

Then each elementv in .V; I−.z// determines an element

¾.z; v/ = vz = v+ − −.z/v− = v+ − I−.z/v−(2.1)

of the subspaceV+ of VC, where the elementsv± denote theV±-components of
v ∈ V ⊂ VC = V+ ⊕ V−. We set

W =
∐
z∈D
.V; I−.z//;

the disjoint union of the vector spaces.V; I−.z// with complex structureI−.z/ for the
elementsz ∈ D . Then the map

W → D × V+; .z; v/ 7→ .z; ¾.z; v//(2.2)

determines a bijectionW ∼= D×V+ and aC-linear isomorphism.V; I−.z// ∼= {z}×V+.
Thus the natural projection mapW → D has the structure of a holomorphic vector
bundle with fiberV+.

Let Gn² V be the semidirect product ofG andV with respect to the action ofG on
V via ². ThusGn² V consists of the elements.g; v/ ∈ G × V and its multiplication
operation is given by.g; v/.g′; v′/ = .gg′; ².g/v′ + v/ for g; g′ ∈ G andv; v′ ∈ V .
ThenGn² V acts onW by

.g; v/.z;w/ = .gz; ².g/w + ².g/v/(2.3)

for .g; v/ ∈ Gn² V, z ∈ D andw ∈ .V; I−.z//.
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REMARK 2.1. Let g be a fixed element ofG. Then we have

I−.gz/ = I².g/−.z/ = ².g/I−.z/².g/
−1

for all z ∈ D . Consider the map�g : V → V defined by�g.v/ = ².g/v for all
v ∈ V . Then�g is anR-linear isomorphism ofV such thatI−.gz/ ◦ �g = �g ◦ I−.z/
for all z ∈ D , that is,�g is an isomorphism between the vector spaces with complex
structure.V; I−.z// and.V; I−.gz//. Indeed, we have

.I−.gz/ ◦ �g/.v/ = ².g/I−.z/².g/
−1².g/v = ².g/I−.z/v = .�g ◦ I−.z//.v/

for all z ∈ D andv ∈ V . Thus².g/v in (2.3) is simply the element of.V; I−.gz//

corresponding to the elementv in .V; I−.z//.

Using the isomorphism betweenW andD × V+ given in (2.2), wee see that, if
w = ¾.z;u/ with u ∈ .V; I−.z//, Gn² V acts onD × V+ by

.g; v/.z;w/ = .gz; ¾.gz; ².g/u/+ ¾.gz; ².g/v//

= .gz; ¾.gz; ².g/u/+ .².g/v/gz/

for .g; v/ ∈ G n² V and.z;w/ ∈ D × V+. Since².g/v is the element of.V; I−.gz//

corresponding tov ∈ .V; I−.z// as was mentioned in Remark2.1, we shall simply write
vgz for .².g/v/gz. Thus we have

.g; v/.z;w/ = .gz; ¾.gz; ².g/u/+ vgz/(2.4)

for all .g; v/ ∈ Gn² V and.z;w/ ∈ D × V+, whereu is an element of.V; I−.z// such
thatw = ¾.z;u/.

Let the arithmetic subgroup0 ⊂ G and the latticeL ⊂ V be as before. Then, since
².0/L ⊂ L, the action ofG n² V on W induces an action of the discrete subgroup
0 n² L of Gn² V on W. Since0 is assumed to be torsion-free, the quotient spaces
X = 0\D andY = 0 n² L\W are complex manifolds. The natural projection map
W → D determines the structure of a fiber bundle on the induced projection map
³ : Y → X whose fiber over0z ∈ X with z ∈ D is the quotient.V; I−.z//=L of
the complex vector space.V; I−.z// by the latticeL. The complex torus.V; I−.z//=L
is in fact an abelian variety because the alternating bilinear formþ can be used as a
Riemann form. Thus we obtain a fiber bundle³ : Y → X whose fibers are abelian
varieties of the form.V; I−.z//=L. The total spaceY of such a fiber bundle is called a
Kuga fiber variety.
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3. Canonical automorphy factors

In this section we review the notion of canonicalautomorphy factors for semisimple
Lie groups of Hermitian type and describe some of their properties (see [20, 22]). Let
G = G.R/ be a semisimple real algebraic group of Hermitian type as in Section2,
and letK be a maximal compact subgroup ofG. Then the Riemannian symmetric
spaceD = G=K has aG-invariant complex structureI which determines a complex
structure on the tangent spaceTz.D/ for eachz ∈ D . Let k be the Lie algebra ofK ,
and letg = k+ p be the corresponding Cartan decomposition ofg. Let z0 ∈ D be the
fixed point ofK , and letI0 be the complex structure onTz0.D/ = p. We set

p± = {X ∈ pC | I0.X/ = ±i X};
and denote byP+, P− theC-subgroups ofGC corresponding top+, p−, respectively.
Then we have

P+ ∩ KCP− = {1}; G ⊂ P+KCP−; G ∩ KCP− = K

(see for example [22, Lemma II.4.2], [20]). If g ∈ P+KCP− ⊂ GC, we denote by
.g/+ ∈ P+, .g/0 ∈ KC and.g/− ∈ P− the components ofg such that

g = .g/+.g/0.g/−:

We denote by.GC × p+/∗ the subset ofGC × p+ consisting of elements.g; z/ such
that g expz ∈ P+KCP−. Then thecanonical automorphy factoris the mapJ :
.GC × p+/∗ → KC defined by

J.g; z/ = .g expz/0(3.1)

for .g; z/ ∈ .GC ×p+/∗. If .g; z/ ∈ .GC ×p+/∗, we also define the elementg.z/ ∈ p+
by

expg.z/ = .g expz/+:(3.2)

Furthermore, forz; z′ ∈ p+ with .expz̄′/−1 expz ∈ P+KCP−, we set

�.z; z′/ = J..expz̄′/−1; z/−1 = ...expz̄′/−1 expz/0/
−1 ∈ KC:(3.3)

Thus we obtain aKC-valued function�.·; ·/ defined on an open subset ofp+ × p+
called thecanonical kernel functionfor G, and it satisfies the relations

�.z′; z/ = �.z; z′/−1; �.z0; z/ = �.z; z0/ = 1;

�.g.z/; ḡ.z′// = J.g; z/�.z; z′/J.ḡ;w/−1
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for z; z′ ∈ p+ andg ∈ GC for which �.z; z′/ and�.g.z/; ḡ.z′// are defined (see for
example [22, Section II.5]).

Let .V; þ/ be the real symplectic space of dimension 2n defined overQ as is
described in Section2. We extendþ to a bilinear form onVC and denote byþI0 :
VC × VC → C the bilinear map defined byþI0.v; v

′/ = þ.v; I0v
′/ for all v; v′ ∈ VC.

Then we haveþI0 = iþ onV+ ×V+ andþI0 = −iþ onV− ×V−. Thus each ofþI0|V+×V+
andþI0|V−×V− is both symmetric and alternating; hence we have

þI0|V+×V+ = 0; þ I0|V−×V− = 0:

On the other hand, sinceI0 ∈ Hn, from the definition ofH it follows that both
þI0|V+×V− andþI0|V−×V+ are positive definite. Therefore we can identifyV− with the
dualV ∗

+ of V+. Now we define a Hermitian form̃þ : VC × VC → C on VC by

þ̃.v; v′/ = iþ.v̄; v′/

for all v; v′ ∈ VC. Thenþ̃ is positive definite onV+ ×V+, negative definite onV−×V−,
and is zero onV+ × V− andV− × V+.

Let {u1; : : : ;un} be an orthonormal basis ofV+ with respect to the restriction of
the positive definite formþ̃ to V+ × V+, and define the elementsun+1; : : : ;u2n by
uj +n = ū j for 1 ≤ j ≤ n. Then we have

iþ.un+ j ;u j / = iþ.ū j ;u j / = þ̃.uj ;u j / = 1;

iþ.uk;un+k/ = iþ.uk; ūk/ = −iþ.ūk;uk/ = −þ̃.uk;uk/ = 1

for 1 ≤ j; k ≤ n. On the other hand, using Lemma 1.1(iii), we obtain

iþ.uj ;uk/ = þ̃.ū j ;uk/ = 0;

iþ.un+ j ;un+k/ = iþ.ū j ; ūk/ = þ̃.uj ; ūk/ = 0

for 1 ≤ j; k ≤ n. Thus{u1; : : : ;u2n} is a symplectic basis for.VC; iþ/, and we have
Sp.VC; iþ/ = Sp.VC; þ/.

Now we discuss the canonical automorphy factor forG = Sp.V; þ/. We shall
regard the elements ofG and the elements of its Lie algebra as matrices using the
basis{u1; : : : ;u2n} of VC described above. Thus, for example,p+ and P+ can be
written in the form

p+ =
{(

0 Z
0 0

) ∣∣∣∣ Z ∈ Sn.C/

}
; P+ = expp+ =

{(
1 Z
0 1

) ∣∣∣∣ Z ∈ Sn.C/

}
;

whereSn.C/ denotes the set of complex symmetricn×n matrices. Similarly, we have

p− =
{(

0 0
Z 0

) ∣∣∣∣ Z ∈ Sn.C/

}
; P− = expp− =

{(
1 0
Z 1

) ∣∣∣∣ Z ∈ Sn.C/

}
:
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We shall identifyp+ with Sm.C/ using the correspondence
(

0 Z
0 0

) 7→ Z. Thus we can
write expZ = (

1 Z
0 1

) ∈ P+ for Z ∈ p+ = Sm.C/, andGC acts onp+ by

gZ = exp−1..g expZ/+/ ∈ p+

for all g ∈ GC, where exp−1.W/ for W ∈ P+ denotes the.1;2/-block of the 2× 2
block matrixW. Letg′ be an element ofGC = Sp.VC; þ/whose matrix representation
is of the formg′ = (

A′ B′
C′ D′

)
. Theng′ ∈ P+KCP− if and only if D′ is nonsingular, and

in this case its decomposition is given by

g′ =
(

1 B′ D′−1

0 1

)(
t D′−1 0

0 D′

)(
1 0

D′−1C′ 1

)
:

LEMMA 3.1. Letg = (
A B
C D

) ∈ GC, Z ∈ p+ = Sn.C/, and letJS : .GC×p+/∗→KC

be the canonical automorphy factor for the symplectic groupG = Sp.V; þ/. If
C Z + D is nonsingular, then we have

gZ = .AZ + B/.C Z + D/−1;

JS.g; Z/ =
(

t.C Z + D/−1 0
0 .C Z + D/

)
:(3.4)

PROOF. We have

g expZ =
(

A B
C D

)(
1 Z
0 1

)
=

(
A AZ + B
C C Z + D

)
:

SinceC Z + D is nonsingular,g expp belongs toP+KCP− and its decomposition is
given byg expZ = .g expZ/+.g expZ/0.g expZ/−,

.g expZ/+ =
(

1 .AZ + B/.C Z + D/−1

0 1

)
;

.g expZ/0 =
(

t.C Z + D/−1 0
0 .C Z + D/

)
;

.g expZ/− =
(

1 0
.C Z + D/−1C 1

)
:

Hence it follows that

JS.g; Z/ = .g expp/0 =
(

t.C Z + D/−1 0
0 .C Z + D/

)

andgZ is the.1;2/-block .AZ + B/.C Z + D/−1 of the matrix.g expp/+.
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Since the Siegel upper half spaceHn can be regarded as the set of complex
symmetricn × n matrices with positive definite imaginary part, there is a natural
embedding ofHn into p+ = Sm.C/. If g = (

A B
C D

) ∈ G andZ ∈ Hn, thenC Z + D
is nonsingular; hence, using Lemma3.1 we obtain the usual actionZ 7→ .AZ +
B/.C Z + D/−1 of G onHn. On the other hand, giveng ∈ G and Z ∈ Hn, the
associated complexn × n matrix JS.g; Z/ can be regarded as a linear map ofVC into
itself.

COROLLARY 3.2. Let Z ∈ Hn and g = (
A B
C D

) ∈ Sp.V; þ/. Then the restriction
JS

+.g; Z/ of the linear mapJ S.g; Z/ : VC → C to the subspaceV+ of VC is given by

JS
+.g; Z/ = t.C Z + D/−1:(3.5)

PROOF. This follows immediately from (3.4).

4. Automorphy factors for generalized Jacobi groups

In this section we describe canonical automorphy factors and canonical kernel
functions of generalized Jacobi groups associated to symplectic representations of a
semisimple Lie group that are equivariant with holomorphic maps of the associated
symmetric domains. We shall follow closely the descriptions of Satake given in [22].

Let ² : G → Sp.V; þ/ and− : D →Hn be as in Section2, and letG̃ be the group
of all elements ofG × V ×R whose multiplication operation is defined by

.g; v; t/.g′; v′; t ′/ = .gg′; ².g/v′ + v; t + t ′ + þ.v; ².g/v′/=2/(4.1)

for all .g; v; t/; .g′; v′; t ′/ ∈ G × V × R. Thus the subgroup{0} × V × R of G̃ is
the Heisenberg group associated to the symplectic space.V; þ/. The groupG̃ is the
group of Harish-Chandra type in the sense of Satake [22] and can be considered as a
generalizedJacobi group since it reduces to a usual Jacobi group when² is the identity
map on Sp.V; þ/ (see for example [3, 24]). We set

p̃+ = p+ ⊕ V+; p̃− = p+ ⊕ V−;

and letP̃+, P̃− be the corresponding subgroup ofG̃C = GC × VC × C, respectively.
If K̃C = KC × {0} × C, we havẽG ⊂ P̃+ K̃C P̃−. Thecanonical automorphy factor̃J
for the groupG̃ and the action of̃G on p̃+ = p+ ⊕ V+ is defined by

J̃..g; v; t/; .z;w// = ..g; v; t/exp.z;w//0;(4.2)

exp..g; v; t/.z;w// = ..g; v; t/exp.z;w//+;(4.3)
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assuming that.g; v; t/exp.z;w/ ∈ P̃+ K̃C P̃−. Here exp.z;w/ is an element of̃G and
is given by

exp.z;w/ = .expz;w;0/(4.4)

for all z ∈ p+ andw ∈ V+. SinceD is embedded intop+, the quotient space
D̃ = G̃=K̃ = D × V+ can be embedded intõp+ = p+ ⊕ V+. Thus (4.3) defines the
action ofG̃ onD̃ . We also define thecanonical kernel functioñ�.·; ·/ : p̃+×p̃+ → K̃C

by

�̃..z;w/; .z′ ;w′// = J̃..exp.z′;w′//−1; .z;w//−1(4.5)

= ...exp.z′;w′//−1 exp.z;w//0/
−1

for .z;w/; .z′;w′/ ∈ p̃+ such that

.exp.z′;w′//−1 exp.z;w/ ∈ P̃+K̃C P̃−:(4.6)

The condition (4.6) is satisfied for.z;w/; .z′ ;w′/ ∈ D̃ ; hence we obtain a canonical
kernel function oñD × D̃ .

LEMMA 4.1. The canonical kernel functioñ�..z;w/; .z′ ;w′// is holomorphic in
.z;w/ and satisfies the relations

�̃..z′;w′/; .z;w// = �̃..z;w/; .z′ ;w′//−1;

�̃.g̃.z;w/; g̃.z′;w′// = J̃.g̃; .z;w//�̃ ..z;w/; .z′ ;w′// J̃.g̃; .z′;w′//−1

for .z;w/; .z′;w′/ ∈ D̃ andg̃ ∈ G̃.

PROOF. The first relation is immediate from the definition of�̃ . As for the second,
let .z;w/; .z′ ;w′/ ∈ D̃ andg̃ ∈ 0. Then, using (4.2) and (4.3), we see that

g̃ exp.z;w/ = exp.g̃.z;w//J̃.g̃; .z;w//p1;

g̃ exp.z′;w′/ = exp.g̃.z′;w′// J̃.g̃; .z′;w′//p2

for somep1; p2 ∈ P̃−. Hence we obtain

exp.z′;w′/−1 exp.z;w/

= p̄−1
2 J̃.g̃; .z′;w′//−1 exp.g̃.z′;w′//−1 exp.g̃.z;w//J̃.g̃; .z;w//p1:

Thus it follows that exp.z′;w′/−1 exp.z;w/ ∈ P̃+K̃C P̃−, and by comparing thẽKC-
components we obtain

�̃..z;w/; .z′;w′//−1 = J̃.g̃; .z′;w′//−1�̃.g̃.z;w/; g̃.z′;w′// J̃.g̃; .z;w//:

Hence the proof of the lemma is complete.
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We shall now describe below the action ofG̃ on D̃ and the canonical automorphy
factor forG̃ defined by (4.3) more explicitly. Given.g; v; t/ ∈ G̃ and.z;w/ ∈ D̃ ⊂
p+ ⊕ V+, we set

.g; v; t/.z;w/ = .z′;w′/ ∈ D̃ ;(4.7)

J̃..g; v; t/; .z;w// = .J1;0; J2/ ∈ K̃C = KC × {0} × C:

Hence we obtain a decomposition of the form

.g; v; t/exp.z;w/ = .expz′;w′;0/.J1;0; J2/.p−;w−;0/(4.8)

for some.p−;w−;0/ ∈ P−. Using the multiplication rule oñG, the right-hand side
of (4.8) reduces to

..expz′/J1;w
′; J2/.p−;w−;0/ = .g′′; v′′; t ′′/;

where
g′′ = .expz′/J1 p−; v′′ = w′ + ²..expz′/J1/w−;

t ′′ = J2 + þ.w′; ²..expz′/J1/w−/=2:

On the other hand, we have

.g; v; t/exp.z;w/ = .g; v; t/.expz;w;0/

= .g expz; v + ².g/w; t + þ.v; ².g/w/=2/:

Hence we obtain

g expz = .expz′/J1 p−;(4.9)

v + ².g/w = w′ + .expz′/J1w−;(4.10)

t + þ.v; ².g/w/=2 = J2 + þ.w′; ²..expz′/J1/w−/=2

for .g; v; t/ ∈ G̃ = G × V ×R and.z;w/ ∈ D̃ = D × V+.

PROPOSITION4.2. For .z;w/ ∈ D̃ we set².J1.z;w// = ( J+.z;w/ 0
0 J− .z;w/

)
. Then the

action ofG̃ on D̃ is given by

.g; v; t/.z;w/ = .g.z/; vgz + J+.z;w/w/(4.11)

for all .g; v; t/ ∈ G̃ and.z;w/ ∈ D̃ .

PROOF. Consider the elements.g; v; t/ ∈ G̃ and .z;w/ ∈ D̃ , and assume that
.g; v; t/.z;w/ = .z′;w′/ ∈ D̃ as in (4.7). Since expg.z/ = .g expz/+ by (3.2),
from (4.9) we obtain expz′ = expg.z/ and J1 = .g expz/−. Hence it follows that
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z′ = g.z/, and J1..g; v; t/; .z;w// = J.g; z/, whereJ is the canonical automorphy
factor for the groupG given in (3.1). Now we consider the matrix representations

².expz/ =
(

1 −.z/
0 1

)
; ².g/ =

(
A B
C D

)
; ².J1/ =

(
J+ 0
0 J−

)

for z ∈ p− relative to the decompositionV = V+ ⊕ V−. Applying ² to both sides of
the relation (4.9), we obtain(

A B
C D

)(
1 −.z/
0 1

)
=

(
1 −.z′/
0 1

)(
J+ 0
0 J−

)(
1 0
M 1

)

for some matrixM . Thus we have(
A A−.z/ + B
C C−.z/ + D

)
=

(
J+ + −.z′/J− M −.z′/J−

J− M J−

)
:

Hence we see that

J+ = A − −.z′/C; J− = C−.z/ + D;(4.12)

−.z′/ = .A−.z/ + B/.C−.z/ + D/−1:

On the other hand, the matrix form of the relation (4.10) is given by(
v+
v−

)
+

(
A B
C D

)(
w

0

)
=

(
w′

0

)
+

(
1 −.z′/
0 1

)(
J+ 0
0 J−

)(
0
w−

)
;

which implies thatv+ + Aw = w′ + −.z′/J−w− andv− + Cw = J−w−. Therefore
we obtain

w′ = .v+ + Aw/ − −.z′/.v− + Cw/

= .v+ − −.z′/v−/+ .A − −.z′/C/w = vz′ + J+w;

hence we have.z′;w′/ = .g.z/; vgz + J+w/.

COROLLARY 4.3. Let JS
+ be the restriction of the canonical automorphy factor for

Sp.V; þ/ to V+ given in Corollary3.2. Then, for.g; v; t/ ∈ G̃ and .z;w/ ∈ D̃ , we
have

.g; v; t/.z;w/ = .g.z/; vgz + JS
+.².g/; −.z//w/:(4.13)

In particular, if ².g/ =
(

A² B²
C² D²

)
∈ Sp.V; þ/, then we have

.g; v; t/.z;w/ = .gz; vgz + t.C²−.z/ + D²/
−1w/:(4.14)
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PROOF. From (3.1), for g ∈ G andz ∈ D , we have

².J1/ = ².J1.g; z// = ²..g expz/0/ = .².g/exp−.z//0:

Thus we see that².J1/.g; z/ = JS.².g/; −.z//, whereJS is the canonicalautomorphy
factor for the symplectic group Sp.V; þ/ given in (3.4). Therefore, ifJ+ is as in
Proposition4.2, we have

J+.g; z/ = JS.².g/; −.z//:(4.15)

Using this and Proposition4.2, we obtain (4.13). Then (4.14) is obtained by using (3.5).

From the multiplication operation oñG given in (4.1) we see that the induced
operation onG × V by the natural projectioñG → G × V is exactly the one on
G n² V considered in Section2. On the other hand, we considered an operation of
Gn² V onD × V+ in (2.4) to construct a Kuga fiber variety. This operation is in fact
compatible with the operation of̃G given in (4.11) as can be seen in the next lemma.

LEMMA 4.4. The operation ofGn² V onD×V+ given in(2.4) can be written in the
form.g; v/.z;w/ = .gz; vgz+J+w/ for all .g; v/ ∈ Gn²V and.z;w/ ∈ D̃ = D×V+.

PROOF. Let .g; v/ ∈ Gn² V and.z;w/ ∈ D × V+. From (2.4), we have

.g; v/.z;w/ = .gz; ¾.gz; ².g/u/+ vgz/;

whereu is an element of.V; I−.z// such thatw = ¾.z;u/. Using (2.1) and².g/ =(
A B
C D

)
, we have

¾.gz; ².g/u/ = .².g/u/gz =
((

A B
C D

)(
u+
u−

))
gz

= .Au+ + Bu−/− −.gz/.Cu+ + Du−/

= .A − −.gz/C/u+ + .B − −.gz/D/u− :

However, we have

−.z/ = ².g/−1−.gz/ =
(

t D −t B
−t C t A

)
−.gz/

= .t D−.gz/− t B/.−t C−.gz/ + t A/−1:

Using this and the fact that−.gz/ is symmetric, we obtain

B − −.gz/D = −.A − −.gz/C/−.z/:
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Hence we see that

¾.gz; ².g/u/ = .A − −.gz/C/.u+ − −.z/u−/ = .A − −.gz/C/w:

SinceA − −.gz/C = J+ by (4.12), we obtain the desired formula.

COROLLARY 4.5. LetC² , D² and JS
+ be as in Corollary4.3. Then the operation of

G n² V onD × V+ given in(2.4) can be written in the form

.g; v/.z;w/ = .gz; vgz + JS
+.².g/; −.z//w/

= .gz; vgz + t.C²−.z/ + D²/
−1w/:

PROOF. This follows from (3.5), (4.15) and Lemma4.4.

LEMMA 4.6. If .g; v; t/.z;w/ = .z′;w′/, then we have

þ.v; ².g/w/ − þ.vz′ ;Cw/ = þ.v; J1w/;

where the matrixC is the.2;1/ block of².g/ as in the proof of Lemma4.2.

PROOF. Usingvz′ = v+ − −.z′/v− and the matrix representation of².g/, we have

þ.v; ².g/w/ − þ.vz′ ;Cw/ = þ.v; Aw + Cw/ − þ.
(

1 −−.z′ /
0 1

)
v + v−;Cw/:

SinceCw ∈ V− andþ|V−×V− = 0, using the fact thatþ is invariant under².G/, we
obtain

þ.v; ².g/w/ − þ.vz′ ;Cw/ = þ.v; Aw/ + þ.v;Cw/ − þ.v;
(

1 −.z′ /
0 1

)
Cw/

= þ.v; Aw/ + þ.v;Cw/ − þ.v;Cw + −.z′/Cw/

= þ.v; Aw − −.z′/Cw/:

Now the lemma follows from the fact thatJ1w = J+w = Aw − −.z′/Cw.

PROPOSITION4.7. The canonical automorphy factor̃J for G̃ is given by

J̃..g; v; t/; .z;w// = .J1..g; v/; .z;w//;0; J2..g; v; t/; .z;w///(4.16)

for all .g; v; t/ ∈ G̃ and.z;w/ ∈ D̃ , whereJ1 is the canonical automorphy factor for
the groupG and

J2..g; v; t/; .z;w// = t + þ.v; vgz/=2 + þ.v; J1w/ + þ.².g/w; J1w/=2:
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PROOF. If C is as in Lemma4.6, then we have.v + ².g/w/− = v− + Cw. Using
this and the fact thatþ|V+×V+ = 0, we see that

J2 = t + þ.v; ².g/w/=2 − þ.w′; ²..expz′/J1/w−/=2

= t + þ.v; ².g/w/=2 − þ.w′; v + ².g/w −w′/=2

= t + þ.v; ².g/w/=2 − þ.vz′ + J+w; v + ².g/w/=2

= t + þ.v; ².g/w/=2 − þ.vz′ ; v/=2 − þ.vz′ ; ².g/w/=2 − þ.J+w; v− + Cw/=2

= t + þ.v; ².g/w/=2 − þ.vz′ ; v/=2 − þ.vz′ ; ².g/w/=2

− þ.J+w; v−/=2 − þ.J+w;Cw/=2:

Using Lemma4.6, we thus obtain

J2 = t + þ.v; J1w/=2 − þ.vz′ ; v/=2 − þ.J+w; v−/=2 − þ.J+w;Cw/=2

= t + þ.v; J1w/− þ.vz′ ; v/=2 − þ.J+w;Cw/=2:

Since².g/w = Aw + Cw with Aw ∈ V+, we have

þ.J+w;Cw/ = þ.J+w;².g/w/ = þ.J1w;².g/w/ = −þ.².g/w; J1w/:

Hence the proposition follows using this andþ.vz′ ; v/ = þ.vgz; v/ = −þ.v; vgz/.

Now we define the complex valued functionJ : G̃ × D̃ → C by

J ..g; v; t/; .z;w// = e[J2..g; v; t/; .z;w//](4.17)

= e[t +þ.v; vgz/=2+þ.v; J1w/+þ.².g/w; J1w/=2]
for all .g; v; t/ ∈ G̃, wheree[·] = e2³ i .·/.

PROPOSITION4.8. The functionJ is an automorphy factor, that is, it satisfies the
relation

J .g̃g̃′; z̃/ =J .g̃; g̃′z̃/J .g̃; z̃/

for g̃ = .g; v; t/; g̃′ = .g′:v′; t ′/ ∈ G̃ andz̃ = .z;w/ ∈ D̃ .

PROOF. Let g̃; g̃′ ∈ G̃ andz̃ ∈ D̃ . Since the map̃J = .J1;0; J2/ : G̃ × D̃ → K̃C

is an automorphy factor, using the multiplication rule (4.1) in G̃, we obtain

.J1.g̃g̃′; z̃/;0; J2.g̃g̃′; z̃// = .J1.g̃; g̃′z̃/;0; J2.g̃; g̃′z̃//.J1.g̃
′; z̃/;0; J2.g̃

′; z̃//

= .J1.g̃; g̃′z̃/J1.g̃
′; z̃/;0; J2.g̃; g̃′z̃/+ J2.g̃

′; z̃//:

Thus we haveJ2.g̃g̃′; z̃/ = J2.g̃; g̃′z̃/+ J2.g̃′; z̃/, and henceJ = e[J2] satisfies the
desired relation.
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5. Twisted torus bundles and Jacobi forms

In this section, we construct twisted torus bundles over locally symmetric spaces, or
circle bundles over Kuga fiber varieties, associated to generalized Jacobi groups. We
then define Jacobi forms associated to an equivariant pair, which generalize the usual
Jacobi forms (see [24]), and discuss connections between such generalized Jacobi
forms and twisted torus bundles. Similar Jacobi forms were also considered in [17]
and [18].

Let G̃ = G × V × R be as in Section4. Thus we havẽG=K̃ = D̃ = D × V+,
and there are embeddings̃D ,→ p̃+ = p+ ⊕ V+ ,→ G̃C=K̃C P̃−. On the other hand,
since the elements of expC and the elements of̃P+ commute, the exponential map
determines the natural embeddingp̃+ ⊕C = p+ ⊕ V+ ⊕C ,→ G̃C=KC P̃− that induces
the embedding̃p+ ,→ G̃C=K̃C P̃−. Thus we obtain a commutative diagram

D × V+ × C −−−→ G̃C=KC P̃−y y
D × V+ −−−→ G̃C=K̃C P̃−y y
D −−−→ GC=KC P̃−;

where the horizontal arrows are the natural embeddings and the vertical arrows are
the natural projection maps. Now we can define an action ofG̃ onD × V+ × C by
requiring that.g; v; t/.z;w;u/ = .z′;w′;u′/ if and only if

.g; v; t/exp.z;w;u/ ∈ exp.z′;w′;u′/KC P̃−:

More specifically, we define the action by

.g; v; t/exp.z;w;u/ = exp.z′;w′;u′/J1 p−

for all .g; v; t/ ∈ G̃ and.z;w;u/ ∈ D × V+ × C, whereJ1 ∈ KC is the canonical
automorphy factor for the groupG and p− is an element ofP−. By considering the
natural projectionD × V+ × C → D × V+, we obtain

.g; v; t/exp.z;w/ = exp.z′;w′/exp.u′ − u/J1 p−;

which implies that..g; v; t/exp.z;w//0 = exp.u′ −u/J1 = .u′ −u;0; J1/. However,
using (4.2) and (4.16), we see that

..g; v; t/exp.z;w//0 = .J2;0; J1/:
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Therefore we obtainu′ = u + J2, hence it follows that

.g; v; t/.z;w;u/ = .gz; vgz + J+w;u + J2/;(5.1)

J2 = t + þ.v; vgz/=2 + þ.v; J1w/ + þ.².g/w; J1w/=2:

Now we restrict the holomorphic action of̃G onD × V+ × C to the real analytic
action of G̃ on D × V+ × R. Let the arithmetic subgroup0 ⊂ G and the lattice
L ⊂ V+ be as in Section2, and consider the quotientT = 0 × L × Z\D × V+ × R

of D × V+ ×R by the action of0 × L × Z ⊂ G̃ given in (5.1). We shall identifyT
with the quotient0 × L\D × V+ × .R=Z/ by using the map

.z;w;u/ 7→ .z;w;e[u]/; D × V+ ×R → D × V+ × .R=Z/;

where we identifyR=Z with the unit circle{z ∈ C | |z| = 1} in C. Then the action of
0 × L onD × V+ × .R=Z/ is given by

.
; l /.z;w; ½/ = .
 z; l
 z + J+w;J ..
; l ;0/; .z;w//½/(5.2)

for all .
; l / ∈ 0× L and.z;w; ½/ ∈ D×V+ ×.R=Z/, and the natural projection map
D×V+×.R=Z/ → D×V+ equipsT with the structure of a fiber bundle³ ′ : T → Y
over the Kuga fiber varietyY = 0× L\D × V+ whose fiber is isomorphic to the circle
R=Z. By composing with³ : Y → X we can also considerT as a twisted torus
bundle over the arithmetic varietyX = 0\D in the sense of [15].

DEFINITION 5.1. A holomorphic function f : D × V+ → C is a Jacobi form of
weight¼ and index¹ for .0; ²; −/ if it satisfies the relation

f .
 z; l
 z + J+w/ = det.C²−.z/ + D²/
¼e¹[þ.l ; l
 z/=2(5.3)

+ þ.l ; J1w/ + þ.².
 /w; J1w/=2] f .z;w/

for all .z;w/ ∈ D × V+ and.
; l / ∈ 0 × L with

².
 / =
(

A² B²
C² D²

)
∈ Sp.V; þ/;(5.4)

wheree¹ [∗] = e[¹.∗/] = e2³ i ¹.∗/.

LetL be the line bundle onY = 0 × L\D × V+ defined by

L = 0 × L\D × V+ × C;

where the quotient is taken with respect to the action of0× L onD×V+ ×C given by

.
; l /.z;w; � / = .
 z; l
 z + J+w;det.C²−.z/ + D²/� /(5.5)

for all .z;w; � / ∈ D × V+ × C and.
; l / ∈ 0 × L with ².g/ as in Definition5.1.
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THEOREM 5.2. The space of Jacobi forms of weight¼ and index¹ for .0; ²; −/ is
isomorphic to the space00.Y;L ⊗¼ ⊗ T ⊗¹ / of sections of the bundleL ⊗¼ ⊗ T ⊗¹

over the Kuga fiber varietyY = 0 × L\D × V+.

PROOF. From (5.2) and (5.5) it follows that the line bundleL ⊗¼ ⊗ T ⊗¹ can be
regarded as the quotientL ⊗¼⊗T ⊗¹ = 0× L\D × V+ ×C with respect to the action
of 0 × L onD × V+ × C given by

.
; l /.z;w; � / = .
 z; l
 z + J+w;det.C²−.z/ + D²/
¼J ..
; l ;0/; .z;w//¹ � /:

Let s : Y → L⊗¼ ⊗ T ⊗¹ be an element of00.Y;L ⊗¼ ⊗ T ⊗¹/. Then for
.z;w/ ∈ D × V+ we haves.[.z;w/]/ = [.z;w; �.z;w//] for some�.z;w/ ∈ R=Z, where
[.·/] denotes the appropriate coset corresponding to the element.·/. We define the
function fs : D × V+ → C by fs.z;w/ = �.z;w/ for all .z;w/ ∈ D × V+. For each
.
; l / ∈ 0 × L, using the actions of0 × L given in (5.2) and (5.5), we have

s.[.z;w/]/ = s.[.
 z; l
 z + J+w/]/
= [.
 z; l
 z + J+w; �.
 z;l
 z+J+w//]
= [.
; l /−1.
 z; l
 z + J+w; �.
 z;l
 z+J+w//]
= [.z;w;det.C²−.z/ + D²/

−¼J ..
; l ;0/; .z;w//−¹ �.
 z;l
 z+J+w//];
whereC² andD² are as in (5.4) and, as in (4.17),

J ..
; l ;0/; .z;w// = e[J2..
; l ;0/; .z;w//](5.6)

= e[þ.l ; l
 z/=2+ þ.l ; J1w/ + þ.².
 /w; J1w/=2]:
Therefore we obtain

fs.z;w/ = det.C²−.z/ + D²/
−¼J ..
; l ;0/; .z;w//−¹ fs.
 z; l
 z + J+w/:

Hence fs satisfies the transformation formula (5.3) for a Jacobi form of weight¼
and index¹ for .0; ²; −/. On the other hand, suppose thatf : D × V+ → C is a
holomorphic function satisfying the condition (5.3). We define the mapsf : Y →
L⊗¼ ⊗T ⊗¹ by

sf .[.z;w/]/ = [.z;w; f .z;w//](5.7)

for .z;w/ ∈ D × V+. Then this map is well-defined because, for each.
; l / ∈ 0× L,
we have

sf .[.
; l /.z;w/]/
= sf .[.
 z; l
 z + J+w/]/ = [.
 z; l
 z + J+w; f .
 z; l
 z + J+w//]
= [.
 z; l
 z + J+w;det.C²−.z/ + D²/

¼J ..
; l ;0/; .z;w//¹ f .z;w/

= [.
; l /..z;w; f .z;w//] = [.z;w; f .z;w//];
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which is equal tosf .[.z;w/]/ in (5.7). Thussf is a section ofL ⊗¼ ⊗ T ⊗¹ , and the
proof of the theorem is complete.

EXAMPLE 5.3. Let W be a real vector space of dimension¹ > 2 defined overQ,
and letS be a nondegenerate symmetric bilinear form of signature.2; ¹ − 2/. Then
it is known (see [22]) that the associated spin groupG = Spin.W; S/ is a semisimple
Lie group of Hermitian type. LetC + be the even part of the Clifford algebraC
of .W; S/, and leta ∈ C + be an element witha� = −a, where� is the canonical
involution ofC . Then the bilinear formA onC + with A.x; y/ = tr.ax�y/ is nonde-
generate and alternating, and for eachx ∈ G the mapx 7→ gx determines an element
of Sp.C +; A/. By identifying Sp.C +; A/ with Sp.2¹;R/ we obtain a homomor-
phism² : Spin.W; S/ → Sp.2¹ ;R/, which induces an equivariant holomorphic map
− : D → H2¹ of the symmetric domainD associated toG into the Siegel upperhalf
spaceH2¹ . Thus we obtain Jacobi form on the symmetric domain associated to spin
groups of type.2;n/, and such Jacobi forms were studied recently in connection with
a number of topics (see for example [4] and [7]).

6. Fock representations

Let G̃ = G × V × R be as in Section4. Then the multiplication operation (4.1)
restricted to the subgroup{1} × V × R ∼= V × R of G̃ is the usual multiplication
operation on the Heisenberg groupV ×R. Classically a Fock representation of such
a Heisenberg group is a representation in a Hilbert space of certain functions onVC
associated to a point in the corresponding Siegel upper half space (see [21]). In this
section we construct similar representations of such a Heisenberg group in Hilbert
spaces associated to points in the Hermitian symmetric domainD and prove that such
representations are unitary and irreducible.

Let �̃.·; ·/ be the canonical kernel function for the group̃G = G × V × R

given in (4.5). Thus we havẽ�..z;w/; .z′ ;w′// = J̃..exp.z′;w′//−1; .z;w//−1 for
.z;w/; .z′ ;w′/ ∈ D̃ = D × V+. Since J̃ = .J1;0; J2/ ∈ K̃C, by restricting�̃ to
D × D we have

�̃..z;w/; .z′ ;w′//

=
(

J1

(
.exp.z′;w′//−1; .z;w/

)−1
;0; J2

(
.exp.z′;w′//−1; .z;w/

))−1

=
(

J1

(
.exp.z′;w′//−1; .z;w//−1;0;−J2

(
.exp.z′;w′//−1; .z;w/

))
:

Using (4.4), we obtain..exp.z′;w′//−1 = .expz̄′; w̄′;0/−1 = ..expz̄′/−1;−w̄′;0/,
and hence we see that

J1

(
.exp.z′;w′//−1; .z;w/

)−1 = J
(
.expz̄′/−1; z

)−1 = �.z; z′/;
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whereJ and� are the canonical automorphy factor and the canonical kernel function
for the groupG given in (3.1) and (3.3), respectively. Thus we obtain

�̃..z;w/; .z′ ;w′// = .�.z; z′/;0; �2..z;w/; .z
′ ;w′///;

where

�2..z;w/; .z
′ ;w′// = −J2..exp.z′;w′//−1; .z;w//(6.1)

= þ.w̄′; ².�1.z; z′//−1−.z/w̄′/=2

+ þ.w̄′; ².�1.z; z′//−1w/

+ þ.−.z′/w; ².�1.z; z′//−1w/=2:

We set

K..z;w/; .z′ ;w′// = e[�2..z;w/; .z
′ ;w′//](6.2)

for .z;w/; .z′;w′/ ∈ D̃ .

PROPOSITION6.1. LetJ = e[J2] be as in(4.17). Then we have

K..z′;w′/; .z;w// = K..z;w/; .z′ ;w′//;(6.3)

K.g̃.z;w/; g̃.z′;w′// =J .g̃; .z;w//K..z;w/; .z′ ;w′//J .g̃; .z′;w′//(6.4)

for all .z;w/; .z′;w′/ ∈ D̃ andg̃ ∈ G̃.

PROOF. Let .z;w/; .z′ ;w′/ ∈ D̃ and g̃ ∈ G̃. Then by Lemma4.1 the canonical
kernel function�̃.·; ·/ satisfies the relations

�̃..z′;w′/; .z;w// = �̃..z;w/; .z′ ;w′//−1

=
(
�.z; z′/−1;0;−�2..z;w/; .z′ ;w′//

)
;

�̃.g̃.z;w/; g̃.z′;w′// = J̃.g̃; .z;w//�̃ ..z;w/; .z′ ;w′// J̃.g̃; .z′;w′//−1

= .J.g; z/;0; J2.g̃; .z;w///.�.z; z′/;0; �2..z;w/; .z
′ ;w′///

× .J.g; z′/−1;0;−J2.g̃; .z′;w′///

= .� ′
1;0; �

′
2/;

where
� ′

1 = J.g; z/�.z; z′/J.g; z′/−1;

� ′
2 = J2.g̃; .z;w// + �2..z;w/; .z

′ ;w′// − J2.g̃; .z′;w′//:

In particular, we obtain

�2..z
′;w′/; .z;w// = −�2..z;w/; .z′ ;w′//;

�2.g̃.z;w/; g̃.z′;w′// = J2.g̃; .z;w// + �2..z;w/; .z
′;w′// − J2.g̃; .z′;w′//:
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Thus it follows that

K..z′;w′/; .z;w// = e[−�2..z;w/; .z′ ;w′//] = K..z;w/; .z′ ;w′//;

K.g̃.z;w/; g̃.z′;w′// = e[J2.g̃; .z;w//]e[�2..z;w/; .z
′ ;w′//]e[−J2.g̃; .z′;w′//]

=J .g̃; .z;w//K..z;w/; .z′ ;w′//J .g̃; .z′;w′//;

hence the proof of the proposition is complete.

LEMMA 6.2. LetL..z;w/; .z′ ;w′// be aC-valued function oñD × D̃ that is holo-
morphic in.z;w/ and satisfies(6.3) and (6.4). ThenL is a constant multiple ofK.

PROOF. For z̃ = .z;w/; z̃′ = .z′;w′/ ∈ D̃ we set�.z̃; z̃′/ = L.z̃; z̃′/K.z̃; z̃′/−1.
Then, using (6.4), we obtain�.g̃z̃; g̃z̃′/ = �.z̃; z̃′/ for all g̃ ∈ G̃. Thus, if z̃0 ∈ D̃ is
a base point, then we have�.g̃z̃0; z̃0/ = �.z̃0; g̃−1z̃0/ for all g̃ ∈ G̃. Since�.z̃; z̃′/ is
holomorphic inz̃, by (6.3) it is antiholomorphic iñz′. Therefore, using the fact that̃G
acts oñD transitively, we see that�.g̃z̃0; z̃0/ = �.z̃0; g̃−1z̃0/ = �.z̃0; z̃0/ for all g̃ ∈ G̃.
Thus, if z̃; z̃′ ∈ D̃ with z̃′ = g̃′z̃0, we obtain�.z̃; z̃′/ = �..g̃′/−1z̃; z̃0/ = �.z̃0; z̃0/;
hence it follows thatK.z̃; z̃′/ = CL.z̃; z̃′/ with C = �.z̃0; z̃0/.

Given elementsz ∈ D andw;w′ ∈ V+, we set

Kz.w;w
′/ = K..z;w/; .z;w′//:(6.5)

For eachz ∈ D we denote byFz the space of holomorphic functions� on V+ such
that

‖�‖2
z =

∫
V+

|�.w/|2Kz.w;w/
−1 dzw < ∞;(6.6)

wheredzw = det.Im −.z//−1dw. ThusFz together with the inner product

〈�; 〉z =
∫

V+
�.w/ .w/Kz.w;w/

−1 dzw(6.7)

is a Hilbert space.
For g̃ = .g; v; t/ ∈ G̃ and� ∈Fgz, we set

.T gz.g̃−1/�/.w/ =J .g̃; .z;w//−1�.pr2..g̃.z;w///

for all .z;w/ ∈ D × V+, where pr2 : D × V+ → V+ is the natural projection map onto
V+; hence we have

pr2..g̃.z;w/// = pr2.gz; vgz + JS
+.².g/; −.z//w/

= vgz + JS
+.².g/; −.z//w:
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LEMMA 6.3. For g̃ = .g; v; t/ ∈ G̃ and� ∈ Fgz, we haveT gz.g̃−1/� ∈ Fz and
‖T gz.g̃−1/�‖z = ‖�‖gz for all z ∈ D .

PROOF. Let z ∈ D , g̃ = .g; v; t/ ∈ G̃ and� ∈ Fg.z/. Then we have

‖T gz.g̃−1/�‖2
z =

∫
V+

∣∣T gz.g̃−1/�.w/
∣∣2
Kz.w;w/

−1dzw

=
∫

V+

∣∣J .g̃; .z;w//−1�.vgz + JS
+.².g/; −.z//w/

∣∣2
Kz.w;w/

−1dzw:

However, by Proposition6.1, we have

Kgz.vgz + JS
+.².g/; −.z//w; vgz + JS

+.².g/; −.z//w/

=J .g̃; .z;w//Kz.w;w/J .g̃; .z;w// = |J .g̃; .z;w//|2Kz.w;w/:

Furthermore, we have

dgz.vgz + JS
+.².g/; −.z//w/

= det.Im −.gz//−1d.vgz + JS
+.².g/; −.z//w/

= |J ′
+.².g/; −.z//|2 det.Im −.z//−1d.vgz + JS

+.².g/; −.z//w/;

where J ′
+ is the restriction of the canonical automorphy factor of Sp.V; þ/ given

in (3.5) to V+. However, we haved.vgz + JS
+.².g/; −.z//w/ = |JS

+.².g/; −.z//|−2,
which implies thatdgz.vgz + JS

+.².g/; −.z//w/ = dzw. Hence we have

‖T gz.g̃−1/�‖2
z =

∫
V+

|�.vgz + JS
+.².g/; −.z//w/|2

× Kgz.vgz + JS
+.².g/; −.z//w; vgz + JS

+.².g/; −.z//w/
−1

× dgz.vgz + JS
+.².g/; −.z//w/

=
∫

V+
|�.w/|2Kgz.w;w/dgzw = ‖�‖2

gz;

and therefore the lemma follows.

By Lemma6.3we see thatT gz.g̃−1/ is an isometry ofFgz intoFz, and therefore
it follows thatT z.g̃/ is an isometry ofFz intoFgz, and for� ∈ Fz we have

.Tz.g̃/�/.w/ = .Tg−1.gz/.g̃/�/.w/ =J .g̃−1; .gz;w//−1�.pr2.g̃
−1.gz;w///(6.8)

for all z̃ ∈ D andw ∈ V+.

PROPOSITION6.4. For g̃ = .g; v; t/, g̃′ = .g′; v′; t ′/ ∈ G̃ and� ∈ Fg.z/, we have
T g′z.g̃/ ◦ Tz.g̃′/ = Tz.g̃g̃′/ for all z ∈ D .
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PROOF. Let g̃ = .g; v; t/; g̃′ = .g′; v′; t ′/ ∈ G̃, .z;w/ ∈ D̃ = D × V+ and
� ∈ Fg.z/. Then from (6.8) we obtain

.T z.g̃′/�/.w/ =J .g̃′−1; .g′z;w//−1�.pr2.g̃
′−1.g′z;w///:

Applying (6.8) once again, we see that

.T g′z.g̃/ ◦ Tz.g̃′/.�//.w/

=J .g̃−1; .gg′z;w//−1J .g̃′−1; .g′z;pr2.g̃
−1.gg′z;w////−1

× �.pr2.g̃
′−1.g′z;pr2.g̃

−1.gg′z;w/////:

On the other hand, we have

.Tz.g̃g̃′/.�//.w/ =J ..g̃g̃′/−1; .gg′z;w//�.pr2..g̃g̃′/−1.gg′z;w///

=J .g̃′−1; g̃−1.gg′z;w//J .g̃−1; .gg′z;w//

× �.pr2..g̃g̃′/−1.gg′z;w///:

Since we have

g̃−1.gg′z;w/ = .g−1gg′z;pr2.g̃
−1.gg′z;w/// = .g′z;pr2.g̃

−1.gg′z;w///;

pr2.g̃
′−1.g′z;pr2.g̃

−1.gg′z;w//// = pr2..g̃
′−1g̃−1.gg′z;w//

= pr2..g̃g̃′/−1.gg′z;w//;

it follows that.T g′z.g̃/ ◦ Tz.g̃′/.�//.w/ = .Tz.g̃g̃′/.�//.w/, and therefore the propo-
sition follows.

Now we consider the subgroup{1}× V+ ×R of G̃. We shall identify this subgroup
with Ṽ = V+ ×R. ThenṼ is in fact a Heisenberg group because the restriction of the
multiplication operation oñG given by (4.1) to Ṽ gives us the usual multiplication
operation on a Heisenberg group. Forũ = .u; t/ ∈ Ṽ ⊂ G̃ andw ∈ V+ we set
ũw = pr2..ũ.z;w//. Then, using (4.13), we obtain

ũw = pr2...1;u; t/.z;w// = u1z + JS
+.².1/; −.z//w = uz +w:(6.9)

Thus forg̃ = ũ the formula (6.8) reduces to

.Tz.ũ−1/�/.w/ =J .ũ; .z;w//−1�.ũw/(6.10)

for � ∈ Fz, z ∈ D andw ∈ V+, andT z.ũ−1/ is an isometry ofFz into itself.

LEMMA 6.5. For fixedz ∈ D the functionKz.w;w
′/ is holomorphic inw, and we

have

Kz.w
′;w/ = Kz.w;w

′/;(6.11)

Kz.ũw; ũw
′/ =J .ũ; .z;w//Kz.w;w

′/J .ũ; .z;w′//(6.12)

for all w;w′ ∈ V+ andũ ∈ Ṽ .
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PROOF. Using (6.1), (6.2) and (6.5), we have

Kz.w;w
′/ = K..z;w/; .z;w′// = e[�2..z;w/; .z;w

′//]:
for w;w′ ∈ V+, where

�2..z;w/; .z;w
′// = þ.w̄′; ².�1.z; z//−1−.z/w̄′/=2 + þ.w̄′; ².�1.z; z//−1w/

+ þ.−.z/w; ².�1.z; z//−1w/=2:

Thus�2 is holomorphic inw, and thereforeKz.w;w
′/ is holomorphic inw. Now

(6.11) and (6.12) follows from the corresponding relations in Proposition6.1.

LEMMA 6.6. Let 9.w;w′/ is a function onV+ × V+ that is holomorphic inw
satisfying the conditions

9.w′;w/ = 9.w;w′/;(6.13)

9.ũw; ũw′/ =J .ũ; .z;w//9.w;w′/J .ũ; .z;w′//(6.14)

for all w;w′ ∈ V+ andũ ∈ Ṽ . Then9 is a constant multiple ofKz.

PROOF. This follows from Lemma6.2.

For fixedz ∈ D the map� 7→ �.w/, Fz → C is a continuous linear functional
onFz, and therefore there exists an element¾ z

w ∈Fz such that

�.w/ =
∫

V+
¾ z
w.w

′/�.w′/Kz.w
′;w′/−1dzw

′(6.15)

for all � ∈ Fz.

LEMMA 6.7. Givenz ∈ D , there is a nonzero constantC such that

¾ z
w.w

′/ = CKz.w;w
′/

for all w;w′ ∈ V+.

PROOF. For z ∈ D andw;w′ ∈ V+ we have

¾ z
w′.w/ =

∫
V+
¾ z
w.v/¾

z
w′.v/Kz.v; v/

−1dzv;

which implies that

¾ z
w′.w/ =

∫
V+
¾ z
w.v/¾

z
w′.v/Kz.v; v/

−1dzv = ¾ z
w.w

′/:
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Let ũ = .u; t/ ∈ Ṽ ⊂ G̃ and� ∈ Fz, so that we have

.Tz.ũ−1/�/.w/ =J .ũ; .z;w//−1�.ũw/:

Then we see that∫
V+
¾ z
w.v/J .ũ; .z; v//−1�.ũv/Kz.v; v/

−1dzv

=
∫

V+
¾ z
w.v/.T

z.ũ−1/�/.v/Kz.v; v/
−1dzv

=J .ũ; .z;w//−1

∫
V+
¾ z

ũw.v/�.v/Kz.v; v/
−1dzv

=J .ũ; .z;w//−1

∫
V+
¾ z

ũw.ũv/�.ũv/Kz.ũv; ũv/
−1dzv:

Thus we have

J .ũ; .z; v//−1¾ z
w.v/Kz.v; v/

−1

=J .ũ; .z;w//−1¾ z
ũw.ũv/Kz.ũv; ũv/

−1

=J .ũ; .z;w//−1¾ z
ũw.ũv/J .ũ; .z; v//−1J .ũ; .z; v//−1Kz.v; v/

−1

for v ∈ V+. Hence, replacingv with w′, we see that

¾ z
ũw.ũw

′/ =J .ũ; .z;w//¾z
w.w

′/J .ũ; .z;w′//:

Now the lemma follows by applying Lemma6.6 to the function.w;w′/ 7→ ¾ z
w.w

′/.

Given an element̃v of the Heisenberg group̃V = V × R, by (6.10) we obtain the
isometryT z.ṽ/ ofFz into itself given by

.T z.ṽ/�/.w/ =J .ṽ−1; .z;w//−1�.ṽ−1w/(6.16)

for all w ∈ V+. We now consider an operator onFz associated to a function oñV .
LetL .Ṽ / be the space ofC-valued continuous functions oñV with compact support.
For F ∈ L .Ṽ/, we denote byTz.F/ the operator onFz defined by

T z.F/� =
∫

Ṽ

F.ṽ/.Tz.ṽ/�/dṽ

for all � ∈ Fz.

LEMMA 6.8. For F ∈ L .Ṽ/ and� ∈ Fz we have

.Tz.F/�/.w/ =
∫

V+
kz.w;w

′/�.w′/Kz.w
′;w′/−1 dzw

′;

wherekz.w;w
′/ = C

∫
Ṽ F.ũ/J .ũ; .z;w′//−1Kz.w; ũw′/dũ for all w;w′ ∈ V+.
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PROOF. Using (6.15) and Lemma6.7, we have

.Tz.F/�/.w/ =
∫

V+
Kz.w;w

′/.T z.F/�/.w′/Kz.w
′;w′/−1 dzw

′

for F ∈ L .Ṽ /, w ∈ V+ and some constantC. On the other hand, for̃u ∈ Ṽ we have

.T z.ũ/�/.w/ = C
∫

V+
Kz.w; v/.T

z.ũ/�/.v/Kz.v; v/
−1 dzv

= C
∫

V+
Kz.w; v/J .ũ−1; .z; v//−1�.ũ−1v/Kz.v; v/

−1 dzv

= C
∫

V+
Kz.w; ũw

′/J .ũ−1; ũ.z;w′//−1�.w′/Kz.ũw
′; ũw′/−1dzw

′:

Thus, using the relations

Kz.ũw
′; ũw′/−1 =J .ũ; .z;w′//−1Kz.w

′; ũw′/−1J .ũ; .z;w′//−1;

J .ũ−1; ũ.z;w′//J .ũ; .z;w′// =J .ũ−1ũ; .z;w′// = 1;

we obtain

.T z.ũ/�/.w/ =
∫

V+
Kz.w; ũw

′/J .ũ; .z;w′//−1Kz.w
′;w′/−1�.w′/dzw

′:

Hence we see that

.T z.F/�/.w/ =
∫

V+

(∫
Ṽ

F.ũ/J .ũ; .z;w′//−1Kz.w; ũw
′/dũ

)
× �.w′/Kz.w

′;w′/−1dzw
′;

and therefore the lemma follows.

THEOREM 6.9. Let z be an element of the Hermitian symmetric domainD and let
Ṽ ⊂ G̃ be the Heisenberg group associated to the real vector spaceV described above.
Then the map̃v 7→ Tz.ṽ/ given by(6.16) is an irreducible unitary representation of
Ṽ on the spaceFz.

PROOF. By Proposition6.4, for ṽ = .v; t/, ṽ′ = .v′; t ′/ ∈ Ṽ , we have

T z.ṽ/ ◦ Tz.ṽ′/ = T z.ṽṽ′/

for all z ∈ D. Furthermore, using Lemma6.3, we see that‖T z.ṽ/�‖z = ‖�‖z for
all z ∈ D , ṽ ∈ Ṽ and� ∈ Fz. Therefore the map̃v 7→ Tz.ṽ/ determines a unitary
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representation of̃V on the spaceFz. It remains to show thatT z is irreducible. Using
Lemma6.8, we see that the image ofFz underT z is dense in the ring of Hilbert-
Schmidt operators on the spaceL 2

z .V+/ of square-integrable functions onV+ with
respect to the measure

d¼ = Kz.w;w/
−1dzw = Kz.w;w/

−1 det.Im −.z//−1dw

for w ∈ V+. This implies that the centralizer in Aut.L 2
z .V+// of the image group of

Ṽ underT z is the setC×
1 of complex numbers of modulus 1. Indeed, each element

½ of the centralizer commutes with everyT z.ũ/ for ũ ∈ Ṽ , and therefore with every
T z.�/ for � ∈ Fz. By continuity ½ commutes with every element of the Hilbert
space of Hilbert-Schmidt operators onL 2

z .V+/. Let 1;  2 ∈ L 2
z .V+/, and let4 be

the Hilbert-Schmidt operator with kernelk.w;w′/ =  1.w/ 2.w′/. Then we have
4½ = ½4 for all  ∈ L2

z.V+/, which implies〈 ; 2〉½ 1 = 〈½ ; 2〉 1. Since
 ; 1;  2 are arbitrary, it follows that½ is a scalar; therefore the unitarity of½ shows
the claim that½ ∈ C×

1 . Now letF 1
z be aṼ invariant subspace ofFz underT z. Since

T z is unitary, there is an invariant subspaceF 2
z such thatFz = F 1

z ⊕ F 1
z . If 3 is

the scalr multiplication by½1 ∈ C×
1 onF 1

z and½2 ∈ C×
1 onF 2

z with ½1 6= t2, then3
belongs to the centralizer of the image group ofṼ underT z. Hence we haveF 2

z = 0,
and thereforT z is irreducible.

REMARK 6.10. If the Hermitian symmetric domain is the Siegel upper half space
Hn and if ² and− are identity maps, the representationT z given in Theorem6.9
reduces to the usual Fock representation of the Heisenberg groupṼ described in [21].

7. Theta functions

Let .²; −/ is the equivariant pair consisting of the homomorphism² : G →
Sp.V; þ/ and the holomophic map− : D → Hn used for the construction of Kuga
fiber varieties in Section2. In this section we consider generalized theta functions
on the Hermitian symmetric domainD which should reduce to usual theta functions
on the Siegel upper half spaceHn when² and − are identity maps. We obtain a
transformation formula for such a theta function, and show that certain types of such
theta functions genenate some eigenspaces associated to the Fock representations
described in Section6.

We shall use the same notations as in the previous sections. ThusV is a real vector
space of dimension 2n whose complexification is of the formVC = V+ + V−, and the
underlying real vector space of each ofV+ andV− is isomorphic to the real vector
spaceV . Then there aren-dimensional subspacesV1 and V2 of V and an element
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Þ ∈ Sp.V; þ/C such thatV = V1 ⊕ V2, Þ.V1/ = V+ andÞ.V2/ = V−. Let L0 be a
lattice inV with L = Þ.L0/ ⊂ VC such that

þ.L ; L/ ⊂ Z; L = L ∩ V+ + L ∩ V−:(7.1)

We setL+ = L ∩ V+, L− = L ∩ V− andV0 = Þ.V/ ⊂ VC. Thus each elementm ∈ V0

can be written in the formm = m+ +m− ∈ V0 with m+ = V0∩V+ andm− = V0∩V−.

DEFINITION 7.1. The theta functionassociated tom ∈ V0 and the equivariant pair
.²; −/ is the function�m : D × V+ → C given by

�m.z;w/ =
∑

l−∈L−

e[þ.l− + m−; − .z/.l− + m−//=2 + þ.l− + m−;w + m+/](7.2)

for all .z;w/ ∈ D × V+.

EXAMPLE 7.2. Let S be anr × r real symmetric positive definite matrix, and let
− :Hk →Hkr be the Eichler embedding (see for example [6, Section II.4]) given by
−.Z/ = S⊗ Z for all Z ∈ Hk, whereHk is regarded as the set ofk × k complex
symmetric matrices with positive definite imaginary part. Let² : Sp.k;R/ →
Sp.kr;R/ be the homomorphism given by

²

(
A B
C D

)
=

(
E ⊗ A S⊗ B

S−1 ⊗ C E ⊗ D

)
;

(
A B
C D

)
∈ Sp.k;R/;

whereE is ther × r identity matrix. Then.²; −/ is an equivariant pair, and therefore
(7.2) determines the associated theta function onHk × Ckr .

EXAMPLE 7.3. LetH k be the product ofk copies of the Poincar´e upper half plane
H . We define the holomorphic map−0 : H h → Hk and the homomorphism
²0 : Sp.1;R/k → Sp.k;R/ as follows. Letg = .g1; : : : ; gk/ be an element of
Sp.1;R/k with gi = (

ai bi
ci di

) ∈ Sp.1;R/ for 1 ≤ i ≤ k, and letz = .z1; : : : ; zk/ ∈H k.
Then we set

−0.z/ = z∗; ²0.g/ =
(

a∗ b∗

c∗ d∗

)
;

wherez∗ = diag.z1; : : : ; zk/ is thek × k diagonal matrix anda∗ = diag.a1; : : : ;ak/,
etc. Let4 be an element of Sp.k;R/k, and set

−.z/ = 4−0.z/; ².g/ = 4²0.g/4
−1

for z ∈H k andg ∈ Sp.k;R/k. Then.²; −/ is an equivariant pair, and (7.2) determines
the associated theta function onH k. Such a function can be shown to be a Hilbert
modular form under certain conditions if the results in [9] is used.



[29] Theta functions on symmetric domains 229

LEMMA 7.4. Letr = r+ + r− be an element ofL with r+ ∈ L+ andr− ∈ L−. Then
we have

�m.z;w + r+ + −.z/r−/ = e[−þ.r−; − .z/r−/=2 − þ.r−;w + m+/]�m+r .z;w/

for all .z;w/ ∈ D × V+.

PROOF. Given.z;w/ ∈ D × V+, we have

þ.l− + m−; − .z/.l− + m−//=2 + þ.l− + m−;w + r+ + −.z/r− + m+/

= þ.l− + m− + r−; − .z/.l− + m− + r−//=2

− þ.r−; − .z/.l− + m−//=2 − þ.r−; − .z/r−/=2 − þ.l− + m−; − .z/r−/=2

+ þ.l− + m− + r−;w + r+ + m+/+ þ.l− + m−; − .z/r−/

− þ.r−;w + r+ + m+/:

Since the matrix representation of−.z/ : VC → VC is of the form
(

0 ∗
∗ 0

)
relative to the

decompositionVC = V+ ⊕ V−, we have−.z/−1 = −t−.z/ = −−.z/; hence we obtain

þ.l− + m−; − .z/r−/ = þ.−.z/−1.l− + m−/; r−/ = −þ.−.z/.l− + m−/; r−/:

Thus we see that

þ.l− + m−; − .z/.l− + m−//=2 + þ.l− + m−;w + r+−.z/r− + m+/

= þ.l− + m− + r−; − .z/.l− + m− + r−//=2 + þ.l− + m− + r−;w + r+ + m+/

− þ.r−; − .z/r−/=2− þ.r−;w + r+ + m+/;

and therefore the lemma follows.

Given an elementl = l+ + l− ∈ L with l+ ∈ L+ andl− ∈ L−, we set

 m.l / = e[þ.l+; l−/=2 + þ.l−;m+/+ þ.m−; l+/]:(7.3)

Then m is a quasi-character ofL in the sense that the map

l 7→  m.l /e[þ.l+; l−/=2]
is a character ofL. We also setlz = l+ − −.z/l− ∈ V+ for z ∈ D as in Section2.

THEOREM 7.5. LetJ : G̃ × D̃ → C be the automorphy factor given by(4.17).
Then the theta function�m satisfies the relation

�m.z;w + lz/ =  m.l /J ..1; l ;0/; .z;w//�m.z;w/(7.4)

for all .z;w/ ∈ D̃ = D × V+ andl ∈ L ⊂ V0.
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PROOF. Applying Lemma7.4for .z;w/ ∈ D × V+ andr = l+ − l− with r+ = l+ ∈
L+ andr− = −l− ∈ L−, we have

�m.z;w + lz/ = e[−þ.l−; − .z/l−/=2 + þ.l−;w + m+/]�m+r .z;w/:

However, form + r = .m+ + l+/ + .m− − l−/, we have

�m+r .z;w/ =
∑

k−∈L−

e[þ.k− + m− − l−; − .z/.k− + m− − l−//=2

+ þ.k− + m− − l−;w + m+ + l+/]
=

∑
k−∈L−

e[þ.k− + m−; − .z/.k− + m−//=2

+ þ.k− + m−;w + m+ + l+/]
=

∑
k−∈L−

e[þ.k− + m−; − .z/.k− + m−//=2

+ þ.k− + m−;w + m+/ + þ.k−; l+/+ þ.m−; l+/]
= e[þ.m−; l+/]�m.z;w/;

where we used the conditionþ.L ; L/ ⊂ Z. Thus we obtain

�m.z;w + lz/ = e[−þ.l−; − .z/l−/=2+ þ.l−;w + m+/ + þ.m−; l+/]�m.z;w/:

Sinceþ = 0 onV+ × V+ andV− × V−, we have

J ..1; l ;0/; .z;w// = e[þ.l ; lz/=2 + þ.l ;w/] = e[þ.l−; l z/=2 + þ.l−;w/]
= e[þ.l−; l+/=2 − þ.l−; − .z/l−/=2 + þ.l−;w/]:

Hence we see that

 .l /J ..1; l ;0/; .z;w// = e[−þ.l−; − .z/l−/=2 + þ.l−;w/

+ þ.l−;m+/+ þ.m−; l+/];
and therefore the proof of the theorem is complete.

REMARK 7.6. If we setũ = .1; l ;0/ ∈ G̃ andz̃ = .z;w/ ∈ D̃ , then (7.4) can be
written in the form

�m.ũz̃/ =J .ũ; z̃/�m.z̃/;

whereJ : .0 × L × {0}/× .D × V+/ → C is the automorphy factor given by

J ..
; l ;0/; .z;w// =  .l /J ..
; l ;0/; .z;w//

for all 
 ∈ 0, l ∈ L and.z;w/ ∈ D × V+.
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Given an elementz ∈ D and a quasi-character of L, we denote byV z
 the

complex vector space consisting of all functionsf : V+ → C satisfying the relation
T z..1; l ;0// f =  .l /−1 f for all l ∈ L.

PROPOSITION7.7. Let z ∈ D , and let f be an element ofV z
 for some quasi-

character of L. ThenT z
.
;0;0/ f is an element ofV 
 z

 for all 
 ∈ G.

PROOF. Let l ∈ L, 
 ∈ G andz ∈ D . Then we have

.1; 
 l ;0/.
;0;0/ = .
;0;0/.1; l ;0/ = .
; 
 l ;0/ ∈ G̃ = G × V0 ×R:

Hence, using Proposition6.4, we obtain

T 
 z..
;0;0// ◦ T z..1; l ;0// = Tz..
;0;0// ◦ Tz..1; l ;0//:

Thus for f ∈ V z
 , we have

T
 z..
;0;0//.T z..1; l ;0// f / = Tz..
;0;0//.T z..1; l ;0// f /

=  .l /−1.T z..
;0;0// f /;

and therefore we see thatT z..1; l ;0// f ∈ V
 z
 .

Givenz ∈ D andm ∈ V0 we define the function�z
m : V+ → C by

�z
m.w/ = �m.z;w/

for all w ∈ V+.

PROPOSITION7.8. Let z ∈ D , and set̂l = .1; l ;0/ ∈ G̃ for l ∈ L. Let Tz.̂l / be
the associated operator onFz given by(6.16), and let m be the quasi-character
associated tom ∈ V0 in (7.3). Then the function�z

m is an element ofV z
 m

.

PROOF. Givenz ∈ D , m ∈ V0, l̂ = .1; l ;0/ ∈ G̃ andw ∈ VC, we have

.Tz.̂l /.�z
m//.w/ =J .̂l −1; .z;w//−1�z

m..̂l
−1.z;w//w /:

However, we have

l̂ −1.z;w/ = .1;−l ;0/.z;w/ = .z;w − lz/;

hence we obtain.̂l −1.z;w//w = w − lz. Thus we see that

.T z.̂l /.�z
m//.w/ =J .̂l −1; .z;w//−1�z

m.w − lz/

=J .̂l −1; .z;w//−1 m.−l /J .̂l −1; .z;w//�z
m.w/

=  m.−l /�z
m.w/ =  m.l /

−1�z
m.w/:

Thus the proposition follows.
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Let L∗
+ be the dual lattice ofL+ relative toþ, that is,

L∗
+ = {v ∈ V0 | þ.L+; v/ ⊂ Z}:

Then by (7.1), we haveL− ⊂ L∗
+. Now we state the main theorem in this section

which extends a result of Satake [21, Section 3] to the case of Hermitian symmetric
domains.

THEOREM 7.9. Let� be the complete set of representativesL+ moduloL−. Then,
for z ∈ D andm ∈ V0, the set{�z

m+r | r ∈ �} forms a basis of the complex vector
spaceV z

 m
.

PROOF. Since the set{�z
m+r | r ∈ �} is obviously linearly independent overC, it

suffices to show that it spans the complex vector spaceV z
 m

. Let z ∈ D , w ∈ V0 and
m = m+ + m− with m+ ∈ V+ andm− ∈ V−. Then forl+ ∈ L+ we have

J ..1; l+;0/; .z;w// = 1;  .l+/ = e[þ.m−; l+/]:
Thus, for f ∈ V z

 m
, the relationT z

.1;l+;0/ f =  m.l+/−1 f .w/ reduces to

f .w − l+/ = e[−þ.m−; l+/] f .w/:

Hence the functionfe.w/ = f .w/e[−þ.m−;w/] satisfies the relation

fe.w − l+/ = f .w − l+/e[−þ.m−;w/+ þ.m−; l+/]
= f .w/e[−þ.m−; l+/]e[−þ.m−;w/]e[þ.m−; l+/] = fe.w/:

Therefore we obtain a Fourier expansion offe.w/ of the form

fe.w/ = f .w/e[−þ.m−;w/] =
∑
r ∈L∗+

a.r /e[þ.r;w/];

which implies that f .w/ = ∑
r ∈L∗+

a.r /e[þ.r + m−;w/]. On the other hand, for
l− ∈ L−, we have

f .w − −.z/l−/ = e[−þ.l−; − .z/l−/=2 + þ.l−;w/ + þ.l−;m+/] f .w/:

By comparing the coefficients ofe[þ.r + m−;w/] in the Fourier series of both sides
of the above equation, we see that

a.r /e[þ.r + m−; − .z/l−/] = a.r − l−/e[−þ.l−; − .z/l−/=2 + þ.l−;m+/];
hence we have

a.r − l−/ = a.r /e[þ.r + m−; − .z/l−/+ þ.l−; − .z/l−/=2 − þ.l−;m+/]
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for eachr ∈ L∗
+. Using this relation, we obtain

f .w/ =
∑
r ∈�

∑
l−∈L−

a.r − l−/e[þ.r + m− − l−;w/]

=
∑
r ∈�

∑
l−∈L−

a.r /e[þ.r + m−; − .z/l−/+ þ.l−; − .z/l−/=2

− þ.l−;m+/+ þ.r + m− − l−;w/]:

However, we have

þ.r + m−; − .z/l−/+ þ.l−; − .z/l−/=2

= þ.r + m−; − .z/l−/=2 + þ.l−; − .z/.r + m−//=2 + þ.l−; − .z/l−/=2

= þ.r + m−; − .z/l−/=2 + þ.l−; − .z/.r + m− + l−//=2

= þ.r + m− + l−; − .z/.r + m− + l−//=2 − þ.r + m−; − .z/.r + m−//=2;

−þ.l−;m+/+ þ.r + m−;w/ = þ.r + m− − l−;w + m+/+ þ.r + m−;m+/:

Thus we see that

f .w/ =
∑
r ∈�

a.r /e[þ.r + m− − l−; − .z/.r + m−//=2 − þ.r + m−;m+/]

×
∑

l−∈L−

e[þ.r +m− +l−; − .z/.r +m− +l−//=2+þ.r +m− −l−;w+m+/]

=
∑
r ∈�

c.r; z/� z
m+r .w/;

wherec.r; z/ = a.r /e[þ.r + m−; − .z/.r + m−//=2 − þ.r + m−;m+/] is a constant
independent ofw; hence the theorem follows.
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