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Abstract

Itis shown that the injective tensor product of positive vector measures in certain Banach lattices is jointly

continuous with respect to the weak convergence of vector measures. This resultis obtained by a diagone
convergence theorem for injective tensor integrals. Our approach to this problem is based on Bartle’s
bilinear integration theory.
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1. Introduction

In 1967, Duchon and Kluanek B] introduced the notion of tensor products of vector
measures which we describe in our setting: (Rt <) and (', ) be measurable
spaces. LeX andY be Banach spaces, aXd® Y the injective tensor product of

andY (see [, Chapter VIII]). For any vector measurgs &/ — X andv : Z — Y,

there always exists a unique vector meagugv : &/ x Z — X ® Y, whichis called

the injective tensor product pfandv, such thatu ® v)(Ax B) = w(A)®@v(B) forall

A € o/ andB € %. On the other hand, Dekie®] recently introduced the notion of
weak convergence of Banach space-valued measures, which is a natural generalizatic
of the weak convergence of probability measures, and studied its properties (see
also [19, 22)).
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Let SandT be topological spaces. In this paper, we prove that if fyet$ and
{v,} of positive vector measures @andT with values in Banach latticeX andY
converge weakly tq. andv, respectively, then the injective tensor produgts® v,
converges weakly tp ® v under some additional assumptions.

The injective tensor product of two probability measures is just the usual product
measure, so that its joint continuity is well known in the case thand T are
separable metric space3 [Theorem 3.2], and more generally completely regular
spaces?4, Proposition 1.4.1]. It was also shown iB,[Corollary to Theorem 1] that
the convolution of probability measures on an arbitrary topological group is jointly
continuous.

In a recent paperlf], we studied this kind of problem for vector measures with
values in certain nuclear spaces. It is shownld, [Theorems 5 and 7] that the
weak convergence of a net of injective tensor products of uniformly bounded nuclear
space-valued vector measures follows from that of the corresponding net of real
product measures. The way of proving the above result is essentially based on a finite
dimensional feature of nuclear spaces, that is, the weak topology coincides with the
original topology on every bounded subset of any barreled, quasi-complete nuclear
space. Therefore, the same method may not apply to the case of vector measure
with values in Banach spaces. The purpose of this paper is to show that this type of
joint continuity of product measures remains true for the injective tensor products of
positive vector measures in certain Banach lattices; see Thearer@ur approach
to this problem is based on the Bartle bilinear vector integratibn [

In Section?, we formulate some notation and results which are neededin the sequel.
In Section3, we give some technical results of the injective tensor integrals, which are
the Bartle bilinear integrals with respect to the injective tensor product. In Settion
we give a diagonal convergence theorem for the injective tensor integrals, which is
not only crucial to prove our main result, but seems to be of some interest. Using
this diagonal convergence theorem, it is shown in Seditrat the joint continuity
of the injective tensor products remains true for positive vector measures with values
in Banach lattices under some additional assumptions.

All the topological spaces and uniform spaces in this paper are Hausdorff, and the
scalar fields of Banach spaces are taken to be theRi@flall real numbers. Denote
by N the set of all natural numbers.

2. Preliminaries

Let X be a Banach space with noim| and X* the topological dual oX. Let By.
denote the closed unit ball of*. Let (2, &) be a measurable space.sAadditive
set functionu : & — X is called avector measureThesemivariatiorof  is the set
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function| ]| (A) = sup{|x*u|(A) : X* € Bx-}, where|x*u|(-) is the total variation of
x*u. Then||ull(R) < oo [2, Lemma 2.2].

Let u : & — X be a vector measure. Denote Ry the indicator function of
a setA. A u-null setis a seteE € « for which ||u||(E) = 0; the termu-almost
everywheraefers to the complement of @a-null set. Given an-simple function
of the form f = ka:lakXAk with a;,... ,a, € R, Ai,..., A, € &/, m € N,
define its integralf, f du over a setA € « by [, fdu = Y a (AN A).
An «/-measurable functiorf : @ — R is said to beu-integrableif there exists a
sequencéf,} of «/-simple functions converging-almost everywhere té such that
the sequencéf, f,du} converges in the norm o for eachA € /. This limit
[, f du does not depend on the choice of such simple functifjps1 € N. By
the Orlicz-Pettis theoren¥[ Corollary 1.4.4], the indefinite integraéh — [, f du is
o-additive. Every boundedy -measurable functioti : Q@ — R is u-integrable, and
| [ fdu| <sup,calf(@)]- Inl(A) foreachA e < [2, Theorem 2.6]. For further
properties of this integral seg,[10, 17, 19].

We define several notions of regularity for vector measures on a topological space.
Let S be a topological space ardg(S) the o-algebra of all Borel subsets & Let
u: A(S) — X be avector measure. We say thats Radonif for everye > 0
and A € #(S) there exists a compact subd€tof A such that||u|(A — K) < &,
and it istight if this condition is satisfied foA = S. We say thatu is t-smooth
if, for any increasing ne{G,} of open subsets o8 with G = | J, G,, we have
lim, lxl(G — G,) = 0. It follows thatu is Radon (respectively tight;-smooth)
if and only if, for eachx* € X*, the real measure*;. is Radon (respectively tight,
7-smooth). Infact, this is a consequence of the Rybakov theofehhporem 1X.2.2],
which ensures that there exisgs € X* for whichxju andu are mutually absolutely
continuous.

The following result can be proved as in the case of scalar measures; see for
example P4, Proposition 1.3.2].

PrOPOSITION2.1. Let S be a topological space anX a Banach space. Let
u : B(S) — X be ar-smooth vector measure. Lgt,} be a uniformly bounded
decreasing net of upper semicontinuous non-negative functios bnf = lim,, f,
is the pointwise limit off,, then f,’s and f are all u-integrable andim, fs f,du =

fs fdu.
3. Some properties of injective tensor integrals

In this section, we define the Bartle bilinear integration in our setting: X.and
Y be Banach spaces. Denote My® Y the injective tensor product of andY;
see [/, Chapter VIII]. Let(2, «/) be a measurable space. ket @ — X be a vector
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function andv : & — Y a vector measure. Given a&valued simple function
o = Z,’(":lkaAk With Xq, ..., Xm € X, Aq, ..., A, € &/, m e N, define its integral
[ie® dvoveraselhe & by [,¢® dv =3, % ®v(AN A). We say thap is
v-measurabléf there exists a sequenée,} of X-valued simple functions converging
v-almost everywhere t@. The functiong is said to bev-integrable in the sense
of Bartle if there exists a sequende,} of X-valued simple functions converging
v-almost everywhere tp such that the sequen¢g, ¢, ® dv} converges in the norm
of X®Y for eachA € . This limit [, ¢ ® dv does not depend on the choice of
suchX-valued simple functiong,, n € N, and the indefinite integrsl — [, ¢ ® dv

is anX ® Y-valued vector measure o# .

For simplicity, we say that the is v-integrableif it is v-integrable in the sense of
Bartle. The integral, ¢ ® dv is called thenjective tensor integral ap over A with
respect to. See arecent papet]] for further properties of injective tensor integrals
such as some characterizations of integrable functions and the general Fubini theoren

In the following, we prepare some technical properties of injective tensor integrals
which will be used in Sectiod. The proof of the following lemma is obvious and
will be omitted.

LEmmA 3.1. Let (2, /) be a measurable space. L¥tandY be Banach spaces.
Letv: &/ — Y be a vector measure anfl: 2 — R a v-integrable,«’-measurable
function. Then, giver € X, the vector functiorf x : @ — X defined by( f X)(w) =
f (w)x for w € Q is v-integrable and/,(fx) ® dv = x® [, f dv for eachA € .

When the Banach spac€ is equipped with the additional structure of a Banach
lattice, we may introduce the notion of positivity for vector measures. We say that
a vector measurg : < — X is positiveif u(A) > 0 for everyA € </. By [22,
Lemma 1.1], for every positive vector measurewe have||u|(A) = [ (A)]| for
all A € &/. Further, it is easy to verify that for any-integrable,«/-measurable real
functions f andg with | f| < g u-almost everywhere, we have

fos]
Q

/fdu S/IfldMS/gdu and ’/fdu /Ifldu
Q Q Q Q Q

These facts greatly facilitate the analysis of positive vector measures and are use
frequently without saying these explicitly in this paper. For further properties of
positive vector measures on metric spaces, $6e742]. For other applications of
positivity of vector measures, se. We refer the reader to the book of Schaefs} |

for the basic theory of Banach lattices.

= =

PROPOSITION3.2. Let (2, &) be a measurable space. L¥tbe a Banach space
and Y a Banach lattice. Leb : &/ — Y be a positivevector measure. If an
«/-measurable functionf : @ — R is v-integrable and a vector functiop :
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Q — X is bounded and>-measurable, then the vector functidpy : Q@ — X
defined by(fg)(w) = f(w)p(w), € Q, is v-integrable, and| [,(f¢) ® dv| <
SUP,cq llp(@)l - || /1 fIdv]| for eachA € «.

PrOOF. The functiong is v-integrable by {, Theorem 4], and hence we can find
a sequencép,} of X-valued simple functions of2 convergingv-almost everywhere
to ¢ such that|g,(w)| < lle(w)| forall w € @ andn € N (see, for instance2p,
Theorem 2.6]).

Fix A e & andn € N and put||¢|l, = SUp,.q ll¢(w)|l. The functionf ¢, which
is v-integrable by Lemma&.1 satisfies

(3. |

/(f¢n)§> dv
A

= sup

X*€ By

/ Fo (g dv
A

see [L1, page 327]. Sincéf (w)(X*¢n)(@)| < ||l¢lll f(w)| for all x* € By-, the
positive measure satisfies [, f - (x*¢n) dv| < ll¢ll [, | f1dv, which implies that

/f-(x*<pn)dv /lfldv
A A

Since f¢, convergesv-almost everywhere td ¢, it follows from (3.1), (3.2
and [1, Theorem 10] thatf ¢ is v-integrable ande(fwn)@z? dv — [, (fe) ® dv.
This together with§.1) and (3.2) gives the required inequality. O

(3.2) sup

X*€ By

=< llelle

LetT be atopological space ard(T) theo -algebra of all Borel subsets f. Let
C(T, X) denotes the Banach space of all bounded continuous fungtiois — X
with the norm||¢|| = sup.; lle®)|. We writeC(T) = C(T, R).

ProOPOSITION3.3 ([26, Theorem 1.6])Let T be a topological space. Let andY
be Banach spaces. Let: #(T) — Y be a tight vector measure arde C(T, X).
Thengis v-integrable, and| [, ¢ ® dv| < sup.alle® |- [vII(A) forall A e Z(T).

PrOOF. By [1, Theorem 4] we have only to prove thats v-measurable. Take an
increasing sequend&,}>° , of compact subsets df such thafl — .-, K, isv-null.
Sincegp(K,) is compact for alh € N, the seko(Uﬁ":l Kn) is o-compact, and hence
separable. Apply the Pettis measurability theor&mTheorem 11.1.2] to conclude
thaty is u-measurable. O

4. A diagonal convergence theorem for injective tensor integrals

Let T be a uniform space with the uniformit§s. Let X be a Banach space.
Denote byl (T, X) the Banach space of all bounded uniformly continuous functions
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¢ : T — X with the norm|j¢| = Sup.t llet)[l. We writeU (T) = U(T, R). Let

Y be a Banach lattice. Denote by * (T, Y) the set of all positive vector measures
v: ZA(T) — Y, and denote by#*(T,Y) the set of allv € .Z* (T, Y) which are
tight.

Inthis section, we give a diagonal convergence theorem for injective tensor integrals
with respect to positive vector measures. The following theorem is not only crucial to
prove our main results, thatis Theorén3and Theorens.4, but seems to be of some
interest.

THEOREMA4.1. LetT be a uniform space with the uniformi#:. Let X be a Banach
space andY a Banach lattice. Consider a nép,} c U(T, X) andg € U(T, X)
satisfying the following conditions

() @ (t) = @(t) foreveryt € T;

(i) {g,} is uniformly bounded, that isup, [¢. [l < oo; and

(i) {g.} is uniformly equicontinuous off, that is, for anye > 0, there exists
V € 7+ such thatsup, [|¢.(t) — ¢, (t") || < ¢ whenevext,t’) € V.

Given a net{v,} C .#7(T,Y) and ar-smooth measure € .Z(T,Y), if
lim, [; gdv, = [; gdv for everyg € U(T), thenlim, [; ¢, ® dv, = [; ¢ ® dv.

To prove Theorem.1, we need several auxiliary results. In what follows, for any
VeZrandt e T,putvV(t) ={t' eT: (t,t") e V}.

LEMMA 4.2. Let T be a uniform space with the uniformi#;. LetY be a Banach
space. Assume thate .# (T, Y) is t-smooth. Then, foreach> OandV € %4, we
can find a finite subsdt;, t,, ... ,t,} of T andh € U(T) with 0 < h < 1 satisfying
the following conditions

(i) h)=0forali=12,...,n;ht)=21forallt ¢J",V(),and
(i) H fThde < e.

PROOF. LetV € %4 and fixe > 0. Then, for eacla € T, we can findd, € U(T)
satisfying 0< d, < 1,d,(a) = 0, andd,(t) = 1 if t ¢ V(a) (the existence of such a
functiond, follows from a proof of Uniformizable Theorem$, Proposition 11.5]).

Let o range over the finite subsets ©fand fora = {t;,t5, ... ,t,}, puth,(t) =
min,<i<, dy (t) fort € T. Then,{h,} is a decreasing net ld (T) converging pointwise
to O (the ordering for the’s being the set-theoretical inclusion). Sincis r-smooth,
by Proposition2.1, we have| [; h, dv| < e for somea = {t;, t,, ... , t,}, and this
functionh,, is a required one. O

ProOPOSITION4.3. LetT be a uniform space with the uniformité. Let X be a Ba-
nach space and a Banach lattice. Lefv,} be anetinZ (T, Y)andv € .#Z*(T,Y).
Assume that is tight. Then the following two conditions are equivalent
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(i) Foreveryg € U(T), we have

(4.1) /gdva — /gdv.
T T

(i) Foreveryp € U(T, X), we have

/X*(pdva—/x*w dv
T T

PROOF. It is routine to prove that (ii) implies (i), and hence we prove (i) implies
(ii).

Fix ¢ € U(T, X), and we may assume thigp|l.. < 1 without loss of generality,
since we obtain the result for a genepaby consideringp/||¢||» in place ofp.

Givene > 0, the tight measure satisfies||v|[(T — K) < ¢ for some compact
subsetk of T. We first claim that there exists an open $ete %4 such that the
inequality

(4.2) sup

X*€ By

— 0.

(4.3) sup [u"e(t) — vie(t)] < 3¢
teK (V)

holds for allu*, v* € By« satisfying

(4.4) St{(plu*w(t) — V)| <,

te
whereK(V) = {t e T : (1,t") € V forsomet’ € K}. In fact, there exists an open
setV e % such that sup_g . [X*o(t) — X*o(t)| = [lo() — ot)|| < & whenever
(t,t) e V. Take elements*, v* € By. such that4.4) holds. Lett € K(V) and take
t’ € K satisfying(t,t’) € V. Then, we have

U (t) — v'p®)] < [UWpt) — Uet)] + [U"(t) — v ()]
+ v p(t) — vie®)] < 3e,

which implies @.3).
Next we claim that

(4.5) limsup|lv, (T — K(V)) < e.

Indeed, sinceK (V) is an open subset containing the compactisethere exists
g € U(T)vanishing orK suchthatO< g < 1andg = 1onT —K (V) (adapt the proof
of [13, Proposition 11.5]). The positive measurggndv satisfy||v, || (T — K(V)) <

| f; gdv,| and| f; gdv|| < [[vI(T — K). It follows from assumption (i) applied
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tog € U(T) that| f; gdv,|| — | /; gdv|. Hence, limsup|v, (T — K(V)) <
IvII(T — K) < &, which establishesi(5).

Now, the set of function§x*¢ : x* € By.} restricted toK is uniformly bounded
and uniformly equicontinuous i€ (K), so that it is a relatively compact subset of
C(K) by the Arze&-Ascolitheorem. In other words, there exists a finite suBgef
Bx- such that for ank* € By- there isx; € By with sup_« [X*¢(t) — Xe(t)] < &,
and hence we have sup., [X*o(t) — x5o(t)| < 3¢ by (4.3). Letx* € Bx. and take
X5 € By as above. Then

/X*(pdva—/x*w dv
T T
/IX*w—XSwldva
.

/ X5 — X"p| dv
.

(4.6)

=

u*godva—/u*(p dv
Bo /T T

+ max
ute

_|_

Further, we have

@.7) / X' — Xl dv, | < / X0 — X3g| dv,
T T—K (V)
+ / [X*p — X3¢] dv,
K (V)
< 20 I(T = K (V) + 3s [, (T
and
4.8) / Ko — X'l dv| < 2| (T = K) + (T < 26+ ellv (D]l
T

It follows from (4.6)—(4.8) that

/X*(pdva—/x*wdv
T T

< 2[[ve [[(T = K(V)) + 3e[[v (Tl + 28 + el[v(T)]|

u*wdva—/u*<pdv
Bo /T T

+ max
ute

(4.9 sup

X*€ By

Now an appeal to4.1) gives||v,(T)|| = | f; 1dv, | — | /; 1dv| = [[v(T)| and

/u*godva—/u*wdv
T T

max
u*eBg

— 0,
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and hence by4.5) and ¢.9) we have

/X*(pdva—/x*wdv }
T T

< 2limsup|jv, [T — K(V)) + Bellv(T)|| + 2 + ellv(T)|

lim sup{ sup

o X*€ By

< de +4dellv(D)] =4+ lv(T)ID,
which establishesi(2). O

PrOPOSITION4.4. Let T be a uniform space. LeX be a Banach space and
a Banach lattice. Lefv,} be a net in.Z*(T,Y) andv € .Z"(T,Y). Then the
following two conditions are equivalent

(i) Foreveryg € U(T), we havef; gdv, — [ gdv.
(i) Foreveryp € U(T, X), we havel; ¢ ® dv, — [; ¢ & dv.

PROOF. It is obvious that (i) implies (i), and hence we prove (i) implies (ii).

Fix ¢ € U(T, X). Then, sup_g,. ||/; X*¢dv, — [; X*¢dv| — 0 by Proposi-
tion 4.3. It follows from Proposition3.3 thaty is integrable with respect to both
andv. Hence, by 11, page 327] we have

/<p5§> dva—/<p§>dv = sup /X*fpd(y*va)—/X*wd(y*U)
T T X*e By T T
y*€Byx
= sup /x*wdva—/xw dv|| — 0,
X*€ By T T
which establishes (ii). O

PROOF OFTHEOREM 4.1 Fix ¢ > 0. By assumption (iii) we can finl € %4 such
that

(4.10) supllg.(t) — e ()l <& and o) —et)] <&

whenever(t,t’) € V. Then, Propositior8.3 allows us to define continuous linear
operatord,,, L : U(T,X) - X®@YbyL,¥ = [; ¥ & dv, andLy = [; ¥ & dv,
¥ € U(T, X). Then the equality,¢, = L,¢ + L,(¢. — ¢) holds.

We first prove that

(411) ”La((oa - (ﬂ)” — 0.
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To this end, take a finite subsgi, t,,... ,t,} of Tandh e U(T) withO<h < 1
satisfying (i) and (ii) of Lemma.2 Then, assumption (i) of Theorednl ensures that

(4.12) lim max g, () — ¢l = 0.

We claim that

(4.13) limsupll(1 —h)(ge — @)l < 2e.

In fact, lett € | J_, V(t). Then, there existis with 1 < i, < nsuch thatt,, t) € V.
Hence, by ¢.10 we have sup p v, ll¢a() =@M < 2e+maX<i< l@. () — )|l

for eache. Thus, by ¢.12 we have lim SUPSUR. 1 v, lPa(t) — ()]l < 26. On
the other hand, since the functibrsatisfies (i) of Lemma.2, we have

[(A—=0) (@ =Pl < SUP  [l@a(t) —@O)]
teUL, V()

for all o, which implies @.13.
Now, observe thafL, (¢, — )l < ILa(h(g, — @) Il + IL (L —h) (g, — )| for
eacha. Recalling assumption (ii), we pi = sup, [l¢. |l < oo. It follows from

Proposition3.2 that
/h dv, /h dv,
T T

On the other hand, it follows fromil[ Theorem 4] that

Lo (2= M) (e — DIl < 1A =)@ — P)llo = 1Vl (T).
Consequently, for eachwe have
/h dv,
.

By the assumption of Theorefnl, we have lim [, hdv, = [, hdv and

ILe(h(pe — oD = ll@e — ¢l - = (M +ll¢llw)

(4.14)  |Lo(pe—@)ll = (M+]l@ll)

+1(A=h)(@e =)o Ve I (T).

im [[v, | (T) = lim v (M = (M1 = [vIIT).

/hdv
.

< (M +lglleo)e + 2]V [[(T),

Thus, it follows from ¢.13 and @.14) that

limsup|iLe(¢e — @)l = (M + ll@lls) + 2e[lv||(T)

which establishesi(11).
By Proposition4.4 and assumptions of Theorefnl we have|L,¢ — Lg|| — O.
This together with4.11) implies|L,¢, — Lg| — 0 and the proof is complete. O
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5. Weak convergence of injective tensor product measures

We first recall the defition of weak convergence of vector measures. &dte
a topological space and a Banach space. Ld,} be a net in.Z (S, X) and
w e .S, X). We say thafu,} converges weaklp ., and writey, —> p, if for
eachf € C(S)we have lim [, f du, = /5 f du in the norm ofX; see B, 22.

The following proposition asserts that in the caspaditivevector measures, weak
convergence follows from the validity of the above convergence for only bounded
uniformly continuous functiond on S; see for exampleZ3, Theorem 8.1 (the Port-
manteau Theorem)].

ProOPOSITIONS.1. Let S be a uniform space with the uniformit§s. Let X be a
Banach lattice. Lefu,} be anetin#Z (S, X) andu € .# (S, X). Assume that
is tight. Then the following two conditions are equivalent

(i) Foreveryf e U(S), we havef, f du, — [ fdu.
(i) Foreveryf e C(S), we havef, f du, — [ fdu.

PROOF. It is obvious that (i) implies (i), and hence we prove (i) implies (ii).

Fix e > 0andf € C(S). Then, the tight measune satisfies|u|[(S— K) < ¢
for some compact subskt of S, and it follows from P1, Lemma V.1, page 250] that
there exists an open, symmetric et % satisfying

(5.2) |f(s) — f(s)| <& whenevers,s) € V ands < K.

Further, there is a functiog € U (S) such thatg(s) = f(s) forall s € K and
lgllc = Sup.« | T(S)]; see B, Chapter IX, Exercises, Section 1, no. 22]. Then, there
exists an open, symmetric Sét € % such that

(5.2) g(s) — g(s)| < & whenevers,s) € V'.

PutW =V NnV’. Then,W is also an open, symmetric subset#, and 6.1) and
(5.2 remain true for the seW/ instead ofV andV’, respectively.

PutK (W) ={se S: (s,8) € Wforsomes € K}. Then, by similar arguments
as in the proof of 4.3) and @.5) of Proposition 4.3, it follows from&g.1), (5.2), the
positivity of  and assumption (i) that

(5.3) sup [f(s) —g(s)| <2¢ and limsufdiu.ll(S—K(W)) <e.

seK (W)
/fdua—/gdua /gdua—/gduH
S S S S
/gdu—/fdu”.
S S

Now, for eachw we have

/fdua—/fdu
s s

(5.4) ’ < +

_|_
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By the first inequality of %.3), for eache we have

(5.5) H [ tau.~ [gaw,
S S

/ fdua+H/ g du /(f—g)dua
S—K (W) S—K(W) K(W)

= 1 Flloe e 1(S=KOW)) +11Glloc | e 1 (S— K (W) + 2& | e I (S).

<

_|_

Similarly, noting that| || (S— K) < ¢ andg = f onK, for eachw we have

/gdu—/fdu
S S

Onthe other hand, it follows from assumption (i) thatJifin, || (S) = lim,, |1 (S)|| =
(S = Ixl(S) and lim, [ggdu, = [sg9du. This together with§.3—(5.6) im-
plies limsup, | /5 f dua — [5 f | < 26 (I flle + 191w + I1211(S), which estab-
lishes (ii). O

(5.6) <e(Iflle+ 19l -

LEMMA 5.2. Let Sand T be uniform spaces with the uniformitie&s and %4,
respectively. LetX be a Banach space. Assume that a fjef} in .Z (S, X) is
uniformly bounded, that isup, ||14,](S) < oo. Leth € U(Sx T) and putg,(t) =

fsh(s, t)ue (ds) for all « andt € T. Then{¢p,} satisfies assumptiorfs) and (iii) of
Theoremd. 1

PrOOF. The uniform boundedness @f,} follows from [2, Theorem 2.6].

PutM = sup, [lI(S) < oco. Givene > 0, choseV € % andW e %4 such
that|h(s,t) — h(s,t")| < ¢/(M + 1) whenevers, s) € V and(t,t’) € W. Thus, if
(t,t") € W, then for alle we have

lea(®) — @ ()] =

/(h(S, t) — h(s, t) . (ds)
S

I
Ml (S) < —— M <,
M1 el =gm7-M<e

which implies the uniform equicontinuity g, }. O

=

Let SandT be uniform spaces. LeX andY be Banach lattices. Then, b,[
Theorem], given vector measurgse . (S, X) andv € .#(T,Y), there exists
a unique vector measure® v : Z(S) x B(T) — X®Y, which is called the
injective tensor produadf . andv, such thai ® v)(A x B) = u(A) ® v(B) for all
A e #(S) andB € #(T); see alsol6, Theorem]. In this section, as an application of
Theoremi.1, we consider a problem of joint continuity of the injective tensor product
of positive vector measures in certain Banach lattices.
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Inthe rest of this paper, we assume t8aindT satisfy#B(Sx T) = Z(S) x Z(T)
(it is routine to check that this condition is satisfied, for instance, effherT has a
countable base of open sets). In this case, we can view the injective tensor produc
u®v as a vector measure defined e#(S x T), and integrate any (uniformly)
continuous real function with respectjo® v. As an application of Theorer1we
have the following result.

THEOREMb5.3. Let Sand T be uniform spaces. Let andY be Banach lattices.
Let{u,} be anetinZ*(S, X) andu € .#*(S, X). Let{v,} be anetinz*(T,Y)
andv € . (T,Y). Assume thab is r-smooth. Iffs fdu, — fs fdu and
Jrgdv, — [, gdv for everyf € U(S) andg € U(T), then,  hd(u, ®v,) —
Jo.r hd(u @ v) for everyh € U(S x T).

PrOOF. We may assume without loss of generality that} and{v,} are uniformly
bounded, that is, sypi . [|(S) < oo and sup ||v,[|(T) < oo.

Fix h € U(Sx T), and putp, (t) = [{h(s, t)u.(ds) ande(t) = [ h(s, t)u(ds)
for eachw andt € T. Then, by Lemm&.2and the assumptions of this theorgp, }
and ¢ satisfy the conditions of Theorerm1, and hence we havé, ¢, ® dv, —
[ ¢® dv. By the Fubini theorem for injective tensor product measures (see,
for instance, {1, Theorem 13]), we have; ¢, ® dv, = [ ;hd(u, ®v,) and
[y 9® dv = [, . hd(u®v), which proves the theorem. O

Let X andY be Banach lattices. Then, in general, the injective tensor protigcY
or the projective tensor product may not be a vector lattice for the natural ordering.
However, the injective tensor products of some important examples of Banach lattices
are also Banach lattices; see the examples after the proof of the following theorem.
Let X andY be Banach lattices such that the injective tensor produ®tY is also
a Banach lattice satisfying the conditigr® y > 0 for everyx > 0 andy > 0. Let
(2, &) and(T', ) be measurable spaces. et & — Xandv : 8 — Y be vector
measures. Then it is easy to verify thatuifand v are positive, so is the injective
tensor producit ® v. In this case, we have an affirmative answer for a problem of
joint continuity of the injective tensor products with respect to the weak convergence
of vector measures.

THEOREMb5.4. Let Sand T be uniform spaces. LeX andY be Banach lattices
such that the injective tensor produkt® Y is also a Banach lattice satisfying the
conditionx ® y > Ofor everyx > 0andy > 0. Let{u,} be anetin#*(S, X) and
w e A7 (S, X). Let{v,} be anetin(T,Y)andv € . (T,Y). Assume thab
is -smooth. Ifu, —> w andv, —> v, thenu, @ v, — L v.

ProOOF. By Theoremb5.3, for everyh e U(Sx T) we havefsXT hd(i, @ vy) —
Jsur d(u®v). By assumptionu, ®v,’s and u® v are positive, and it is easy
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to prove thatu ® v is tight. Consequently, it follows from Propositidal that
I ®Vy —> U V. 0

REMARK. Inthe special casethdt = Y = R, an alternative proof of Theorefn4
is executed by a well-known criterion that one can prove the weak convergence of
e to u by showing thafu, (A) — w(A) for some special class of sefs(see, for
instance, 24, Corollary 1 to Theorem 1.3.5 and Proposition 1.4.1]). However, it seems
that the usual proof of the above criterion does not work well for positive vector
measures, since the notions of limit infimum and limit supremum cannot be extended
to general Banach lattices.

We finish this paper with examples of Banach lattisesndY such that the injective
tensor producKX ® Y is also a Banach lattice satisfying the conditio® y > 0 for
everyx > 0 andy > 0; see examples ir2D, pages 274-276] and 2, page 90].

ExampPLES. (1) If K is acompact space aiYde any Banach lattice, th€K) @ Y
is isometrically lattice isomorphic to the Banach lattéK, Y). Especially, when
Y = C(L) for some compact spade C(K)® C(L) is isometrically lattice isomor-
phictoC(K x L).

(2) Let P be a locally compact space aiYdbe any Banach lattice. Denote by
Co(P, Y) the Banach lattice with its canonical ordering of all continuous functions
¢ : P — Y such that for every > 0, the set{s € P : |l¢(S)|| > ¢} is compact.
We write Co(P) = Co(P, R). ThenCo(P)®Y is isometrically lattice isomorphic
to Co(P,Y). Especially, whenyY = Cy(Q) for some locally compact spade,
Co(P) ® Co(Q) is isometrically lattice isomorphic 16,(P x Q).

(3) Let (2, &/, 0) be a measure space a¥icbe any Banach lattice. Denote by
L>(R2,Y) the Banach lattice of all (equivalence classesco®ssentially bounded
measurable functiong : 2 — Y with its canonical ordering. We write®(Q2) =
L>®(Q2, R). Then,L=(Q)® Y is a Banach lattice. However, in general?(Q) ® Y
is a proper closed subset bf* (22, Y).
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