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Abstract

It is shown that the injective tensor product of positive vector measures in certain Banach lattices is jointly
continuous with respect to the weak convergence of vector measures. This result is obtained by a diagonal
convergence theorem for injective tensor integrals. Our approach to this problem is based on Bartle’s
bilinear integration theory.
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1. Introduction

In 1967, Duchon and Kluv´anek [8] introduced the notion of tensor products of vector
measures which we describe in our setting: Let.�;A / and.0;B/ be measurable
spaces. LetX andY be Banach spaces, andX ⊗̃ Y the injective tensor product ofX
andY (see [7, Chapter VIII]). For any vector measures¼ : A → X and¹ :B → Y,
there always exists a unique vector measure¼ ⊗̃ ¹ : A ×B → X ⊗̃ Y, which is called
the injective tensor product of¼and¹, such that.¼ ⊗̃ ¹/.A×B/ = ¼.A/⊗¹.B/ for all
A ∈ A andB ∈ B. On the other hand, Dekiert [6] recently introduced the notion of
weak convergence of Banach space-valuedmeasures, which is a natural generalization
of the weak convergence of probability measures, and studied its properties (see
also [19, 22]).
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Let S andT be topological spaces. In this paper, we prove that if nets{¼Þ} and
{¹Þ} of positive vector measures onS andT with values in Banach latticesX andY
converge weakly to¼ and¹, respectively, then the injective tensor product¼Þ ⊗̃ ¹Þ
converges weakly to¼ ⊗̃ ¹ under some additional assumptions.

The injective tensor product of two probability measures is just the usual product
measure, so that its joint continuity is well known in the case thatS and T are
separable metric spaces [3, Theorem 3.2], and more generally completely regular
spaces [24, Proposition I.4.1]. It was also shown in [5, Corollary to Theorem 1] that
the convolution of probability measures on an arbitrary topological group is jointly
continuous.

In a recent paper [14], we studied this kind of problem for vector measures with
values in certain nuclear spaces. It is shown in [14, Theorems 5 and 7] that the
weak convergence of a net of injective tensor products of uniformly bounded nuclear
space-valued vector measures follows from that of the corresponding net of real
product measures. The way of proving the above result is essentially based on a finite
dimensional feature of nuclear spaces, that is, the weak topology coincides with the
original topology on every bounded subset of any barreled, quasi-complete nuclear
space. Therefore, the same method may not apply to the case of vector measures
with values in Banach spaces. The purpose of this paper is to show that this type of
joint continuity of product measures remains true for the injective tensor products of
positive vector measures in certain Banach lattices; see Theorem5.4. Our approach
to this problem is based on the Bartle bilinear vector integration [1].

In Section2, we formulate some notation and results which are needed in the sequel.
In Section3, we give some technical results of the injective tensor integrals, which are
the Bartle bilinear integrals with respect to the injective tensor product. In Section4,
we give a diagonal convergence theorem for the injective tensor integrals, which is
not only crucial to prove our main result, but seems to be of some interest. Using
this diagonal convergence theorem, it is shown in Section5 that the joint continuity
of the injective tensor products remains true for positive vector measures with values
in Banach lattices under some additional assumptions.

All the topological spaces and uniform spaces in this paper are Hausdorff, and the
scalar fields of Banach spaces are taken to be the fieldR of all real numbers. Denote
byN the set of all natural numbers.

2. Preliminaries

Let X be a Banach space with norm‖ · ‖ andX∗ the topological dual ofX. Let BX∗

denote the closed unit ball ofX∗. Let .�;A / be a measurable space. A¦ -additive
set function¼ : A → X is called avector measure. Thesemivariationof ¼ is the set
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function‖¼‖.A/ = sup{|x∗¼|.A/ : x∗ ∈ BX∗}, where|x∗¼|.·/ is the total variation of
x∗¼. Then‖¼‖.�/ < ∞ [2, Lemma 2.2].

Let ¼ : A → X be a vector measure. Denote by� A the indicator function of
a setA. A ¼-null set is a setE ∈ A for which ‖¼‖.E/ = 0; the term¼-almost
everywhererefers to the complement of a¼-null set. Given anA -simple function
of the form f = ∑m

k=1 ak� Ak
with a1; : : : ;am ∈ R, A1; : : : ; Am ∈ A , m ∈ N,

define its integral
∫

A f d¼ over a setA ∈ A by
∫

A f d¼ = ∑m
k=1 ak¼.Ak ∩ A/.

An A -measurable functionf : � → R is said to be¼-integrable if there exists a
sequence{ fn} ofA -simple functions converging¼-almost everywhere tof such that
the sequence{∫A fn d¼} converges in the norm ofX for eachA ∈ A . This limit∫

A f d¼ does not depend on the choice of such simple functionsfn, n ∈ N. By
the Orlicz-Pettis theorem [7, Corollary I.4.4], the indefinite integralA 7→ ∫

A f d¼ is
¦ -additive. Every bounded,A -measurable functionf : � → R is ¼-integrable, and∥∥ ∫

A f d¼
∥∥ ≤ sup!∈A | f .!/| · ‖¼‖.A/ for eachA ∈ A [2, Theorem 2.6]. For further

properties of this integral see [2, 10, 17, 18].
We define several notions of regularity for vector measures on a topological space.

Let S be a topological space andB.S/ the¦ -algebra of all Borel subsets ofS. Let
¼ : B.S/ → X be a vector measure. We say that¼ is Radonif for every " > 0
and A ∈ B.S/ there exists a compact subsetK of A such that‖¼‖.A − K / < ",
and it is tight if this condition is satisfied forA = S. We say that¼ is − -smooth
if, for any increasing net{GÞ} of open subsets ofS with G = ⋃

Þ GÞ , we have
limÞ ‖¼‖.G − GÞ/ = 0. It follows that¼ is Radon (respectively tight,− -smooth)
if and only if, for eachx∗ ∈ X∗, the real measurex∗¼ is Radon (respectively tight,
− -smooth). In fact, this is a consequence of the Rybakov theorem [7, Theorem IX.2.2],
which ensures that there existsx∗

0 ∈ X∗ for which x∗
0¼ and¼ are mutually absolutely

continuous.
The following result can be proved as in the case of scalar measures; see for

example [24, Proposition I.3.2].

PROPOSITION2.1. Let S be a topological space andX a Banach space. Let
¼ : B.S/ → X be a− -smooth vector measure. Let{ fÞ} be a uniformly bounded
decreasing net of upper semicontinuous non-negative functions onS. If f = limÞ fÞ
is the pointwise limit offÞ, then fÞ’s and f are all¼-integrable andlimÞ

∫
S fÞ d¼ =∫

S f d¼.

3. Some properties of injective tensor integrals

In this section, we define the Bartle bilinear integration in our setting: LetX and
Y be Banach spaces. Denote byX ⊗̃ Y the injective tensor product ofX and Y;
see [7, Chapter VIII]. Let.�;A / be a measurable space. Let' : � → X be a vector
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function and¹ : A → Y a vector measure. Given anX-valued simple function
' = ∑m

k=1 xk� Ak
with x1; : : : ; xm ∈ X, A1; : : : ; Am ∈ A , m ∈ N, define its integral∫

A ' ⊗̃ d¹ over a setA ∈ A by
∫

A ' ⊗̃ d¹ = ∑m
k=1 xk ⊗ ¹.Ak ∩ A/. We say that' is

¹-measurableif there exists a sequence{'n} of X-valued simple functions converging
¹-almost everywhere to'. The function' is said to be¹-integrable in the sense
of Bartle if there exists a sequence{'n} of X-valued simple functions converging
¹-almost everywhere to' such that the sequence{∫A 'n ⊗̃ d¹} converges in the norm
of X ⊗̃ Y for eachA ∈ A . This limit

∫
A ' ⊗̃ d¹ does not depend on the choice of

suchX-valued simple functions'n;n ∈ N, and the indefinite integralA → ∫
A ' ⊗̃ d¹

is anX ⊗̃ Y-valued vector measure onA .
For simplicity, we say that the' is ¹-integrableif it is ¹-integrable in the sense of

Bartle. The integral
∫

A ' ⊗̃ d¹ is called theinjective tensor integral of' over A with
respect to¹. See a recent paper [11] for further properties of injective tensor integrals
such as some characterizations of integrable functions and the general Fubini theorem.

In the following, we prepare some technical properties of injective tensor integrals
which will be used in Section4. The proof of the following lemma is obvious and
will be omitted.

LEMMA 3.1. Let .�;A / be a measurable space. LetX andY be Banach spaces.
Let ¹ : A → Y be a vector measure andf : � → R a ¹-integrable,A -measurable
function. Then, givenx ∈ X, the vector functionf x : � → X defined by. f x/.!/ =
f .!/x for ! ∈ � is ¹-integrable and

∫
A. f x/ ⊗̃ d¹ = x ⊗ ∫

A f d¹ for eachA ∈ A .

When the Banach spaceX is equipped with the additional structure of a Banach
lattice, we may introduce the notion of positivity for vector measures. We say that
a vector measure¼ : A → X is positiveif ¼.A/ ≥ 0 for everyA ∈ A . By [22,
Lemma 1.1], for every positive vector measure¼, we have‖¼‖.A/ = ‖¼.A/‖ for
all A ∈ A . Further, it is easy to verify that for any¼-integrable,A -measurable real
functions f andg with | f | ≤ g ¼-almost everywhere, we have∣∣∣∣

∫
�

f d¼

∣∣∣∣ ≤
∫
�

| f | d¼≤
∫
�

g d¼ and

∥∥∥∥
∫
�

f d¼

∥∥∥∥ ≤
∥∥∥∥
∫
�

| f | d¼

∥∥∥∥≤
∥∥∥∥
∫
�

g d¼

∥∥∥∥ :
These facts greatly facilitate the analysis of positive vector measures and are used
frequently without saying these explicitly in this paper. For further properties of
positive vector measures on metric spaces, see [19, 22]. For other applications of
positivity of vector measures, see [15]. We refer the reader to the book of Schaefer [20]
for the basic theory of Banach lattices.

PROPOSITION3.2. Let .�;A / be a measurable space. LetX be a Banach space
and Y a Banach lattice. Let¹ : A → Y be a positivevector measure. If an
A -measurable functionf : � → R is ¹-integrable and a vector function' :
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� → X is bounded and¹-measurable, then the vector functionf ' : � → X
defined by. f '/.!/ = f .!/'.!/; ! ∈ �, is ¹-integrable, and

∥∥∫
A. f '/ ⊗̃ d¹

∥∥ ≤
sup!∈� ‖'.!/‖ · ∥∥∫

A | f | d¹
∥∥ for eachA ∈ A .

PROOF. The function' is ¹-integrable by [1, Theorem 4], and hence we can find
a sequence{'n} of X-valued simple functions on� converging¹-almost everywhere
to ' such that‖'n.!/‖ ≤ ‖'.!/‖ for all ! ∈ � andn ∈ N (see, for instance, [25,
Theorem 2.6]).

Fix A ∈ A andn ∈ N and put‖'‖∞ = sup!∈� ‖'.!/‖. The function f 'n which
is ¹-integrable by Lemma3.1satisfies∥∥∥∥

∫
A

. f 'n/ ⊗̃ d¹

∥∥∥∥ = sup
x∗∈BX∗

∥∥∥∥
∫

A

f · .x∗'n/d¹

∥∥∥∥ ;(3.1)

see [11, page 327]. Since| f .!/.x∗'n/.!/| ≤ ‖'‖∞| f .!/| for all x∗ ∈ BX∗, the
positive measure¹ satisfies

∣∣ ∫
A f · .x∗'n/d¹

∣∣ ≤ ‖'‖∞
∫

A | f | d¹, which implies that

sup
x∗∈BX∗

∥∥∥∥
∫

A

f · .x∗'n/d¹

∥∥∥∥ ≤ ‖'‖∞

∥∥∥∥
∫

A

| f | d¹

∥∥∥∥ :(3.2)

Since f 'n converges¹-almost everywhere tof ', it follows from (3.1), (3.2)
and [1, Theorem 10] thatf ' is ¹-integrable and

∫
A. f 'n/ ⊗̃ d¹ → ∫

A. f '/ ⊗̃ d¹.
This together with (3.1) and (3.2) gives the required inequality.

Let T be a topological space andB.T/ the¦ -algebra of all Borel subsets ofT . Let
C.T; X/ denotes the Banach space of all bounded continuous functions' : T → X
with the norm‖'‖∞ = supt∈T ‖'.t/‖. We writeC.T/ = C.T;R/.

PROPOSITION3.3 ([26, Theorem 1.6]).Let T be a topological space. LetX andY
be Banach spaces. Let¹ : B.T/ → Y be a tight vector measure and' ∈ C.T; X/.
Then,' is ¹-integrable, and

∥∥ ∫
A ' ⊗̃ d¹

∥∥ ≤ supt∈A ‖'.t/‖·‖¹‖.A/ for all A ∈ B.T/.

PROOF. By [1, Theorem 4] we have only to prove that' is ¹-measurable. Take an
increasing sequence{Kn}∞

n=1 of compact subsets ofT such thatT −⋃∞
n=1 Kn is ¹-null.

Since'.Kn/ is compact for alln ∈ N, the set'
(⋃∞

n=1 Kn

)
is ¦ -compact, and hence

separable. Apply the Pettis measurability theorem [7, Theorem II.1.2] to conclude
that' is ¼-measurable.

4. A diagonal convergence theorem for injective tensor integrals

Let T be a uniform space with the uniformityUT . Let X be a Banach space.
Denote byU .T; X/ the Banach space of all bounded uniformly continuous functions
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' : T → X with the norm‖'‖∞ = supt∈T ‖'.t/‖. We writeU .T/ = U .T;R/. Let
Y be a Banach lattice. Denote byM +.T;Y/ the set of all positive vector measures
¹ : B.T/ → Y, and denote byM +

t .T;Y/ the set of all¹ ∈ M +.T;Y/ which are
tight.

In this section, we give a diagonal convergence theorem for injective tensor integrals
with respect to positive vector measures. The following theorem is not only crucial to
prove our main results, that is Theorem5.3and Theorem5.4, but seems to be of some
interest.

THEOREM 4.1. LetT be a uniform space with the uniformityUT . LetX be a Banach
space andY a Banach lattice. Consider a net{'Þ} ⊂ U .T; X/ and' ∈ U .T; X/
satisfying the following conditions:

.i/ 'Þ.t/ → '.t/ for everyt ∈ T ;
.ii/ {'Þ} is uniformly bounded, that is,supÞ ‖'Þ‖∞ < ∞; and
.iii / {'Þ} is uniformly equicontinuous onT, that is, for any" > 0, there exists

V ∈ UT such thatsupÞ ‖'Þ.t/− 'Þ.t ′/‖ < " whenever.t; t ′/ ∈ V.

Given a net{¹Þ} ⊂ M
+

t .T;Y/ and a − -smooth measure¹ ∈ M +
t .T;Y/, if

limÞ

∫
T g d¹Þ = ∫

T g d¹ for everyg ∈ U .T/, thenlimÞ

∫
T 'Þ ⊗̃ d¹Þ = ∫

T ' ⊗̃ d¹.

To prove Theorem4.1, we need several auxiliary results. In what follows, for any
V ∈ UT andt ∈ T , put V.t/ = {t ′ ∈ T : .t; t ′/ ∈ V}.

LEMMA 4.2. Let T be a uniform space with the uniformityUT . LetY be a Banach
space. Assume that¹ ∈M .T;Y/ is − -smooth. Then, for each" > 0 andV ∈ UT, we
can find a finite subset{t1; t2; : : : ; tn} of T andh ∈ U .T/ with 0 ≤ h ≤ 1 satisfying
the following conditions:

.i/ h.ti / = 0 for all i = 1;2; : : : ;n; h.t/ = 1 for all t 6∈ ⋃n
i =1 V.ti /, and

.ii/
∥∥ ∫

T h d¹
∥∥ < ".

PROOF. Let V ∈ UT and fix" > 0. Then, for eacha ∈ T , we can findda ∈ U .T/
satisfying 0≤ da ≤ 1, da.a/ = 0, andda.t/ = 1 if t 6∈ V.a/ (the existence of such a
functionda follows from a proof of Uniformizable Theorem [13, Proposition 11.5]).

Let Þ range over the finite subsets ofT and forÞ = {t1; t2; : : : ; tn}, put hÞ.t/ =
min1≤i ≤n dti .t/ for t ∈ T: Then,{hÞ} is a decreasing net inU .T/ converging pointwise
to 0 (the ordering for theÞ’s being the set-theoretical inclusion). Since¹ is − -smooth,
by Proposition2.1, we have

∥∥∫
T hÞ d¹

∥∥ < " for someÞ = {t1; t2; : : : ; tn}, and this
functionhÞ is a required one.

PROPOSITION4.3. LetT be a uniform space with the uniformityUT. Let X be a Ba-
nach space andY a Banach lattice. Let{¹Þ}be a net inM +.T;Y/and¹ ∈M +.T;Y/.
Assume that¹ is tight. Then the following two conditions are equivalent:
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.i/ For everyg ∈ U .T/, we have∫
T

g d¹Þ →
∫

T

g d¹:(4.1)

.ii/ For every' ∈ U .T; X/, we have

sup
x∗∈BX∗

∥∥∥∥
∫

T

x∗' d¹Þ −
∫

T

x∗' d¹

∥∥∥∥ → 0:(4.2)

PROOF. It is routine to prove that (ii) implies (i), and hence we prove (i) implies
(ii).

Fix ' ∈ U .T; X/, and we may assume that‖'‖∞ ≤ 1 without loss of generality,
since we obtain the result for a general' by considering'=‖'‖∞ in place of'.

Given " > 0, the tight measure¹ satisfies‖¹‖.T − K / < " for some compact
subsetK of T . We first claim that there exists an open setV ∈ UT such that the
inequality

sup
t∈K .V/

|u∗'.t/ − v∗'.t/| ≤ 3"(4.3)

holds for allu∗; v∗ ∈ BX∗ satisfying

sup
t∈K

|u∗'.t/− v∗'.t/| < ";(4.4)

whereK .V/ = {t ∈ T : .t; t ′/ ∈ V for somet ′ ∈ K }. In fact, there exists an open
setV ∈ UT such that supx∗∈BX∗ |x∗'.t/ − x∗'.t ′/| = ‖'.t/ − '.t ′/‖ < " whenever
.t; t ′/ ∈ V. Take elementsu∗; v∗ ∈ BX∗ such that (4.4) holds. Lett ∈ K .V/ and take
t ′ ∈ K satisfying.t; t ′/ ∈ V . Then, we have

|u∗'.t/− v∗'.t/| ≤ |u∗'.t/ − u∗'.t ′/| + |u∗'.t ′/ − v∗'.t ′/|
+ |v∗'.t ′/− v∗'.t/| < 3";

which implies (4.3).
Next we claim that

lim sup
Þ

‖¹Þ‖.T − K .V// < ":(4.5)

Indeed, sinceK .V/ is an open subset containing the compact setK , there exists
g ∈ U .T/ vanishing onK such that 0≤ g ≤ 1 andg = 1 onT−K .V/ (adapt the proof
of [13, Proposition 11.5]). The positive measures¹Þ and¹ satisfy‖¹Þ‖.T − K .V// ≤∥∥ ∫

T g d¹Þ
∥∥ and

∥∥ ∫
T g d¹

∥∥ ≤ ‖¹‖.T − K /. It follows from assumption (i) applied
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to g ∈ U .T/ that
∥∥ ∫

T g d¹Þ
∥∥ → ∥∥ ∫

T g d¹
∥∥. Hence, lim supÞ ‖¹Þ‖.T − K .V// ≤

‖¹‖.T − K / < ", which establishes (4.5).
Now, the set of functions{x∗' : x∗ ∈ BX∗} restricted toK is uniformly bounded

and uniformly equicontinuous inC.K /, so that it is a relatively compact subset of
C.K / by the Arzelà-Ascoli theorem. In other words, there exists a finite subsetB0 of
BX∗ such that for anyx∗ ∈ BX∗ there isx∗

0 ∈ B0 with supt∈K |x∗'.t/ − x∗
0'.t/| < ",

and hence we have supt∈K .V/ |x∗'.t/ − x∗
0'.t/| ≤ 3" by (4.3). Let x∗ ∈ BX∗ and take

x∗
0 ∈ B0 as above. Then∥∥∥∥

∫
T

x∗' d¹Þ −
∫

T

x∗' d¹

∥∥∥∥(4.6)

≤
∥∥∥∥
∫

T

|x∗' − x∗
0'| d¹Þ

∥∥∥∥ + max
u∗∈B0

∥∥∥∥
∫

T

u∗' d¹Þ −
∫

T

u∗' d¹

∥∥∥∥
+

∥∥∥∥
∫

T

|x∗
0' − x∗'| d¹

∥∥∥∥ :
Further, we have∥∥∥∥

∫
T

|x∗' − x∗
0'| d¹Þ

∥∥∥∥ ≤
∥∥∥∥
∫

T−K .V /

|x∗' − x∗
0'| d¹Þ

∥∥∥∥(4.7)

+
∥∥∥∥
∫

K .V /

|x∗' − x∗
0'| d¹Þ

∥∥∥∥
≤ 2‖¹Þ‖.T − K .V//+ 3"‖¹Þ.T/‖

and ∥∥∥∥
∫

T

|x∗
0' − x∗'| d¹

∥∥∥∥ ≤ 2‖¹‖.T − K /+ "‖¹.T/‖ < 2" + "‖¹.T/‖:(4.8)

It follows from (4.6)–(4.8) that

sup
x∗∈BX∗

∥∥∥∥
∫

T

x∗' d¹Þ −
∫

T

x∗' d¹

∥∥∥∥(4.9)

≤ 2‖¹Þ‖.T − K .V//+ 3"‖¹Þ.T/‖ + 2" + "‖¹.T/‖
+ max

u∗∈B0

∥∥∥∥
∫

T

u∗' d¹Þ −
∫

T

u∗' d¹

∥∥∥∥ :
Now an appeal to (4.1) gives‖¹Þ.T/‖ = ∥∥∫

T 1d¹Þ
∥∥ → ∥∥∫

T 1d¹
∥∥ = ‖¹.T/‖ and

max
u∗∈B0

∥∥∥∥
∫

T

u∗' d¹Þ −
∫

T

u∗' d¹

∥∥∥∥ → 0;
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and hence by (4.5) and (4.9) we have

lim sup
Þ

{
sup

x∗∈BX∗

∥∥∥∥
∫

T

x∗' d¹Þ −
∫

T

x∗' d¹

∥∥∥∥
}

≤ 2 lim sup
Þ

‖¹Þ‖.T − K .V//+ 3"‖¹.T/‖ + 2" + "‖¹.T/‖

< 4" + 4"‖¹.T/‖ = 4".1 + ‖¹.T/‖/;

which establishes (4.2).

PROPOSITION4.4. Let T be a uniform space. LetX be a Banach space andY
a Banach lattice. Let{¹Þ} be a net inM +

t .T;Y/ and ¹ ∈ M +
t .T;Y/. Then the

following two conditions are equivalent:

.i/ For everyg ∈ U .T/, we have
∫

T g d¹Þ → ∫
T g d¹.

.ii/ For every' ∈ U .T; X/, we have
∫

T ' ⊗̃ d¹Þ → ∫
T ' ⊗̃ d¹.

PROOF. It is obvious that (ii) implies (i), and hence we prove (i) implies (ii).
Fix ' ∈ U .T; X/. Then, supx∗∈BX∗

∥∥∫
T x∗' d¹Þ − ∫

T x∗' d¹
∥∥ → 0 by Proposi-

tion 4.3. It follows from Proposition3.3 that' is integrable with respect to both¹Þ
and¹. Hence, by [11, page 327] we have∥∥∥∥

∫
T

' ⊗̃ d¹Þ −
∫

T

' ⊗̃ d¹

∥∥∥∥ = sup
x∗∈BX∗
y∗∈BY∗

∣∣∣∣
∫

T

x∗'d.y∗¹Þ/ −
∫

T

x∗'d.y∗¹/
∣∣∣∣

= sup
x∗∈BX∗

∥∥∥∥
∫

T

x∗' d¹Þ −
∫

T

x∗' d¹

∥∥∥∥ → 0;

which establishes (ii).

PROOF OFTHEOREM 4.1. Fix " > 0. By assumption (iii) we can findV ∈ UT such
that

sup
Þ

‖'Þ.t/− 'Þ.t
′/‖ < " and ‖'.t/ − '.t ′/‖ < "(4.10)

whenever.t; t ′/ ∈ V . Then, Proposition3.3 allows us to define continuous linear
operatorsLÞ; L : U .T; X/ → X ⊗̃ Y by LÞ = ∫

T  ⊗̃ d¹Þ andL = ∫
T  ⊗̃ d¹,

 ∈ U .T; X/. Then the equalityLÞ'Þ = LÞ' + LÞ.'Þ − '/ holds.
We first prove that

‖LÞ.'Þ − '/‖ → 0:(4.11)
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To this end, take a finite subset{t1; t2; : : : ; tn} of T andh ∈ U .T/ with 0 ≤ h ≤ 1
satisfying (i) and (ii) of Lemma4.2. Then, assumption (i) of Theorem4.1ensures that

lim
Þ

max
1≤i ≤n

‖'Þ.ti /− '.ti /‖ = 0:(4.12)

We claim that

lim sup
Þ

‖.1 − h/.'Þ − '/‖∞ ≤ 2":(4.13)

In fact, lett ∈ ⋃n
i =1 V.ti /. Then, there existsi0 with 1 ≤ i0 ≤ n such that.ti0; t/ ∈ V .

Hence, by (4.10) we have supt∈⋃n
i=1 V.ti / ‖'Þ.t/−'.t/‖ ≤ 2"+max1≤i ≤n ‖'Þ.ti /−'.ti /‖

for eachÞ. Thus, by (4.12) we have lim supÞ supt∈⋃n
i=1 V.ti / ‖'Þ.t/ − '.t/‖ ≤ 2". On

the other hand, since the functionh satisfies (i) of Lemma4.2, we have

‖.1 − h/.'Þ − '/‖∞ ≤ sup
t∈⋃n

i=1 V.ti /

‖'Þ.t/ − '.t/‖

for all Þ, which implies (4.13).
Now, observe that‖LÞ.'Þ −'/‖ ≤ ‖LÞ.h.'Þ −'//‖+‖LÞ..1− h/.'Þ −'//‖ for

eachÞ. Recalling assumption (ii), we putM = supÞ ‖'Þ‖∞ < ∞. It follows from
Proposition3.2that

‖LÞ.h.'Þ − '//‖ ≤ ‖'Þ − '‖∞ ·
∥∥∥∥
∫

T

h d¹Þ

∥∥∥∥ ≤ .M + ‖'‖∞/
∥∥∥∥
∫

T

h d¹Þ

∥∥∥∥ :
On the other hand, it follows from [1, Theorem 4] that

‖LÞ..1 − h/.'Þ − '//‖ ≤ ‖.1 − h/.'Þ − '/‖∞ · ‖¹Þ‖.T/:
Consequently, for eachÞ we have

‖LÞ.'Þ−'/‖≤ .M +‖'‖∞/
∥∥∥∥
∫

T

h d¹Þ

∥∥∥∥+‖.1−h/.'Þ−'/‖∞‖¹Þ‖.T/:(4.14)

By the assumption of Theorem4.1, we have limÞ
∫

T h d¹Þ = ∫
T h d¹ and

lim
Þ

‖¹Þ‖.T/ = lim
Þ

‖¹Þ.T/‖ = ‖¹.T/‖ = ‖¹‖.T/:
Thus, it follows from (4.13) and (4.14) that

lim sup
Þ

‖LÞ.'Þ − '/‖ ≤ .M + ‖'‖∞/
∥∥∥∥
∫

T

h d¹

∥∥∥∥ + 2"‖¹‖.T/
< .M + ‖'‖∞/" + 2"‖¹‖.T/;

which establishes (4.11).
By Proposition4.4and assumptions of Theorem4.1 we have‖LÞ' − L'‖ → 0.

This together with (4.11) implies‖LÞ'Þ − L'‖ → 0 and the proof is complete.
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5. Weak convergence of injective tensor product measures

We first recall the definition of weak convergence of vector measures. LetS be
a topological space andX a Banach space. Let{¼Þ} be a net inM .S; X/ and
¼ ∈ M .S; X/. We say that{¼Þ} converges weaklyto ¼, and write¼Þ

w−→ ¼, if for
each f ∈ C.S/ we have limÞ

∫
S f d¼Þ = ∫

S f d¼ in the norm ofX; see [6, 22].
The following proposition asserts that in the case ofpositivevector measures, weak

convergence follows from the validity of the above convergence for only bounded
uniformlycontinuous functionsf on S; see for example [23, Theorem 8.1 (the Port-
manteau Theorem)].

PROPOSITION5.1. Let S be a uniform space with the uniformityUS. Let X be a
Banach lattice. Let{¼Þ} be a net inM +.S; X/ and¼ ∈M+.S; X/. Assume that¼
is tight. Then the following two conditions are equivalent:

.i/ For every f ∈ U .S/, we have
∫

S f d¼Þ → ∫
S f d¼.

.ii/ For every f ∈ C.S/, we have
∫

S f d¼Þ → ∫
S f d¼.

PROOF. It is obvious that (ii) implies (i), and hence we prove (i) implies (ii).
Fix " > 0 and f ∈ C.S/. Then, the tight measure¼ satisfies‖¼‖.S− K / < "

for some compact subsetK of S, and it follows from [21, Lemma V.1, page 250] that
there exists an open, symmetric setV ∈ US satisfying

| f .s/− f .s′/| < " whenever.s; s′/ ∈ V ands′ ∈ K :(5.1)

Further, there is a functiong ∈ U .S/ such thatg.s/ = f .s/ for all s ∈ K and
‖g‖∞ = sups∈K | f .s/|; see [4, Chapter IX, Exercises, Section 1, no. 22]. Then, there
exists an open, symmetric setV ′ ∈ US such that

|g.s/− g.s′/| < " whenever.s; s′/ ∈ V ′:(5.2)

Put W = V ∩ V ′. Then,W is also an open, symmetric subset ofUS, and (5.1) and
(5.2) remain true for the setW instead ofV andV ′, respectively.

Put K .W/ = {s ∈ S : .s; s′/ ∈ W for somes′ ∈ K }. Then, by similar arguments
as in the proof of (4.3) and (4.5) of Proposition 4.3, it follows from (5.1), (5.2), the
positivity of¼ and assumption (i) that

sup
s∈K .W/

| f .s/− g.s/| ≤ 2" and lim sup
Þ

‖¼Þ‖.S− K .W// ≤ ":(5.3)

Now, for eachÞ we have∥∥∥∥
∫

S

f d¼Þ −
∫

S

f d¼

∥∥∥∥ ≤
∥∥∥∥
∫

S

f d¼Þ −
∫

S

g d¼Þ

∥∥∥∥ +
∥∥∥∥
∫

S

g d¼Þ −
∫

S

g d¼

∥∥∥∥(5.4)

+
∥∥∥∥
∫

S

g d¼−
∫

S

f d¼

∥∥∥∥ :
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By the first inequality of (5.3), for eachÞ we have∥∥∥∥
∫

S

f d¼Þ −
∫

S

g d¼Þ

∥∥∥∥(5.5)

≤
∥∥∥∥
∫

S−K .W/

f d¼Þ

∥∥∥∥ +
∥∥∥∥
∫

S−K .W/

g d¼Þ

∥∥∥∥ +
∥∥∥∥
∫

K .W/

. f − g/d¼Þ

∥∥∥∥
≤ ‖ f ‖∞ ‖¼Þ‖.S−K .W//+‖g‖∞ ‖¼Þ‖.S−K .W//+ 2"‖¼Þ‖.S/:

Similarly, noting that‖¼‖.S− K / < " andg = f on K , for eachÞ we have∥∥∥∥
∫

S

g d¼ −
∫

S

f d¼

∥∥∥∥ ≤ " .‖ f ‖∞ + ‖g‖∞/ :(5.6)

On the other hand, it follows from assumption (i) that limÞ ‖¼Þ‖.S/ = limÞ ‖¼Þ.S/‖ =
‖¼.S/‖ = ‖¼‖.S/ and limÞ

∫
S g d¼Þ = ∫

S g d¼. This together with (5.3)–(5.6) im-
plies lim supÞ

∥∥∫
S f d¼Þ − ∫

S f d¼
∥∥ ≤ 2" .‖ f ‖∞ + ‖g‖∞ + ‖¼‖.S//, which estab-

lishes (ii).

LEMMA 5.2. Let S and T be uniform spaces with the uniformitiesUS andUT ,
respectively. LetX be a Banach space. Assume that a net{¼Þ} in M .S; X/ is
uniformly bounded, that is,supÞ ‖¼Þ‖.S/ < ∞. Let h ∈ U .S× T/ and put'Þ.t/ =∫

S h.s; t/¼Þ.ds/ for all Þ andt ∈ T. Then,{'Þ} satisfies assumptions(ii) and (iii) of
Theorem4.1.

PROOF. The uniform boundedness of{'Þ} follows from [2, Theorem 2.6].
Put M = supÞ ‖¼Þ‖.S/ < ∞. Given" > 0, choseV ∈ US andW ∈ UT such

that |h.s; t/− h.s′; t ′/| < "=.M + 1/ whenever.s; s′/ ∈ V and.t; t ′/ ∈ W. Thus, if
.t; t ′/ ∈ W, then for allÞ we have

‖'Þ.t/− 'Þ.t
′/‖ =

∥∥∥∥
∫

S

.h.s; t/ − h.s; t ′//¼Þ.ds/

∥∥∥∥
≤ "

M + 1
· ‖¼Þ‖.S/ ≤ "

M + 1
· M < ";

which implies the uniform equicontinuity of{'Þ}.
Let S andT be uniform spaces. LetX andY be Banach lattices. Then, by [8,

Theorem], given vector measures¼ ∈ M .S; X/ and ¹ ∈ M .T;Y/, there exists
a unique vector measure¼ ⊗̃ ¹ : B.S/ × B.T/ → X ⊗̃ Y, which is called the
injective tensor productof ¼ and¹, such that.¼ ⊗̃ ¹/.A × B/ = ¼.A/⊗ ¹.B/ for all
A ∈ B.S/andB ∈ B.T/; see also [16, Theorem]. In this section, as an application of
Theorem4.1, we consider a problem of joint continuity of the injective tensor product
of positive vector measures in certain Banach lattices.
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In the rest of this paper, we assume thatSandT satisfyB.S×T/ =B.S/×B.T/
(it is routine to check that this condition is satisfied, for instance, eitherS or T has a
countable base of open sets). In this case, we can view the injective tensor product
¼ ⊗̃ ¹ as a vector measure defined onB.S × T/, and integrate any (uniformly)
continuous real function with respect to¼ ⊗̃ ¹. As an application of Theorem4.1we
have the following result.

THEOREM 5.3. Let S and T be uniform spaces. LetX and Y be Banach lattices.
Let {¼Þ} be a net inM +.S; X/ and¼ ∈M+.S; X/. Let {¹Þ} be a net inM +

t .T;Y/
and ¹ ∈ M +

t .T;Y/. Assume that¹ is − -smooth. If
∫

S f d¼Þ → ∫
S f d¼ and∫

T g d¹Þ → ∫
T g d¹ for every f ∈ U .S/ and g ∈ U .T/, then

∫
S×T hd.¼Þ ⊗̃ ¹Þ/ →∫

S×T hd.¼ ⊗̃ ¹/ for everyh ∈ U .S× T/.

PROOF. We may assume without loss of generality that{¼Þ} and{¹Þ} are uniformly
bounded, that is, supÞ ‖¼Þ‖.S/ < ∞ and supÞ ‖¹Þ‖.T/ < ∞.

Fix h ∈ U .S× T/, and put'Þ.t/ = ∫
S h.s; t/¼Þ.ds/ and'.t/ = ∫

S h.s; t/¼.ds/
for eachÞ andt ∈ T . Then, by Lemma5.2and the assumptions of this theorem,{'Þ}
and' satisfy the conditions of Theorem4.1, and hence we have

∫
T 'Þ ⊗̃ d¹Þ →∫

T ' ⊗̃ d¹. By the Fubini theorem for injective tensor product measures (see,
for instance, [11, Theorem 13]), we have

∫
T 'Þ ⊗̃ d¹Þ = ∫

S×T hd.¼Þ ⊗̃ ¹Þ/ and∫
T ' ⊗̃ d¹ = ∫

S×T hd.¼ ⊗̃ ¹/, which proves the theorem.

Let X andY be Banach lattices. Then, in general, the injective tensor productX ⊗̃ Y
or the projective tensor product may not be a vector lattice for the natural ordering.
However, the injective tensor products of some important examples of Banach lattices
are also Banach lattices; see the examples after the proof of the following theorem.

Let X andY be Banach lattices such that the injective tensor productX ⊗̃ Y is also
a Banach lattice satisfying the conditionx ⊗ y ≥ 0 for everyx ≥ 0 andy ≥ 0. Let
.�;A / and.0;B/ be measurable spaces. Let¼ : A → X and¹ : B → Y be vector
measures. Then it is easy to verify that if¼ and¹ are positive, so is the injective
tensor product¼ ⊗̃ ¹. In this case, we have an affirmative answer for a problem of
joint continuity of the injective tensor products with respect to the weak convergence
of vector measures.

THEOREM 5.4. Let S and T be uniform spaces. LetX and Y be Banach lattices
such that the injective tensor productX ⊗̃ Y is also a Banach lattice satisfying the
conditionx ⊗ y ≥ 0 for everyx ≥ 0 and y ≥ 0. Let{¼Þ} be a net inM +.S; X/ and
¼ ∈M +

t .S; X/. Let {¹Þ} be a net inM +
t .T;Y/ and¹ ∈ M +

t .T;Y/. Assume that¹

is − -smooth. If¼Þ
w−→ ¼ and¹Þ

w−→ ¹, then¼Þ ⊗̃ ¹Þ
w−→ ¼ ⊗̃ ¹.

PROOF. By Theorem5.3, for everyh ∈ U .S× T/ we have
∫

S×T hd.¼Þ ⊗̃ ¹Þ/ →∫
S×T d.¼ ⊗̃ ¹/. By assumption,¼Þ ⊗̃ ¹Þ ’s and ¼ ⊗̃ ¹ are positive, and it is easy
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to prove that¼ ⊗̃ ¹ is tight. Consequently, it follows from Proposition5.1 that
¼Þ ⊗̃ ¹Þ w−→ ¼ ⊗̃ ¹.

REMARK. In the special case thatX = Y = R, an alternative proof of Theorem5.4
is executed by a well-known criterion that one can prove the weak convergence of
¼Þ to ¼ by showing that¼Þ.A/ → ¼.A/ for some special class of setsA (see, for
instance, [24, Corollary 1 to Theorem I.3.5 and Proposition I.4.1]). However, it seems
that the usual proof of the above criterion does not work well for positive vector
measures, since the notions of limit infimum and limit supremum cannot be extended
to general Banach lattices.

We finish this paper with examples of Banach latticesX andY such that the injective
tensor productX ⊗̃ Y is also a Banach lattice satisfying the conditionx ⊗ y ≥ 0 for
everyx ≥ 0 andy ≥ 0; see examples in [20, pages 274–276] and [12, page 90].

EXAMPLES. (1) If K is a compact space andYbe any Banach lattice, thenC.K / ⊗̃ Y
is isometrically lattice isomorphic to the Banach latticeC.K ;Y/. Especially, when
Y = C.L/ for some compact spaceL, C.K /⊗̃ C.L/ is isometrically lattice isomor-
phic toC.K × L/.

(2) Let P be a locally compact space andY be any Banach lattice. Denote by
C0.P;Y/ the Banach lattice with its canonical ordering of all continuous functions
' : P → Y such that for every" > 0, the set{s ∈ P : ‖'.s/‖ ≥ "} is compact.
We write C0.P/ = C0.P;R/. ThenC0.P/ ⊗̃ Y is isometrically lattice isomorphic
to C0.P;Y/. Especially, whenY = C0.Q/ for some locally compact spaceQ,
C0.P/ ⊗̃ C0.Q/ is isometrically lattice isomorphic toC0.P × Q/.

(3) Let .�;A ; ¦ / be a measure space andY be any Banach lattice. Denote by
L∞.�;Y/ the Banach lattice of all (equivalence classes of)¦ -essentially bounded
measurable functions' : � → Y with its canonical ordering. We writeL∞.�/ =
L∞.�;R/. Then,L∞.�/ ⊗̃ Y is a Banach lattice. However, in general,L∞.�/ ⊗̃ Y
is a proper closed subset ofL∞.�;Y/.
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