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Abstract

In this note the authors give tHe?(R") boundedness of a class of parametric Marcinkiewicz integral
o n with kernel function in L log* L(S'1) and radial functiom(|x|) € 1°(L%)(R,) for 1 < q < oo.
Asiits corollary, theLP(R") (2 < p < co) boundedness gf", , andug, , s with Qin L log" L(S"™)
andh(|x]) € I*°(L%)(R,) are also obtained. Hereg’,, andug , s are parametric Marcinkiewicz
functions corresponding to the Littlewood-Patgyfunction and the Lusin area functi@) respectively.
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1. Introduction

Suppose tha®" is the unit sphere dR"(n > 2) equipped with normalized Lebesgue
measureloc = do (). LetQ e L}(S"!) be homogeneous of degree zerokinand

(1.2) / Q(x)do(x) =0,
-1

wherex’ = x/|x| for anyx # 0.
In 1960, Hbrmander §] defined the parametric Marcinkiewicz function of higher
dimension as follows.

o0 dt\?
Mé’z(f)(X)=</ IF{’(X)IZT) ,
0
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wherep > 0 and

1 QX —Y)
P — -
0= t’ /Xyl<l [X —y["= fy)dy.

Whenp = 1, we denoteul, simply by ug. Itis well known thatu, is the usual
Marcinkiewicz integral corresponding to the Littlewood-Pagefunction introduced
by Steinin [7]. Stein proved that if2 is continuous an € Lip,(S™™) (0 < o < 1),
thenpug is of type(p, p) (1 < p < 2) and of weak typ&l, 1). In [1], Benedek,
Caldeon and Panzone proved that¥ € C*(S"1), thenug, is of type(p, p) (1 <
p < o0). On the other hand, in 1960,driander §] proved that if2 € Lip, (S
(0 < @ < 1), then forp > 0, ug, is of type(p, p) (1 < p < oo). Recently, Sakamoto
and Yabuta] gave theL P boundedness qff, g, and andug, s (see below for the
definitions), wherep is a complex number an@ < Lip,(S™!) (0 < « < 1). Itis
worth pointing out thaf2 was required to satisfy some smoothness conditions in the
results mentioned above.

For a long time, an open problem is whether there are some results as above on th
LP boundedness of parametric Marcinkiewicz functidpwhen$2 satisfies only some
size condition. The purpose of this note is to give a positive answer. Precisely, we shall
considerL?(R") boundedness of a class of parametric Marcinkiewicz function with
kernel functions which lacks smoothness both on the sphere and in radial direction.
Let us give some definitions first. The function spaked_?)(R,) are defined as
follows. If 1 < g < oo,

j 1/q
2 dr
(12) Ioo(Lq)([R+) = |h ||h|||f>0(|_CI)([R+) = Sulp</ |h(l’)|q7) < C’ .
je 2i-1

If g = o0, *°(L*)(R,) = L*(R,). By Hdlder’s inequality, it is easy to check that
forl<g<r <oo

(1.3) [2°(L>®) c I*°(L") c I1°°(LY) c I°°(LY.

The parametric Marcinkiewicz functiquy, , is defined by

%0 dt\ "
lu“/;l,h(f)(x) = (/ |F£,h(x9 t)|2T> )
0

wherep is a complex numbep = «+it andh(x) is a radial function ofR" satisfying
h(|x]) € I*(LH)(R) (1 < g < 00),

1 QX —yh(x—yp
FéYh(X’ V= v /Xy|<t [X =y fndy.

Our main result is the following theorem.
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THEOREM 1. Suppose tha® € L log" L(S"!) is a homogeneous function of de-
gree zero onR" satisfying(1.1) and h(|x]) € I*(LH)R,). If1 < g < oo and
Re(p) = a > 0, then|ug, ()l < C//all fll,, whereC is independent gf and f.

As an application of Theorerm we obtain also th& P(R")(p > 2) boundedness
of the parametric Marcinkiewicz functionsg’, , and ug, , s with the same kernel
function2 andh(x), whereug’, , andug, |, s are respectively defined by

t m dydt e
i ()00 = ( /.. (m) IF4n(y O tm) a1

dydt\*?
o ns(F)X) = (/ |F£,h(y,t)|2 t’¥+1 ) ,
T'(x)

wherel’(x) = {(y,t) € RT™ : [x — y| < t}.

THEOREMZ2. If 2 < p < oo, then under the conditions of Theoreimve have

g, (lle < (C/V@) I Fllp and i, (DIl < (C/v/@)l fllp, whereC = C;
is independent gb and f.

REMARK 1. Note that

Lip,(S"HO0<a <1 c L*(SH cLYS"H@g>1
C LlogtL(S"™ c LY(S"),

and all inclusions are proper. Therefore in Theoreand Theoren?, the smooth-
ness condition assumed éhhas been removed and Theorérand Theoren? are
improvement and extension of the known results mentioned abovp fer2 and
2 < p < oo, respectively.

REMARK 2. After finishing this paper, we were told that in recent wofk using
a method which is quite different from one in this paper, Fan and Sato also gave the
L2-boundedness of Marcinkiewicz integyal, when2 € L log™ L(S"%) andh = 1.
From their result, one can deduce tha¢, L?) bound of uf, is only smaller than
C((Rep)~®2 4 (Rep)~Y?). However, it is smaller tha@ (Rep)~*2 by our method.
Hence the conclusion of Theoreiin this paper is better than the relevant result
in [4].

2. Proofs of Theoreml and Theorem?2

Let us begin by recalling a known fact.
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LEMMA 1. LetQ(X') € L>*(S"1). Then for any0 < # < 1 there is a constant
such that for allj € 7,

(/

See B] for the proof.

2i+1

5 1/2
dr iv1—6/2
rs < ClIQlL=1[2'X] .

/ Q(u/)efzniru/»x dO'(U/)
-1

LEMMA 2. LetQ(X') € L*(S™Y) andh(r) € I*(L9)(R,),1 < q < 2. Then for
any0 < 6 < 1there is a constant such that for allj € Z,

(2.1) /2 |

ProOOF. Denote by

K (h) :/
2i

First let us consider the cage= 2. By Lemmal and Hilder’s inequality we obtain

1/2
Zdr
r

2i+1

dr
r

/ QU)e " *h(r)do (U)
g1

iy1—0/2\2/9 a@'-2)/q
< Cllhlli=wa@,) (12112 %1777 (1201 @) .

2i+1

dr
=

/ QU)He " *h(r)do (U)
g1

2i+1

(2.2) K ) < [Ihlli~wo®.) (/
2

iy 1—0/2
< ClIhllixwzy® ) 12 L~ (s112) x| 72

/ Q(u/)e—Zniru/»xdo,(u/)
-1

)

On the other hand, far = 1 we have

2i+1 dr
(23) K = / / IQ(U/)IdU(U/)Ih(r)Ir— < Ihllixan@) 120 ey-
2] -1

Hence if we seeK as a sublinear operator acted on the spaggs?)(R,) for

1 <q < 2,then @.2) and @.3) show thatK is a bounded operator frofff (L?)(R.)

to L> and from > (L)(R,) to L, respectively. Using the Riesz-Thorin interpolation
theorem for sublinear operatdt]between 2.2) and .3, we know there exists apn
satisfying O< n < 1 and ¥gq = (1 — n) + n/2 such that

K (h) < Cllhll~wom, (120~ 127X (1RQ0lkg )"
Itis easy to see that = 2/q’. Thus we finish the proof of Lemnia O

Now let us turn to the proof of Theorein
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PrOOF OFTHEOREM 1. By (1.3) we need only consider the case<lq < 2. First
we have

—27iu-& dU

(2.4) BL 1) = /

RN

eizﬂiXAEFéyh(X,t)dXI f’\(s)ti/]/ Q(u)h(|u|)e

<t U"=e

Using Plancherel’s theorem aritl4), the square of (R")-norm of g, () is equal to

<o dt . o0 Qhqu) ... [* dt
|:/7 , 2 - =/ f 2 / / e S el 0 2musd d )
/0 / FanEOPde T = [ 116 (0 P ul o ) d8
Since
o0 Quh 2 gt \"°
(2.5) / / 2WHAUD o zriveg),
0 <t U"=e i+
B e} 00 Q(u/)efhiru“éX[O’t](r)h(r)d (u/)dr 2 dt 1/2
- 0 0 g1 ri-r o tl+2a
o [ o % xon(r) Y2 ar
I\ o= 2miru’E | Xiot
SA (\/0v \/5;.19(11)9 h(r)dU(U) wdt) E
> /N a—2miru’- / > dt v dr
:/0 /smsz(u)e 2 (ry do (U) (/ t17> w
1 o . dr
= — Qe " h(r)do(U)| —.
=1L r

On the other hand, note that for asy- 0, we have

i 1/q i 1/q
2 dr 2s dr
/ [h(rs)|f— = / [h(r)|*— < 2||hli= oy, )-
2i-1 r 2i-1g r

Therefore, by 2.5) to prove Theorert it suffices to show that faR € L log" L (S 1),
there is a constar@ such that

(2.6) sup

x'es-1Jo

e
r

/ QU)He " Y h(r)do (U)
g1

For anyx’ € S"*, we denoteG(x',r) = [, Q(U)e >"""*do (U') and write

00 2 00
/ IG(X', f)h(r)lg - / IG(X', f)h(r)|g +/ IG(X', r)h(r)lﬂ =1+l
0 r 0 r 2 r
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Below we shall show that | and Il are uniformly boundedxdre S"~1. By (1.1), we
have

(2.7) |=/02

In order to give the estimate of I, we need to use some idea f&pnget

- dr
/ QU (e ™M™ —1)h(r)do (U) TSC||h||l°c(LQ)(n§+)||Q||L1(Sﬂfl)~
-1

Eo={ueS*:|Qu)l <2},
E={uUeS1t:2 <iQu) <2y for |>1,
Q) =QWU)xg W) for 1 >0,

G|(x/,r)=/ QuHYeZ¥do () for | >0,
S-1

wherexg (U) is the characteristic function d§. Takings € N such thasé > ¢,
where O< 6 < 1is defined in Lemma. Then we have

o0 i+l
I < Z/Z, 1Gotx. () + (Z 3 +ZZ) /2 &0 onml
=172 J

1>0 1<j<sl 1>0 j>sl
=: “1+”2+”3

2i+1

Now let us give the estimates forJlll, and Ik, respectively. By ldlder’s inequality

dr 2 dr\
(2.8) / |Go(X/, I’)h(l’)|r— <INl x,) (/ [Go(X', r)[* T) .
2] 2i

Since|Gy(X',1)| < 2|S" and 2< q' < oo, by (2.8) we have

o [

2i+1

2i+1

d
|Go(xzr>h(r>|r—r

< C”h”lx(LQ)(RJr) (/
2i

i 1/q
2]+1 / 2dr_
=< C”h”lx(LQ)(n&Jr) |Go(X', 1) I’_ .
2i

By Lemmal and .9 we see that

(2.10) ||1=i/2j

2i+1

1/q
,odr
|Go(X', 1) [?|Go(X', 1) ZT>

2i+1

d
|Go(xxr>h(r>|r—r
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o0
N
< Cllhlhwam,) D 12X 7% < Cllhlixa, -

=1

For Il, and 1< q < 2 we obtain

21+t d
(2.11) 1, SZ Z / / |52.(u/)|do(u/)|h(lr)lr—r
i -1

2

1>0 1<j<sl
»
< Clhli=asm,, Y Y (og 2" - [l sy,
1>0 1<j<sl
| +1
< Cllhli=wsym,, Y 11092 2¥E | < Mo w12 Liog L.
>0

Finally, let us estimate I Applying Lemma2, we have

(2.12) ll3= ZZ/Z,

1>0 j>sl

j —0/2\2/q '—2)/q’
< Cllhlh~wom D >N llis@n]2 X729 (12 [y g-2) @ 2/

2i+1

/ 2 W)e > ¥ h(tydo () I
g1 r

1>0 j>sl
| o—j0/2y2/q (ol —1\(q—-2)/q
< Cllhlh~wam, Y > (2 - 2717242 | @2/
1>0 j>sl
| —slo/q’
< Clhlh~ao@, )2 - 2" < Clhll~wow, -
1>0

It is easy to see that the constants a7] and .10—(2.12 are independent of’.
Therefore, 2.6) follows from (2.7) and .10—(2.12. Thus we complete the proof of
Theoreml. O

Before giving the proof of Theoref) we give a lemma.

LEMMA 3. Leta > 1. Then under the conditions of Theoréthere is a constant
C > 0such that for any nonnegative and locally integrable function
C

1/2 1/2
(/ u?i,”h,k(fxx)z«p(x)dx) < 20 (/ If(x)|2M¢(X)dx) ,
RN ﬁ RN

whereM denotes the Hardy-Littlewood maximal operator.

The proof of Lemma3 follows by using the method ir9] pages 241-242] and the
conclusion of Theorerh. We omit the details here. Now let us return to the proof of
Theoren?.
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PROOF OFTHEOREM 2. For 2< p < oo, we have

1/2

2/p
(2.13) lngh (e = {(/ [Mg,ph,x(f)(x)z]p/zdx> }
[Rﬂ

}1/2

where the supremum is taken over aglix) satisfying [|¢lp2y < 1. Applying
Lemma3, Holder’s inequality and the.®?'(1 < (p/2) < oo) boundedness of
Hardy-Littlewood maximal operatdvl, we get

/ 1 ()% (x) dx
R"

= {sup
¢

(2.14)

1/2 c 1/2 c
(/R M?i,ph,x(f)(X)ZW(X)ldX) < Ta (/R If(X)|2M¢(X)dX) < EII fllp-

By (2.13 and .14 we havel| g%, (), < C//«ll fll,. Onthe other hand, using
the idea in @] it is easy to prove thaug , (F)(X) < 2"ug, (f)(x). Thus we
complete the proof of Theoref O

Finally, we give another direct application of Lemia It is well known that if
w € Aj,thenMw(X) < Cw(Xx) a.e. onR". Hence by Lemma, we get immediately
the weighted_? boundedness fqrg’, , andug , s.

COROLLARY 1. Under the conditions of Theorelif w € A, then

Cin
NG I OO l2.0-

g ns(Pllze < Conllngh, (Dllze <
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