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Abstract

Here we study the dimensionŽ.m; X/ of the general fibers of them-Gaussian map of a singularn-
dimensional varietyX ⊂ PN . We show that for all integersa, b, c, d with n ≤ a < b ≤ c < d ≤ N − 1
anda + d = b+ c we haveŽ.a; X/+ Ž.d; X/ ≥ Ž.b; X/+ Ž.c; X/. If Ž.X; N − 1/ is very large we give
some classification results which extend to the singular case some results of Ein.
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1. Introduction

We work over an algebraically closed fieldK . We are mainly interested in the case
char.K/ = 0. Let G.m + 1; N + 1/ be the Grassmannian of allm-dimensional
projective subspaces ofPN . Let X ⊂ PN be an integral variety with dim.X/ = n.
For every integerm with n ≤ m ≤ N − 1 the m-Gauss mapm;X of X and the
m-defectŽ.m; X/ of X are defined in the following way. SetA′.m; X/ := {.P; L/ ∈
Xreg × G.m + 1; N + 1/ : TP X ⊆ L} and letA.m; X/ be the closure ofA.m; X/ in
X×G.m+1; N+1/ ⊂ PN ×G.m+1; N+1/. Let³1 : X×G.m+1; N+1/ → X and
³2 : X×G.m+1; N+1/ → G.m+1; N+1/be the projection on the first (respectively
second) factor. Setm;X := ³2|A.m; X/ and callm;X.X/ = ³2.A.m; X// the m-
Gauss image ofX. Let Ž.m; X/ be the dimension of the general fiber ofm;X, that is,
the dimension of the contact locus of a generalm-dimensional linear subspace ofPN

which is tangent toX at some smooth point. In particular,N−1;X.X/ ⊂ PN∗ is the
dual varietyX∗ of X and (with the identification ofA′.n; X/ with Xreg) the morphism
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m;X|Xreg is the usual Gauss map fromXreg to G.m + 1; N + 1/. For the background
on these topics, see [16] or [13].

In Section2 we study the finite sequence of allŽ.m; X/, n ≤ m ≤ N − 1, and
prove that for all integersa, b, c, d with n ≤ a < b ≤ c < d ≤ N − 1 and
a + d = b + c we haveŽ.a; X/ + Ž.d; X/ ≥ Ž.b; X/ + Ž.c; X/ (Remark2) and
that if Ž.m; X/ > Ž.n; X/, thenŽ.m; X/ > Ž.m − 1; X/ (Proposition2). We give
examples which, in our opinion, show that not much more is true. Furthermore,
we study the relations between the Gauss defects ofX and the Gauss defects of the
intersection ofX with a general hypersurface of degreed. In Section3 we extend
some of the results of [3] and [2] to the singular case; roughly speaking, we have a
full extension if dim.Sing.X// = 0 (excluding cones). In the last section we discuss
not the dimension of a general fiber of a Gaussian map, but the existence of positive
dimensional fibers of the ordinary Gauss mapn;X . Of course, by Zak’s Tangency
Theorem ([16, Theorem 1.7]) the varietyX cannot be smooth.

2. The sequence of Gauss defects

In this section we study the sequenceŽ.m; X/, n ≤ m ≤ N − 1, of all Gauss
defects of an integraln-dimensional varietyX ⊂ PN . Just by the definition of the
Gauss defects we haveŽ.m; X/ ≤ Ž.m + 1; X/ for every X and every integerm
with n ≤ m ≤ N − 2. Something more can be said (see Remark2, Proposition2
and Example1), but in our opinion, not much more even for smooth manifolds (see
Example1, Example2 and Example3), without making some very strong restrictions
on the geometry ofX. Then we consider the relations between the Gauss defects ofX
and the Gauss defects of the intersection ofX with a general hypersurface of degree
d ≥ 1.

LEMMA 1. Let n, s and N be fixed integers withn < s < N. Let X ⊂ PN be an
integral n-dimensional variety and letZ ⊂ Ps be a general projection ofX. X is
reflexive if and only ifZ is reflexive.

PROOF. Use the Hessian criterion for reflexivity ([11, Theorem 12], or [6, Theo-
rem 3.2 and Corollary 3.3]).

REMARK 1. If X is reflexive (and in particular if char(K ) = 0), then for anyn-
dimensionalX and anym the general fiber ofm;X is a linear space (see [11, page 173]
for the casem = N − 1 and reduce to this case taking a general projection into
Pm+1; the general projection of a reflexiveX into Pm+1 is reflexive by Lemma1);
alternatively, if char(K ) = 0, see [13, 5.2 (ii)].
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PROPOSITION1. Let X ⊂ PN be an integraln-dimensional reflexive variety. Then
for all integersm with n ≤ m ≤ N − 3 we have

Ž.m + 2; X/ + Ž.m; X/ ≥ 2Ž.m + 1; X/:

PROOF. Fix a general fiberF of m;X and two general fibersF ′, F ′′ of m+1;X with
F ⊂ F ′ and F ⊂ F ′′. Thus for dimensional reasons we haveF = F ′ ∩ F ′′. Set
G := 〈F ′ ∪ F ′′〉. HenceG (respectivelyF ′ and F ′′) is a sufficiently general fiber
of m+2;X (respectivelym+1;X). Let T (T ′, T ′′, R respectively) be the contact locus
of F (F ′, F ′′, G respectively). By the reflexivity ofX the setsT , T ′, T ′′ and R are
linear spaces with dimension respectivelyŽ.m + 2; X/, Ž.m + 1; X/, Ž.m + 1; X/
andŽ.m; X/ (Remark1). SinceT = T ′ ∩ T ′′ andT ′ ∪ T ′′ ⊆ R, we conclude the
proof.

REMARK 2. Proposition1 is a convexity result. Indeed, it implies that for all
integersa, b, c andd with n ≤ a < b ≤ c < d ≤ N − 1 anda + d = b + c we have

Ž.a; X/ + Ž.d; X/ ≥ Ž.b; X/ + Ž.c; X/:

PROPOSITION2. For fixed integersn, m and N with 0 < n < m < N, let X be an
integral n-dimensional subvariety ofPN with Ž.m; X/ > Ž.n; X/. ThenŽ.m; X/ >
Ž.m − 1; X/.

PROOF. Fix a generalP ∈ Xreg and a generalm-dimensional linear spaceM with
dim.M/ = m and TP X ⊂ M . Let C (respectivelyC′) be the contact locus ofM
(respectivelyTP X). Since dim.C/ = Ž.m; X/ > Ž.n; X/ = dim.C′/, there is a
hyperplaneA of M containingTP X but no irreducible component ofC, that is, with
contact locus,C′′, of dimension at most dim.C/−1. Hence we conclude the proof by
the generality ofP, M andA.

The following example shows that in general in the statement of Proposition2 we
cannot replace the assumptionŽ.m; X/ > Ž.n; X/ with the assumptionŽ.m; X/ > 0.

EXAMPLE 1. Let X ⊂ PN be then-dimensional cone over an.n − 1/-dimensional
varietyY ⊂ PN−1 with Ž.n;Y/ = 0. ThenŽ.n + 1; X/ = Ž.n; X/ = 1.

PROPOSITION3. Let X be an integraln-dimensional reflexive subvariety ofPN with
Sing.X/ finite. X is a cone if and only ifŽ.n; X/ > 0.

PROOF. If X is a cone we haveŽ.n; X/ > 0. AssumeŽ.n; X/ > 0. SinceX is
reflexive, the general contact locus of ann-dimensional tangent space is a positive
dimensional linear subspace (Remark1). Since Sing.X/ is finite, eitherX is a cone



122 E. Ballico [4]

with Sing.X/ as a vertex or the general contact locus is contained inXreg. The latter
case is excluded by Zak’s Theorem of Tangency ([16, Theorem 1.7]).

In our opinion the following two examples show that if we do not make some
restrictive assumptions the finite sequence of all Gauss defects of a smooth manifold
does not satisfy restrictions much stronger that the ones given by Remark2 and
Proposition2. However, since smooth manifolds with ‘bad’ Gauss maps are very
particular, it should be possible to make reasonable assumptions and obtain better
results. For instance, if 3n ≤ 2N all smoothn-dimensional manifoldsX ⊂ PN with
dim.X/ = dim.X∗/ are classified ([3, Theorem 4.5]).

EXAMPLE 2. Let X ⊂ PN be a smoothn-fold which is a Pn−1-bundle over a
smooth curveC. Call ³ : X → C the projection. For everyP ∈ X, we have
³−1.³.P// ∼= Pn−1 and³−1.³.P// ⊂ TP X. If X is reflexive, thenŽ.N−1; X/ = n−2
([10, page 360]). For the reverse whenX is reflexive, see [2, Theorem 3.1], or, if
char.K/ = 0, [3, Theorem 3.2]. Furthermore, for generalP ∈ X and H; R ∈ X∗

with TP X ⊂ H ∩ R, the contact loci,L H and L R, of H and R are hyperplanes of
³−1.³.P//. SinceLH ∩ L R is the contact locus ofH ∩ R, we obtain that either
Ž.N − 2; X/ = Ž.N − 1; X/ or Ž.N − 2; X/ = Ž.N − 1; X/ − 1. By Lemma2 we
must haveŽ.N − 2; X/ = Ž.N − 1; X/ − 1. Hence, using Proposition1, we obtain
Ž.m; X/ = max{0;n − 1 − N + m} for every integerm ≥ 0.

The following example shows a trivial way to obtain singular non-normal varieties,
X, which have largeŽ.N − 1; X/.

EXAMPLE 3. Let Y ⊂ PN+1 be a smoothPm−1-bundle over a smooth curve (Ex-
ample2). Fix generalP′; P′′ ∈ Y and take a general pointP on the line〈P ′; P′′〉
spanned byP′ and P′′. Let f : PN+1 \ {P} → PN be the projection fromP. Set
X := f .Y/. Since〈P′; P′′〉 ∩ Y = {P ′; P′′} for largeN, Y is the normalization ofX.
By constructionX has a non-normal pointf .P′/ = f .P′′/ and for largeN (for fixed
n) this is usually the only singular point ofX. If Y is reflexive, thenX is reflexive.
Hence by [10, page 360], we haveŽ.N − 1; X/ ≥ n − 2 and (except again trivial
cases likeN = 3 andY a smooth quadric surface) we haveŽ.N − 1; X/ = n − 2.
But we have similar ‘non-normal scrolls’,X′, whose normalizationg : Y′ → X′ has
h0.X′; g∗.OY′.1/// = N +1, that is, the mapY′ → PN corresponds to a complete lin-
ear system; even in these cases [10, page 360], shows thatŽ.Y′; N −1/ ≥ n−2 if Y′ is
reflexive. More generally, if then-dimensional reflexive varietyZ ⊂ PN is uniruled by
t-dimensional linear spaces we haveŽ.N−1; Z/ ≥ t−1. If W = { f .x0; : : : ; xN/ = 0}
is a hypersurface ofPN , there is a necessary and sufficient condition (at least if
char.K/ = 0) to haveŽ.N − 1;W/ > 0: a certain projective Hessian matrix must
be divisible by f (for the caseN = 3 this is an old theorem of Schl¨afli, see [5,
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page 23]). Hence there are non-normal reflexive surfacesW ⊂ P3 uniruled by lines
with Ž.2;W/ > 0.

Example2 shows why in the statements of Proposition7 and Proposition8 we only
classified the normalization ofX and why in the statement of Theorem1 we have to
assume thatX is normal.

Now we study the relation between the Gauss defects ofX and the Gauss defects
of the intersection ofX with a general hypersurface of degreed ≥ 1.

LEMMA 2. Fix integersn, m and N with 2 ≤ n ≤ m < N. Let X ⊂ PN be
an integraln-dimensional variety andY a general hyperplane section ofX. Then
Ž.m − 1;Y/ ≥ Ž.m; X/ − 1.

PROOF. We may assumeŽ.m; X/ ≥ 2. Fix a generalP ∈ X and a generalm-
dimensional linear subspaceM of PN with TP X ⊂ M . Let C be the contact locus
of M . Take a general hyperplaneH containingP and setY := X ∩ H . By the
generality ofP, Y is a general hyperplane section ofX. By the generality ofH , we
have dim.M ∩ H / = m − 1 and dim.C ∩ H / = dim.C/ − 1. Furthermore, fixing
H and varyingP in Y we see thatP may be considered a general point ofY. Since
C ∩ H is contained in the contact locus ofM ∩ H with Y, we obtain the lemma.

REMARK 3. Assume char.K/ 6= 2. Let X ⊂ PN be an integral variety with
dim.X/ ≥ 2. For a general hyperplaneH of PN , we haveŽ.N − 2; X ∩ H / =
max{0; Ž.N − 1; X/ − 1} ([6, Theorem 5.9]).

PROPOSITION4. Fix integersn, m andN with 2 ≤ n ≤ m< N. Let X ⊂ PN be an
integral n-dimensional variety andY a general hyperplane section ofX. Then

Ž.m − 1;Y/ = max{Ž.m; X/ − 1;0}:

PROOF. The casem = N − 1 of the result was proved in [6, 5.9 and 5.12]. Use
Lemma1 to reduce the general statement to the casem = N − 1.

REMARK 4. Fix integersd, n andN with 2 ≤ n < N andd ≥ 2. Let X ⊂ PN be an
integraln-dimensional variety andY the intersection ofX with a general hypersurface
of degreed. By [6, Theorem 5.6], if either char.K/ 6= 2 or n is even, thenY is
reflexive andŽ.N − 1;Y/ = 0. It is easy to check directly thatŽ.N − 1;Y/ = 0 even
in the remaining case char.K/ = 2 andn odd using a Bertini type argument. Hence
for every integerm with n ≤ m < N we haveŽ.m;Y/ = 0.

In positive characteristic it is natural to give criteria for the separability of a Gauss
map m;X. In the casem = N − 1 this is exactly the reflexivity ofX (see [10,
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Theorem 4]). There are at least two natural definitions for the inseparability degree
of Gaussian maps ([12, page 2]); for their coincidence ifX is a curve, see [9]; for a
discussion of the general case, see [12] and the last part of the introduction of [9].

Using Lemma1 for s = m + 1 and the corresponding result forN−1;X ([11,
Theorem 4]) we obtain the following result.

PROPOSITION5. Fix integersn, m and N with n ≤ m < N. Let X ⊂ PN be an
integral n-dimensional variety. The mapm;X is separable if and only ifN−1;X is
separable, that is, if and only ifX is reflexive.

3. Adjunction theory and Ein’s papers

In this section we will try to follow as closely as possible [3] and [2] to obtain
results on a singular variety withŽ.N − 1; X/ large. Roughly speaking, we are able
to handle isolated singularities, while in the general case we need to add an additive
factor dim.Sing.X// to the assumptions of every statement. IfA is a closed subvariety
of the varietyB, let NA=B be the normal sheaf ofA in B.

REMARK 5. Let X ⊂ PN be an n-dimensional integral reflexive variety with
Ž.N − 1; X/ > 0. Let LH be the contact locus of a generalH ∈ X∗. Since X
is reflexive,L H is a linear space of dimensionŽ.N − 1; X/ ([11, page 173]). Hence
if Sing.X/ is finite, then eitherLH ⊂ Xreg or X is a cone.

DEFINITION 1. Let X be an integraln-dimensional variety,n ≥ 2, with Ž.N − 1;
X/ > 0. Let5 be the covering family of allŽ.N − 1; X/-dimensional linear spaces
which are limits of the family of all ‘general’Ž.N − 1; X/-dimensional contact loci.
SinceX is closed inPN , everyR ∈ 5 is contained inX. SinceX∗ is irreducible,5
is irreducible. We will say thatX satisfies Condition($) if for a generalR ∈ 5 we
haveR ⊂ Xreg. Let T be the covering family of lines obtained as closure of all lines
in the contact loci of generalM ∈ X∗, that is, letT be the set of all lines contained
in someR ∈ 5. We will say thatX satisfies Condition(£) if for a generalD ∈ T we
haveD ⊂ Xreg.

By Remark5 Condition ($) is satisfied if Sing.X/ is finite andX is not a cone.
Obviously, Condition ($) implies Condition (£).

REMARK 6. Let X ⊂ PN be ann-dimensional integral reflexive variety withŽ.N −
1; X/ > 0. We assume char.K/ 6= 2. Here we assume that the contact locus,L,
of a generalH ∈ X∗ is contained inXreg. We will follow quite closely [3] and [2]
and obtain some informations onX. In [3] and [2] the variety X was assumed to
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be smooth. SinceX is reflexive,L is a linear space of dimensionŽ.N − 1; X/ ([11,
page 173]). Setk := Ž.N − 1; X/. SinceL ⊂ Xreg, the normal sheafNL=X is locally
free of rankn − k. SinceL ⊂ Xreg, X is reflexive and char.K/ 6= 2, the proof of [3,
Theorem 2.1] works verbatim and gives [3, Theorem 2.2], that is,NL=X

∼= N∗
L=X.1/.

The proof of [3, Theorem 2.3] works verbatim and gives that for every lineT ⊆ X
we have

NL=X|T ∼= O
⊕.n−k/=2
T ⊕ OT .1/

⊕.n−k/=2;

in particular,NL=X is a uniform vector bundle and if rank(NL=X)< dim.L/, that is, if
n < 2k, then

NL=X
∼= O

⊕.n−k/=2
L ⊕ OL.1/

⊕.n−k/=2

by a theorem of Tango on uniform vector bundles onPk valid in arbitrary characteristic
([14] and [15]). As in [3, Theorem 2.3, part (b)] we obtain the existence of an
irreducible family of dimension.n + k − 2/=2 of lines onX and that for anyP ∈ T
there is a family of dimension.n + k − 2/=2 of lines in X through P. Using the
extension of [3, Theorem 2.3], we obtain Landman’s parity criterion given in [3,
Theorem 2.4], that is, we obtain thatn − Ž.N − 1; X/ is even (of course, only under
the assumptionL ⊂ Xreg). For the same reason we have parts (a), (b), (c) and (d) of
[3, Theorem 2.4], but not (a priori) part (e) of [3, Theorem 4], because of dim Sing.X/
we cannot apply the part of Lefschetz theorem stating that if 2n > N +2, then Pic.X/
is generated by the hyperplane class.

PROPOSITION6. Assumechar.K/ 6= 2. Let X ⊂ PN be a two-dimensional integral
reflexive variety withŽ.N − 1; X/ > 0 andSing.X/ finite and not empty. ThenX is
a cone.

PROOF. We have 0< Ž.N − 1; X/ < 2. If the contact locus of a generalH ∈ X∗

intersects Sing.X/, X is a cone by Remark5. If the contact locus of a generalH ∈ X∗

does not intersect Sing.X/, then 2−Ž.N −1; X/ is even by Landman’s parity criterion
extended in Remark5, contradiction.

PROPOSITION7. Assumechar.K/ 6= 2. Let X ⊂ PN , N ≥ 5, be a reflexive integral
variety withdim.X/ = 3, Sing.X/ finite andŽ.N −1; X/ > 0. Letg : Z → X be the
normalization. Then eitherX is a cone orZ is a smooth scroll, say³ : Z → C, over
a smooth curveC andg sends every fiber of³ isomorphically onto a plane contained
in X.

PROOF. By [2, Corollary 3.2 (a)] we may assume Sing.X/ 6= ∅. Since X is
reflexive, the generic contact locus is a linear space. Assume thatX is not a cone.
Hence there is an irreducible covering familyT of lines such that for a generalL ∈ T
we haveL ⊂ Xreg, L is a contact locus andNL=X

∼= OL.1/ ⊕ O . Fix a generalL ∈ T
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and a generalP ∈ L. HenceP may be considered as a general point ofX. SinceX
is not a cone and Sing.X/ is finite, no line containingP intersects Sing.X/. Hence
by the deformation theory there is an irreducible one-dimensional familyT.P/ ⊂ T
formed by the lines containingP. Sinceh1.L ; NL=X.−P// = 0, T.P/ is smooth
at L. SetF.P/ := {Q ∈ X : Q ∈ D for someD ∈ T.P/}. Since two distinct lines
throughP intersect only atP, F.P/ is a two-dimensional subvariety ofX. We have
F.P/ ∩ Sing.X/ = ∅ for generalP. F.P/ is a cone with vertexP and henceTP X
containsF.P/.

First assume that for generalP the varietyF.P/ is not a plane. LetR ⊂ PN

be a general hyperplane containingP. Set Y := X ∩ R. Since P is general,Y
may be considered as a general hyperplane section ofX. Thus Ž.N − 2;Y/ =
Ž.N − 1; X/ − 1 = 0 (Remark3). HenceTPY ∩ Y hasP as a unique singular point
and this singularity is an ordinary quadratic singularity ([6, Theorem 3.5], or [11,
Theorem 17, page 179]). ThusR ∩ F.P/ has at most two irreducible components,
that is,F.P/ is a quadratic cone. SinceN ≥ 5 andF.P/ ⊂ TP X, for a generalH ∈ X∗

with TP X ⊂ H the schemeH ∩ X contains at least two irreducible components, one
of them (that is,F.P/) being singular. HenceY ∩ H = X ∩ H ∩ R does not have an
ordinary quadratic singularity as a unique singular point, contradiction.

Now assume thatF.P/ is a plane. SinceF.P/∩ F.P′/ = ∅ for generalP; P′ ∈ X,
we haveNF.P/=X

∼= OF.P. Since the GrassmannianG.2; N +1/ is complete, for every
Q ∈ Sing.X/, there is at least a planeV.Q/ ∈ T with Q ∈ V.Q/. Fix any such
V.Q/ and a planeF ∈ T with F ∩ Sing.X/ = ∅. First assumeF ∩ V.Q/ 6= ∅.
SinceF ∩ Sing.X/ = ∅ and bothF andV.Q/ are planes,D := F ∩ V.Q/ is a line.
For everyP ∈ D, we haveF ∪ V.Q/ ⊂ TP X. HenceTP X is the 3-dimensional
linear spaceM spanned byF ∪ V.Q/, that is, M is tangent along D toX. Since
D ⊂ F ⊂ Xreg, this contradicts Zak’s Tangency Theorem ([16, Theorem 1.7]). Hence
V.Q/ ∩ F = ∅ for every F ∈ T with F ∩ Sing.X/ = ∅. For the same reason,
if Q′ ∈ Sing.X/ and Q′ =∈ V.Q/, then V.Q/ ∩ V.Q′/ = ∅ for any V.Q′/ with
Q =∈ V.Q′/. By construction we have a smooth affine curveA parametrizing an open
subset of planes inX, an open subset� of Xreg and a morphism³ ′ : � → A with
fibers as planes ofT not intersecting Sing.X/. Fix B ∈ Xreg. For a general hyperplane
R throughB, the surfaceX ∩ R is smooth and it is aP1-bundle³R : X ∩ R → CR over
a smooth curveCR. If char.K/ = 0 andZ is assumed to have only locally complete
intersection singularities, thenZ is aP2-bundle overCR by a theorem of Badescu ([1,
Theorem 5.5.3]); in the general case we need to work more. Using³ ′ we see that
CR = CR′ for any R, R′ and that in this way we define a fibration³reg : Xreg → CR

such that³reg=U = ³ ′. SetC := CR. Varying the hyperplaneR we obtain that for
every planeV ∈ T we have Card.V\V ∩ Sing.X// = 1. Let0 ⊂ X × G.3; N + 1/
be the closure of the restriction to the fibers of³ ′ of the incidence correspondence and
let 8 be the normalization of0. Since Card.V\V ∩ Sing.X// = 1 for every plane
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V ∈ T, we obtain a morphism³ ′′ : 8 → C. The projection8 → X factors through
a birational morphismÞ : 8 → Z. Since dim.X/ = 3 andX is not a cone, for every
Q ∈ Sing.X/ there are only finitely many planes containingQ and contained inX.
HenceÞ is finite. SinceZ is normal,Þ is an isomorphism and henceZ is aP2-bundle
over the smooth curveC. In particular,Z is smooth.

PROPOSITION8. Let X ⊂ PN, N ≥ 6, be an integral variety withdim.X/ = 4,
Sing.X/ finite andŽ.N − 1; X/ > 0. Let g : Z → X be the normalization. Then
either X is a cone orZ is a smooth scroll over a smooth curve, say³ : Z → C, andg
sends every fiber of³ isomorphically onto a3-dimensional linear subspace contained
in X.

PROOF. By [2, Corollary 3.3 (b)], we may assume Sing.X/ 6= ∅. By Remark5
eitherX is a cone or Condition ($) is satisfied and in particular dim.X/−Ž.N −1; X/
is even (Remark6). Hence,Ž.N − 1; X/ = 2. Fix Q ∈ X and letZ be a general
hyperplane section ofX containingQ. By Bertini’s theorem we have Sing.Z/ ⊆ {Q}.
We haveŽ.N − 2; Z/ ≥ Ž.N − 1; X/− 1 = 1. Hence we may apply Proposition7 to
Z and then apply the same proof takingZ instead ofX ∩ R.

THEOREM 1. Assumechar.K/ 6= 2. Let X ⊂ PN be an irreducible normal re-
flexiven-dimensional variety withSing.X/ 6= ∅ and Ž.N − 1; X/ > 0. Assume
2Ž.N − 1; X/ ≥ n + dim.Sing.X//. ThenSing.X/ is a linear space andX is a cone
with Sing.X/ as its vertex.

PROOF. Setk := Ž.N − 1; X/. Using Remark3 and the preservation of reflexivity
for general hyperplane sections ([10, Theorem 22 (i)], or [6, 5.9 and 5.12]), we reduce
the general case to the case in which Sing.X/ is finite; it is quite subtle (but true
in arbitrary characteristic) that if a general hyperplane section ofX is a cone, then
X is a cone (see the second part titled ‘When is the general hyperplane section of
a variety a cone?’ of [7]). In order to obtain a contradiction we assume thatX is
not a cone. Since Sing.X/ is finite andX is not a cone we may assume Condition
($) (Proposition2). By Remark6 and Proposition6 we may assumen ≥ 5. Fix
a generalP ∈ X and a general contact locusL0 with P ∈ L0. We will follow the
proof of [2, Theorem 4.2]. LetF.P/ (or justQ0 as in [2, page 903]) be the connected
component containingL0 of the set of allk-dimensional linear spaces inX which
are deformations ofL0 and containP; parts (a), (b) and (c) of [2, Lemma 4.2] work
verbatim by Condition ($) because these parts concern only a general element of F(P);
part (d) of [2, Lemma 4.2] works for the elementsL ∈ F.P/ with l ∩ Sing.X/ = ∅;
since Sing.X/ is finite, part (d) of [2, Lemma 4.2] is true by Proposition2. Thus
we may obtain [2, Lemma 4.3], that is, the existence of a linear spaceD0 ⊂ X with
L0 ⊂ D0 and dim.D0/ = .n + k/=2; D0 is the union of allk-planes in the family
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F.P/. SinceD0 depends only onP (assumed to be general), we will setD.P/ := D0.
Then we conclude as in the proof of Proposition7.

If char.K/ = 0 and Z is assumed to have only locally complete intersection
singularities, Theorem1 follows from a theorem of Sommese ([1, Theorem 5.5.2]).

4. Zak’s Tangency Theorem

In this section we discuss the existence of positive dimensional fibers of the ordinary
Gauss mapn;X . Of course, by Zak’s Tangency Theorem ([16, Theorem 1.7]) the
variety X cannot be smooth.

REMARK 7. Let X ⊂ PN be an integraln-dimensional variety,P ∈ X and let
V ⊂ PN be a linear space with dim.V/ = n which is J-tangent toX at P in the sense
of [16, Definition 1.6]. ThenX must be smooth atP andV = TP X. This trivial
observation shows why in the case of the ordinary Gauss map Theorem 1.7 of [16]
covers only the case in which the contact locus is contained inXreg. This observation
was one of the motivations for this paper.

EXAMPLE 4. Here we make no restriction on char.K/. Fix homogeneous coor-
dinatesx0; : : : ; x3 of P3 and setH := {x0 = 0}. Fix an integers ≥ 1 and inte-
gersa1; : : : ;as;m1; : : : ;ms with ai ≥ 1 andmi ≥ 2 for every i . Fix an integer
d ≥ ∑s

i =1 ai mi . In the planeH we fix s distinct integral curvesR1; : : : ; Rs with
deg.Ri / = ai . SetR := ⋃s

i =1 Ri . We want to find a degreed normal surfaceA ⊂ P3

such thatH is tangent toA at each point ofRreg and such that the schemeA ∩ H
contains each curveRi with multiplicity mi . Let B be any reduced curve contained in
H with deg.B/ = d − ∑s

i =1 ai mi and card.B ∩ R/ finite; if d = ∑s
i =1 ai mi we take

B = ∅. SetC := B∪( ⋃s
i =1 mi Ri

)
. HenceC is a degreed plane curve. We will show

that we may find such a normal surfaceA with H ∩ A containingC (as schemes),
A smooth at every point not onH and smooth at every point ofB ∪ Sing.R/. Let
W be the linear system of all degreed surfaces inP3 containingC and hence either
containingH or with C as a scheme-theoretic intersection withH . By the definition
of W and Bezout theorem everyA′ ∈ W not containingH is smooth at each point
of Breg. Taking reducible surfacesH ∪ F ′ ∈ W with F ′ as any degreed − 1 surface
we see that the linear systemW has no base point outsideC and separates the tangent
vectors at each point ofP3\H . Hence by Bertini’s theorem ([8, Theorem 6.3, part 4])
generalF ∈ W is smooth outsideH . Since Sing.R/∪Sing.B/ is finite, we easily see
that generalA′ ∈ W is smooth at each point of Sing.R/∪ Sing.B/. Let X = { f = 0}
be an irreducible degreed surface containingC. SinceH = {x0 = 0} andX contains
every irreducible component ofR with multiplicity at least 2, the Euler sequence of
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TP3 shows that Sing.X/ ∩ R = H ∩ {@ f=@x0}. Hence we see that such a generalX
has exactly.d − 1/

( ∑s
i =1 ai

)
singular points, each of them onRreg, exactly.d − 1/ai

of them onRi , 1 ≤ i ≤ s, and that each of these singular points is an ordinary double
point. However, taking particular equationsf we may findX with a smaller number
of singular points, although these singular points may be non-ordinary or with higher
multiplicity. For instance, takes = 1 andR smooth. Fix a degreed −1 homogeneous
polynomialg.x1; x2; x3/ in 3 variables such thatw := card.R ∩ {g.x1; x2; x3/ = 0}/
is as small as possible. For deg.R/ ≤ 3, we may takew = 1. There exists a degreed
polynomial f with { f = 0} ∩ H = C and with@ f=@x0 ≡ g.x1; x2; x3/ mod.x0/. At
least in some cases (for instance whenR is a line) for the general polynomialf with
these properties the surface{ f = 0} is smooth outsideR.

Now we will show that, at least for non-normal varieties, we cannot extend Zak’s
Tangency Theorem making assumptions on their birational model, for instance to be
very ample.

EXAMPLE 5. Fix an integern ≥ 2, a smoothn-dimensional varietyZ and an
effective Cartier divisorC ⊂ Z. Let D be an effective divisor such that the line
bundleOZ.2C + D/ is very ample. Consider the complete embedding� of Z into
Ps := P.H0.Z;OZ.2C + D/// and letH be the hyperplane ofPs corresponding to
the divisor 2C + D. By constructionH is tangent to�.Z/ along�.C/. Assume that
for a general linear subspaceM of H with dim.M/ = s− n − 2, the linear projection
of Ps from M into Pn+1 induces a birational map of�.Z/ and ofC. Let X andC′ be
the corresponding images. Assume thatX is not singular at the general point of every
irreducible component ofC′. Let5 be the hyperplane ofPn+1 image ofH through
the projection fromM . By construction5 is tangent toX alongC′ andX is birational
to Z.
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