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Abstract

We investigate the location and separation of zeros of certain three-term linear combination of translates
of polynomials. In particular, we find an interval of the folm= [—1, 1+ h], h > 0 such that for a
polynomial f, all of whose zeros are real, aice |, all zeros off (x + 2ic) + 21 f (x) + f(x — 2ic) are

also real.

2000Mathematics subject classificatioprimary 26C10, 30C15.

1. Introduction

Given the location of the zeros of a polynomial or entire function, it is important
to have corresponding information about the zeros of other functions which may be
derived from the given one. For instance Rolle’s theorem says that if all the zeros
of a polynomial lie on the real axis, then the zeros of the derivative also lie on the
axis, and lie one in each interval between successive zeros. We shov@gthat the
separation, measured by

§(f) :=min(a; —a;_y), where f(x)= l_[(x —qj), <@ <--- <y,
J -
j=1

is increased by differentiation, and more generallydijtiat for realk there is some
explicit constant, (k) > 1, for which

(" —kf) = c,(K)§(f).
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Another operation which has been considered in this context is translation. For
instance Blya showed in2, Lemma ll, page 316], that far> O andd € C, |0] = 1,
fo(x) := f(x +ic) + 6f (x —ic) has only real zeros wheh does, and we showed
in [5] that the separation is also increased:

8(fg) > 8(f),

again with explicit estimates for the amount of the increase. If we apply this result
twice, usingd, # = e“%, « € R, we find that whenf has only real zeros then the
same is true foif (x + 2ic) + 2cosaf (X) + f(x — 2ic). Equivalently the map

(1) f(xX) > T, f(x):= f(x+2c)+20f(x) + f(x —2ic),

where—1 < A < 1,c > 0, preserves the reality of the zerosfofind increases their
separation. For convenience we shall replacbky’c in (1) from now on.

In this paper we extend the range of these results to valuesubiich lie outside
the interval[—1, 1]. The motivation for doing this comes from the study of Mellin
transforms in which given a function

F(x) = /Oot“‘qs(t)dt
0

we are interested in applying multipliers of the fortri-r2/t) and(t + 1/r?t) with
realr to the integrand. This gives

/mt“‘(t +r3/0 +1/r’)g® dt = F(x+20) + 2 +1 7 )F(x) + F(x — 2i)
0

=F(X+2)+2F(X) + F(x —2i),

where necessarily > 1.

More precisely we shall find neighbourhoods of 1 andsuch that for these values
of A, all the zeros off,, are real. (It is not possible to do this neat since two zeros
are lost at-c0.) The size of the neighbourhood of 1 turns out to depend only on the
degree of the polynomial, and not on the values of §, as Theorenb shows. We
shall also estimate the separation of the zeros ferl.

Our results also relate tooB/a’s generalisation of the Hermite-Poulain theorem—
see [, particularly Lemma I*, page 228. This lemma states thap ifs in the
Laguerre-Blya classL P, andg is a polynomial with real coefficients, then, with
denoting the operation of differentiatiapi(D)g has at least as many real zeros as does
0. Inour context we havé, f = 2(L+coqcD)) f,andsap(z) = A+cogcz € LP
if and only if —1 < A < 1. In contrast, our Theorefmstates that for suitablé, T,
also preserves the zeros bfin some neighbourhood to the right of 1. In addition,
our TheorenV constructs, for any giveh > 1, a polynomial with real zeros such
thatT, f has some non-real zeros; this gives further information about the size of the
neighbourhood of 1, and shows that the restrictiorf @annot be omitted entirely.
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2. Location of zeros

Let f(x) :=[[3(X — a;), whereg; < a, < --- < a, € R. For givenc > 0 and
X € R, let

. i0: (8 —X
aj+ic—x:=rje% r; >0, 0<9j:C0tl<JT><7T.

Note that (i) each; is a continuous strictly increasing functiorofvith 6; (—oo) = 0,
0;(a;) = m/2,0;(+00) = m and (i) thatr > 6, > 6, > --- > 6, > 0. Then

TfX)=f(x+ic)+20F(x) + f(x —ic)

=[[x+ic—ap+][x—ic—ap+2a][x—ay
1 1 1
=[] (-rie™) + [ (-ri€") + 2] [(-r; cos))
1 1 1
= Zﬁ(—rj) |:c052n:9j +)»l_[cosej} :
1 1 1

The following result follows at once from this expression:
LEMMA 1. Real zeros of;, f occur wherep, + A¢, = 0, where
n n
$1(X) :=COSY_0;(X),  ¢a(x) =] [ cost; (%),
1 1
and sinceT, f has degree (or n — 2 in case.r = —1) all zeros ofT, f will be real if

n (or n — 2) real zeros can be identified.

Letb;,1 < j < n, be the points at whicly 76, = (j — 1/2)x, that is, the
zeros of¢,;. Note thatgp; — 1 asx — —oo and¢;, — (—=D" asx — +oo.
Note also thath; < a; < a, < b,, since for instanc®, = n/2 ata; and so

ZQ 0; = /2 at some point less tham. Letc,, C,, ..., C,_1 be the points at which
316, =m, 2m, ..., (n— 1xr, thatis, the successive maxima and minimapfLet
Co = —00,C, = +oo. Note thatg, is strictly monotone from eacft;_,, c;) onto

(—1, 1) since each; is an increasing function of. More detailed information on the
relation between;, c; and the roots; of f is contained in Lemma below.

For ¢,, observe thap, — 1 asx — —oo, thatg, — (—=1)" asx — oo, thateg,
changes sign at eaet), and thai¢,| < 1 for all realx. Leth; = sug{|¢.(X)| : @ <
X < aj1}, 1 <] <n-—1withh; = [¢.(d))|. Alsolethy = ¢,(b1), hy = [¢2(0,)].
Note thatho, hs, ... , h, are all in the interval0, 1). Leth, = ming.j-,h;, h* =
maX<j<n h;.
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LEMMA 2. T, f has only real zeros if eithgi) —1 < A < 1/h* or (ii) |A| = 1/h,.

PrOOF. (i) For —1 < A < 1, observe thaiig,| < |¢.| < 1 for all x. Hence since
the graph ofp, goes from—1 to 1 on each intervak;_;, ¢;), 1 < j < n, it follows
from the the intermediate value theorem that there is at least one rggtf¢,
in each of these intervals. Since there arsuch intervals and at mostzeros, the
result follows in this case. If — —1 the result remains true since the roots vary
continuously withx, though the two extreme zeros tendttoo.

For positiver, ¢, and—A¢, have opposite sign outsidb,, b,] (recall the earlier
observationthat, < a; < a, < b,.) Forx € [by, by,Jand 1< A < 1/h* we still have
[Ap2(X)| < 1 and hence there is exactly one root in each intefmal c;) as before.
The result when. = 1/h* again follows as a limiting case.

(i) If |A] > 1/h,, then we reverse the roles ¢f, L¢, in the above argument. The
function A¢, now goes from a value less thafl to a value greater than 1 on each
interval (d;_4, d;) (with dy = b; andd, = by,), and so must interse¢ there. Since
there aren such intervals we have located the required number of real roots. The
result whena| = 1/ h, follows once more as a limiting case. O

Lemma2 shows the existence of some range of values sf 1 for which the zeros
of T, f are real. (The condition is that¢,| < 1 on[by, b,]; compare Lemmd (i)
below.) However as it stands, it does not give useful quantitative information, since
estimation ofh; may involve the lengths of any of the intervadg, a;,1). To make
further progress we need more detailed information about the location of z€Fps of
for which the following definition is required:

DEFINITION. For eachj,1 < j <n,letl; :=[a; — uj, a; + vj], whereu;, v; are
non-negative numbers, which are defined by the requirement that the éntfebe
right of a; sum torr/2 ata; — uj, and the complementary angltes- 6; to the left of
a; sum torr/2 ata; + v;. More formally, we require that

n J
ZeF%, atx =a; —u; and Z(n—@@:%, atx = a; +vj.
k=j k=1
Since as has been noted, eégfs an increasing function of from R onto (0, ),
and¢; = m/2 ata;, each ofu;, v; is well defined. (Note that in particular that
& — 1 = by, @, + v, = b, and that; = u, = 0.) Letl := ] |;.
The following result describes the arrangement of these intervals, and their relation
to the points; whereg;, = 0.

LEMMA 3. (i) The end points of the intervalg form strictly increasing sequences

a —puj <ajp—pj1 and aj +vj<aj+vjyy forl<j<n-1
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(i) Foreachj,1<j <n,wehave; € |;; more precisely

a; — uj < b;, with strict inequality wherj > 1, and
a; + vj > b, with strict inequality wherj < n.

Moreover, if for somé, a, < b; < a4, thenb; € I, U l,;4. (This includes both of
the extreme casds= 0, andk = n; if k = O there is nog, to the left ofb; and the
claim is simply thab; € I, = [by, a], similarly if k = n, thenb; € I, = [a,, b,].)

(i) Atany point notinl, ¢, and¢, have strictly the same sign.

PrOOF. (i) follows since each; > Oand)_| 6, = /2 ata; — u; while Y7, 6, =
w/2 ataj i — pjia.

For (ii) we see thatzg 6, = /2 atb, and ata; — u;, Sob; = a, — g as
already noted. In general, fgr > 2 we haveZ'j‘ 0, = m/2 ata; — p; and so
SN0 =m/24+ Y376 < 124 (j — D, ButYl6 = (j — 1/2)x ath;, so
a; — uj < bj. The inequalitya; + v; > b; is proved similarly, and sb; € 1.

If & < b < a4, then eitherj < k, when sincey; + v; < a, + v andb; € I; we
have alsd; € Iy, or j > k+ 1 whenb; € I, follows similarly.

(iii) For x ¢ |, suppose thatd, < x < a1 (which includes the extreme cases
mentioned in the statement of the lemma). Sikge |, we must havey + v, < X <
&1 — MUke1- Then from the definition ofy, w1 We see that at,

n k
O<p:i=) 6<n/2 and 0<q:=) (r—6)<m/2
i=k+1 i=1
Henced ", 6, = kr +(p—q) must lie strictly betweetk — 1/2)7 and(k+1/2)x
and sop; (x) = cog> ", 6) has the sigri—1)¢. But this is also the sign af, on the
interval (ay, ax,1), SO¢; andg, have the same sign. O

LEMMA 4. (i) If0 < A|¢,| <1onl,then all zerogp;)] of T, f are real and
liein|.
(i) For each zerop; of T, f there is somey with

lax — pj| < 2cmaxk,n+1—Kk)/mx.
(i) suplg(X)| :xe 1} <1//1+ m?/4n2

PROOF. (i) We know from Lemma 2 that there is one zepp in each interval
(cj_1, ¢;) and we shall assume without loss of generality that increasing on this
interval. Suppose that < b; < &, (including, as above, the extreme cases when
k = 0 ork = n). We consider separately the two cases when(a)l,,, # @, and
(b) Ik N |k+l - @
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In case (a) we havéay, ac1] C Ik U g, and suppose first that_; < a.
Thengi(a) < ¢1(bj) = 0 = —A¢y(a). Otherwise ifc;_; > a, theng:(cj_1) =
—1 < —X¢y(cj_1), sincecj_; is now in l,. Hence ifr := max(a, c;_;), then
$1(r) < —xgo(r). Similarlyif s := min(ac1, ¢;), theng.(s) > —r¢,(s). Hence from
the intermediate value theorem, thereis a zemy 6t —A¢, on|r, S] C [&, a1] C |
as required.

In case (b) whem,N1; = ¥ we can assume without loss of generality tha& 1.
Now if ¢; < &+ v then we can argue as in case (a) that there is a z¢roan C Iy,
wherer := max(a, Cj_1). Butif ¢; > a, + v, then we know from Lemma (iii) that
¢1, —¢ have opposite signs off, and sap; (ax + vx) > 0 > —A¢(a + v¢) and there
is azeroinr, ax + v] C lx. This proves (i).

(if) We have shown in (i) that eaghy lies in somely, so it is enough to prove the
inequalities

wj <2cn—j+1/m, v <2cj/n.
But atx = a; — uj, we have

n n

b .

E=E 6k<k§ tang, < (n— | + 1 tangd; = "
k=j =j

(n—j+1c

which gives the result for;, and the result fop; is similar.
(iii) For each pointx € |, we havex e I, for somek and so

[X — &y < max(ug, ) < 2cn/m.
Thus atx we have

| CoSty| = X — &l - 1
‘ VX —a)?+ T /14 nr2/4n?
and so
1
2 su )N:xel}) < ——.
(2 Pllé2(X)| }—m 0

We now come to our main result on the zerogof .

THEOREMS. If 1 < A < /14 7?/4n?, thenT, f has only real zeros whose sepa-
ration satisfies

§(T, ) > Etanh<n—c) cost __r
" d J1+ n2/4n

whered = §(f) = min;(a; — a;_y).
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The reality of the zeros follows at once from Lemmhasince the restriction on
A ensures that|¢,| < 1 onl. The proof of the estimate will follow after we have
established Lemm@below.

The following example shows that there can be no corresponding result for infinite
products, without further restrictions on the location of their zeros.

ExampPLE. Let f(x) =[] {(1 — x/n)e"/"}. ThenT, f has some non-real roots
foranya > 1.

In this example we have, = cot*{(n — x)/c} and we writen & ic = X + r, e’
asin Lemmadl. Then
) e(xi(:)/n}

= 1|12 ] (-

1

= X
2[T{(1-5)e"]
+ ]_[ .
l—[{ n gx/n+i(c/n- en)} + l_[{ g/n-ice/n- en)} +2A1_[{ &/" cost, }
1 1

- 2]_[{ X/”} [cos(i (60 - —)) +Al_[cose ]l

where it is easily checked that the sums and products are absolutely convergen
as grouped. This gives an obvious extension of LemimaWe shall show that
the sum)_ "6, — ¢/n) — —oo asx — —oo; this will establish the result since
¢ = cos( > 2 (6, — ¢/m) oscillates infinitely often between 1 ardl, while ¢, =
[13° cosd, — 1 asx — —oo since each term> 1 and the product is absolutely
convergent. Thus as soon &s- 1, some real intersections ¢f and—i¢, will be
replaced by corresponding non-real roots. It remains to showptja®, — c¢/n) —
—00 asx — —o0.

GivenK > 0, chooseN > 3 such that (i} ", (6, —¢/n) < Land (i)>"; ¢/n >
2K. Since each, — 0 asx — —oo we can choosg sufficiently large and negative
suchthat, < 1/Nforn=1,2,..., N. Then for suchx we will have

i::(e ——) ZG —ZE+N§;(%—%)<1—2K+1

which is less than-K whenK > 2. This shows thap_;°(6, — ¢/n) — —oo as
X — —oo as required.

The following estimate for the rate of increase of the sum of the afgissieeded
to complete the proof of Theore
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LEMMA 6. Forall x € R,

d [ T 7C
& <J2_;9J> < ECOth<F> s

whered = §(f) = min(a; — a;_1).

PrROOF. We haves; = cot™*((a; — x)/c) and henc#| = c¢/(c* + (a; — x)?). Let
h = min; |a; — x|. Since the zeros are separated by at ldasts(f) the sum)_; 6/
is bounded above by

> c oz sinh(2rc/d)
Z 2+ (h+jd)2  dcosh2rc/d) — cog2rh/d)
T

j=—o0

sinh(2rc/d) b3 mC
coth( . ) .

- Ecosh(ch/d) 1 d

We can now complete the proof of Theorém

PrROOF. Putiq = /1 + 72/4n? and leto denote any real number i, o). Then
forx e | and 1< A < o we have from2) that

M) = A/ho < 0/ho < L.

In particular, each zerp;_, of T; f lies in that part of the intervdk;_,, ¢;) on which
|p1(X)| < o/Ao. It follows that between p,; andc; the sum)_6; must increase
by at least cos'(o/Ao). Similarly betweerc; and p; the sum)_ 6; must increase
by at least cos'(c6/A0), and so or{ p;_1, p;] the sum)_ 6; must increase by at least
2cos (o /Ag).

But ¢:(x) = cos()_6;) and so|gy(x)] < > 6 < (x/d)coth(zc/d) from
Lemma6. Hence an increase inof at leastA is required to maké  6; increase by
2cos (o /1) where

A% coth(%c) > 2cos? (%) )

Hence the separatiai(T, f) is at least(2d/x) tanh(wc/d) cos(o/Ae) and putting
A = o gives the required result. O

We complement Theorewith the following result which shows that far> 1,
some restriction orf is necessary to ensure reality of the zero$,of.

THEOREM 7. Given any. > 1, there is a polynomiaf with real distinct zeros such
that not all zeros off, f are real.
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ProOF. Consider firstf(x) = x", where all zeros are at the origin. With the
notation of Lemmad, we have alb; = 6 := cot™*(x/c), 0 < 6 < =, and so the zeros
of T, f are where ca®f) + A(cost)" = 0.

We see by inspection of the graphs of @b and—A(cosp)" that wheni = 1
there are two real zeros on the interiza)2n, 37 /2n]. However ifi is increased so
that—A(cos9)" = —1 atd = 3 /2n then these real zeros are lost. Thus we have to
show that for any. > 1 we can choose so thati(coq3r/2n))" > 1. This follows
at once sinc€coq3r/2n))" — 1 asn — oo, and we can estimate the sizerofrom
the elementary inequalities

AN O 2% " Lo
an)) ” 2\2n) ] 77 e
Thus givenm. > 1, we can say that not all zeros Bf(x") are real if

972\

A —_—.
8(r—1)

——————, orequivalently n

~ T_or?/8n q yn=
Finally to find an example with distinct roots, we can replatdy a polynomial

n zeros equally spaced ¢r-h, h] say, and také sufficiently close to zero. O

Itwould be interesting to find which of the estimateis@(n—?2) given by Theorers,
or 14+ O(n™?1) for the example of Theorefhis closer to the correct order of magnitude
for the value ofs required to make the zeros of f real.
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