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Abstract

A point of departure for this paper is the famous theorem of Hermite and Biehlétz)fis a polynomial
with complex coefficientsy and its zerog satisfy Imz, > 0, then the polynomials with coefficients
Rea, and Imax have only real zeros.

We generalize this theorem for some entire functions. The entire functions in Th2arehTheorerd
are of first and second genus respectively.

2000Mathematics subject classificatioprimary 30D20.

THEOREM 1. Let f(z) = cZ"[],—,(1 — z/z) be an entire function, where z €
C, Imz, > 0. Assume thatim,_, . |z| = oo and the Maclaurin series of is
f(2 = Y aZf, whereay = ax + iBy, ok, Bc € R, andu(z) = > oo, oZ¥,
v(2) = Y oo, BZ". Then all roots ofi(z) andv(z) are real.

PrOOF. The proof is analogous to that for algebraic polynomials. O

THEOREM 2. Let f (2) = ¢Z2"[],—,(1—2/%) exp(z/z) be an entire function, where
C,z € C argz) € (0, ¢), where0 < ¢ < /2. Assume thaim,_ ., |z] = oo and
the Maclaurin series off is f(z2) = > " az*, wherea, = oy + ifk, ok, B« € R,
andu(2) = Y ooz, v(2) = Y oy BZ. Then all roots ofu(z) andv(z) satisfy
argz) ¢ (o +m/2, 7).

PROOF. We havef (z) = u(z) +iv(z) = c2'[[,o(1 — z/z) exp(z/z). Letz be
such that(z)) = 0 oru(z) = 0. Then

U(z) +iv(z) =u() —iv(z) or uz)+iv() =—U%) —iv(z)),
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that is,
1) ez [ [(1— /20 expzo/20 = £62 | [(1 - 2/2) explzo/Z).

k=1 k=1

Suppose that afg) € (¢ + /2, 7); then we prove that

(t-2)en(2)|- o2 on(2)

{2322

>

that is,

Zo % 70— %

Ifweletzy=a+ib, z = X +iyx andz, = xc — iyx, wherea, b, X, yx € R, b > 0,
yk > 0, then we have

% % zm&]
expl ——— )| =exp|Re| — — =) | =ex and
p(a a)‘ p[ (a 4)] F{Xﬁ+%

4byy
LA 1y .
Lo—zk \/ (@— %)%+ (b —yi)?

Obviously, we have that

Zy
ex —_— =
p(a a)

We fix x, andyy. Since ar@z,) € (¢ + 7/2, 7) and argz,) € (0, ¢) we have

2 4by; 4by;
— 1 .
ex"[x&w&] Y

@—x)?+ (b—y)? > X2+ ¢

Thus we have

4by S 14 4by
XE+ Vi @—x)2+ (b —y)?’

1+

which means thatexp(zy/z. — z/Z)|?> > |(z — Z) /(2 — z)|? and the assertion is

proved. Hence
w11 %) eo(2)] - =1 (1 §) ol 3)

which is impossible in view ofX). O

>

’
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THEOREM 3. Let f(2) = cZ'[[,—,(1 — z/z) explz/z + (z/z)?/2] be an entire
function, where, z, € C,arg(z) € (¢+7/3,7/2),0 < ¢ < /6. Letlim,_ o |Z| =
oo and let the Maclaurin series of be f(z) = Y 7 aZ*, whereay = oy + i,
ax, B € Randu(z) = Y o aZ®, v(2) = Y o BxZ<. Then all roots ofi(z) andv(z)
satisfyarg(z) ¢ (0, ¢).

ProOOE We have

= z z 1/z\°
f(z2) =u(2 +iv(z) =c? (1— —> exp|:— 4= <_> }

Let z, be such that(z) = 0 oru(z) = 0. Thenu(z) +iv(z) = u(z) —iv(z) or
U(z) +iv(z) = —(U(z) —iv(z)), that s,

o el(-g)er (3 ]

a1 3)en] 33 () |

Arguing by contradiction, let us suppose that@y € (0, ¢). Then we show that

(1-2)en|2+3(2) ]|~ [(--2) w23 (%)
CER ORI E

If we putzg = a+ib, z = X+ iy andz, = x — iyx, wherea, b, X, yx € R,a > 0,
b> 0,x > 0,y > 0, then we obtain that

i

E_E 1 )2_}<E>2 =exp|: 2byi N 4ab>q<yk]
2 % 2\z XEYe OK+HY?

Z— % 4byi
] .
‘ZO_Zk‘ \/ (@ —%)?+ (b — yi)?

()

’

that is,

=
Zo—7Z|
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Obviously,

2
R
expl———+5|>-) — 5|
p[zk z 2\z) 2\5
=exp[ 4by 8abx Vi }> n
X+ X+ Y2 X¢+ Vi

We wish to prove that

4by; N 8b%y? Babx Yk
E+YD?2 X+ yD?

4by;, 8b?y? 8abx Y 4by;,

1 + ’
ryE ' OR+yD? R+ yD? T @—x02+ (b— y?

which will be true if
1 n 2byy n 2ax¢ 1
> 9
X2+ Y2 2+ YD?2 @+ YD2 T (@—x)2+ (b— y)?

thatis,[(@ — x)? + (b — Y2 (X2 + Y2 + 2byk + 2a%) > (X2 + y2)? or

(@ + b?) (X2 + y? + 2by + 2ax) > (2by + 2ax)>.
Hence,
(3% — b?)x2 + (3b? — @%)y? + 8abx.yx — (2byk + 2ax)(a + b%) < 0.
The equation(3a — b?)x? + (3b? — a?)y? + 8abxy— (2by + 2ax)(a? + b?) = 0is
an equation of a hyperbola. Indeed, if we make the change of the variables
« — ax' — by y = bx +ay
V@t - JaZ+
then we have 82 — y? — 2x’/4/a2 + b2 = 0. If the angle of rotation is/, then
cosy = a/+/a?+ b2, thatis,yr € (0, ¢). Hence

2
3 X/—;> _y/ZZ;’
3va? 4 b? 3@+ b?)

that is,
(x -y @Eva+r) y2
13V T ) 1/ (VI@+ D))

After the changeX = X’ — 1/3v/a@? + b?, Y = y’, we obtain

2

=1

X? Y2
— —— =1 where p=

1 1
p2 2 3J/a? + b2’ a= /3(a2 ¥ b2)'
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(5]
Thusg/p = /3 = tan(z/3) and allw = x +iy, with argw € (¢ + /3, 7/2) satisfy
(3a% — b?)x? 4 (3b? — a?)y? + 8abxy— (2by + 2ax)(a® + b?) < 0.

For example z, satisfy this condition, which confirms the assertied). (Then we

el )eel 22 ]

k=1

obtain

4[] (2-2)on| 245 (2) ]

which contradictsZ). The theorem is proved.

O
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