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Abstract

Suppose that a graph process begins witholated vertices, to which edges are added randomly one
by one so that the maximum degree of the induced graph is always atimbyst previous article, the
authors showed that as— oo, with probability tending to 1, the result of this process id-segular
graph. This graph is shown to be connected with probability asymptotic to 1.

2000Mathematics subject classificatioprimary 05C80, 60K99.

1. Introduction

A randomd-procesdegins witm isolated vertices, to which edges are added randomly
one by one so that the maximum degree of the induced graph is always atl most
Multiple edges are always forbidden. The process effectively stops when no more
edges can be legally added, which must happen after atiest dn/2] steps. Let

Go, ... , Gy be the (random) graphs obtained in the course of such a process, where,
if the process stops with less théhedges, the sequence is padded out with copies of
the last graph. 1n4] the authors showed that with probability tending to has oo,

the result of this process iscaregular graph (except for one vertex of degdee 1
whendn is odd). More precisely, the following result was proved.

THEOREM1. Ford > 1, in a randomd-process
lim P(JE(Gy)| = [idn]) = 1.
n—oo
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In this paper we consider the connectedness of a ramdprocess.

THEOREM 2. Ford > 3, lim,_ . P(Gy is connected = 1.

In fact, we show that with probability asymptotic to 1, the graphbecomes
connected already for= |dn/2 — log"®n]|.

Ford = 1 (andn > 3) Gy is always disconnected, while fdr= 2, P(Gy is con-
nected = P(Gy is Hamiltonian, and this was shown ir6[ to be ®(1/,/n).

One is easily led to conjecture the result of Theorzifnom simulation results,
although for Theoren this is not the case, the reason being that the convergence in
Theoreml is only at the rate of Alogn (approximately—the true rate is not known
exactly). We briefly mention here some results obtained from simulating a random
3-process. The events in Theorérand Theoren2 seem to be highly correlated; no
doubt the easiest way for a 3-process to produce a disconnégtésifor it to have
two components, one 3-regular and the other a triangle. (No more edges can then b
added by the process.) One of our main interests is in comparingdhér graphs
produced byd-processes with other models of random regular graphs, such as the
uniform model. To this end, we carried out simulation of random 3-processes on even
numbers of vertices to estimate the probability tBatis disconnected, conditional
on it being 3-regular.

This was done with two computer programs, one of which repeatedly simulated the
random 3-process and recorded the number of ti@gsvas both disconnected and
3-regular, and the other recording how many times it was 3-regular. It was done this
way because the former was essentially slower, but savings could be made by noting
that each single run did not have to go to the end but could be terminated as soon as th
graph became connected. To make errors fairly uniform, the disconnectedness testin
went for each numbaerof vertices until 10,000 successes. We denotig liye number
of iterations, or runs of the process, required to achieve this. Consequently we get the
probability of siccess (10000 4) with expected error of only a couple of percent. The
second program was much faster and so could afford to test for regularity uhtil 10
successes, that is, regular final graphs. The number of iterations for this is denoted by
i,. Finally we estimat®(Z|#), whereZ is the event thaGy is disconnected an#®
that it is regular. The programs took a few days to run on a DEC Alpha station. The
results are in the following table.

Settingp = P(2|#), and graphing- log p against logh gives an almost perfect
straight line with slope approximately 2 aiie log p)-intercept about 1.4. So we
conjecture the probability o5y being disconnected, given that it is 3-regular, is
aboutcn—2 wherec ~ e 14 ~ 0.25.

Itis interesting to compare this with the uniform model of random 3-regular graphs,
where the probability of disconnectedness is asymptotigmo2 asn — oo. This
can be calculated by showing that the major contribution comes from graphs with a
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TABLE 1. Simulation estimates for the probability that a random 3-process produces a disconnected graph
given that it produces a 3-regular graph.

n iy i P(2|%)

20 | 24342275] 1613430| 0.00066281
30| 61121366 | 1535365 0.00025120
40 | 110628317 1492160| 0.00013488
50 | 169726426 1461720| 0.000086122
60 | 237254000 1439774| 0.000060685
70 | 314481451| 1423049| 0.000045251
80 | 408520743 1407122| 0.000034444

component isomorphic ti,.

Indeed, the natural line of attack for the connectivity question, which has been
successful for uniform regular models as well as for ordinary random graphs (see
[2]), relies on ruling out the presence of components of osder 1,2,...,n/2.

Due to Theorenl, this has been checked already for the randbprocess for
s=1,2,...,d. For any fixeds it is tedious, but possible to rule out components
of orders. We include calculations fal = 3 ands = 4 in Section2. However, for
largers—say around,/n—it seems to be a very difficult approach.

In the proof of Theorend, a key role was played by isolated vertices. Their
disappearance early in the process was crucial there.l; Lagnote the number of
isolated vertices ir5;. The analysis of the behaviour §f carried out in Sectiof,
will be crucial for the present proof too. In the evolution of the ordinary random
graph (which is the same aslgprocess except that there is no upper bound on vertex
degree), connectedness occurs, with high probability, at the same moment as the la:
isolated vertex disappears (s@gdr [1]). We are unable to verify if this phenomenon
holds also fod-processes.

Besided;, another important random variable of the proces$is-the number of
unsaturatedrertices inG;; that is, vertices with current degree less tdaThese are
the vertices which are still ‘in the game’, contrary to the vertices of dedjregich
remain ‘dead’ till the end of the process.

We classify connected components occurring in the course oflipmcess ac-
cording to the number of unsaturated vertices in them. This is calleddtiee size
of a component. Components of active size 0 will be caledd Once a dead
component is created, it remains such till the very end, and, if its order is less,than
the final graphGy is bound to be disconnected. This ‘irreversibility of death’ is a new
feature as compared to the ordinary model of random graphs, where at any time any
component can be linked to another one. It contributes to the higher level of difficulty
one encounters when studying the connectedness of a rashgwotess.
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A component is said to bim dangerif its active size is 1 or 2, but it is not an
isolated verteXX; or anisolated edgk,. A componentin danger may become dead,
or contained in a dead one, in a single step of the process (unless its active size is :
and the two vertices of degree less ththare already adjacent, but it turns out that
such components cause no problems). Delbe the number of components in danger
belonging to the grapks;. In Section4 we carefully analyse the behaviour B
making almost sure that the number of components in danger is kept low throughout
the process and thus no edge hits and kills any of them.

The fact that components in danger almost never become dead is to a large exter
caused by the presence of giant components which ‘attract small fry’, catching them
before they ‘die’; that is, catching any components in danger before a single edge car
have both ends in them. For technical convenience, any compon&ntiaith active
size at Ieasgui will be called agiant The existence of giant components is established
with some help from a supermartingale concentration inequality in SeStiorhe
proof of Theoren® is completed in Sectiof.

As most of the interesting things (from our perspective in this paper) happen toward
the end of the process, we quite often prefer to measure the remaining (residual) time
thatis,N — i rather thari. The same happens with a runner who measures distance
from the start when near the start, but distance to go when near the end. In order tc
smoothly shift between the two modes of counting, for ame definer (i) = N —i.

Thus at time there are at most(i) steps to go. This remaining time will be referred

to asr-time. That is, at timei, the r-time isr(i). Similarly leti(r) = N —r. If
symbolsi andr appear in the same expression or sentence, it will be always assumed
thatr = r(i), and thus = i(r). Also, phrases such as ‘before timehave the
obvious meaning (‘up to timex]’) for x a non-integer.

We now state a simple fact which bounds the number of unsaturated véstices
terms of the r-time. Note thatdn — 2i = 2r if dnis evenandin —2i = 2r + 1
otherwise.

FacTt 1. Foralld > 1andalli =0,..., N,
r/d<U <dn—-2i—(d-DI;, <dn—2i <2r +1.

PrOOF. The proof is immediate by suitably bounding from below and from above
the quantity) . (d — deg;, (v)) = dn— 2i. O

veln]
As a corollary, observe that the (conditional) probability of insertingthe 1)-st

edge of thed-process into a given place (a pair of unsaturated vertices not being an
edge ofG;) is at most

T L = 0@ 2.
(3)—d-1y;/2
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Throughout we havd > 3 fixed, anch always denotes the number of vertices. We
will be using the phrasasymptotically almost surelpbbreviated ta.a.s, to indicate
the fact that the probability of the event in question converges tonl-asco. When
saying that.a.s.a random variabl& is o(a,) we mean that for some functien(n)
which goes to infinity witn, a.a.s.X < a,/w. For our purposes here it is sufficient
to setw(n) = log log logn.

2. Dead end

Here we examine the connectivity question, using an approach successful for
ordinary random graphs (s€g). Inthis, we try to rule out the presence of components
oforders=1,2,...,n/2, by showing that the implied separation of the graph does
not occur. Letw; be the event that there is a component of orslén the final
graphGy. It follows from Theoreml thatP(Ug:1 5) = 0(1). We will now show
calculations leading to bounding the tef\w,) in the smallest case wheh= 3.

After this experience we will be happy to give up this approach, though it is a gentle
introduction to computing probabilities with this model of a random graph process.

Let P, be the probability that the set of verticés= {1, 2, 3, 4} forms a component
of Gy. By symmetry,

2.1) P()) < (2) P,.

Observe that the only way the verticesTottan form a component is whén spans

the complete grap,. Letx = (my,...,7ms) be a permutation of the six edges
in T, and leti; < i, < --- < ig be the times of appearance of these edges in the
3-process in the order determinedsby Furthermore, le£; be the event that thieth
edge of the process will be; fori =i;, j = 1,...,6, and that it will have both
endpoints outside the s€totherwise. Note that hef¢ = |3n/2], and set; =r (i),
j=1,...,6,and

N
Pr(fy,... .Te) = P<ﬂéﬁ) .
i=1

Then, by the chain formula,
Pr(ry, ..., re) = P(6)P(&]61) - - - P(&y[61 N - - N ény).

In order to estimat®(&; |£1 N --- N & _y), lets# = (Gy, ... , Gj_,) be the history of
the process up to time— 1. Settings” = &1 N --- N & _; for brevity, we then have

P(&1€) =Y P(&154 = )P = hi|6)

hiEé3
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and
P& |74 =h) = P(&1Gi1 = Gi-1),

where the lower case letters represent concrete values of random variables designate
by upper case counterparts, thiis= (go, ..., gi_1). We know already that for

i =i1,... ,ie,
P(&IGi_1 =g 1) = O(1/r?.

In order to handle the remaining cases, we need to know how many vertides of
have been saturated so far during the processsl.&t= 1, 2, 3, 4, be the element
of the set{r,, ... ,rg} which is the r-time of saturation of tHeth vertex of T. The
values ofs, depend on the permutation but we always havs,, s, € {rs, r4, rs} and

s =S = rg. Letus setsy = N for convenience. Then, fans) < i < i(S1),
k=0,1,2,ash; €4 impliesthatg;_; has no edges from to outsideT, we have

4—-Ku —4+k) 44—k

P@iIGi-1=0-1) <1— m <1l-——+0(.
(3) r
Hence
4 3 2
2prw _ P —
(rafa...Te)?Pr(ry, ... ,re)_O(l)exp<— Z - Z : Z r)
So>I>Sy S >I>Sy S>I>S3
= O(1) exp{—4logn + logs; + logs; + 2logss}
$15S;
_ 0(1)7% .

Our goal, in view of R.1), is to prove than*P, = o(1), and we have just shown
that

5%

T ry>e>Te

It can be verified that for any, and thus for any particular values gfands,, the
above quantity converges to 0 provided that the rangeadn be bounded from below
by any function oh tending withn to co. Consider, for example, the case that=r;
ands, =rs. Then

1

1 1 logr,
i D DD B o8
Z r2r2rar2rs — r2r2rary, rar, r2

I1>->lg 1>l ri>rp 1 r

Can we actually restrict the range mf? Some extra knowledge is needed here.
With some sweat it was proved id][(and it will be sketched in the next section)
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thata.a.s.the last isolated vertex disappears by r-time arounchjdag logn. Before
r-timer, all vertices inT are still isolated and we obtain the desired lower bounid on
Nevertheless this straightforward approach to proving the connectedr@gs/d
estimatingP(«7) seems very hard to push through for higher values of particular
for s = n°, says = /n.
Hence, we give up this approach, turning our attention to analysing the behaviour
of I; throughout thel-process, as the early disappearence of isolated vertices will play
a crucial role in our proof, as it did iri] where we proved Theoreth

3. Isolated vertices

In this section we takél > 2. We begin with the expected number of vertices
which remain isolated throughout a certain time interval. It was proved]ithft
the conditional probability that a given vertexis isolated at timé,, given that it
was isolated at timé,, is at mostO(r (i,)/r (i1)). Applying this fori; = 0, we find
that the expected number of isolated vertices at fiseO (r ), which is in any case a
deterministic bound on this number. On the other hand, if we know that at some time
i, a.a.s.there are(r) isolates, then we can use this property to conclude that at some
later r-timer — oo they will disappeas.a.s.It will turn out thata.a.s.l; becomes
o(r) at any r-timeo(n). By Factl, this implies thatl; will be dropping significantly
as compared tdJ;, the number of unsaturated vertices. We collect together all the
required facts about isolates (and isolated edges) in the next lemma.

LEmmA 1. The following are truea.a.s. for some constart < 1in (i)).
(@ Forallr inthe ranger (0.1n) >r > n¥% we havd,; < cUj;.
(b) Forall r inthe rangen®® > r > logn/loglogn, we havel; < U;/log®°n.
(c) Forall r satisfyinglogn/loglogn > r, there are no isolated vertices.
(d) For all r satisfyinglog™*n > r, there are no isolated edges.

PrOOF. First consider (a). Define the functiohs= b(x) andq = q(x) asin §] by
—2b

(3.1) b(X)zd—Zx—(d—l)b’ b(0) = 1
and
2b

for 0 < x < d/2. As was shown in4, Section 2],q'(x) is negative on the interval
(0,d/2), and so there is some> 0 suchthaf(x) < 2/d—e for, say, 01 < x < d/2.
Then §4, Lemma 3.2] implies thad.a.s.

(3.3) li <nb(i/n)+0(n*°) =rq(i/n) + o(n%*)
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foralli =0,...,dn/2— [n¥°]. Thus we obtain that for som¢ > 0,a.a.s.
i <@ @)/d)(1—€)

from time Q1n to r-time n%!° On the other hand); > 2r(i)/d by Factl. This
proves (a).

We turn to the proof of (b). Fromd] equation (2.3)] we have

-2

(d—21)log(d/2 — x)
asx — d/2. Thus from 8.3) we obtain that.a.s.withry = [n!%1],
11|'0 + O(ro) 12’0

logn = logn

. ra)
o= = ggar

Choosem < 12ry/logn. Fori > dn/2 — n%*% let P, be the conditional probability
thatl; > s(i) given thatl;, = m.

At time i, the probability that the next edge is incident with some vertex from a
given set ofs isolates is at least

S 2
G-9e+l) B.s_o <5—2> .
() r
Thus, for a given set af(i ) isolates at timéy, = i (1), the probability that all vertices
in this set remain isolated until timds at most

ﬁ(l_% o(r(sjz)2>> <exp{—s Z E+O<k2)}=<0(:o(i))>s.

j=io k=r(i)+1

(3.4) q(x) ~

(35) Ii(ro) =

Define the function

=

Hence, multiplying by(T),

o(mr(i)) s 0(1) r(i)/log®n
(55 ()
0 og'n

Thus ifr; = [logn/loglogn],

n%/*°) llog? n] n%/*°)

Z Pi(r)= Z Pi(r)+ Z Pi(r)

r=ry r=ry r=|log?n|

Llog? | r1/log®n [n9/10] logt®% n
- Z ( 0(1)> Py (L{}f) — o(D).

I n
|Og r=|log?nJ 9
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Since this bound is uniform oven < 12ry/logn, by (3.5 a.a.s.l; < s(i) forall i
in the range (ry) > i > i (n%1%). This gives (b).
For (c), defineP as above in (b), but wits = 1. Then as before we obtain

b _ Oo(mry) _0 1
= ro ~ "~ \loglogn /"

This shows that;,,, = 0 a.a.s.
Finally, we prove (d). We will focus on three r-times:

r, = log®n, r, =log*’n, r; = log**n.

By part (b), there ara.a.s.O(log”% n) isolated vertices i1G;,,, and the number

of isolated edges is at m0§Ui = O(log®n) by Factl. The isolated edges present

at r-timer, may have one of two origins: either they are survivors from r-tme

or they were created since. The expected number of surviving isolated edges from
r-time r; until r-time r, is, by calculations similar to those in (b) (see algd),[
O(r,(r/r1)?» = O(log®®n), while the expected number of isolated edges created
between r-times,; andr, is, again using (b),

O(ry —r,) max (Ii(r)>

ri=r=rp 2

= O(rl/(log n)l.98) — O((|Og n)l,OZ) .

r(i)?
Thus, by Markov’s inequalitya.a.s.there are at mostiogn)* isolated edges at r-
timer,. Similar arguments show thata.s.none of these will survive until r-time;
(since(logn)*%(r;/r,)? = 0(1)). On the other hand, there aae.s.too few isolated
vertices at r-time, to create any isolated edges before r-timeriggg logn (since
r,/(logn):% = o(1), again using (b)), nor at any time afterwards (when, byd@.,s.
there are no isolated vertices at all). O

4. Components in danger

In this section we takd > 3. Recall that a component is said to be in danger if
its active size is 1 or 2 but it is different frofd; and K,. In the previous section
we verified that isolated copies &f; andK, (which are themselves dangerous rather
than in danger, because components in danger can quickly be created from them) wil
vanish after r-time log/ log logn. We shall now take a firm grasp of the components
in danger, showing that throughout the process there are not too many of them. As
an eventual consequence, it will follow treag.s.there is no dead component formed
before the end of the process; that@s, is connected.

The following section will examine the components of very large active size. In
each of these two sections, the results about the process tfter ieg’ n depend on
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the results in the other section before r-time’lngso a logical development would
reorder them, dealing first with early time, and then with later time in the process.
However, we do not follow this path because the arguments concerning one type of
component (in danger or giant) before and after r-timé togend to be similar and
better kept together. The effect of this is that the proof of LenBrdepends on
Corollary4 in the later section.

Let D; be the number of components in danger in gré&phand let7; and%, be
the events thaD; < wlognforalli =0,..., N, and thatD; < wloglogn for all
i > i(log®n), respectively. Here and in the rest of the papestands for log log log.
The following lemma implies that the evef holdsa.a.s.

LEMMA 2. The expected number of times that the number of components in danger
rises, or an edge is inserted into a component in danger, between tiamel timei,

is O(log(r (i) / (i))).

ProOOF. The number of componentsin danger can only rise when an edge is inserted
into a component of active size 3 or 4. So, Jebe the indicator variable of the event
that the(i + 1)-st edge of thel-process is inserted into a component of active size at
most 4 (and at least 2, of course). By Facthere are at modf; /2 < r 4+ 1/2 such
components irG;, and each has at most 6 places for an edge. Thus, by using Fact
again,

P =1 =) P =1G =g)PG =g)=0/r()
gi

The lemma follows on summing this bound overx i <i, — 1. O
COROLLARY 1. The eventZ; holdsa.a.s.

PrOOF. Since Dg = 0, then, for each, D; is not greater than the number of
times that the number of components in danger rises during the entire process. By
Lemma2 withi; = 0 andi, = N — 1, E(D) = O(logn), and the corollary follows
by Markov’s inequality. O

COROLLARY 2. There area.a.sno dead components @; for anyi < i(log®n).

ProOOF. We defines to be the event that thé + 1)-st edge of thed-process
creates a dead component. (This may only happen if it has both ends in component:
in danger.) Then with,; = dn/2 andr, = log®n,

ip—1
P (U ,q/i) <Y P(HID; < wlogn) + P(=7y)

=iy
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ri—1

1
= O((wlogn)®) > 5 o

r=rp

= O(w?/logn) + 0(1) = o(1). 0]

Thus, we have gained a brief respite until r-time®lnog The following lemma
pushes this up a little further. Its proof depends on Corolainpm the next section.

LEMMA 3. The evenZ, holdsa.a.s.

Before proving this, let us extend the ‘dead-component-free zone’ af-firecess
using Lemma3. The choice of lo§®n below is arbitrary and certainly not best
possible, but easily sufficient for our task.

COROLLARY 3. There area.a.sno dead components {@; for anyi < i(log"®n).

PrROOF. In view of Corollary2, we may focus on the range of r-time betweer? lng
and log’® n and repeat the calculations of Corollatwith %, replaced byZ, (here
we apply Lemma) and the logh term replaced with log log. O

The strategy for our proof of Theoretncan now be described as follows: along
with proving Lemma3 and hence Corollar, we will show thata.a.s.at r-time
log"® n all unsaturated vertices belong to the same component, and thus theGgraph
i =i(log”®n), is connected.

PROOF OFLEMMA 3. Letr, = log®n andr, = log®n, and seti, = i(r,) and
i, = i(ry). By Lemma2, a.a.s.D; rises at mostloglogn times after r-timer;.
Hence we are done if we show that the evéhtthat all components in danger at
timei, will cease to be in danger liynei,, holdsa.a.s The presence of the giants will
help to achieve this task. We will boud.#) by the probability that all components
in danger at time; will join a giant sometime before time. Note that a giant at
timei may no longer be a giant (and also may be contained in a larger component) at
timei + 1.

For anyi, denote by, ; the evenD; < w(logn), and by.Z}; the event that for all
j inthe rangd, < j <i thereis a giant irG;. We haveZ,;, a.a.s.by Corollaryl,
and Corollary4 gives.?} ;, a.a.s.(this is called?; in Section5). Thus it is enough to
show

(4.1) P(—=#|Gi, = g,) =0(1)

foranyg, € %;,N.2.;,. The following argument is in this conditional space. Noting
that the proofs of Lemma and Corollary2 are valid conditional oi5;, = g;,, a.a.s.
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no component which was in danger at r-timebecomes dead before r-timg We

will show that the probability that at least one component in danger at tid@es not
become dead and does not join a giant by timeés o(1), thereby establishingt(1)

as required.

Consider a fixed compone@twhich is in danger at timg, and defines; to be the
event that no edge from timie up to timei either makes the component containing
C dead or joins it to a giant. Since we have assumedFthatﬂ'2 1.,2”1.) =0(1), it
suffices to show that

( M & mlzﬂlzl) = <w|§gn>'

i=i+1 =iy

Note that the probability of an active non-giant component joining to a given giant
in one step is at least

0/5 2
() ~ 5O

by Factl. Thus we have

(Naen=)

< P(&,111411,)P(&i42161,51 N 1,40 P(& 43l 61 00 N L) - -
-1 2/5
2 log® 1
< 1-——) =0 gsn =0
oy 5ri) log°n wlogn O

5. The giants

In this section we will derive some crucial facts concerning the presence of large
active components during tldeprocess (see Corollad). Recall that any component
of G, with active size at Ieaﬁui is called a giant.

Let L; denote the greatest active size of a componef®; inWe now introduce the
following events:

%, is the event that; > c'U; from r-time n/6 until r-time lod n, where
¢ = 0.99min{0.5 — c¢/2, 0.19}, with c defined as in Lemma (a).

%, isthe eventthak; > 2U; /5 from r-time log n until r-time log® n.

%, isthe eventthak; > 2U;/5 from r-time log n until r-time log"® n.

It turns out that showing that these events helal.s.is easier once we show that a
large component exists early in tdeprocess. Twice along the way we will use the
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following result from [7]. The proofis not given since it is exactly the same as that of
Azuma’s inequality (se€3] Lemma 4.1] or p, Theorem 3]).

LEMMA 4. Let Yy, Yy, ... be a supermartingale with respect to a sequence-of
algebras{®;} with ®, empty, and supposé = 0 and |Y,,1 — Y| < cfork > 0
always. Then for alle > 0, P(Y; > acC) < exp(—a?/2i).

Now we will establish the existence of a large component in an early phase of the
d-process.

LEMMA 5. A.a.s. at some timig, n/10 < i; < N — n/6, there exists a component
with active size at lead#;, /5.

PrOOF. Let X; denote the number of componentsGn. If L; < U,;/5, then the
conditional expectation oX;.; — X; givenG; is at most—4/5. This is because the
next edge can be selected by choosing first one unsaturated weated then another
v, and then repeating both selectionsifis already an edge. No matter wheres,
it has at leastW; /5 unsaturated vertices outside its component, and so the probability
thatv lies in some other component is at leagb4 In this case the selections are
not repeated. Alternatively, we may argue that the probability that the number of
components will drop by 1 is

Ui (4U;/5)/2
(2)
2
If this trend was maintained for at least= N — n/6 initial steps of thal-process
thenE(X;,) would drop below —4i,/5 < 0—an obvious contradiction. To formalise

this heuristic, let us say that tlieprocess isuccessfuat timei > 0if L; > [U;/5]
forsome 0< j < i. Define

4
PXit1— Xi=-1) = = 5

Y, =X +4i/5—n

provided thed-process is not successful at timeandY; = Y;_; otherwise.

We will apply Lemmad4 to Y;. For a process which is not successful at timi
follows from the above calculations thatY; 1|G;) < Y;. On the other hand, if the
process is successful th&tY;1|G;) = Y, becausef;,; = Y;. Hence the sequence
{Y«} is a supermartingale with respect to the sequence-afgebrass (74,,) (the
history of the process).

Applying Lemma4 with ¢ = 1 andi = i,, we deduce that

P(Y;, > n??) = 0(1).



80 A. Ruciski and N. C. Wormald [14]
But for any process not successful at time
Y, = Xi, +4i,/5—n > n/15.

Thus the process ia.a.s.successful at timé,. Finally, it is easy to check that the
inequalityL; > U;/5yieldsi > n/10. O

Lemmab ensures that a ‘large’ active component exists at some time early in
the process. The key, rather technical, lemma ensuring that this properig.ss
preserved through time is the following.

LEMMA 6. Suppose that for sonde> 0 and somé; = i;(n) we havel;, > §U;,.
Suppose further that for somg> i; withr (i,) — oo and some. > 0, a.a.sfor all
timesi; <i <i,we haveD; = o(r (i)) and|; /U; < 1 — 2. Then for any > 0,

lim P{Li > min{(x — U, L, — 2/ () forall is <i < iz} —1

n—o0

Before proving Lemm#, we show how useful it is.
COROLLARY 4. The eventss, & and. %, all hold a.a.s.

PROOF OF COROLLARY Seté = 0.19 andi; as in Lemmab. Lemmal and Corol-
lary 1 verify the truth of the hypotheses of Lemifidor any timei, < i (log® n), with
A =1/2 —¢/2, wherecis defined in Lemmad. (a). Applying Lemma5 with i; as in
Lemmas5 andi, = i ([log®n]), we deduce%, a.a.s.sincec’ < min{x, .

If, in an application of Lemm&, r (i) = o(r (i;)) andL;, = ©(r (i,)), thenU; =
o(L;, —24/r (i1)) and consequently in the conclusion of the lemma (A —€)U; . If,
moreover|; = o(U;) then one can choose= 1/2 — ¢ yielding that, sayl; > 2U,/5
a.a.s Thus, by Lemmal, Corollary 1 and the fact thai?, holdsa.a.s., Lemma6
with r(i;) = n%% r(i,) = log’n andx = 4/9 yields the event?, a.a.s In turn,
this together with Lemma, Corollaries 1 and 2, and another application of Lentma
with r (i;) = log*n, r (i,) = log”®n andix = 4/9 implies the event, a.a.s. O

Note that the above proof uses results from the previous section only pertaining to
time up to r-time logn, in particular not Lemma. In this way our proof of Lemma,
which uses Corollary, is not circular and is now complete.

The remainder of this section is devoted to proving Lentina he heart of this
lemma is the following claim.

CLAIM. Assume; < is,iz+ |/ (is) | <i,ande < 1/2. Defined; to be the event
thatD; = o(r (j)) andl;/U; < 1—2Aforall j withi; <j <i. Then

P(Li, | vrig] < Lisléis N{eUi; < Li; < (A —€/2U.}) = O(exp(—r(in)"?)).
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We postpone the proof of this until after showing that the lemma follows from the
claim.

PROOF OFLEMMA 6. Note that from the outset we can assume that § < A/2.
Usingr to denote (i), we have by the assumptions of the lemma and by the Claim

P(HilfiSiZ*Lx/FJ ma.X{Li+L\/FJ, EUi} < I—i < ()" - E/Z)UI)
< P(HilfiSiZ*Lx/FJ {max{Lerh EUi} < Li < ()\. — 6/2)U|} ﬂéﬁ) + 0(1)
i2— VTl
<o+ Y P(Livwn < Lil&n{el < Li < (0 —€/2U;})
iZ*I\/FJ
=o)+ > O(exp(—r@i*))=o().

Thus we can assume than.s.
(51) EUi < Li < ()\. —E/Z)U, = Li+LJr(_i)J > I—i

for each suclh.
Definek, = iy, and forj > 1 definekj,; = k; + | /r (kj)|. We first show by
induction onj thata.a.s.

(5.2) Ly, > min{(,\ — Uy, + 2/ (k). Lil}

for k; < i,. SinceL; can fall by at most 2 in each step, akd; — k; < /r (k) <
VI (i), this implies the lemma.

To prove 6.2), observe that it is trivially true foj = 1, and assume that it is
true for somej > 1 with kj,; < i,. We distinguish two cases. First, assume
Ly, = (A — €/2)Uy,. Then again sincg; falls by at most 2 in each step, and singe
is nonincreasing,

ij+1 > ()\. —G/Z)Ukj -2 I’(kJ) > ()\. —G)Ukj —|—2,/I’(kj)

> (A —€)Uy,, + 21 (Kjs1).

On the other hand, ik, < (A — €/2)Uy, then sincer — e > ¢, and since from
the hypotheses of the lemma, > §U;, = €U;, > €Uy, we have from §.2) that
Ly, > €Uy,. Hence by %.1), Ly, > Ly,. We conclude thaty.2) holds fork,;. [
PROOF OFCLAIM . Defineis = is+ |/ (i3)]. In this proof we work entirely in the
conditional space defined by the conditional probability appearing in the claim. Let
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C: denote the component of largest active siz&ir{chosen by any canonical method
if there is more than one largest) and consider the edghled at timé + 1. Define

Zi.1 = —2 if both endvertices o belong toC;,

Zi.1 = —1 if ejoinsC; to a componentin danger,

Zi.1 =0 if ejoinsC; to an isolate or is not incident witG;

Zi.1 =1 otherwise, in which casejoins C; to either an isolated edge or to a
component different fronT; of active size at least 3.

Note that
PZin = —206) > ——\ B Pz, = 16 = D
i+1 i) — (L;I) — O(U|)’ i+ i (L;.) — O(Ul)’
LU —Li —1i = D)
P(Z,1 = 1|G)) = _
(Zi1=1Gp) @) - oW
Hence
_Li(Ui—ZLi—li—ZDi—l—l) h _h
(53) E(ZialG)= T ow x5 (x , +o(1)>

as by the (conditional) assumptief, of the Claim, since (i5) ~ r(iz), we have
li/Ui <1—2x+0(1) andD; = o(r (i)). Clearly,Li; — L; > Z;1.

We define a process to seiccessfubit time j if L; > U;(A — €/4) for some
i3=<j=<i.Also defineZ, = Z fora process which i |s not successful at timand
Z; = 1 otherwise. Then defining = >, ,13(Zk €2/2), we have

(5.4) Li>Li,+Yi+ (@ —ige’/2

fori =1is,...,i4andn sufficiently large, where this is true in the case of successful
processes becaukg can drop by at most 2 in each step ane- iz = o(Uy,).

We will apply Lemmad4 to —Yj,, —Yj,,1,.... Noting the conditional assumption
in the claim thakU;, < L;,, and recallinge < 1/2, we get from §.3), for a process
which is not successful at tinie

E(Z 1| ) > €L —€/4) —0(1) > €°/2

for n sufficiently large. From this it follows th£(2|+1|%) > €2/2 in all cases,
successful or not. HenceY;,, —Yi,.1, ... , —Y;, iS @ supermartingale with respect to
the sequence ef-algebrado (%)}, K > ia, and so by Lemmég,

P (¥ = 3647) = Oexp( - 117).

where, as usuatz = r (iz). The claim follows from this ands(4). O
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6. Proof of Theorem?2

Let us first summarise the knowledge about dhprocess we have gained so far.
Among other things, we proved thata.s.all isolated vertices and edges disappear
by the r-time logn/log logn (Lemmal), no dead component has been created by the
r-time log”® n (Corollary 3), and there is at least one giant during the r-time interval
from log® n down to lod’® n (Corollary4).

We will show thata.a.s.at r-time lod’® n all unsaturated vertices belong to giants.
This comes from examining two phases.

The first phase of the proof of Theoréhis from r-timer, = logn/log logn until
r-timer, = log”’n. We will show that all components of active size at least 3 at
r-timer; will a.a.s.at some time during this interval either join a giant (thatis, become
contained in a giant) or be in danger (that is, become contained in a component in
danger). The analysis is similar to the proof 4f1).

This time we condition on the existence of at least one giant in the entire interval
from r-timer, tor,.

If attimei a componen€ is not in danger, then the probability that the next edge
joinsC to a giantis at least & 2U; /5/() > 6/5r (i) by Factl. Arguing as for §.1),
it follows that the probability of a fixed component, not in danger at r-imenot
joining a giant and not becoming in danger by r-tirpés

O(1) (rz/r)®° = 0(1/ry).

As there aréD(r;) components at r-time, they all join a giant or become in danger
by r-timer, a.a.s Thus, if T denotes the set of components outside the giants at
r-time r; which either are in danger or will be in danger sometime by r-timeave
have that.a.s.all unsaturated vertices at r-timg not belonging to a giant, were in
components irT at r-timer;. We next bound the number of these components, and
consequently, the number of these vertices.

Let F; denote twice the number of components in danger at fineé active
size 1 plus the number of components in danger at firoé active size 2. Note
that F; can only increase either bip; increasing or by an edge being inserted
into a component in danger. By Lemn2aand Markov's inequality this happens
a.a.s.at mostO(w log logn) times after r-time;. On the other hand, by,, a.a.s.
F, = O(wloglogn). Hence, sincd~ is non-negativea.a.s.F, decreases at most
O(wloglogn) times forr, > r > r,. A component which is not in danger can only
become in danger either by gaining an edge and incred3in@r by joining to a
component in danger of active size 1 and creating a component in danger of active
size 2, thereby decreasitg. Hence, this happer®(wloglogn) times, and so by
%5, |T| = O(wloglogn).
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Any vertex of a component iif not in danger which remains unsaturated until
r-time r, must have been unsaturated when that component was in danger, at whict
time it had active size at most 2. Hence, denotingsifie set of unsaturated vertices
outside giantcomponents atr-timewe have thaté.a.s|S| < 2|T| = O(wlog logn).

The second phase we consider is from r-timéo r-timer; = 2log”®n. This
is similar to but simpler than the analysis 6% in Section4. We condition on
|S| = O(wloglogn). The probability that some edge in this phase has both ends
in Sis

ra 1
O((wloglogm?) = =o().

r=rs

Also, the probability that some fixed vertex$is incident with no edge added in this

phase is at most
& 1-om) (1
H<l_ r >‘°<|S|>‘

r=rs

Thusa.a.s.every vertex irSis incident with some edge added in this phase, and hence
a.a.s.every vertex inSgets joined to a giant during this phase.

We can now conclude thata.s.at r-timer; = 2log"®n, all unsaturated vertices
not in a giant at r-time, have been joined to a component whigvas giant at the
time of joining

In fact it can be shown that a giaata.s.maintains its identity; that is, that for
everyi betweeri (log®n) andi (log”® n) there is a gian€C;, and, moreover, this can
be chosen so th&; € C..;. However, rather than relying on this type of argument,
it is simpler to finish by showing that.a.s.all vertices which at any r-time from,
torz were in any giant component, lie together in the same giant component at some
time afterr; but beforer;/2. Then at this time the graph éa.s.already connected
and Theoren? follows.

We can condition on the existence of a giant at every step, and so a giant can only
become non-giant by shrinking in size by 2 in the presence of another component
of active size asymptotically at least25. Clearly if there are two such large
components (which are both giants, but perhaps not quite simultaneously but only on
consecutive steps) at any time up to r-timg2, then the probability they do not join
in any of the next lo§°n steps isO((1 — €)°9"*") = o(log™>n) for anye < 8/25.
Hencea.a.s.every time from r-time, to r-timer/2 that a giant becomes non-giant, it
joins within the next lo§*° n steps to another huge component to create a giant again.
Whenever such a merge happens, there can only be one giant, and so by inductior
a.a.s.inside every time-period of length 18¢° n from r-timer, tors/2, there will be a
time when there is a unique giant which contains all vertices in all components which
were in or joined to any giant component since r-timeThis is all that was required.
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