
Ivan Guo*

Welcome to the Australian Mathematical Society Gazette’s Puzzle Corner No. 25.
Each Puzzle Corner includes a handful of fun, yet intriguing, puzzles for adventur-
ous readers to try. They cover a range of difficulties, come from a variety of topics,
and require a minimum of mathematical prerequisites for their solution. Should
you happen to be ingenious enough to solve one of them, then you should send
your solution to us.

For each Puzzle Corner, the reader with the best submission will receive a book
voucher to the value of $50, not to mention fame, glory and unlimited bragging
rights! Entries are judged on the following criteria, in decreasing order of impor-
tance: accuracy, elegance, difficulty, and the number of correct solutions submitted.
Please note that the judge’s decision —that is, my decision — is absolutely final.
Please email solutions to ivanguo1986@gmail.com or send paper entries to: Kevin
White, School of Mathematics and Statistics, University of South Australia, Maw-
son Lakes, SA 5095.

The deadline for submission of solutions for Puzzle Corner 25 is 1 January 2012.
The solutions to Puzzle Corner 25 will appear in Puzzle Corner 27 in the May 2012
issue of the Gazette.

Notice: If you have heard of, read, or created any interesting mathematical puzzles
that you feel are worthy of being included in the Puzzle Corner, I would love to
hear from you! They don’t have to be difficult or sophisticated. Your submissions
may very well be featured in a future Puzzle Corner, testing the wits of other avid
readers.
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Plugs and sockets
Submitted by Norman Do

Assume there are n types of power plugs and n
types of power sockets in the world. Each plug
type is compatible with exactly one socket type,
and vice versa. An adaptor converts one socket
type to another. What is the minimum number
of adaptors you would need in order to connect
any plug type to any socket type? Keep in mind
that it is possible to use multiple adaptors at
the same time.

∗School of Mathematics and Statistics, University of Sydney, NSW 2006.

E-mail: ivanguo1986@gmail.com
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Factor of growth

Given a natural number X, you are allowed to choose one of its divisors d > 1 and
add it to X. Then the operation is repeated on the sum X + d and so on. If you
start with X = 4, which natural numbers can you reach by these operations?

Concocting convergence

Can you find a pair of sequences of positive real numbers

a1 ≥ a2 ≥ a3 ≥ · · · , b1 ≥ b2 ≥ b3 ≥ · · ·

such that the infinite sums
∑

∞

i=1
ai and

∑
∞

i=1
bi are unbounded, but the infinite

sum
∑

∞

i=1
min{ai, bi} is bounded?

Bonus: What if you are given bi = 1/i?
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Tales of tiles

1. An L-tromino is a 2× 2 tile with one unit
square removed. Tila has tiled a 5 × 5
square with eight L-trominoes and a sin-
gle 1 × 1 square tile. Where can the 1 × 1
tile possibly be?

2. Tyler is tiling his rectangular bathroom
with some 2 × 2 square tiles and some
4×1 rectangular tiles. After arranging the
tiles to cover the bathroom perfectly with-

out overlap, the clumsy Tyler accidentally smashes one of his tiles. Unfor-
tunately, the only spare tile is of the other shape to the one he smashed. Will
Tyler be able to rearrange the remaining unsmashed tiles to perfectly cover
his bathroom again?

3. For which integers n does there exist a shape which can be tiled using 2× 1
dominoes in exactly n different ways?

Switching sequence

There is an infinite number of rooms in a row, numbered 1, 2, . . ., and each has
a lightbulb. The switch to the room k lightbulb is in room k − 1 for k ≥ 2 and
the room 1 lightbulb has no switch. Furthermore a switch can only be used if the
light is on in its residing room. If more than n lightbulbs are on at the same time,
the power supply will overheat and explode. Initially, only the room 1 lightbulb
is on. What is the largest numbered room you can illuminate without causing a
catastrophe?
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Solutions to Puzzle Corner 23

The $50 book voucher for the best submission to Puzzle Corner 23 is awarded to
Gerry Myerson. Congratulations!

Vanishing rows

Twenty integers are written in a row. For each integer, we count the number of
integers to its right (in the same row) that are strictly greater than it. The result
is written beneath the original integer. A second row of 20 integers is formed in
this way. Repeat with the second row to form a third row, and so on. Using this
method, what is the greatest number of nonzero rows that we can write?

Solution by Dan Roozemond: We solve the problem for n starting integers. Write
ri,j for the jth entry of the ith row. The puzzle prescribes:

ri+1,j = |{j′ ∈ {j + 1, . . . , n} and ri,j′ > ri,j}|.

First, we prove that the ith row ends in at least i − 1 zeroes. We prove this claim
by induction on i. For i = 2, it is immediate that r2,n = 0 since it is the size of
the empty set. For i > 2, by the induction hypothesis and the observation that all
entries (from the second row onwards) are nonnegative integers, we have ri,j = 0
for j = n − i + 2, . . . , n. This completes the induction. Hence the (n + 1)th row
ends in n zeroes and is therefore all zero. Thus we can write at most n nonzero
rows.

Now we show that n nonzero rows are achievable. Take the first row to be a row
of alternating 0s and 1s, such that r1,n = 1. For ease of reading, assume n = 2k
is even (we may always construct a suitable instance for n = 2k − 1 by removing
the first row of the n = 2k solution), so the rows are

(0, 1, 0, 1, 0, . . . , 1)

(k, 0, k − 1, 0, k − 2, 0, . . . , 1, 0)

(0, k − 1, 0, k− 2, 0, . . . , 1, 0, 0)

(k − 1, 0, k− 2, 0, . . . , 1, 0, 0, 0)

...

(1, 0, . . . , 0)

By induction, we see that the ith row contains a 1 in the (n− i+1)th entry. Hence
all rows up to and including the nth are nonzero.

In particular, for n = 20, we can write at most 20 nonzero rows, and this bound
is achieved by starting with the row (0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1).

Garden gnomes

Jack positions nine garden gnomes in such a way that ten distinct straight lines
are formed, each containing three gnomes. Jill thinks the arrangement is taking up
too much space and moves two gnomes to new locations. Jack notices that even
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though the new configuration is more compact, it still contains ten distinct lines of
three. How is this possible?

Solution by Jensen Lai: Both arrangements are shown below. Jill simply moves
gnomes A and B to new positions A′ and B′.

A′

B′

B

A

Jack’s arrangement Jill’s arrangement

Polya’s pizza

Polya’s pizza shop is a favourite amongst locals for two reasons: instead of the tra-
ditional circular shape, each pizza is a regular pentagon, and the pizzas are known
for their extremely tasty crusts, found on their perimeters. You have ordered a
pizza from Polya’s for a party of seven. How do you cut it into seven pieces of
equal areas, each having an equal amount of crust?

Solution by Joe Kupka: Divide the perimeter of the pentagonal pizza into 35 equal
segments and form 35 small triangles by joining the points of division to the cen-
tre of the pentagon. Since the centre is equidistant from the five sides, all small
triangles have the same base and height, hence the same area. Now simply make
the cuts so that each piece contains five small triangles, and we will have seven
pieces with equal area and crust.
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Maximal sets

What is the maximum number of positive integers you can choose from the set
{1, 2, . . . , 100}, such that

1. any two of the integers are relatively prime?

2. no two integers are relatively prime?

3. no integer is a multiple of another?

4. no two integers multiply to give a square of an integer?

Solution by David Angell:

1. There are 25 primes not exceeding 100. We can choose these, together with
the number 1, giving 26 numbers of which any two are relatively prime. And
we cannot do better than this, for if we choose 26 or more numbers other
than 1, then each must have a prime factor, and at least two must have a
common prime factor.

2. If we take the 50 even numbers from the set, then any pair has a common fac-
tor of 2, at least. And again, we cannot do better than this, for the numbers
may be split into the 50 pairs

{1, 2}, {3, 4}, . . . , {99, 100},

in each of which the numbers are relatively prime. If we choose 51 or more
numbers then we must include both elements of at least one pair.

3. Split the given numbers into 50 sets, each beginning with an odd number
and then doubling repeatedly. That is,

{1, 2, 4, 8, 16, 32, 64}, {3, 6, 12, 24, 48, 96}, {5, 10, 20, 40, 80}, . . . , {99}.

A selection of numbers in which none is a multiple of another may include
at most one from each set. So at most 50 numbers may be chosen. This is
achieved by taking numbers from 51 to 100.

4. Call an integer square-free if it is divisible by no perfect squares greater
than 1, or equivalently, a product of (possibly zero) distinct primes. Every
positive integer can be written uniquely in the form ak2, where a is square-
free.

Consider the sets

Sa = {ak2|k = 1, 2, . . . and ak2 ≤ 100}

where a is a square-free positive integer not exceeding 100. If we are to choose
integers in such a way that no two multiply to give a square, at most one
integer may be chosen from each Sa, because otherwise

(ak2
1)(ak2

2) = (ak1k2)
2

is a square.

Furthermore, a product of two different square-free positive integers cannot
be a square. Suppose that a1a2 = m2. Any prime p which divides a1 also
divides m2, so p2 divides m2. But since p2 does not divide a1 we have p
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divides a2. Similarly any prime factor of a2 also divides a1. This implies
a1 = a2 which is a contradiction.

So it remains to count the square-free numbers up to 100. There are 25
primes, 30 products of two distinct primes and 5 products of three distinct
primes. Together with the number 1, we have 61 square-free numbers, and
this is the maximum number of integers we can choose.

Room for all

A group of people is waiting outside an empty room. At each move, you may either
move one person into the room, or move one out. Is it always possible to make
a sequence of moves, so that every possible combination of people (including the
empty combination) is achieved inside the room exactly once?

Solution by Wu Chengyuan: Yes, it is possible. The solution is based on using the
n-bit Gray code, to generate a sequence of moves for n people. The Gray code,
named after Frank Gray, is a binary numeral system where two successive values
differ in only one bit.

Let the digit 1 represent the person being in the room, and let the digit 0 represent
the person being outside the room. We will generate the algorithm by induction.
Clearly, if there is only one person (n = 1), just move him or her into the room
and we are done. Represent this sequence of moves by the following Gray code:

0, 1

Now reverse the sequence and append to the original to get:

0, 1, 1, 0

Then prefix the original values with 0s and the new values with 1s:

00, 01, 11, 10

This is the solution for two people. Initially the room was empty. Move the second
person in. Then move the first person in. Finally, move the second person out,
achieving all 22 = 4 combinations.

Repeat the same process to generate the three-bit Gray code:

000, 001, 011, 010, 110, 111, 101, 100

We interpret this as the solution for three people: Initially the room was empty.
Move the third person in. Then move the second person in. Move the third person
out. Then move the first person in, followed by the third person again. Then move
the second person out. Finally, move the third person out, achieving all 23 = 8
combinations.

We can repeat this process to generate the n-bit Gray code inductively, which
gives the desired sequence of moves for n people.



Puzzle Corner 25 257

Free throw percentage

Becky is practising free throws for basketball. In her first four attempts, she scores
three baskets. Confidence has always been a huge part of her game. In Becky’s
subsequent shots, her chance of scoring is equal to her success rate up to that point.
For example, the probability of getting in her fifth shot is 3

4
, and if she lands that

one, the probability for the sixth shot would be 4

5
.

1. What is the chance of Becky scoring exactly 50 baskets out of her first 100
attempts (including the first four attempts)?

2. What is the expected number of baskets scored in her first 100 attempts?

Bonus: Can you you find the answer without using part (1)?

Solution by Gerry Myerson:

1. The probability of any particular way of scoring exactly 50 baskets is a prod-
uct of 96 fractions, one for each of the 96 attempts after the first four. The
denominator of each fraction is the number of attempts so far, so it takes on
each value from 4 to 99 once. The numerator of each fraction is the number
of successes so far in case of a success, and the number of failures so far in
case of a failure; thus the numerators for the successful attempts take on
each value from 3 to 49 once, and the numerators for the failures take on
each value from 1 to 49 once.
The number of ways of scoring exactly 50 baskets is the number of ways of
choosing the 47 successful attempts from the 96 further attempts. Therefore,
the probability of scoring exactly 50 baskets is

(3 × 4 × · · · × 49)(1 × 2 × · · · × 49)

4 × 5 × · · · × 99

(
96

47

)
=

(49!/2!)(49!)(96!)

(99!/3!)(47!)(49!)

=
49 × 48 × 3

99× 98 × 97

=
8

1067
.

2. The same argument shows that, for 3 ≤ k ≤ 99, the probability of scoring
exactly k baskets is

P(k) =
(k − 1)(k − 2)

97 × 98 × 33
.

The expected number of baskets is then

99∑

k=3

k P(k) =
1

97 × 98 × 33

99∑

k=3

k(k − 1)(k − 2)

=
1

97 × 98 × 33

97 × 98 × 99 × 100

4
= 75,
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where we have used the identity
n∑

k=3

k(k − 1)(k − 2) = (n − 2)(n − 1)n(n + 1)/4,

which could be easily proven by induction or telescoping sums.

Bonus: For n = 5, 6, . . . , 100, let Xn be the random variable that is 1 if Becky
is successful on the nth throw and 0 otherwise. The number of successes on
the first n throws is 3+

∑n

j=5
Xj . Thus the probability that Xn+1 is 1 would

be (3 +
∑n

j=5
Xj)/n. The expected success of the nth throw, knowing the

results of all previous throws, is

E(Xn+1 | X5, . . . , Xn) = P(Xn+1 = 1 | X5, . . . , Xn) =
3 +

∑n

j=5
Xj

n
,

and hence

E(Xn+1) = E(E(Xn+1 | X5, . . . , Xn)) =
3 +

∑n

j=5
E(Xj)

n

=⇒ n E(Xn+1) = 3 +
n∑

j=5

E(Xj).

Replace n by n − 1 and subtract from the last equation to get

n E(Xn+1) − (n − 1)E(Xn) = E(Xn)

which yields E(Xn+1) = E(Xn) for all n ≥ 5. Since E(X5) = 3/4, E(Xn) =
3/4. Therefore the expected number of successes in 100 throws is

3 +

100∑

j=5

E(Xj) = 3 + 96 ×
3

4
= 75

as claimed.

Ivan is a PhD student in the School of Mathematics and
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option pricing. Ivan spends much of his spare time playing
with puzzles of all flavours, as well as Olympiad Mathe-

matics.




